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Optimal stability estimate of the
inverse boundary value problem by
partial measurements

HorsT HECK, JENN-NAN WANG

We dedicate this work to Giovanni Alessandrini for his 60th birthday and for
his pioneering contribution in the stability estimates of inverse problems.

ABSTRACT. This manuscript was originally uploaded to arXiv in 2007
(arXiv:0708.5289v1). In the current version, we expand the Introduc-
tion and the list of references which are related to the results of this pa-
per after 2007. In this work we establish log type stability estimates for
the inverse potential and conductivity problems with partial Dirichlet-
to-Neumann map, where the Dirichlet data is homogeneous on the inac-
cessible part. The proof is based on the uniqueness result of the inverse
boundary value problem in Isakov’s work [16].

1. Introduction

In this paper we study the stability question of the inverse boundary value prob-
lem for the Schrodinger equation with a potential and the conductivity equa-
tion by partial Cauchy data. This type of inverse problem with full data, i.e.,
Dirichlet-to-Neumann map, were first proposed by Calderén [6]. For three or
higher dimensions, the uniqueness issue was settled by Sylvester and Uhlmann
[27] and a reconstruction procedure was given by Nachman [25]. For two dimen-
sions, Calderén’s problem was solved by Nachman [26] for WP conductivities
and by Astala and Péaivérinta [3] for L conductivities. This inverse problem
is known to be ill-posed. A log-type stability estimate was derived by Alessan-
drini [1]. On the other hand, it was shown by Mandache [24] that the log-type
estimate is optimal.

All results mentioned above are concerned with the full data. Over the last
decade, the inverse problems with partial data have received a lot of attention.
We list several earlier results [14], [17], [5], [20], [12], [16], [23], [21], [18] [11]
and refer the reader to the survey article [19] for its detailed development and
for related references. After the uniqueness proof comes stability estimates.
We summarize related results in the following.

e loglog type: [15], [29], [7], [9], [8], [10], [22].
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e log type: [7], [13], [4], [2].

The method in [15] was based on [5] and a stability estimate for the analytic
continuation proved in [30]. We believe that the log type estimate should be
the right estimate for the inverse boundary problem, even with partial data. In
this paper, motivated by the uniqueness proof in Isakov’s work [16], we prove
a log type estimate for the inverse boundary value problem under the same a
priori assumption on the boundary as given in [16]. Precisely, the inaccessible
part of the boundary is either a part of a sphere or a plane. Also, one is
able to use zero data on the inaccessible part of the boundary. The strategy
of the proof in [16] follows the framework in [27] where complex geometrical
optics solutions are key elements. A key observation in [16] is that when Iy
is a part of a sphere or a plane, we are able to use a reflection argument to
guarantee that complex geometrical optics solutions have homogeneous data
on I'y. Caro in [7] also used Isakov’s idea to derive a log type estimate for the
Maxwell equations. The articles [13], [4], [2] have a common feature that the
undetermined coefficients are known near the boundary.

Now we would like to describe the results in this work. Let n > 3 and
Q C R™ be an open domain with smooth boundary 992. Given g € L>=(Q), we
consider the boundary value problem:

(A—q@u=0 inQ

u=f ondf, )

where f € H'Y/2(99Q). Assume that 0 is not a Dirichlet eigenvalue of A — ¢
on . Then (1) has a unique solution u € H'(Q). The usual definition of the
Dirichlet-to-Neumann map is given by

Ay f = Oyulan

where 0,u = Vu - v and v is the unit outer normal of 0f).

Let Ty C 09 be an open part of the boundary of Q. We set I' = 9Q\T'y. We
further set Hy/*(T) := {f € HY/2(9Q) : supp f C T'} and H~V/2(T') the dual
space of HS /2 (T'). Then the partial Dirichlet-to-Neumann map A, is defined

as
Agrf = dyulr € H V()

where u is the unique weak solution of (1) with Dirichlet Data f € Hé/Q(F).
In what follows, we denote the operator norm by

”Aq,FH* = ||Aq’r||Hé/2(F)~>H*1/2(F)
We consider two types of domains in this paper:

(a) Q is a bounded domain in {z, < 0} and 'y = I N {z,, = 0};
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(b) Qisasubdomain of B(a, R) and I'g = 0B(a, R)NIQ with T’y # 0B(a, R),
where B(a, R) is a ball centered at a with radius R. Denote by ¢ the zero
extension of the function ¢ defined on 2 to R™.

The main result of the paper reads as follows:

THEOREM 1.1. Assume that Q is given as in either (a) or (b). Let N > 0,
s> % and q; € H*(Q) such that

lgjllere) < N (2)

forj =1,2, and 0 is not a Dirichlet eigenvalue of A — q; for j = 1,2. Then
there exist constants C > 0 and o > 0 such that

lgr — g2l L= () < C|log |Ag, v = Mgy rll«|° (3)
where C depends on 2, N,n,s and o depends on n and s.

Theorem 1.1 can be generalized to the conductivity equation. Let v €
H*(Q2) with s > 3 + 5 be a strictly positive function on . The equation for
the electrical potential in the interior without sinks or sources is

div(yVu) =0 in
u=f on 0ON.

As above, we take f € Hé /2 (I"). The partial Dirichlet-to-Neumann map defined

in this case is
A%F : f — 78Vu|p.

COROLLARY 1.2. Let the domain §) satisfy (a) or (b). Assume that~y; > N~ >

0, s> 3, and

Vil vy < N (4)
for 3 =1,2, and

Bylr=0vlp on 0Q, ¥V 0<B<1. (5)
Then there exist constants C' > 0 and o > 0 such that

- (6)

1 =72l () < C|log | Ay, r — Ay, 0l
where C depend on 2, N,n,s and o depend on n, s.

REMARK 1.3. For the sake of simplicity, we impose the boundary identification
condition (5) on conductivities. However, using the arguments in [1] (also see
[15]), this condition can be removed. The resulting estimate is still in the form
of (6) with possible different constant C' and o.
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2. Preliminaries

We first prove an estimate of the Riemann-Lebesgue lemma for a certain class
of functions. Let us define

gy) =1 —y) = fOllor @
for any f € L'(R™). It is known that lim, 0 g(y) = 0.

LEMMA 2.1. Assume that f € L*(R™) and there exist 6 > 0, Co > 0, and
a € (0,1) such that

9(y) < Coly|* (7)

whenever |y| < 8. Then there exists a constant C > 0 and g9 > 0 such that for
any 0 < € < g¢ the inequality

[Ff(&)] < Clexp(—me®|€f*) + %) (8)
holds with C' = C(Co, || fllL1,m, 0, a).

Proof. Let G(z) := exp(—n|z|?) and set G.(z) := e "G(%). Then we define
fe == f * G.. Next we write

IFHOI < [FL@] + | F(fe = HE)I-

For the first term on the right hand side we get
|Ff(OI < [FFEI- 1FG(E)]
< |[fllhle™"e" FG(€€)
< || fll1 exp(—me?[¢]?).

—~
o
=

To estimate the second term, we use the assumption (7) and derive

(e = OIS 1~
< [ [ 1560 - 16t dyd

:/ / [f(x—y) = f(2)|Ge(y) dz dy
ly|<é JR™
" /Iylzé /n [f(z —y) = f(2)|G:(y) dudy

=I+1I
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In view of (7) we can estimate
I= / 9(y)G:(y) dy
ly|<d
< Oo/ ly|*Ge(y) dy
lyl<é
5
= C’O/ / r® " exp(—me 2r?)r" "t dr dy
sn=1Jo
5
= 01/ e®ue " exp(—u?)e" e du
0
5
= (Ce® / u" T L exp(—u?) du = C3e®,
0

where C3 = C3(Co, n, d, a).
As for II, we obtain that for ¢ sufficiently small

U=/>Jg(y)Gs(y) dy

<2/ fllz Ge(y) dy
ly|>d

oo
< Cillflh / e exp(—me=2r2)r1=1 dr
o

— Gillflh / " exp(—ru?) du

de

< Cillflh / exp(—mu) du
de—

1
< Cyllfll1= exp(—mde ™) < Cse®,
iy

where Cs5 = C5(|| f||L1, 1, d, ). Combining the estimates for I, I, and (9), we
immediately get (8). O

We now provide a sufficient condition on f, defined on €2, such that (7) in
the previous lemma holds.

LEMMA 2.2, Let 2 C R"™ be a bounded domain with C"' boundary. Let f €
C*(Q) for some a € (0,1) and denote by f the zero extension of f to R™.
Then there ezists 6 > 0 and C > 0 such that

1F(=9) = FOllpr@n < Clyl

for any y € R™ with |y| < 0.
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Proof. Since (2 is bounded and of class C!, there exist a finite number of
balls, say m € N, B;(x;) with center x; € 9, i = 1,...,m and associated C-
diffeomorphisms ¢; : B;(z;) — Q where @ = {2/ e R"7! : ||2/|| < 1} x (—1,1).
Set d = dist (99, d(U[", Bi(z:))) > 0 and Q. = Uscon B(,€), where B(x,¢)
denotes the ball with center z and radius € > 0. Obviously, for ¢ < d, it
holds that Q. C U~ Bi(zi). Let 2 € 9Q and 0 < |y| < § < d, then for any
21,22 € B(z,|y|) N Bi(x;) we get that

pi(21) = iz2)| < [[Vepill o< |21 — 22| < Clyl
for some constant C > 0. Therefore, cpi(flm N Bi(z;)) C {o’ e R*1: []2/| <

1} x (=Cly|, C|y|)- By the transformation formula this yields vol(fZ|y|) < Cly|-
Since |y| < § we have f(z —y) — f(z) =0 for z ¢ QU Q‘y‘. Now we write

1FC—9) = Fliin = /Q -y - f@)|da

|yl

+/ @ —y) - f@)]dz

Q

[yl

< Cvol(Q)[y|* + 2|| £l e vol(€yy))
< C(ly|™ + lyl) < Cly|*

for 6 <1. O

Now let ¢; and g2 be two potentials and their corresponding partial Dirichlet-
to-Neumann maps are denoted by A;r and Agr, respectively. The following
identity plays a key role in the derivation of the stability estimate.

LEMMA 2.3. Let vj solve (1) with ¢ = g for j = 1,2. Further assume that
vy =wvg =0 ony. Then

/(Q1 — @)1tz de = (A0 — Aar)v1, v2)
Q

Proof. Let uy denote the solution of (1) with ¢ = g2 and us = vy on 9.
Therefore

/ Vo - Vg + qruite doz = (9,1, v2)
Q
/ Vug - Vg 4+ qouats dz = (0, ug, va).
Q
Setting v := v; — ug and gp = g1 — g2 we get after subtracting these identities

Vv - Vug + g2uT3 + qov1T2 = (A1 — A2)vr, v2).
Q
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Since vg solves (A — g2)va = 0, v = 0 on 92 and v = 0 on I'g, we have
/ Vv - Vg 4+ qauvg = 0,
Q

(A1 — A2)vi,v9) = ((Ar,r — Agr)vr, va),
and the assertion follows. O
In treating inverse boundary value problems, complex geometrical optics

solutions play a very important role. We now describe the complex geometrical
optics solutions we are going to use in our proofs. We will follow the idea in
[16]. Assume that ¢, g2 € L*°(R™) are compactly supported and are even in
Ty, 1.e.

ai(x1, e Tno1, @) = @1, o1, )
and

@ (T1,  Tp1,Tn) = q2(T1, 0+, Tne1, Tn).

Hereafter, we denote
*
h (1’1; oty Tp—1, xn) = h(xla o, Tp—1, *xn)

Given & = (&1, - ,&,) € R™. Let us first introduce new coordinates ob-
tained by rotating the standard Euclidean coordinates around the z,, axis such
that the representation of ¢ in the new coordinates, denoted by &, satisfies

€=(£1,0,---,0,&) with & = /€24 --- + €2, and &, = &,. In the following
we also denote by Z the representation of x in the new coordinates. Then we
define for 7 > 0

&

o= (% Tsn,zm( +7H)120, +781),

(10)

521 + 7&,, i|§\(1+72)1/270,... 57",751)

and let p; and py be representations of p; and po in the original coordinates.
Note that , = &, and Y . | z;y; = Y. i, Z;J;. 1t is clear that, for j = 1,2,
pj - p; =0 as well as p7 - p7 = 0 hold.

The construction given in [27] ensures that there are complex geometrical
optics solutions u; = (14 w;) of (A — g;)u; =0 in R", j = 1,2, and the
functions w; satisfy ||w;||2(x) < Cx7™! for any compact set K C R". We
then set

p2 = (

vi(x) = (14 wy) — P (1 + wi) (11)
vy () = 72T (1 4 wa) — P2 (1 4 w).

From this definition it is clear that these functions are solutions of (A—g;)v; = 0
in R} with v; =0 on z, = 0.
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3. Stability estimate for the potential

Now we are in the position to prove Theorem 1.1. We first consider the case (a)
where Iy is a part of a hyperplane. To construct the special solutions described
in the previous section, we first perform zero extension of ¢; and ¢y to R and
then even extension to the whole R™. As in the last section, we can construct
special geometrical optics solutions v; of the form (11) to (A —¢;)v; =0in Q
for j = 1,2. Note that v; = v9 = 0 on I'y. We now plug in these solutions into
the identity (2.3) and write go = g1 — ¢g2. This gives

((A1,r — Aap)vr,v)

= / qov103 dz
Q

= [ aola) (1 ) (14 )+ 0D (1w (14 )
Q

) . _ o 12
—_ el(P1+P2)'$(1 +wy)(1+ wh) — el(Pl-i-Pz)'gc(l +wh)(1 _’_w—2)> dz (12)
= [ o) 4 € ) do [ o) flowr, w0, 0], 05) da
Q Q
_ / qo(x) (ei(p1+p3)-w + ei(pf+p2)-w) dz,
Q
where
fo= e (wy + W3 + wig) + € (wh + w5 + wiws)
— etlot +p2)‘37(w1‘ + s + w’{@) — i, +P§)'$(w1 + wig 4 wlwig).
The first term on the right hand side of (12) is equal to
/ qo(w)e™ ™ dx = Fqo(€)
because ¢q is even in x,,. For the second term, we use the estimate
[will2 + [Jwill2 + [[wz2ll2 + w2 < CT71
to obtain
f/ qof(x,wl,wg,wi‘,w;)dﬂ < C|lqoll2m % (13)
Q

As for the last term on the right hand side of (12), we first observe that
(p1+p5) - = (pr+p5) - & =& F1 + 27610 = & - 2/ + 27(¢ |y
and

Py +p2) - x = (§y + p2) - & = &1y — 27&1 7, = € - 2’ — 27[¢ |,
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where & = (&,-+- ,&—1) and @’ = (z1,- -+ ,2p—_1). Therefore, we can write

/Q qo(x)e!PrHr2) T g = Foo(€',27(€"])

as well as
/ qo(m)ei(pﬁ”)"” dz = Fqo(¢', —27|¢']).
Q

The Sobolev embedding and the assumptions on g; ensure that gg € C¢ (Q) for

a = s — 5 and therefore qo satisfies the assumption of Lemma 2.2. Applying

Lemma 2.1 to qg yields that for £ < &g
[Fao(€', 271€' )| + |Fao (€', —271€')| < Clexp(—me?(1 +47%)[€']%) + ). (14)

Finally, we estimate the boundary integral

/(Al,l" — AQJ")’Ul * V2 dO’
r

< e = Aarllellenlly g g ezl g (15)

<A1 r — Asrllcllvillmr ) llv2ll a1 (@)
< Cexp([§|7)[[A1 — Az..

Combining (12), (13), (14), and (15) leads to the inequality

[Fao()] < Clexp(lT)[Ar — Al + exp(—me® (1 +477)[¢']*) + & + %} (16)

for all £ € R™ and ¢ < €y, where C only depends on a priori data on the
potentials.

Next we would like to estimate the norm of qo in H~!. As usual, other
estimates of gp in more regular norms can be obtained by interpolation. To
begin, we set Zr = {€ € R" : |§,| < R and |[¢/| < R}. Note that B(0,R) C
Zr C B(0,cR) for some ¢ > 0. Now we use the a priori assumption on
potentials and (16) and calculate

laols < / Fao(€)P(1+ [€P) " de + / Fao(©)2(1 + [¢?) " de

Zge
< / Fao(©)P(1 + [¢[2) " dé + CR™?
Zr

< C{Rn eXp(CRT)HAl — A2||i —l—R"EQO‘ + Rny—2 +R_2

R
i /JC / (0.R) exp(—2me”(1 4 47%)[¢']”) A’ dén},

(17)
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here B’(z', R) denotes the ball in R"~! with center 2’ and radius R > 0. For
the second term on the right hand side of (17), we choose £ = (1 4 472)~1/4
with 7 > 79 > 1 and integrate

R
/ / exp(—2me2(1 + 472)|¢'2) d¢’ dé
—rRJB'(0,R)

=9R exp(—27(1 +472)1/2|£l|2) d¢’
B/(0,R)

(18)
eX T 1/47"2 rdw
_QR/SM/ p(=27((1 + 47%)4r)?) dr d

< CR(1+47%)~(n= 1)/4/ u" "2 exp(—2mu?) du
0

< CRr~ (=172,
Plugging (18) into (17) with the choice of & = (1 + 472)~1/* we get for R > 1

lgolIF-1 < C{R™ exp(cRT)|[ Ay — AZ + R*7 = + Rr~("=D/2 + R72}

Al 19
< C{R"exp(cR7)||A1 — Ao||Z + R™"7™ %+ R *},
where & = min{«, (n — 1)/2}.
Observing from (19), we now choose 7 such that R"7~% = R~2 namely,
7 = RMT2)/&  Substituting such 7 back to (19) yields

nt2

lgoll7 -+ < C{R™ exp(cR™& 1) Ay — Az[|Z + R™?}. (20)

Finally, we choose a suitable R so that
R exp(eR™% )| Ay = Ao2 = R,

ie, R = |log|A; — AQ||*}7 for some 0 < v = 7y(n,&). Thus, we obtain from
(20) that

lar — a2l -10) < Cllog |[Ar — Asl| . (21)

The derivation of (21) is legitimate under the assumption that 7 is large. To
make sure that it is true, we need to take R sufficiently large, i.e. R > Ry for
some large Rg. Consequently, there exists ¢ > 0 such that if [[A; — Asl|x < &
then (21) holds. For ||[A; — As|l. > 4, (21) is automatically true with a suitable
constant C' when we take into account the a priori bound (2).

The estimate (3) is now an easy consequence of the interpolation theorem.
Precisely, let € > 0 such that s = & + 2e. Using that [H"(Q), H"(Q)]z =
HY(Q) with t = (1 — B)tog + Bt1 (see e.g. [28, Theorem 1 in 4.3.1]) and the
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Sobolev embedding theorem, we get [[¢1 — g2l[r= < Cllq1 — g2l 2+ < Cllgr —

q2||g,,_06)||q1 - q2||€1t1. Setting tp = —1 and ¢; = s we end up with

lar — g2l L) < Cllar — %Hffl(m

€

which yields the desired estimate (3) with o = y.45.
We now turn to case (b). With a suitable translation and rotation, it
suffices to assume a = (0,--- ,0, R) and 0 ¢ Q. As in [16], we shall use Kelvin’s

transform: ) )

2 2

Y= <R> z and z= <R> Y. (22)
2| ly

Let )

. 2R\""

i = (1) atat)

lyl

then

('231%)”+2 Aya(y) = Agyu().

Denote by Q) the transformed domain of . In view of this transform, I'y now
becomes I'g C {y, = 2R} and T is transformed to I" and ' = 9Q N {y, > 2R}.
On the other hand, if u(z) satisfies Au — g(z)u = 0 in ©, then 4 satisfies

At—Gi=0 in Q, (23)

ty) = (ﬁ)4q<x<y>>.

Therefore, for (23) we can define the partial Dirichlet-to-Neumann map Aqf

where

acting boundary functions with homogeneous data on fo;
We now want to find the relation between Agr and A; . It is easy to see

that for f,g € Hé/2(F)

<Aq,Ffa g> = / (VU -Vv + qu@) d,jU7
Q

where u solves

Au—qu=0 in €,
u=f on O

and v € H*(Q) with v|pq = ¢g. Defining

5 2R n—Q‘ 5 <2R>n—2‘
=) et = () Lo
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and

i(y) = (QR)H_va(y».

Iyl
Then we have f,j € Hé/z(f‘) and
<Aq,Ff7 g> = <Aq’f‘f~7 g)a
in particular,
(Agrr = Agor) fr9) = (Ag, 7 — Mg, ). 9)- (24)

With the assumption 0 ¢ €, _the change of coordinates z — y by (22) is a

diffeomorphism from Q onto Q. Note that (2R/|y|)"2 is a positive smooth
function on 0f2. Recall a fundamental fact from Functional Analysis:

[{(Ag,.r = Ag, 1) [ 9)l

”fHHé/z([‘) ||g||Hé/2(F)

[Agr = Ago [« Sup{ 1 fvgeHé/Q(F)}- (25)

The same formula holds for H/N\ql = ]\52 #ll«. On the other hand, it is not
difficult to check that ||fHH5/2(P) and Hf”Hé”(f)’ ||9||H3/2(r) and H§HH3/2(f)
are equivalent, namely, there exists C depending on OS2 such that

1 _
6||f||Hé/2(p) < Hf”Hé/z(f) < CHf”Hé/z(]“)’

: ~ (26)
6||gHHé/2(F) < HQHHé/?(f) < CHQHHSW(F)'
Putting together (24), (25), and (26) leads to
18, ¢ = Ag, #lls < CllAgr = Agrlls (27)

with C only depending on 0.

With all the preparations described above, we use case (a) for the domain
Q with the partial Dirichlet-to-Neumann map A i Therefore, we immediately
obtain the estimate:

—0

11 — @2l e () < C|log H[\th - [\qQ,fH*
Finally, rewinding ¢ and using (27) yields the estimate (3).
4. Stability estimate for the conductivity

We aim to prove Corollary 1.2 in this section. We recall the following well-

known relation: let ¢ = % then

1
Agr(f) =72 [e Ay r (v 2 0 f) + 5 oIS
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In view of the a priori assumption (5), we have that

(Mgt — Agor)(f) =7 20 (Ayy v — Ay r) (v 20 f)

where 4~ 1/2|p := fyfl/2|p = 7;1/2|p, which implies
[Agr = Agrlls < Cll A r = Aol (28)
_ _ AV :
for some C'= C(NN) > 0. Hereafter, we set ¢; = = 1,2. The regularity

assumption (4) and Sobolev’s embedding theorem imply that ¢, g € C(9).
Using this and (5), we conclude that §; — §o satisfies the assumptions of
Lemma 2.2 with o = 1. Therefore, Theorem 1.1 and (28) imply that

.

lar = g2l () < Cllog||Ay, 0 — Avyr ]l (29)
where C' depend on Q, N,n,s and o7 depend on n,s. Next, we recall from [1,
(26) on page 168] that

71 —ellze @) < Cllgr — Q2||Zio(g) (30)

for some 0 < o2 < 1, where C = C(N, ) and oy = 02(n, s). Finally, putting
together (29) and (30) yields (6) with ¢ = o102 and the proof of Corollary 1.2
is complete.
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