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Abstract

In this paper, we study a Liouville-type theorem for the Lamé
system with rough coefficients in the plane. Let u be a real-valued two-
vector in R? satisfying Vu € LP(R?) for some p > 2 and the equation
div (p [Vu+ (Vu)']) + V(Adive) = 0 in R?. When V|| 2 w2y is not
large, we show that u = constant in R?. As by-products, we prove the
weak unique continuation property and the uniqueness of the Cauchy
problem for the Lamé system with small ||u||yp1.2.

1 Introduction

The study in this work is motivated by the Liouville theorem for harmonic
functions and the unique continuation property for the Lamé system with
rough coefficients. Let u be a harmonic function in R® with n > 2. The
Liouville theorem states that if u is bounded, then u is a constant. Alterna-
tively, we can also formulate the Liouville theorem in terms of an integrability
condition. Precisely, if u is harmonic and u € LP(R™) for some p € [1,00),
then w is zero. This implication can be easily seen by the mean value property
of u.
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The Lamé system in R", which represents the displacement equation of
equilibrium, is given by

div (p [Vu+ (Vu)"]) + V(Adive) =0 in R, (1.1)
where u = (ug,- - ,u,)" is the displacement vector and (Vu);; = du; for
j,k=1,--- n. The coefficients  and A\ are called Lamé parameters, which

usually satisfy the ellipticity condition:
A+24>0 and p>0.

When both A and p are constant, the Lamé system can be written as the
Navier equation
pAu~+ (A + p)Vdive = 0.

When n = 2, if we define f = Oyu; + dous and g = Oyuy — Oqug, then
straightforward computations show that h = (A4 2u) f —iug is holomorphic.
Thus, the Liouville theorem is valid for k. In particular, if Vu € LP(R?) with
p € [1,00), then h =0, and therefore, u must be a constant.

The aim of this paper is to extend this property to the case where u and
A are not constants and may even be unbounded. Precisely, we prove the
following.
Theorem 1.1 Let u € VVli’f(RQ) be a real-valued 2-vector satisfying
with p € (2,00). Assume that Vu € LP(R?), that the Lamé coefficients \, u
are measurable functions satisfying

0<c<pu(z), c<Mx)+2ux) aexcR? (1.2)
for some 0 < ¢ < 1. Furthermore, suppose that linear maps T\ and T},

defined by Thw = Aw and T, w = pw, satisfy

{T)\ : LP(R?) — L™ (R?) s bounded, for somer; € [1,00), (1.3)

T, : L’(R*) — L™(R?) is bounded, for somery € [1,00).

Then there exists a constant € = £(p,c) such that if |V 22y < €, then u
1S a constant.

Remark 1.2 [t can be seen that if A € L¥*(R?) and p € L**(R?) with s1, s3 >
p', where p' is the conjugate exponent of p, then T\ and T), satisfy (1.3). In
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particular, if p € WH(R?), then T,, satisfies and ||V || 22y is finite.
The regularity of p € W1Y2(R?) is most likely optimal. We also want to
point out that pu could be unbounded since WH2(R?) ¢ L*(R?). In view of
, the coefficient X can be unbounded as well. That is, we do not require
A € L>(R?).

By Theorem [I.1], we can establish the following weak unique continuation

property for (1.1).
Corollary 1.3 Let u € WP(R?) (for p € (2,00)) be a solution to (L)) for

which Vu is supported on a compact set K C R?. Assume that X\, p are
measurable functions of R?, p € WY2(K) and A € L*(K) with s; > p/, and
the ellipticity (1.2)) holds for x € K. Then there exists an € > 0, depending

on ¢, K, and p, such that if ||p||w1r2xy < €, then u = constant.

Corollary implies the uniqueness of the Cauchy problem for the Lamé
system . As far as we know, this is the first uniqueness result in the
Cauchy problem for having the least regularity assumptions on the
Lamé coefficients.

Corollary 1.4 Let Q) be a bounded and connected domain in R? with bound-
ary O). Let T be an open segment of 00 with I' € CVt.  Assume that
A€ L2(Q) and ||p|lwre2) < € with the same € as given in Corollary
and that X\, v satisfy the ellipticity condition . Moreover, suppose that
€ Whee(Qs) and X € L>(85), where Qs := {z € Q : dist(z,0Q) < §} with
any fized small 6. If u € WHP(Q) satisfies

div (1 [Vu+ (Vu)]) + V(Adive) =0 in Q

and
ulp =0,  [u(Vu+ (Vu)') + Mivu]v|r = 0,

where v is the unit outer normal of T', then u = 0 in €.

As mentioned above, our study is also motivated by the unique continu-
ation property for (I.1)). For u € W,2%(Q), where Q is a connected domain of
R", we say that u is flat at 0 if

/lx _Jul= 06"

3



for any N € N. We are interested in determining whether u € W,54(Q)
satisfying is identically zero in 2 when w is flat at 0. This is the so-
called strong unique continuation property (SUCP). Our main focus here is
on the regularity assumption of the parameters. There are a lot of results
concerning this problem, and we mention the article [8] for the best possible
regularity assumption so far. In that article, the authors showed the SUCP
holds when g € Wh(Q) and A € L*(Q) for dimension n > 2. Based
on the qualitative SUCP of [§], quantitative SUCP (doubling inequalities)
was recently derived in [7]. To give perspective to put our study, we recall
that the unique continuation property may fail for a second order elliptic
equation in n > 3 if the leading coefficients are only Holder continuous (see
counterexamples in [9] and [10]). On the other hand, for a scalar second-order
elliptic equation in divergence or non-divergence form with n = 2, the SUCP
holds even when the leading coefficients are essentially bounded, [1], [3], [4],
and [11]. We also would like to point out that the SUCP for (|1.1)) may not
hold when g is essentially bounded or even continuous, see [5] and [6]. On the
positive side, it was proved in [6] that if || — 1{|pec(m2) + [|A 4+ 1| pomey < €
for some small ¢ and u is a Lipschitz function that vanishes in the lower
half space, then u is trivial. An interesting open question here is to prove or
disprove the strong unique continuation property or even unique continuation
property for (1.1)) with n = 2 when (u, \) € (W'P(Q), L>=(Q2)) for p < oo.
Any attempt to derive an LP — L7 Carleman estimate for our system has not
yet worked.

Our strategy in proving Theorem is to derive a reduced system from
(L.1). The derivation uses the idea in [§] and [7]. We then apply the Liouville
theorem for holomorphic functions and the mapping property of the Cauchy
transform to finish the proof. We want to emphasize that the proof does not
rely on a Carleman estimate.



2 Reduced system

Here we derive a useful reduced system from . We rewrite (1.1]) as
2,&8111,1 ,LL(81U2 + (92u1) :| + |: 81(>\<81U1 + 8211,2)) :|
(éhuQ + 82u1) 2u82u2 82(/\<81U1 + 82U2))

div {
|: 2#81’&1) -+ 82( (81U2 -+ 82u1)) :| |: 81()\(81U1 + 82162» :|
((91U2 —+ 32u1)) + 82(2,u82u2) 82()\(31u1 —+ 32u2))

1 (
O (p

|: 1(<2M + )\)alul + )\82“2) -+ 82( (81U2 + 82161)) :|
( ((91U2 —+ 62U1)) + 82(>\81u1 + (2M + )\)aQUQ)

0. (2.1)

Defining
A+2
v = +en dive and rotu = w = Oyu; — O1us,
i

we compute

(01 — i0s) (v + 1pw)
={01 () + G2 (pw)} + 1{ 01 (uw) — Oa(pw) }
=01{(A +2u)(D1ur + Osuz)} + 02{1(Oour — Oruz)}
+ {01 [1(Orur — Drug)] — O (A + 2) (Orua + Dpus)]}-

(2.2)

Using , we calculate the real and imaginary parts on the right hand side
of explicitly,
N {(N+2p)(O1uy + Ogug) } + Oo{ p(Oouy — Orus)}
=01[(2p 4+ N)Orug + AOaus)] + 01 (2102us)
+ 0o pu(O2uy + Orug)| — 02(2p01us)
=201 (110auun) — 205 (O us)
=201 1Oty — 2051101 U

and

O1[p(Dauy — Oyug)] — Oo[ (N + 2p)(O1uy + Oaus)]
=01 [p(Oauy — Orug)] — o[ N0 ur + (2 + N)Oaug] — 0o (2101 uy)
=01 [p(Dauy — Orug)] + O [u(Orug + Oauy)] — O2(2p01uq)
=20 (uauy) — 20 (101uq )
=201 4Oty — 20,1011 .



In other words, ({2.2) is equivalent to

O(pv —ipw) = g1 —igs := g, (2.3)
where 0 = (0, +i0;)/2 and

g1 = O puOruy — OapuOrua,
Ga = 011102ty — Doty .

In view of Theorem , we can assume that ||Vu||r2ge) is finite. Thus, we
have that g € L?/®¥2)(C). From now on, we identify R? := C. Note that
1<2p/(p+2) < 2since p > 2. Equation is a neat d equation to which
we can find explicit solutions via the Cauchy transform.

3 The Cauchy transform
Any solution of (2.3) is explicitly given by

(v — i) (=) = h(z) + Cg(2), (3.1)
where h is holomorphic and
_ 119
Cole) = — [ Zoae

is the Cauchy transform of g. We write (3.1)) as

(v —ipw) — Cg = h(z).
Note that pv —ipw = (A + 2p)divu — iprot u. By the boundedness assump-
tions of T\ and T}, given in (1.3)), we have (pv — ipw) € L™(C) 4 L™(C).
Recall the mapping property of C:
ICf Nl z2are-ac) < Coll fllLaccy (3.2)

for 1 < g < 2 (see [2, Theorem 4.3.8]). Applying (3.2) with ¢ = 2p/(p + 2)
to g implies that
HCQHLP(C) < CpHQHL2p/<p+2)(<C)- (3-3>

Liouville’s theorem for the holomorphic function gives h = 0 and thus
(v —ipw) = Cg. (3.4)
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Combining (3.3) and (3.4]), we can estimate

cfl(divu, rot u)|[ ey < [[(Hv — ipw)||re(e) = ICgl Lo (c)
< CpllgllL2eri2 ) < Coll Vil eI Vull ey (3.5)
< Cpel|Vul| e (cy-
We now show that |Vu| ) can be bounded by ||(divu,rot w)| zs(c). This
fact is well-known when p = 2. For p > 2, we can proceed as follows. Note

that
Au = Vdivu + rot*rot u,

where rottf = (0of, —01f)T for any scalar function f. Observing that
V(—A)~!div is a Calderén-Zygmund operator, we obtain that
IVl oy < Coll(divu, rot w)|| o) (3.6)

with another p-dependent constant é’p. Combining (3.5) and (3.6 shows
that if € < ¢/ (Cpé’p>, then |[|(divu,rot u)||zrc) = 0. It follows from (3.6

that ||Vul|zrc) = 0 as well, and then we may conclude that u is constant,
finishing the proof of Theorem [L.1] O

Finally, we would like to prove Corollaries and [L.4]

Proof of Corollary[1.5 In view of the fact Vu =0 in C\ K, any extensions
of X and u to R? \ K will satisfy (1.3]) for all L” functions supported in K.

Theorem [L.I] implies that if ¢ is sufficiently small, then Vu also vanishes in
K. 0

Proof of Corollary . Let 7o € T and B(zg) be a ball centered at z¢ with
radius chosen so that B(zg) N 022 C I'. Define 2 = Q U B(z) and

~ u z e
U= .
0 Q\Q.
Let A and /i be extensions of X and  to € such that S\\Q\Q is bounded and
fi € Wh(Q5 U (Q\ Q). Then @ € WP(Q) is a weak solution to (L.I)) in Q
with the coefficients A, . By the unique continuation property [§], we obtain
that u is zero in Q5. We now can extend u to R? by setting u = 0 in R? \ .

By the weak unique continuation property, Corollary [1.3] the extended w is
trivial in R2. In other words, u = 0 in . O
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