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Abstract

In this paper, we prove that the inverse problems for 2D elasticity and for the thin
plate with boundary data (finite or full measurements) are equivalent. Having proved
this equivalence, we can solve inverse problems for the plate equation with boundary
data by solving the corresponding inverse problems for 2D elasticity, and vice versa.
For example, we can derive bounds on the volume fraction of the two-phase thin plate
from the knowledge of one pair of boundary measurements using the known result for
2D elasticity [6]. Similarly, we give another approach to the size estimate problem for
the thin plate studied by Morassi, Rosset, and Vessella [7, 8].

1 Introduction

In this note we would like to connect the inverse boundary value problem for thin plate to
that for 2D elasticity. To begin, we first discuss the inverse boundary value problem for
the thin plate. Let Q C R? be a simply-connected bounded domain with smooth boundary
0f). Supposed that the middle surface of the thin plate with uniform thickness h occupies
Q. In the Kirchhoff-Love theory of thin elastic plates, the transversal displacement u

satisfies
div div(CV?u) =0 in Q, (1.1)

where V2 is the Hessian matrix of u, i.e.,

2 11 U312
Veu = [ } ,

U1z u22
and C = (Cjjn(x)), 4,7, k,1 = 1,2, is a 4th order tensor satisfying that C € L>(2),
(symmetry property) Cijr(x) = Cjiri(x) = Criij(x) Vx€Qace., (1.2)
and there exists v > 0 such that

(strong convexity) CA-A >~|A]* Vx€Qae, (1.3)
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for every 2x2 symmetric matrix A. Hereafter, for any function u, u ; denotes the derivative
of u with respect to ;. The Dirichlet data associated with (1.1) is described by the pair
{u,up} and the Neumann data by the pair

(CV2un-n= —M,, div(CV?u) -n+ (CV*u)n-t); = (M),

where n is the boundary normal, t is the unit tangent vector field along 92 in the positive
orientation, u, = Vu -n, and u; = Vu - t. The quantities M,, and M; are known as the
twisting moment and the bending moment applied on the boundary 0f2.

The 2D elasticity equation is given by

dive=0 in £, (1.4)

where o is the stress, which is related to the strain ¢ = (Vv + (Vv)?)/2 (T for transpose)
by Hooke’s law
€ = So.

Here v is the displacement field and S is known as the compliance tensor. We assume that
S € L*°(Q2), and that S satisfies the symmetry condition (1.2) and the strong convexity
condition (1.3) (with a possibly different constant). The Dirichlet and Neumann conditions
for (1.4) are described by v and on, respectively.

It is widely known that (1.1) and (1.4) are equivalent (see for example [5]) as long as
) is simply connected. As for the equivalence of boundary data, Ikehata [4] showed that
when the full measurements (the Dirichlet-to-Neumann map or the Neumann-to-Dirichlet
map) are allowed, knowing one set of boundary data uniquely determines the other one.
Consequently, the two inverse boundary value problems with the full measurements are
equivalent. Note that Ikehata’s result was a uniqueness proof. We would also like to
mention that explicit formulas for constructing the Dirichlet data (u, u ) of the thin plate
from the traction data on of 2D elasticity were given in [3, p.158]. However, to the best of
our knowledge, it does not seem that the relation between the individual boundary data
{v} and {M,, M;} is known.

It is the purpose of this paper to clarify the relation between the boundary data {v,on}
and {u,uy, M,, M;}. In fact, we show that v on 0 explicitly determines (M, M), and,
following [3], show that on on 0 explicitly determines (u,u,), and vice versa. As a
consequence, the Dirichlet (resp. Neumann) boundary value problem for 2D elasticity
equation is equivalent to the Neumann (resp. Dirichlet) boundary value problem for
the thin plate equation, and thus the two inverse boundary value problems with finite
measurements are equivalent. We emphasize that the results of this paper hold for tensors
C and S which may depend on x (i.e., which have spatial variations), and which may be
anisotropic.

Having established the equivalence of the boundary data, we can solve some inverse
problems for the thin plate via the corresponding results for 2D elasticity, and of course,
vice versa. For example, we can derive bounds on the volume fraction of the 2-phase thin
plate via the result for 2D elasticity obtained by Milton and Nguyen [6]. On the other
hand, the estimate of the size of an inclusion for the thin plate studied by Morrassi, Rosset,
and Vessella [7, 8] is equivalent to the same problem for 2D elasticity, which was solved by
Alessandrini, Morassi, and Rosset [1] (corrected in [2]). Moreover, we can also study the



size estimate problem for 2D elasticity with certain anisotropic media through the similar
result for the thin plate obtained by Morassi, Rosset, and Vessella in [9].

The paper is organized as follows. In Section 2, we prove the explicit relations between
the boundary data of the thin plate and that of 2D elasticity. In Section 3, we discuss the
application of this equivalence to the size estimate problem for the thin plate equation.

2 Equivalence of boundary data for the plate and for 2D
elasticity
It is well known that when the domain is simply connected, the plate equation is equivalent

to 2D elasticity equation, and vice versa. To describe the equivalence, let us define the
rotational, self-adjoint, 4th order tensor R by

RA =RTAR, (2.1)
for every 2 x 2 matrix A, where
0 1
e[ 1]

Then the equivalence between (1.1) and (1.4) is given by
C =RSR (2.2)

and
o =RI(VZu)R, (= R(V?u)), (2.3)

where in the context of 2D elasticity u is known as the Airy stress function. As a conse-
quence of these two relations, we have

CV?u=RIeR,. (2.4)
Recall that the Neumann data for the thin plate equation are given by
(CV2un-n= —M,, div(CV?%u) -n+ (CVZu)n-t), = (M),

A comment on (M) ¢ is helpful. Since divdiv(CV?2u) = 0, there exists a potential ¥ such
that

div(CV%u) = (12, —1),

and hence
div(CV%u) -m=Vip-t =1, on 9N (2.5)
since t = —R | n. Integrating (2.5) along 92 from some z € 9 and choosing an appro-
priate ¥ (xgp), we obtain
Y+ (CV2u)n-t = M; on 9. (2.6)



2.1 Traction vs Dirichlet data

Here, following [3, p.158], we connect the traction data for 2D elasticity to the Dirichlet
data of the thin plate. It follows from (2.3) that

(2.7)

Rlon = (V2u)t = [Vu’l .t} .

Vu72 -t

Thus by integrating RTon along 99, we recover Vu = [u1,u]T (up to a constant) on
o). So u, and u, are recovered. By integrating u; along 02 we recover u on 0X2. On
the other hand, from u and u, we determine Vu on 92 and therefore on through (2.7).

2.2 Displacement vs Moments

Now we turn to the relation between the displacement of 2D elasticity and the moments
of the thin plate. Since ¢ = (Vv + (Vv)T), we have
T V2.2 —tvio — dva
RLERL = 71/1) 1 .
2V1,2 — 3021 v1,1

Thus we obtain

1 1 1 1
" U2,12 — 501,22 — 502,12 502,12 — V1,22
divR eR) = =

1 1 1 1
V1,12 — 5V1,21 — 502,11 51,12 — 302,11

(3012 = 5v21)1 1 1
=R |7 : =RIV(jv12 — 5v21),
(3012 = 302,1) 2 2 2
which implies
. 1 1
n- (le R{SRL) = (RJ_H) . V(§’U1,2 - 51]271)
1 1
= —t- V(§U172 — 5’02,1)
1 1
= (521 — ZV1,2) -
2 2
It then follows from (2.5) that
. 9 1 1
1/)715 =n- le((CV u) = (51}2’1 — 5’1)1,2)715,
and from (2.6) that
1
M,; = 5( 2,1 — ULQ) + (R{sRLn) - t. (2.8)
Observe that %(02,1 — v1,2) can be expressed as
1 A 0 —3(va1 — v12)
5(112,1 V1) = <RL [5(2}271 ~o1s) 0 Rin)-t.



We also have

1 1
V1,1 5012 + 5021
(RzeRln) = (R{ [11}1 2 + 191 o U2 22 | } RLn) +
2 b 2 b b

From (2.8) we thus find

M, — (Rf |:’U171 1)1,2} Rln> 4
V21 V22

= —t- R (Vv)t = —(R.t)- (VV)t = —n- (VV)t. (2.9)
We also deduce from the definition of M,, that
M,=n-(RTcR )n=t et =t (Vv)t. (2.10)

Formulae (2.9) and (2.10) show that M,, and M; can be recovered from v ;. On the other
hand, we can recover v; from M; and M,, i.e., v; = —Mn + M,t. By integrating v ;
along 0f), we then determine v on 0f).

3 Applications to inverse problems
3.1 Estimating the volume of an inclusion for the thin plate with isotropic
phases

In this section, we want to discuss the size estimate problem for the thin plate equation
based on the similar problem for 2D elasticity. Now we assume that the thin plate is made
of an isotropic medium, i.e, the fourth order tensor C is given by

1
Cijkl = 53(1 — u)(éikéﬂ + 5,‘15%) + BVéij(Skl- (3.1)

The scalar B is called the bending stiffness and is defined by

3
b
12 \1—v2

where F is the Young’s modulus, and v is the Poisson’s coefficient. Both £ and v can be
written in terms of the Lamé coefficients as follows:
w(2p + 3X) A

E=—""—" and v=_—+—"—.
B+ A 2(pn+ )

In terms of these the strong convexity condition (1.3) reads as
pw>v and 2u 43\ > 7.
Now assume that the plate is made by two different materials in the sense that

A= Aix1+Aax2, H=pix1+ p2xe,



where
1 in phase j,
Xj = .
0 otherwise.

Suppose that u is the solution of the thin plate equation (1.1) having boundary data
{u,wpn, My, M} with

(CV2un-n= —M,, div(CV?%u) -n+ (CVZu)n-t), = (M),

The inverse problem here is to estimate the volume fraction f; of phase 1 (or f3) using
{U, U, Mna Mt}~

By (2.2), we find that the thin plate equation with elastic tensor (3.1) is equivalent to
2D elasticity with a compliance tensor S = (S;;;), where

1 1,1 1
Sijht = 47,(5%% +0adje) + (= = E)(Sij(skl
where 5 5
R = m (bulk modulus), ,U/ = m (ShEar modulus).
In other words, Hooke’s law is given by
1 1,1 1
g = 27/1,/0— + Z(E — E)TI'(O’)IQ

where I is the identity matrix, and the equilibrium equation is
dive=0 in Q.

Using the result in the previous section, we can determine the displacement v and the
traction on on 9 from {u,wu, M,, M¢}. So to solve the size estimate problem for the
thin plate, it suffices to solve the same problem for 2D elasticity.

Therefore, when all moduli involved are known, the result obtained by Milton and
Nguyen [6] will give us bounds on the volume fraction and also the attainability condi-
tions for these bounds for the two-phase thin plate with homogeneous isotropic phases.
There are two approaches used in [6] — the method of translation and the method of split-
ting. These methods depend on suitable null-Lagragians, which are (possibly nonlinear)
functionals of fields that can be expressed in terms of the boundary measurements. For
2D elasticity, it is known that (o), (g), (deto), are null-Lagrangians, where (f) is the av-
erage of the field f. Thus, from relations (2.3) and (2.4), we immediately get that (V2u),
(CV2u), and (detV?u) are null-Lagrangians for the thin plate. It is interesting to point
out that (detCV?2u) is not a null-Lagrangian for the thin plate. This corresponds to the
fact that (dete) is not a null-Lagrangian for 2D elasticity.

We now consider the case where the two phases of the plate are themselves inhomo-
geneous, with spatially varying moduli. Assume that the medium in, say, phase 1, is
given, but the medium in phase 2 is unknown. We also want to find upper and lower
bounds on the volume of the unknown inclusion (phase 2) from one set of measurements
of {u,u,, M,, M;}. Under suitable conditions, this problem was solved in [7] (with the
fatness assumption) and in [8] (for a general inclusion). The method used there is based



on some quantitative estimates of the unique continuation property for the thin plate.
Using the equivalence of inverse problems for the thin plate and for 2D elasticity, we can
convert the size estimate problem for the plate just described to the same problem for 2D
elasticity, which was solved in [1] (and also in [2]).

3.2 Estimating the volume of inclusion for 2D elasticity with anisotropic
medium

Now we assume that 2D elastic body is made of inhomogeneous and anisotropic medium
with compliance tensor S = (Sjjx;). Due to the symmetry property for the compliance
tensor S, we can denote

S1111 = F, S1122 = S2211 = B,

S1112 = S1121 = S1211 = S2111 = — D,
So212 = S2221 = S1222 = So122 = —C,
S1212 = S1221 = S2112 = So121 = F,
So900 = A.

\

Suppose that the elastic body consists of two different media, i.e., S = Sgx1 +§X2- Likewise,
the stress tensor o satisfies

dive =0 and e=So in .

Now assume that Sy is given and S is unknown. We are now interested in estimating the
size of x2 by one boundary measurement {v,on}. N

In view of the relation (2.2), the corresponding elastic tensor C = Cox1+Cx2 = (Cjjn)
of the thin plate is given as

(1111 = Saaz = A,
C1122 = S2211 = B,
Ci112 = —S2212 = C,
Co212 = —S1112 = D,
Ci212 = S1212 = E,
C200 = S1111 = F.

\

So the problem above is equivalent to the size estimate problem for the thin plate with
elastic tensor C using {u, u .My, M;}. This problem has been studied by Morassi, Rosset,
and Vessella [9]. A key ingredient in the proof of [9] is the three-ball inequality for the
plate equation with elastic tensor Cy. The three-ball inequality is proved under a so-
called Dichotomy condition for Cgy, which permits us to decompose the fourth order elliptic
operator associated with the thin plate equation into a product of two second order elliptic



operators. We now write this Dichotomy condition in terms of Sy = (S?jkl). We define

5?111 = ko, 5?122 = 58211 = Bo,
5?112 = 55)121 = 5?211 = 58111 = —Dy,
58212 = 58221 = 5?222 = 58122 = —Cb,
5(1)212 = 59221 = 58112 = 5(2)121 = Eb,
53222 = Ao,

ag = Ao, a1 =4Cy, az=2By+4Ey, a3=4Dy, a4 = Fp,

and the matrix )
ay ai Gy G3 a4 0
0 a al a9 as aq
0 0 apy ai Gy a3z G4
M(x)= |4ap 3a1 2a2 a3 0 0 O
0 4dag 3a1 2a0 as 0 0
0 0 4a0 3@1 2@2 as 0
0 0 0 4dag 3a1 2a2 a3z

(Here we use similar notations as in [9]). Then the Dichotomy condition is defined as
1 1 _
— |detM(x)] >0 or — |detM(x)]=0 Vxe€. (3.2)
ap ag

Assume that (3.2) holds and Sg € C11(2) (equivalently, C° € C11(Q2)). Then one can es-
timate the size of x2 by one boundary measurement {v,on} under the fatness assumption
(see [9, Theorem 3.2] for details).
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