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Abstract

In this work we consider the Calderén problem in two dimensions with conductivity v € W2(Q). This
condition allows for the conductivity to be unbounded. We prove a uniqueness result when ||V log ||z
is bounded by a fixed constant depending on the domain €.

1 Introduction

The inverse conductivity problem, first discussed by Calderdn in [8], consists of determining the conductivity
of the interior of an object from measurements of electrical potential and current taken on the boundary.
One aspect of this problem is weather or not two different conductivity functions might give rise to the same
set of boundary measurements. This question has been considered for different spatial dimensions and under
various assumptions on the regularity of the conductivity function. An early result in dimension greater
than two and for smooth conductivities was obtained by Sylvester and Uhlmann in their seminal paper [18].
Recently, Haberman and Tataru have shown in [12], also in dimensions higher than two, that uniqueness
holds for Lipschitz conductivities v such that ||V 1og~||r= is small. In [11], Haberman has further improved
on this result in dimensions 3 < n < 6. In dimensions n = 3,4 he proves uniqueness for conductivities in
Whn We want to point out that in [11] the conductivity v satisfies ¢ < v < ¢!, in particular, v € L*. In
dimension two, Nachman proved in [14] uniqueness for conductivities in W2 for some p > 1. Brown and
Uhlmann in [7] established the uniqueness for conductivities in W with p > 2. In [2], Astala and Piivirinta
proved the uniqueness for conductivities in L>. In the recent paper [3], Astala, Lassas, and Paivirinta have
proved a uniqueness result (see their Theorem 1.9) that also applies to some unbounded conductivities.

In this paper we will study the two-dimensional Calderén’s problem in a different class of singular con-
ductivities. Precisely, we prove that uniqueness holds for the strictly positive conductivity v € W12, with
and additional constraint that ||V log~||p2q) < C with C' = C(2). It is important to emphasize that we
do not assume vy € L. For example, v(z) = log[log|az|| or v(z) = (loglaz|)®, 0 < s < %, have finite
[[Vlogv|[z2(s , ), thus can be used to construct examples. The second of these two examples also falls
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outside the conditions required by Theorem 1.9 of [3]. Therefore, our result is not a consequence of previous
work. In view of the unique continuation property for the linear convection equation with L? coefficients in
R? [13], the assumption of v € W12 is most likely optimal for the two dimensional Calderén’s problem. It is
not yet certain that the restriction on the L? norm of V log~ is necessary.
This work is inspired by the paper of Cheng and Yamamoto in [9] where they prove a uniqueness result
for the equation
Au+b-Vu=0

with b € L?  p > 2. Here we push their result to the optimal case p = 2 (with an added requirement that
the L2 norm of b be bounded by a constant) and obtain the result for Calderén’s problem as a corollary.
The proof relies on reducing the second order equation to a first order one in the complex plane (see [19], [1]
for background). It also employs an inverse scattering method developed by Beals and Coifman in [4] and
by Sung in [15], [16], and [17]. Along the way we also prove a version of Brown’s result in [6] regarding the
recovery of the boundary values of the conductivity from the knowledge of the Dirichlet—Neumann map.
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2 Statement of the result

We consider a domain Q C R? which is open, bounded, simply connected, and with sufficiently smooth
boundary. For a conductivity v : © — R positive and bounded away from zero, we will consider the
boundary value problem

{ V(yVu)(z) =0, z €, W

u|aQ = Ww.
The Dirichlet—Neumann map for the classical Calderon problem is then

ou
A’Y(w) = 7|3Q£7

where u is the solution with boundary value w. Equation (1) can be put in non-divergence form as

Au(z) 4+ b(z) - Vu(z) =0, z€Q,
{ ulog = w,
where .
b:= Vlog~.
For this equation, we consider the Dirichlet—Neumann map

ou
Ap(w) = W

Throughout, we assume v € Wh2() or b € L3(Q), where L2(€) denotes the space of L? real-valued
vectors in €. For both forms of the equation, we consider strong solutions u € W2P?(Q), for some 1 < p < 2.

The Dirichlet boundary data then belong to W2 P (09). In the appendix we give a proof of existence and
uniqueness of solutions for the case when [[b|[z2(q) < C, with C' = C(p, Q).
Our main result is the following

Theorem 2.1. There exists a constant C = C(Q) such that if y1,72 € W12(Q), ||V log1,2
Ay, =A,,, then v = 72.

|L2(Q) < C and

This follows immediately from Theorem 2.2 and Proposition 2.1 stated below.

Theorem 2.2. There exists a constant C = C(Q) such that if by, by € L2 (%), |‘5172||L2(Q) < CandAj = Az,
then 51 = 52.

Note that this second theorem is more general than the first. It is this result that we will prove below.
We also prove the following boundary determination result.

Proposition 2.1. If v € W12(Q), the trace v|pq can be determined from the Dirichlet-to-Neumann map
A,
Since the proof of Proposition 2.1 is of a different nature from that of Theorem 2.2, the principal result

of this paper, we have provided it as an appendix.

3 Complex variable notation and the first order form of the equa-
tion

We will identify R? with C and use the usual notation dz = dz,+idzs, dZ = da;—idzs, 9, = %(8:51 —i0y,),
0z = (04, +10,,). If u € W2P(Q) is a solution of (2), then w := 8, u € WP(Q) is a solution of the equation

9z w + Bw + Bw = 0, (3)

where B(z) := 1(by + iby). We can also go the other way:



Lemma 3.1. (e.g. see [19]) Given w € WP(Q) a solution to (3), then there exists a solution u € W2P(Q)
of (2) such that w = 0, u.

For Dirichlet boundary conditions, as we have in (2), w must satisfy

2Re (Z2w)|aq = %: (the tangential derivative along 0f2). (4)
Here 2 is the derivative of a parametrization z(t) of the boundary 9. In the case of Neumann boundary

conditions, we would instead need

) 0
2Jm (zw)|,99 = %‘35). (5)

For this see [1], section 16.5. Note that the relations (4) and (5) are valid for real solutions u of (2). Since b
is a real vector, these relations remain true for complex-valued solutions of (2).
We define the Cauchy transform

ene =1 [ L ac

It maps C : L¢(2) — Wh4() continuously for all 1 < ¢ < oo (again, see [1]). The operator C is an “inverse”
to the differential operator 9z . For f € C*(Q) N C(Q)

(CO: 1)(2) = —~ lim / o (Q) dCndC
Q—DB(z,€)

m e SC—z 2

(o [ HQTE) gy [T
- .(1 /amz,e) I I ag v omif(o) - [ dc>,

211 € E)QC_Z

SO

(©0: 1)) = 1) = 5 | L ©) 4. (6)

2w 00 C— 2
Also, defining (g, f) := [, ¢f, for any ¢ € C°(Q)

(,0:Cf) = (COz 0, f) = (¢, f)

and so we have
9:Cf = f. (7)

Given the mapping properties of the Cauchy transform, the formulas (6), (7) extend to any f € W14(Q),
1 <qg<oo.
The Cauchy transform may be used to turn (3) into an integral equation.

Lemma 3.2. A function w € WHP(Q) that satisfies (3) will also satisfy the integral equation

w(z) + C(Bw + Bw)(z) = 2%” /aQ 21)(_41 .
Also, if ® € Hol(Q2) N WLP(Q) and w € WHP(Q) satisfies
w(z) + C(Bw + Bw)(z) = ®(2), (8)
then w satisfies (3) and
! W) 4 — a(2).

2mi 00 C— 2

Next we would like to show the existence of solutions to (8), with suitable ®. A contraction principle
argument of the same form as the one in the proof of Proposition A.1 would work. Instead, we present a
different type of argument which doesn’t require the norm of the coefficients to be small. Testing the equation
(8) against a test function ¢ we get
w

(60— (B+B-)C(6).w) = (,9). (9)

w



Let A := B+ Bw/w € L*(), [|A]|12(0) < 2HB||*LZ(Q), and 9 := C(¢). Let 1 < p < 2 and p* = 2p/(2 — p).
In order to obtain an a priori estimate for the LP norm of w, we would like that
Dz — Ay = |w|P" ~2w. (10)
It turns out that one solution of (10) is explicitly expressed by
v =C (|w|p*72ﬂ) efCA) eCA,
The left hand side of (9) is just ||w||’zp* @) The right hand side of (9) consists of two terms:

(|lw]P" 2w, ®) + (Atp, ®) =: I + IT.

Holder’s inequality implies
*—1
1< |l |12 0

To deal with the second term we begin by noticing that |w[? 2w € LP*/®"=1(Q). With the help of
Trudinger’s inequality, we can see that ¢4, e=¢4 € LI(Q) for any ¢ < oo (for example, see the computation
in [13]). It follows that ¢ is in all L"(Q) with r < 2p*/(p* — 2). We can then bound the second term

2(p* +€)
IT < Al L2 @19l r @ 1@l por+e (), 7= P

with € > 0. Since ||[¥||pr) < C||w||’£p?(1m, we get

11 < Of[u77 oy 1Al 2@ |2l < e,

Putting these together implies that

Jwll o () < C(L+ || Allz2(@)) |12l o=+ ()
and

HwHWl*P(Q) < C(l + ||A||L2(Q))Hq)||LP*+E(Q)

If ® € WHPTe(Q) for some € > 0 and B € C§°(2), then a solution to (8) is known to exits (see, for
example, the proof of [9, Lemma 3.3]). Given B € L?(Q) let B,, € C§°(9) be such that ||B,, — B[z — 0,
and let w,, be the solutions of

wy, + C(Buw, + Byw,) = ®.

Then
[wallwrpter2 @y < Cll®[lwrp+e ) (1 + || Bl[L2)-

Also
Wy, — Wiy, + C(Bp(wy, — W) + Bp(wn, — wy)) = —C((Bn — Bm)Wm + (Br, — Bm)Wi,).

According to the observation above, the right had side is in W' ?+¢/2(Q) and
|RHS||wp+e/2(0) < Cl[Bn = B2 ||®[lwrre (o) (1 + [[Bl|2)-
Applying the a priori estimate to the difference w,, — w,, we get
|wn = wallwir(@) < Cl|Bn = Bl 2| ®llwip+e o) (1 + ]| Bl £2)*.

This proves that the sequence of approximate solutions is Cauchy in W1?(£2). That the limit is a solution
to the equation follows from the continuity of C and the continuity of products w.r.t. strong convergence.
We have therefore proven:

Lemma 3.3. If 1 <p <2, ® € WHPTE(Q), € > 0 with p+ € < 2, then the equation
w + C(Bw + Bw) = ®
has a unique solution w € Wl’p+€/2(Q) and the following estimate holds
[wllwrp+er2) < Cll@llwite ), (11)
where C' = C(||Al| 12 (), p, €, ).



4 CGO solutions (introduction of the parameter k)

In this section, we want to discuss complex geometrical optics (CGO) solutions of (3). These special solutions
are useful in Calderén’s problem. Let k = k, + ik, € C. If w is a solution to (3) then ay(2) := w(z)e” 2+
satisfies the equation

9= o (2) + B(2)ow(2) + e FIBR)ag(z) =0 in Q. (12)
We will use the notation

ek(z) = €exp <_;(l_€2 + ]CZ)) = ei(klm"'k’yy).

Clearly, |ex(z)| = 1. Analogously to the previous section, we have

Lemma 4.1. If ap € WIP(Q), 1 < p < 2, satisfies (12), then it also satisfies the integral equation

ay(z) + C(Bay + e Bay)(z) = L/ ok (¢) dC.

2mi o0 C*Z

Conversely, the equation B
ar(z) + C(Bay + ey Bay)(z) =1 (13)

has a unique solution oy, € WHP(Q) and
llakllwrr @) < Cl1blL2(0), €2, p)-

This solution will also satisfy (12) and
1 a(¢)

211 6QC—Z

¢ = 1.

4.1 Differentiability in k&

In order to investigate the differentiability with respect to k of «, , for some fixed k = k; + ik, we introduce
the notations

S %(alﬁ_ﬂ(z) —ag(z)) and dre= %(6k+,€(z) —ep(2)).
Note that this quantity satisfies the integral equation
§pa+ C (Bdwa + ey Ba + dneBay) = 0.

We will only consider real valued « (the case of imaginary « will only different by a minus sign). In this case

6pa+ C (Bdea + epynBda) = —C ((0.¢)Bay) . (14)
Let € > 0 be such that p + € < 2, then it follows from (11) that

0kl lwimter2(ay < CUIBl L2(ay: s €)l10kel | oo () -

In order to prove that é,« is Cauchy, we need to estimate the quantity
Ap o= 0,00 — 0 r.

Note that A, . e = 0 in C(Q) It is clear that A, ./« satisfies the integral equation

Ay wa+C (BAN,H/a + ek+,i/BA,$,,i/a) =-C ((AH,K/e)Bdk + (epan — ek+H)B6Ka) .

Applying the a priori estimate (11) again we obtain

Ak el lwrry < CU[bl L2y ps €) ([|AnmrellLoe @) + Klldkel| Lo ) + K [[0xrel| L (@) -

We have thus shown that d,a is Cauchy in WP(Q) as £ — 0 for real k. Taking the limit in (14) we see that
Ok, v € WHP(Q) satisfies

O, +C (B@kTa + €k38kma) =-C ((ixek)Bdk) .

We can again apply (11) to conclude that dj_ « is bounded in WP () uniformly in k. The case of imaginary
k is almost identical. We conclude that

Proposition 4.1. The partial derivatives of g, with respect to k exist and Oy, g, Ok, o € L (Cy; Whr(Q)).



4.2 Behavior as £ — o0

Because the oy, are bounded in W12 () uniformly in k, we can extract a subsequence, also denoted ay, such
that ap — g in LP" and aj — ag in L9 for any 1 < g < p*. Of course, ag € WHP(Q).

To find the equation satisfied by «p we are going to integrate (13) against a test function ¢ € C°(Q),
then for the first term we have

<907ak> - <503a0>'
For the second term, since Co € L°°(£2) and B € L?(),
(p,C(Bay)) = —(BCp,ar) — —(BCyp,aq) = (p,C(Ba)).
To handle the third term, we write

(@,C(edek» = —<6kBC<p, d0> — <€kBC(p,O7k — 540>.

Since ay, — @p strongly in L?(Q), )
<€kBCQD, g — O_Z()> — 0.

As agBCyp € LP(R), the Riemann-Lebesgue lemma implies
{ex BCp, ap) — 0.
Putting these together we get that
(p, a9 +C(Bag) — 1) =0,

for any ¢ € C°(Q) and so
ap(z) + C(Bap)(z) =1, Vze .

Of course it then follows that
0z ag + Bag =0,

and applying back the Cauchy transform we need to have
1 ao(¢)

2mi Joq ¢ — 2

a¢ = 1.

We have thus proved

Lemma 4.2. There exists a subsequence of solutions ay of (13) such that ay, — ag in WHP(Q) C LP" and
ap — g in L9 for any 1 < g < p*. The limit satisfies the integral equation

ap(z) +C(Bap)(z) =1, Vze€Q,

and
i o (¢) d=1.
21t Joq ¢ — 2
In fact
ap = e B, (15)

Proof. We only have to show that the representation formula (15) holds. First not that extending B to
the whole plane such that B = Byq and using the equation to extend ag we have that ag € 1+ W1P(C).
Define h := ape®®) and note that 9; h = 0 in C, so it is holomorphic on C. Since B is supported within the

bonded domain €2, C(B) and C(Bayg) are both holomorphic on C — €. Furthermore, they both decay as 1/z
at infinity. It follows then that lim, ... A = 1 and by Liouville’s theorem this implies that A = 1. O



5 Cauchy transforms of By and B

In this section, we would like to show that under the assumptions of Theorem 2.2, the Cauchy transforms of
B; and By are identical outside of the domain Q. Let o k, a2 € WLP(Q) be the solutions of the integral
equations

ajk + C(Bjozj,k + ekBjaj,k) =1, j57=1,2.

First note that, according to Lemma 4.1,

1 a1,:(Q)

2mi o0 C(—%

dc=1, VzeQ.

Define w (z, k) := e2F2ay 4 (2), wi (-, k) € WHP(Q). It satisfies
05 w1 + Bywy + By, = 0.
By Lemma 3.1, there exists a u1 (-, k) € W2P(Q) such that w; = 8, u; and
Auq + 51 -Vu; = 0.
Denote w := uy|sq € WQi%’p(aQ) and let us € W2P(Q) be the solution of

Uuslan = w.

{ AUQ+52~VUQ:0,

The existence of ug with boundary condition w is guaranteed by choosing the constant C' in the statement
of Theorem 2.2 such that Proposition A.1 applies. Then we := 0, us will satisfy

05 wy + Bowsy + BQ’IDQ =0.

Since u; and us share the same Dirichlet data, Re (2w;) = PRe (2ws). Since we are assuming the Dirichlet—

Neumann maps produced by by and by are identical, the Neumann data of u; must be the same as us, so
Jm (2w;) = Jm (2wq). It follows then that

wilan = walaq-
Define ay ;. (2) = wa(z, k)e~2F=_ Tt satisfies the differential equation
0z a’lk + BQO/QJC + ek-BQO_/ka =0
and, as ay ilon = al2,k 50, we see that O/Q,k satisfies the integral equation
oy + C(Baady , + ek32dé7k) =1
It follows the uniqueness of the solution that 0/2,,€ = ag . Consequently, we proved that

Lemma 5.1. a1 ;loo = agkleq-

We know from Lemma 4.2 that we can find a subsequence such that a;r — ;o in Whr(Q), j = 1,2,
and
aj0 + C(Bjajo) = 1.

The trace operator 7 maps WP () to Wlf%’p(aﬂ) c L% (09) continuously and is compact from W1P(Q)
to L5(0Q) for 1 < s < ;fpp. Therefore

ajklon = ajolan, in L*(09).

Lemma 5.1 them implies
a1,0la0 = a2,0la0-

We can now prove



Figure 1: Contour for the determination of e=¢(5i)(z).

Lemma 5.2. If Ay = Ay , then C(B1)(z) = C(B2)(2) for any z € C— Q.

Proof. By equation (15), we know that e By =e )| aq-
Let z € C — Q. Since e=€(5i) is holomorphic in C' — €, using the integration contour from the figure, we

can write - )( ) - )( )
—eBy = L[ Q) g L e g
e~CE) () /8 ) ¢ /|<|—R ¢

—C(Bs

2w (—=z 2mi (—=z

It then follows that
€O (3) = O 3),

for any z € C — Q. This can happen only if C(B;)(z) = C(B2)(2) + 27ni. Since both Cauchy transforms
vanish at infinity we must have n = 0. O
6 A related first order system

To proceed further, we now would like to apply an inverse scattering method for a related first order system
based on [4], [15], [16], and [17]. A similar idea was also used in [7] and [9]. We define

Cj:= eCBje_CBﬂ'Bj, ji=1,2.

Note that, since CB; — CB; = 2iJm (CB;), C; € L*() and ||C}||r2(0) = ||Bjllr2(q). We also define the

matrix
(0 —Cj>
@i (‘Cj 0 )"

Let p1;(2) be the 2 x 2 matrix valued function that satisfies the integral equation

i) = 1+ C Q) = 1- - [ Q) o (O CR d. (16)

T Jo(— %

Consider the orthogonal matrix

Conjugating Q); by R we get



Thus, conjugating the integral equation (16) by R, we obtain a decoupled system of four scalar integral
equations. We then can apply the same method we have used to prove the existence of solutions to the
equation (8) to show (16) has unique solutions y;(-, k) € WP(Q). These solutions satisfy the differential
equation

Oz i (2, k) — ex(2)Q;(2)p; (2, k) = 0
and the equality

1 .
127_/ Md(, VzeQ, keC.
21 Joq C—2

Also, just like the CGO solutions ay, p; are differentiable in k and Oy, pj, Ok, 115 € wir(Q).
Define

m(z, k) = eékzul(z, k).

This new matrix-valued function satisfies the differential equation

O:m = Q1M1

1 1
U1 = i =i Ui

1/1 1 1 4
8z01=2(i —i> Q1 (1 _ZZ> v = —C10y.

wy = e By

Let
then

Finally let
1

and we get that w, satisfies the matrix differential equation
Oz w1(z, k) + B1(2)w;(z, k) + B1(2)wi(z,k) =0, VzeQ, keC.

Applying Lemma 3.1 to the components of w;, we obtain that there is a matrix-valued function u; €
W2P(Q) such that w; = 9, u; and
Aul + bl . V’U,l =0.

Let w := u1loq € WZ_%’p((‘?Q) and let uy € W2P(Q) be the 2 x 2 matrix valued solution of the equation

Aug + 52 -Vus =0,
uslan = w.

Just as before, we know that both the Dirichlet and the Neumann data of w; and wus coincide. Then
woy := 0, uy satisfies B
85 wo + BQU)Q + BQ’[IJQ =0

and
wilpn = walsa.

Also ve 1= e€B2q, satisfies
0z vy = —Cp

and since, by Lemma 5.2, e“B1|gq = 52|50 we have

U2|aQ = U1|aQ-

._1 1 —3 . (1 1
772-72 1 V2, 1.€., Vg = i i 2,

Let

and finally



This last matrix-valued function satisfies the differential equation
0z le = engﬂé

and
o = pslag.

Applying the Cauchy transform to the differential equation we get

= @y + C(erQafis),

%(z):i/ 1O o L[ m

21 Jaq (— 2 2mi aQC—z

where

So ph = po and we have

Lemma 6.1. p1|sq = p2loq-

7 The 0; equation

We now extend p;(z,k), j = 1,2, to z € C\ Q by setting

1 -
wi(z, k) =I+C(exQjpj) =1— L C ECZ)QJ(C)W(C,IC) d*¢,VzeC\Q.
Abusing notation a little, if we write Q; = Q;xq, then u;(z, k) satisfies
ek(¢)

wi(z, k) = I+ C(exQjfij) —I— - Q;(Op;(C k) d*¢, VzeC, VEkeC.

cC—=z

We can easily see that
lim p(z,k) =1,

|z| =00
that
Mj(‘,k) € WLP(Q)»

and p;(z, k) — I decays like 1 as z — oc.
To simplify the notations, we suppress the index j. In other words, the computations below are carried
out for u;, j = 1,2, respectively. Define the matrix

pi(z,k)  emn(2)pa(z, k
u(z,k):z( (= k) kﬂ )>.
e_pp21(2, k) fi22(2, k)

Note that -
(3} er(€=2)C(Q)
viz,k) =1+ l/ -z (¢, k) k =5 v22(¢, k) d2§
T Ja %Vﬂ((,k) %VH(C,]C)

and v is the unique solution of this integral equation. Repeating the proof of Proposition 4.1, we can show
that 9;v(z, k) exists in WP(Q2) and it satisfies

oy — k() < o ek(oc(o/m(c,k)) 2
' 2mi /Q er(Q)C(Qpm(C, k) 0 ¢

e,k(z)/ ﬁek( )05 v21(C, k) %a—m(gk) a2,
o \ 2@ k) Hen(2)5 via(C k)

+
™

10



This can be rewritten as

- 0 Ty2(k)
ex(2)0pv = <T21(k) 0 )
er(¢=2)C(¢) _ c©) _
1 e en(Q) O var (G K) =rer(Q) 0 v22(C, k)
+ ;/ é(C) k - e (CiZ)C(}Z) . ¢ am)
@ -2 er(Q)0k v11(¢, k) kﬁek(@@% v12(C, k)
where we define )
Tua(h) = 5 [ e(OC(QlC R %,
(18)
Talh) = 5 [ lOCOMGR 4%
Comparing the integral equation (17) with
EN) 0 Tho(k) _
T51 (k) 0
_ (Tgl(lﬂ)l/12(2, k) Tu(k)uu(z, k))
Tgl(k)l/gg(z, k) Tlg(k)l/gl(z, ]f)
B 0 T2 (k)
T51 (k) 0
N l/ w2 Ty, (k)va(C F) 9Ty, (k) (C F) 2.
T Jc

Lt (k@R ST, (ke (€ R

we deduce from the uniqueness of integral equation (17) that

- 0 Ti2(k)
Orv(z, k) = e_p(2)v(z, k) <T21(k) 0 ) .

Since _ _
11 =1 —C(exC) + C(erCC(e—rChirn)),
oo =1— C(ekC) + C(ekCé(efkéﬂzz)),

it follows that p11 = pa2, so also Tio = T51. Now let us denote

T(k) = (Tuo(k) T”O(k)>

and specify T;(k) be as T above defined for C;, j = 1,2. At this point we can also note that

Orv(z, k) = e_k(2)v(z, k)T(k) = e_x(2)T(k)v(z, k).

We have
Lemma 7.1. Ty (k) = Ta(k) for all k.

The proof of this is identical to the argument given for the corresponding statement of [9, (4.25)] as part of
the proof of their Lemma 4.4. The result of our Lemma 6.1 is needed in the proof.

We can now use a known result of Brown on the mapping properties of the scattering map to conclude
that

Lemma 7.2. C7; = (Cs.

Proof. Note that the off-diagonal entries of @); are zero. We use Theorem 2 of [5]. There it is shown that the
mapping Q — T is invertible, hence injective, provided ||Q||z> < v/2. This can be arranged by choosing the
constant C' in the statement of Theorem 2.2 appropriately. Since we have already determined that T7 = T5,
it follows that Q1 = Q-. O
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8 Conclusion of the argument

By Lemma 7.2 we have that - -
B1eCP1=CB1 — B, CB2=CB2 'y, c

and hence
B1€CB176B1 = BQGCBz*CBa Vze (C

since By = By = 0in C\ Q. In view of Lemma 5.2, if we let Z := C(By — By), then Z € WH2(C) and
supp(Z) C Q. Denote

Then we obtain
B1 = K}BQ

and
0:7Z =(1—-k)By, z€C.

By an easy computation (see [9, P. 1389]), we can deduce that
|k —1] < 2/Z]

and thus
|0z Z| < 2|By] | Z]

holds. Applying the generalized Liouville theorem of [7, Corollary 3.11] (or [1, Theorem 5.8.3]), it follows
then that Z = 0 and so B; = B,. This ends the proof of Theorem 2.2.

A Existence of strong solutions for coefficients with small norm

In this appendix, we will show that if \|5|| £2(0) is not too large, then (2) has a unique solution for any Dirichlet

condition in W2 P (09). The proof is based on a contraction mapping principle argument.

Proposition A.1. There exists a constant c(p,2) > 0 such that 'if||g||L2(Q) < ¢(p, ), then (2) has a unique
solution u € W2P(Q).

Proof. Let H € W2P(2) be the unique solution to the Dirichlet boundary value problem:

{ AH(z)=0, z€Q,

H|so = w.
Defining ug := v — H, the equation becomes
Aug(z) + b(z) - Vug(z) = —b - VH(z) (19)
with ug € Wy P(Q). Let £(f) be the solution of the inhomogeneous problem

AU(z)=f, x€Q,
U|aQ =0.

Then £ : LP(Q) — W22(Q) N W, *() is continuous (e.g. Theorem 9.15 of [10]). If (19) can be solved, then
the solution should satisfy

uO:—L(E.VuOJrE.VH).

Seeing this, we define the operator T for functions v € W2P?(Q) by

Tv:z—L'(RVU—l—RVH).

12



Since Vv € WhP(Q) ¢ LP"(Q), o5 =3 — 3, it follows that b- Vv € LP(Q). The same is true of the second
term in the definition of 7. Putting these together we get that there is a constant C(p, Q) > 0 such that

||TUHW2=P(Q) <C(p,Q) <||5|L2(Q)||U|W2vp(9) + ||g||L2(Q)||W||Wz_;,p(m)> .
So T : W2P(Q) — W2P(£). Moreover, for two vy,ve € W2P(Q),

1701 = Tvallw2p () < C(p, QIIbl|L2 (@101 = vallw2(0)-

If ||5]] 2(Q) < m, the operator T is a contraction hence it will have a fixed point: the solution of (19).
Uniqueness follows easily from these same estimates. O

B Recovering the conductivity at the boundary

Since v € W12(Q) we can consider its trace y|opq € W22(dQ). In this section, following the method of
Brown in [6], we will prove that we can recover v|sq from the Dirichlet-to-Neumann map. We cannot quote
the result of [6] directly since there the conductivity is assumed to be bounded.

First we need to straighten out the boundary. If P € 99, then there is a ball B(P, R) and a diffeomorphism
¢ : Q — Q such that ¢(QNB(P, R)) C {y2 > 0} and 0 € $(dQNB(P, R)) C {y2 = 0}. In the new coordinates
the equation (1), denoting F := ¢! and v := u o F, becomes

ak (akjajv) = 07

where )
ar;(y) = 1(F(y))9,¢" (F(y))0i¢’ (F(y)) det(DF)(y).

Hereafter we adopt the summation convention. We can make sure that D¢ € C' N L>°, DF € C' N L™, so

ai; € W -2

loc*

Choose n7: R — [0, 00), supp 1 C [—1,1], nl| = 1, smooth. Also choose o € R? such that
51 =

272

07 (P)a;0;0% (P)ay = 9;¢7 (P)3;20:0" (P)dpa,

8Z¢J(P)a]61¢k(P)5k2 = 0

In other words, R? 35 « satisfies |D¢(p)a| = |Dé(P)es| and Dp(P)a L Dg(P)es. Define p := D (P)(icv —
e2) € C2. Then p-pu =0, p-ji = 2|D¢(P)es|? > 0. With these notations we introduce the functions

un (y) == (N 2y (N 2yg)eNteme2 v = (N2 B(Ny),
where N € N.

Lemma B.1. There is a non-zero constant A such that
1 1
[ as @i oot dy = Ni(FO)A+ o),

as N — oo.
Proof. Let 4(y) := v(F(y)) det(DF)(y). We compute

[ s oot dy
= N [ 00 (N 2y
+ N2 / (3(y) = 7(0)) - (N 2y)2e=2N gy
N / 053 (9) (0:00) (N 2) (0,06) (N V/2g)e 2N dy
- N2 / 053 (9)612(0516) (N 2 (N2 )N

= Il+IQ+Ig+I4. (20)
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We begin with the estimate of I,. Note that
|I4\ < bup/ / \a“ —2NY2 dyy dyy
N~ 2
+sup / / a55(31,0) — a5 (O)le ™= dys dyy

, .. 7O B
+ Sup/ / |al.7 Y y2)y Qij (yl )l Yo 2Ny2 dyQ dyl
2

=:J1 + Jo + Js.

By direct computation, we have that

Jy = y(F(0))CN~3

for some constant C. If 0 is a Lebesgue point for a;;|4q then

[N

N~ 2
N[ lain.0) = 0 0)] dys =0,
— 2

which gives that also Jy = o(N _%). And finally Hardy’s inequality implies
J3 < C'sup ||Vay||2 N7,
2%}
Hence I = O(1). The same type of estimates give Is = O(N~2).
The first term of (20) is easily seen by direct computation to satisfy
I = 4(F(0))ANZ 4 o(N ).

Finally, arguing in the same way as in the case of the terms J, and J3 we have
N7 = [ (F @ 0) = /FO) - (Ve gy
0

" /Q (V(F(y1,92)) = ¥(F(y1,0))) - pp(N/2y) e 2Nv2 dy
=o(N"%) + O(N~H),
which gives I, = o(N2).
Lemma B.2. [|0;(ai;0;un)|lg-1(a) = o(N#).
Proof. We begin by splitting the left hand side into several terms
Di(ai;05on)(y) = ai (O)N*?(90) (N ?y)(icr — e2); E(Ny)
+aij (0)N(9,0;4) (N'?y) E(Ny)
+ 0 (33 (y) = i (0)9; (H(N ) B(Ny)))
— I+ +Is.

Let ¢ € H} () (we use the norm ¢l = [[Vel|r2) and denote 6(y) the distance between y and 9.

3

N2

/ vy ly )dy’ < ag |/ 5;/ )(@i))(NY2y)| (i — ea)]e V> dy

2 3 N~% ,NT3Z
Y _
<swlas O ([ 20 a) ([ [ e ay
v Q (y) —-N"2J0

1
2

_T
SCHSOHH(%N 4,
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hence .
il -1y = ONTT).

In the same way we get ,

2]l fr-1(qy = O(N3).

For the third term, we have

‘/@w(y)ls(y) dy’ < C||Vel|rz

[N

N2 N7%
% | N2 sup / o / (0 () — a5 (0))2(8;)2 (N 2)e >Nz dy

2

N"3 N3
+ Nsup /N_l /0 (aij(y) — aij(O))2w2(N1/2y)e_2Ny2 dy
1] — 2

< OV 12 [NWJ1 + NJQ} .

We first look at Jq,

2

1 1
N2 N™2 9
Lj ) — Qg5 0
J1 < sup / . / (@45 (y1, y2) — aij(1,0)) y2e2Nv2 dy
ij \J-n"72Jo 3

N2 N3 2
vow ([ [ (a0~ a0 ay
ij -~n—2 Jo
= K; + K.

Using the inequality
s2e 2Ns < NT2¢72) Vs € [0, 00),

we get K7 = O(N~1). Using the same methods as in previous estimates, we also have Ky = o(N~1). This
3
- 1

gives J; = o(N~1) and similarly also J, = o(N~4). Then we have

sl = o(N'¥)
and the lemma is proved. O
Lemma B.3. The boundary value problem
di(a;;0jwn) = 9;(a;;0jvN), wWN|sa =0,
has solutions that satisfy |lwn ||y q) = o(N1).

Proof. Existence of weak solutions follows from applying the standard Lax-Milgram argument in the energy
space

Hy = {U Q-C: / aij(y)0iv(y)9;v(y) dy < 00, vlyg = 0} :
Q

Recall that v is positive and bounded away from zero. So a;; is a positive-definite matrix function and we
can see that H, C H(2). Since H~! C (H,)’ the right hand side of the equation the usual method can
indeed be applied. Integrating the equation against wy we obtain

IVwn|l7> < [[Vwn]|r2]10i(ai;0;08) || -

and the result follows. O
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We are now ready to prove the result of boundary determination.

Proof of Proposition 2.1. Let P € 9, ¢, F, { be as above. Assume ¢(P) =0 and 0 is a Lebesgue point for
ai; so that our Lemmas above apply. Almost every point on the boundary satisfies this, so there is no loss
of generality. Define

N = Ai%Nii’UN o ¢.

Let un be the solution of
{ V(yVuy)(z) =0, ze,

ulaa = fnlog-

which exists, as argued in Lemma B.3. Then

fNA'ny dz
[2:9)

— [ AVl dy = [ asiwituy o F)osax o F) dy
Q Q

= A71N7% [ aijai’UNajl_}N dy + 0(1)
Q

=7(P)+o(1).
Taking the limit as N — oo we see that we can determine v|gq almost everywhere on the boundary from the
Dirichlet-to-Neumann map. O
References

[1] K. Astala, T. Iwaniec, and G. Martin. Elliptic Partial Differential Equations and Quasiconformal
Mappings in the Plane (PMS-48). Princeton University Press, 2008.

[2] K. Astala and L. Péivarinta. Calderén’s inverse conductivity problem in the plane. Ann. of Math. (2),
163(1):265-299, 2006.

[3] Kari Astala, Matti Lassas, and Lassi Péivdrinta. The borderlines of invisibility and visibility in
Calderén’s inverse problem. Anal. PDE, 9(1):43-98, 2016.

[4] R. Beals and R. R. Coifman. Multidimensional inverse scatterings and nonlinear partial differential
equations. In Pseudodifferential operators and applications (Notre Dame, Ind., 1984), volume 43 of
Proc. Sympos. Pure Math., pages 45-70. Amer. Math. Soc., Providence, RI, 1985.

[5] R. M. Brown. Estimates for the scattering map associated with a two-dimensional first-order system.
J. Nonlinear Sci., 11(6):459-471, 2001.

[6] R. M. Brown. Recovering the conductivity at the boundary from the Dirichlet to Neumann map: a
pointwise result. J. Inverse Ill-Posed Probl., 9(6):567-574, 2001.

[7] R. M. Brown and G. Uhlmann. Uniqueness in the inverse conductivity problem for nonsmooth conduc-
tivities in two dimensions. Comm. Partial Differential Equations, 22(5-6):1009-1027, 1997.

[8] A. P. Calderén. On an inverse boundary value problem. In Seminar on Numerical Analysis and its
Applications to Continuum Physics (Rio de Janeiro, 1980), pages 65-73. Soc. Brasil. Mat., Rio de
Janeiro, 1980.

[9] J. Cheng and M. Yamamoto. Determination of two convection coefficients from dirichlet to neumann
map in the two-dimensional case. STAM Journal on Mathematical Analysis, 35(6):1371-1393, 2004.

[10] D. Gilbarg and N.S. Trudinger. Elliptic Partial Differential Equations of Second Order. Springer-Verlag,
2001.

[11] B. Haberman. Uniqueness in calderén’s problem for conductivities with unbounded gradient. Comm.
Math. Phys., 340(2):639-659, 2015.

16



[12] B. Haberman and D. Tataru. Uniqueness in calderén’s problem with lipschitz conductivities. Duke
Math. J., 162(3):496-516, 2013.

[13] C. Kenig and J.-N. Wang. Quantitative uniqueness estimates for second order elliptic equations with
unbounded drift. Math. Research Letters, 22:1159-1175, 2015.

[14] A.I Nachman. Global uniqueness for a two-dimensional inverse boundary value problem. Ann. of Math.
(2), 143(1):71-96, 1996.

[15] L.-Y. Sung. An inverse scattering transform for the Davey-Stewartson II equations. I. J. Math. Anal.
Appl., 183(1):121-154, 1994.

[16] L.-Y. Sung. An inverse scattering transform for the Davey-Stewartson II equations. II. J. Math. Anal.
Appl., 183(2):289-325, 1994.

[17] L.-Y. Sung. An inverse scattering transform for the Davey-Stewartson II equations. III. J. Math. Anal.
Appl., 183(3):477-494, 1994.

[18] J. Sylvester and G. Uhlmann. Inverse boundary value problems at the boundary—continuous depen-
dence. Comm. Pure Appl. Math., 41(2):197-219, 1988.

[19] I. N. Vekua. Generalized analytic functions. Pergamon Press, London-Paris-Frankfurt; Addison-Wesley
Publishing Co., Inc., Reading, Mass., 1962.

17



