SIZE ESTIMATES FOR THE WEIGHTED p-LAPLACE
EQUATION WITH ONE MEASUREMENT

MANAS KAR AND JENN-NAN WANG

ABSTRACT. In this work, we are concerned with the problem of
estimating the size of an inclusion embedded in an object laying
in the two dimensional domain. We assume that the object is
occupied by an exotic material which obeys a nonlinear Ohms’
law. In view of the assumption of the power law, we thus consider
the weighted p-Laplace equation as a model problem in this case.
Using only one voltage-current measurement, we give upper and
lower bounds of the size of the inclusion.

1. INTRODUCTION

We study the size estimate problem for the non-linear p-Laplace type
equation in the plane. Let  C R? be a bounded domain with boundary
0f). The regularity of 002 will be specified later. Suppose that € is
occupied by a special material which obeys a nonlinear Ohms’ law.
The usual Ohms’ law states that the current density /(z) = —a(z)Vw,
where v is the electric potential and a(z) is the conductivity of the
material. Here we assume that the conductivity a also depends on Vo
according to the following power law

a(z) = (2)|Vo['~?,
ie.,
I(x) = —y(x)|Vu[f2Vu
for 1 < p < oo, where y(z) € L(Q2), an essentially bounded function
that is positive almost everywhere. Such power laws can occur in di-
electrics, plastic moulding, electro-rheological and thermo-rheological
fluids, viscous flows in glaciology and plasticity phenomena, etc. We

refer to [13] for related references. In the absence of sources in €2, the
potential v satisfies the equilibrium equation

div(y(z)|[VoP?Vo) =0 in Q.

This is the well known p-Laplace equation with weight v for all 1 <
p < 0.

Wang is supported in part by MOST 105-2115-M-002-014-MY3.
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Let D C € be a subdomain of 2, where Q \ D is connected. The
region D represents an inclusion whose medium parameter is different
from the background one. In other words, we can assume that the
medium parameter (z) is distributed as follows

(2) = o(x) whenz € Q\ D,
= o(x) when z € D.

In this work we are concerned with the estimate of the size of D by one
voltage-current pair on the boundary 0€2. Namely, we would like to de-
rive upper and lower bounds of |D| using {v|sq,v(2)|Vv[P~2Vv - v|sq},
where v is the unit outer normal of 0€2. In practice, this problem can be
considered as a preliminary assessment of the size of the abnormality
inside of ).

The size estimate problem for linear equations or systems has been
extensively studied. We refer to the nice survey article [5] for some early
results and to the recent paper [17] for the case where the background
medium is discontinuous. The idea is to use the power gap to derive
upper and lower bounds of |D|. To do so, let us consider the Dirichlet
boundary value problem

{divw(x)mWw):o in (1.1)
v=/f on .

Under the assumption 7, for a given Dirichlet data f € WhP(Q)/W,?(Q),
the problem (1.1]) is well posed in W'?(Q). The power

W = f(x)y(2)|VoP~2Vo - vds = / ()| Vo|Pdx
G) 0

is the energy that needs to maintain the voltage f on 0f). Likewise,
we also consider the unperturbed equation, i.e., D is empty,

{div(a(x)\Vu\p_QVu):O in Q,

u=f on O (12)

and the associated power
Wo = [ fla)o(e)|VulP2Vu - vds / o ()| VaulPdz.
9 Q

Our main result in this paper is to estimate the size of D in terms of
the "normalized power gap”. Precisely, we plan to prove the following

estimate
1/q

W-Wo : (1.3)

C
1 W

<D< Cy W
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where ¢ > 1, which appears from the fact that |Vul? is an A, weight.
The constants C; and C5 depend on the apriori data. If we assume
that D satisfies the fatness condition (see (4.8))), then we can obtain
the following estimate

W — Wy W — W
Wo 0

To prove and , we first derive energy inequalities connect-
ing the power gap and the energy of the free solution u (see (4.3))).
With the help of the energy inequalities, lower bounds in d
(1.4) are consequences of the interior estimate for the solution of .
Derivations of upper bounds in and (|1.4) rely on some quantita-
tive unique continuation estimates for ([1.2]) with constants depending
on a priori data.

The unique continuation property for the p-Laplace equation in higher
dimensions (n > 3) is largely an open problem (see [19] for some par-
tial results). On the contrary, when n = 2, the problem is much more
manageable due to the intimate connection between the solutions of
the p-Laplace equation and quasiregular mappings, see [2], [9], [25] for
some qualitative results and [20] for related quantitative estimates. On
the other hand, we refer to [11], [12], [13], [14], [21], [28] for some recent
results on inverse problems for the p-Laplace equation.

This paper is organized as follows. In Section [2, we list the assump-
tions used throughout the paper. We also recall some useful estimates
of quasiregular mappings. Based on these estimates, we derive doubling
and three-ball inequalities for quasiregular mappings. In Section [3] we
prove the Lipschitz propagation of smallness and doubling inequalities
for solutions of the weighted p-Laplacian. Finally, in Section[d], we state
and prove lower and upper bounds of |D| in terms of the normalized
power gap with or without the fatness condition.

4 < |D| < Cqy

. (1.4)

2. ASSUMPTIONS AND PRELIMINARIES

2.1. Assumptions. The following assumptions will be needed through-
out the paper. We first assume that Q C R? is a bounded domain with
C1* boundary for some o € (0, 1) with parameters o, My. We say a do-
main is C1® regular if for any 2 € 9, there exists a Ct®-regular trans-
formation ¢ satisfying 1(0) = 0,V (0) = 0 and [|¢[|gra(_py ) < Mo
so that

QN B, (0) ={x = (z1,72) € B, (0) : 22 > 1p(x1)}.

Unless otherwise stated, we denote z = x1+ixe, z = (21, x2) and B,(z),
the disc of radius r centered at x. We assume that o is Lipschitz, i.e.,
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there exists M > 0 such that
lollcor@m < M
and for A >1
<o(x) <A, Vzel (2.1)

> =

Also, we use the usual differential operators

9 _1(0 0
62_2 83:1 823'2 ’

9_1(9 .9
dz 2\ 0r 0xs )

We assume that the Dirichlet condition f is zero on some part of the
boundary 0f2. Precisely, let I" be a subset of 92 with positive measure.
Suppose that

f=0 on T. (2.2)

Finally, we assume there
dist(D,00) > d
with 0 < d < 1. Throughout the paper, we denote for p > 0
Q, = {z € Q:dist(z,00Q) > p}.

2.2. Quasiregular mapping and some properties. A mapping ¢ €
WL2(Q: R?) is said to be a K-quasiregular mapping if

loc
IDo(x)||* < K| Js(@)], ¥V x € Q,

where, K > 1 is a constant, Jy is the Jacobian determinant, D¢ is the
derivative of ¢ and ||-|| denotes the usual Euclidean norm of the matrix.
For more detailed discussion on quasiregular mappings, we refer to [6].

In this subsection, we will recollect some properties of the quasiregu-
lar mappings and give sketchy proofs of some of the results if necessary.
We mainly recall Hadamard’s three circle theorem, Harnack type in-
equality and doubling inequality for the quasiregular mapping. We
begin with Hadamard’s three circle theorem whose proof can be found
in [3, Theorem 3.9] or [20, (3.8)]. From now on, we identify R* = C
and write ¢ as a complex-valued function.

Lemma 2.1. (Hadamard’s three circle theorem) Let ¢ : B, (z) — C
be a K-quasireqular mapping. Then for all 0 < r; < 19 < r3, there
exists a constant 0 < 0 < 1, depending only on K, r3/ry, r3/re, such

that
61l Ben < 161ei, oy IO g
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We also recall a version of Harnack’s inequality for the quasiregular
mapping from [20, Lemma 4.1].

Lemma 2.2. (Harnack’s inequality) If ¢ : Bi(x) — C is a K-quasireqular

mapping, then for each r € (0, 1), we have
1

B J,

where the constant C' > 0 depends on K.

¢l (B,,,) < C |¢|dz,

Lemma 2.3. (Doubling inequality) Let ¢ : Q@ — C be a K-quasiregular
mapping. Given any p > 0, there exist positive constants § = §(p) €
(0,p) and C = C(p) such that, for all x € Q, and r € (0,9), we have

||¢||L°°(B4T(a:)) H¢HL°°(Bp2(w))

<C
H¢HL°°(BT/2(90)) H¢HL°°(BPI(€E))

where p1, ps > 0 explicitly depend on p and 6 but not on r.

Proof. The proof follows the similar arguments used in [27]. Since ¢ :
) — C is K-quasiregular mapping, by the Ahlfors-Bers representation
[1] (see also [§]), we have that

¢=hox,
where h : x(©2) — C is holomorphic, and x : @ — x(2) is a K-
quasiconformal homeomorphism. Moreover, x satisfies the bi-Lipschitz
property, i.e., there exist M, > 1 depending on K such that

M7z —y)” < |x(x) — x()| < M|z —y"?, Y a,y € Q.

Choosing & = (10M?)~#p%” and R = (10M)~'p?, we have x(B;) C

Br(x(x)) and Bion(x(x)) € Q.
We note that, since x is K-quasiconformal in €2, so due to Theorem

3.6.2, [6], there exists an increasing function 1 depending only on K
with 7(0) = 0 such that if xy, 29, 23 € Bs(z) then

[x(z1) — x(2)] < (|$1 - $2|)
IX(z1) = x(ws)] = " \ |21 — =
Letting ¢ = n(8) > 1, then for any = € Q, and r € (0,9), there exists
s € (0, R/c) such that if y = x(x) then
By(y) C x(B,j2(x)) and x(Bar(x)) C Bes(y). (2.3)

By the Hadamard’s three circles theorem for the holomorphic function,
see [26], there exists an absolute positive constant C' such that

h oo h %)
Il e sy o NP min) (2.4)

||h||L°°(BS(y)) B HhHL‘X’(B?,R(y))
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Finally, using the fact that, measure zero sets map to a measure zero
set via the quasiconformal mapping, see (Theorem 3.1.2, [6]) and com-

bining (2.3]) and (2.4)), we obtain

||¢||Loo (Bar(z)) < ||¢HL°°(Bpg(x))
161l oo 5

Y

B, )a(a H¢HL°0(BP1 (z))
where
= (3R/M)’ =3%5 > ¢,
and
p2 = (AMR)P = (2/5)"%p < p.
O

Lemma 2.4. Let ¢ : B,, — C be a K-quasiregular mapping. Then for
all 0 < ry < ry < r3, there exists C > 0 depending on ’;—;, :—i,K such
that,

160l s,y < Crs 19l152s,. 1011530, )

where 0 is given in Lemma 2. 1.
Proof. From Lemma [2.1] we have
601wy < 1610 Hasnm o) 2.5)

Applying Harnack’s inequality (see Lemma [2.2)) and Holder’s inequal-
ity, we deduce that

1
61l o5,y < Cr— 6] dx
L>°(Bry) | By, | Bar,
~1/2
< C1Bon [ 16] 25, (2.6)

Hence combining ([2.5)) and ({2.6)) we obtain our required result. O

2.3. Quasilinear Beltrami equation. In this section, we are aim-
ing at transforming the weighted p-Laplace equation into the Beltrami
equation in the planar domain. To be more precise, the nonlinear coun-
terpart of the gradient of the solution of p-Laplace satisfies a certain
kind of quasilinear Beltrami equation. Here, we mainly follow some
computations from [21, Appendix A3] to deduce the following Beltrami
equation in the complex plane Let G = ou,, — iou,,, where u solves

(1.2) and define F' = |G | G. Then F satisfies

OF OF OF
FE =q1—= By +Q2a— + g3k, in , (2.7)
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where

1 2 p—-2
n=" (p—|—2+3p 2)
1
2

_ 1/fp=2 p=2

= 3p—2 pt2
_, P [EO (1) _0 (1
qg_ap—i—Q Foz \o 0z \o
2P Eg 1 ﬁ 1

7 3p—2{F8z (UP—2)+82 or=2 )|

Since o > % and o is Lipschitz in €2, it is easy to check that k =
a1l (@) + a2l L) < 1 and |[gs[|zo@) < M.

We now state the following proposition, which allows one to represent
the solution of the Beltrami equation in terms of the quasiconfor-
mal maps and holomorphic functions. The proof can be found in ([20],
Theorem 3.1). See also ([10], Theorem 4.4).

SR R

and

Proposition 2.5. Under the above stated assumptions on qy, g2, q3 and
o, the solution of the Beltrami equation (2.7) has the following repre-
sentation:

F(z) = (hox)(2)e*@ inQ
where x : Q — x(2) is K-quasiconformal (with K depending only on
p), h: x(Q) — C is holomorphic, and w(x) = (Tg)(x) is the Cauchy
transform of g for some g € L°(Q) with 2 < 6 < (1 + %)

Remark 2.6. Here the function g satisfies the integral equation

—qSg = xaqs in C,

where ||¢|[z) < & and S is the Beurling transform. It follows from
[7, Theorem 1] that I — ¢S is invertible in L°(C) if 6 € (2,1+ ). In
view of (12.7), we then obtain that

19llLs ) < C(9, A, p, Q) M. (2.8)

3. PROPAGATION OF SMALLNESS AND DOUBLING INEQUALITY
We begin this section with the following three-ball inequality.

Lemma 3.1. (three-ball inequality) Let u be the solution of the weighted
p-Laplace equation (1.2)) in Bg,. For all0 < 2ry < ry < 2r3 < Ry, there
exist constant C', depending on X =22 p, Ry, A\, M, such that

r3’ r3

||VU||LP (Bry) <Crg ' HVUHLP (Bary) ||vu||Lp(BQT
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where 6 is given in Lemma (2.1,

—2
Proof. As above, we define F = |G|"? @, with G = ou,, —iou,,. Then
Proposition asserts that

F(z) = (hoy)(x)elw®), (3.1)
where x : Bg,(z) = Xx(Bg,(x)) is a K-quasiconformal map, h : x(Bg,(x)) —
C is holomorphic and T'(g) is the Cauchy transform of g for some
g € L°(Bry()) with 2 < & < 1+  satisfying [|g]|s,,) < OM,
where C' = C(Ry) with any fixed 0. Recall that the Cauchy transform
T : L°(Bg,) — L*>(Bg,). Therefore, we have that

||6T(g)||L°°(BRO) S CeCM. (32)
J,

\WWSC/ Tk
(x) By ()

<C |hOX\2 2|7(9(2))|
Bry ()

2 T
S C Hh ¢) XHL"O(BT2(I))/ ( )€2T(g( NI
ro (T

2
< Ce“M|lho Xl Lo By (2 -
Replacing ¢ by h o x in Lemma [2.4], we obtain that
(1-0
Dl < O oy oy 0 XIS - (33)

Now, we compute

2 9 5 N
||hoxHL2(BQT1(x))—/ ho | _/ |FJ2 2T ()
B2r1 B

2rq

<c / VP -2 (0)
B

2rq

2

< CetM / V. (3.4)
B2r1

Similar computations hold for ||h o X”iz( Bary(x)) @0 Lemma follows.
U

We now will derive two key estimates. The first important estimate is
the Lipschitz propagation of smallness, where we show that the LP norm
of the gradient of the solution for p-Laplace over the whole domain can
be controlled by the LP norm of the gradient over a smaller subdomain
in a Lipschitz manner. Precisely, we will prove the following lemma.
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Lemma 3.2. Assume that the assumptions in Section [2 hold. Let
u € WHP(Q) be the solution for the p-Laplace equation (1.2)) with 2 <
p < oo. Then there exists py, depending on ||, c,p, 1o, My, and

Cla, \, 2 p, (| fllcraon) /1 fllwi-1m0(a0), such that for all p < py and
for every x € (g, we have

/ |VulPdz < C, |VulPdz,

Q By(z)

where the constant C, > 0 depends on X\, M, p, || and p.

Proof. The proof of this lemma goes along the same line as [5]. For
any = € Qg,, choosing r1 = §,75 = 3p,73 = 4p in the Lemma [3.1} we

have
IV ull Loy, @) < C VUL 8, ) IV Do, 2 - (3.5)

Here C' depends on p,p, A, M. Let us first take two points z,y in Bsg,,.
Then join z and y with a curve 7 as follows: Let 1 = x. For k > 1,
let x = (tx), where t;, = max{t : |(t) — xx_1| = 2p} if |z — y| > 2p;
otherwise let xy = y, N = k and stop the process. Remark that the
balls B,(x) are disjoint and N < Ny = %'2. Also note that

By(2k41) C Bsp(wr)
since |z, 1 — zx| < 2p. Therefore, using (3.5)), we deduce that

IVl _ o (Ve
||vu||LP(Q) B ||VU'HLP(Q) .
By induction we obtain
eN
IVUll Lo, () <ot IVull o5
IVull oy~ IIVUIILPQ

Since, we can cover {Jg, by no more than —— balls of radius p, so we

obtain,

oNo

||VU||LP(98P)<C HVUHLP(BP(:E)) ' (3.6)
HVUHLP(Q) B HVUHLP(Q)

where C' depends on A\, M, p, |Q2] and p. Note that,
[ 19 < €107\ 0l 190l 37)
Q\QSP

Now we want to estimate || Vul[z=(q). First of all, combining the es-
timates for the Dirichlet problem ([1.2) and the trace map, we have
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that

[ullwre@) < Clfllwi-vmsan)
(see for example [24, 28]). From the Sobolev embedding theorem, if
p > 2, we have

[ull oo @) < Clfllwr-1/m0(00)- (3.8)
Having bounded the solution u, we can apply the regularity estimate
of the Dirichlet problem for the degenerate elliptic equation in [23] to

(1.2) and derive that
IVl o) < Clas X Q2 p, [ fll o)) (3.9)

Note that we have used the fact that the embedding C%*(9Q) —
W1=1/PP(9Q) is continuous. On the other hand, using the Poincaré
inequality, recalling f|r = 0 (see (2.2))), and the trace theorem, we
have

||f||w1—1/z>,p(aQ) <C ||“||W1,p(§z) <C ||vu||LP(Q) : (3.10)
Recall from [4, Lemma 2.8] there exists a constant C" = C"(|€2|, a, 79, M)
such that

12\ Qs,| < C'p. (3.11)
Combining (3.9) and (3.10]) implies
HVUHZ@(Q&J) o HVUHZD(Q\Q&J) > 1—C”p(0(a’)\7Q’p’ ||f||olv°‘(asz)))p > 1
HVUHZ(Q) HVUHZI),P(Q) B Hf”gwq/p,p(ag) T2
(3.12)

for all p < po, where pg depends on ||, cv, p, 79, My, T and

Cla, A, [[fll craoa) /1 Ilwi-1mr o) Applying (3.12) to the left-
hand side of (3.6] finishes the proof of this lemma. O

Now we derive a version of doubling inequality for the solution of
p-Laplace equation (|1.2)).

Lemma 3.3. Let u be a solution of the p-Laplace equation (1.2]). Given
any p > 0, there exist positive constants & = 6(p) € (0,p) and C > 0
such that, for all x € s, and r € (0,9), we have

IVull o5, (@) <C||W||LP<BQP2<@>

HVUHLP(BT(x)) B HVUHLP(Bm(r))

(3.13)
where py, p2,d are constants given in the proof of Lemmal[2.3 and C' > 0
depends only on pi, p2, p, A, M but not on r.
Proof. We recall the following estimate from Lemma [2.3]

|ho XHLoo(BM(x)) < |h o XHLoo(Bp2(x))

< , (3.14)
”hOXHL“’(BT/Q(m)) ||hOXHL°°(Bpl(:Jc))



SIZE ESTIMATE FOR THE p-LAPLACIAN 11

where r € (0,6),6 = (10M?)~?p* (see the explicit forms of these
quantities in the proof of Lemma .

Applying Harnack inequality for the quasiregular mapping in Lemmal[2.2]
implies

C
|ho x|l e (B, 5(x)) W||hOXHL2(Br(x)).
On the other hand, a simple estimate gives

1/2
|ho XHLQ(BM(:):)) < [Bur(z)| / |ho XHLOO(BM(x)) :
Therefore, using above estimates and (3.14)), we obtain

1 o Xl 24, 0 cc 170 X 284, (2))
|ho XHLQ(Br(a:)) ko X”LQ(Bpl (z)) 7
where, C' > 0 is independent of r. We recall the form F(z) = (h o
P ﬂ .
X)(@)e?™), where F(x) = 02 [Vu| 7 (us, — ius,) and w(z) = T(g(z))
as described in (3.1]). Now replacing h o x in (3.15) by F(x)e —w@) and
using the estimate for w(x) as in (3.2), we derive that

(3.15)

HVUHLP(B4r @) HVUHLP (Bpy ()
SC |hOX‘ |€2wz‘dz/ ‘hOX|2‘62w(z)}dz
Bar $) p1\T

< He ‘ 2w(z)

2w(z 2 2
M oo (o 162 M e, oy 110 XMooy 1 0 XN 228, 01

< CeM ||hoX||L2(BT ||hOX||L2 (Bapy ()
< C’eCM/ |F|? e™2 Z)dz/ |F|? e () gz
r(2) B

292( )

< Ceo™M ||VU||LP (Br(z)) ||VU||LP (Ba2py (2)) 7

ie.,
IVUll Loy () < ||VUHLP(BQPQ($))
IVull 1o, (2)) IVull o s, ()
where C' > 0 is constant independent of 7. O

4. SIZE ESTIMATE FOR p-LAPLACE

To begin, we need to impose some suitable jump conditions. Assume
that for some constants 7, > 0 we have either

(1+n)o<6<({o ae inD (4.1)

or
(0 <5< (1—n)o ae. inD. (4.2)
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The following energy estimate is key to our approach.

Lemma 4.1. Assume that the background conductivity o satisfies the

ellipticity condition (2.1)). If either (4.1)) or (4.2)) holds, then,
cy / Vulrde < [Wy — W] < C / Vulrdz, (4.3)
D D

where Cy, Cy are positive constants depending only on p, \,n and .
Proof. Note that,

W= (A, (1).0) = [ A@IVolda,
Q
where v solves the equation and
Wa= (8. ) = [ o@)|Vuda,
Q

where u solves the equation ((1.2)). Now, applying the monotonicity
inequality, see Lemma 2.1, [14], we obtain

o a1
(p—1) /Q Y =) (’71’*1 - JP*I) |Vul” dx (4.4)

< (A= AfF) < / (v o) |Vul’ dz.  (45)

Using the assumptions either (4.1]) or (4.2]) and the ellipticity condition
on o, the above monotonicity inequality becomes

Cl/ Vuldz < Wy — W) gcz/ Vulrdz,
D D

where C, Cy positive constants depending only on p, A, n and (. O

We also need an interior estimate.

Lemma 4.2. Let u satisfy the first equation of (1.2)). Then for any
B, (x) C Q, we have

C
IVullee s, o) < 55 IVl @), (4.6)

where C' > 0 depends on \, M, p.

Proof. We apply the Harnack inequality in Lemma to Fe~T9. Thus,
we have

1
‘BT| By ()

1 1/2
<C (/ Fe 19 Qdas) )
‘Br|1/2 Br(x) | |

N

[Fe™| 1o (B, o)) < C |Fe9|dx

N
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In view of the form of F' and the mapping property of the Cauchy
transform, we immediately obtain (4.6]) from the above inequality.
O

Now we are in a position to state and prove our main result. From
now on we consider the case 2 < p < oc.

Theorem 4.3. (i) We assume that all the assumptions in Section 2
hold. Then there exists C; > 0, depending on \,p, M,d,n,&, Cy > 0
and q > 1, depending on Q. T, X\, o, My, M, p,d,n,(, p and

Cla, A, 0, [[fll cragon) /| fllwi-1imeaqy, such that

1
S P Y
(ii) If moreover, there exists h > 0 such that
|Dy| > %]D\ (fatness condition), (4.8)
then
Cy % < |D| < C, W;OVVO ) (4.9)

where Cy is given in (i) and 52 depend on various constants as Cy in
(i) and h.

Proof. We follow the approach of [5] and [27]. In order to proceed that
we begin with the derivation of the lower bound estimate. We note

IVullzepy < PIIVUlle ) (4.10)

Recall that dist(D,0) > d. By covering D with balls of radius d/4
and using the interior estimate (4.6, we obtain

IVl ) < ClIVullg, ) < ClValfey < CWo,  (411)

where C' depends on A, p, M,d. Combining (4.10]), (4.11), and the
second inequality of (4.3]) leads to the lower bound of (4.7]) and (4.9)

with C} depending on A\, p, M,d,n,&.

The upper bound estimate is little bit tricky, which involves propaga-
tion of smallness estimate and the doubling inequality for the solutions
of p-Laplace equation. We consider this part in two cases.

Case 1. Without assuming the fatness condition (4.8§]).

We will show that |Vul? is an A, -weight, for some ¢ > 1. To prove
this argument, we follow the proof of Theorem 1.1 in [I8]. Let p =
min{¢, po} and 6, p; > 6 be defined in Lemma . For any = € Qg,, we
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can derive from the propagation of smallness, Lemma 3.2} the Poincaré
inequality, and the trace estimate, that

IVullLoB,, ) = IVUllLeBs@) = ClIVullLe @)
> Cllullwir) = Cllfllwi-100(00)

where C' > 0 depends on |Q|, «, p, ro, Mo, T',d, M, and
Cla, A, 4, p. || flloragany) /1 llwi-1ppo0)- On the other hand, we can
estimate

(4.12)

IVl 2o By, () < llullwre@) < Cllfllwi-1/mr00)- (4.13)
Therefore, combining (4.12]), (4.13)), and the doubling inequality (3.13]),

we have that
||Vu||LP(B4T(JJ)) <C ||VU||LP(BT($)) ’ (4.14)

where C' depends on ||, a, p, 9, Mo, ', d, M, and
C<a7 A8, p, HfHCL‘*((?Q))/HfHWl*l/PvP(BQ)'

To show that |Vul? is an A,-weight, it suffices to prove that |Vu|?
satisfies a reverse Hoélder inequality [15]. To do so, we will apply
the Caccioppoli inequality for the p-Laplace (see [22 Lemma 3.32])
and the Poincaré inequality or the Poincaré-Sobolev inequality (see
for example [6, Theorem A.6.3]) on both sides of (4.14). Denote
a = |B| B.() U= We first apply the Caccioppoli inequality and
then the Poincaré-Sobolev inequality to the right hand term of

- 1 1/s
IVull o, @y < O Hlu=cill ooy < C| Bl 7 ( !Vuls) :

|BQT| Ba,
(4.15)
where s = z% < 2and C = C(\,p). Similarly, letting ¢y = | By,| ™! fBM(x) u,
first applying the Poincaré inequality and then the Caccioppoli inequal-
ity, we can obtain

IVUll ooy = O 1w = 2l ogsy @y = C IVl Loy, - (4:16)

where C' = C(\, p). Putting together (4.14), (4.15)), (4.16) gives

1 1/p 1 1/s
Vup) <C’( Vu5>
(|BQT| o V) =B, ), VY

with C' depending on ||, «, p, 70, My, I',d, M, and

Cla, A, (| fll oragon)) /1 fllwi-1/mp(ag)- This reverse Hélder inequal-
ity shows that |Vu|” is an A,-weight for some ¢ > 1. We now cover
D internally by the sequence of disjoint closed squares () with side
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length 2p. In view of [16], (7.2)], we can show that

1/q
1D N Qx| <c fDka [Vul”
Qkl — Jo, IVul?
Summing over k and applying Lemma |3.2] again, we obtain
1/q 1
fD |Vu|p fD |Vu|p /q

: > <C|TF=7 .
min, fy, [Vl Jo IVl
The upper bound of |D| then follows from the first inequality of (4.3]).
Case 2. Assuming the fatness condition ({4.8]).

Let p = Tmin{d, h, po}, Dy = Uj_,Qx, for some indices J, where
Q«’s are nonoverlapping closed squares of side length 2p. Therefore

using Lemma and (4.8)), we have

/ |Vul? da 2/ |Vul? da
D Ul_,Qr

D] < C

D
> C|—2’/ IVl dz.
p- Ja

Again, the upper bound of |D| is then a consequence of the first in-

equality of (4.3]). d
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