Quantitative uniqueness estimates for second order
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Carlos Kenig* Jenn-Nan Wang'

Abstract

In this paper we derive quantitative uniqueness estimates at infinity for solutions
to an elliptic equation with unbounded drift in the plane. More precisely, let u be a
real solution to Au+ W - Vu = 0 in R?, where W is real vector and IWllerre) < K
for 2 < p < oo. Assume that [|ul| - ®r2) < Cop and satisfies certain a priori assumption
at 0. Then u satisfies the following asymptotic estimates at R > 1

inf  sup |u(z)] > exp(—C1R*™?PlogR) if 2<p< oo
lz0|=R | z— 20| <1

and

inf sup Ju(z)| > R™? if p=2,
lz0|=R | z— 2| <1

where C1 > 0 depends on p, K, Cy, while Cy > 0 depends on K,y . Using the scaling
argument in [BK05], these quantitative estimates are easy consequences of estimates
of the maximal vanishing order for solutions of the local problem. The estimate of
the maximal vanishing order is a quantitative form of the strong unique continuation

property.
1 Introduction
In this work we consider the Schrodinger operator with an unbounded drift term
Au+W -Vu=0 in R? (1.1)

where W = (Wy, W3) is a real vector-valued functions with L” bound for 2 < p < co. Here
we are interested in the lower bound of the decay rate for any nontrivial solution u. When

*Department of Mathematics, University of Chicago, Chicago, IL 60637, USA. Email:
cek@math.uchicago.edu. Supported in part by NSF Grant DMS-1265249 and DMS-0968472.

fInstitute of Applied Mathematical Sciences, NCTS (Taipei), National Taiwan University, Taipei 106,
Taiwan. Email: jnwang@math.ntu.edu.tw. Supported in part by MOST Grants 102-2918-1-002-009 and
102-2115-M-002-009-MY3.



p = 00, the problem is related to Landis’ conjecture [KL88|. That is, let u be a solution of
(1.1) with ||[W{|peemz)y < 1 and [Ju|perz) < Co and |u(z)| < exp(—Clz|'t) for some C' > 0,
then w is trivial. If one applies a suitable Carleman estimate to (1.1) and a scaling devise in
[BKO05], the best exponent one can get is 2, namely, under the same conditions stated above
except |u(z)| < exp(—C|z|*T), then w is trivial (see [Dal2], [LW13] for quantitative forms of
this result). Moreover, in [Dal2], the author constructed a Meshkov type example showing
that the exponent 2 is in fact optimal for complex-valued W and u.

In a recent paper [KLW14], the authors studied Landis’ conjecture for second order elliptic
equations in the plane in the real setting, including (1.1) with real-valued W and w. It was
proved in [KLW14] that if u is a real-valued solution of (1.1) satisfying |u(z)| < exp(Co|z|),
|IVu(0)] =1, and [|W]| w2y < 1, then

inf  sup |u(z)] > exp(—CRlogR) for R>1 (1.2)

lz0|=R |z—2z0|<1

where C' depends on Cj.
In this paper, we would like to study estimates like (1.2) for 2 < p < oco. For complex-
valued W satisfying
W (2)| <C(z)7% s>0, (1.3)

where (z) = /1 + |22, the lower bound of the decay rate for u is exp(—R?*?* f(log R)) for
s < 1/2 and is exp(—Rf(log R)) for s > 1/2, where f(log R) and f(log R) are functions
of log R which grow slower than any positive power of R (see [Dal2], [LW13]). Here our
assumption on W will be an integral bound rather than a pointwise bound as in (1.3).
Precisely, we prove that

Theorem 1.1 Letu € W2P(R?) be a real solution of (1.1) with |u(z)| < Cy for some Cy > 0
with 2 < p < 0.

(i) Assume that 2 <p < oo, .
IWlzeme) < K (1.4)

and |Vu(0)| = 1. Then

inf sup |u(z)| > exp(—CR'"?log R)

|Z0|:R|z—zo|<1

for R > 1, where C depends on p, K, and Ch.

(ii) Forp =2, if
[Wilz2me) < K (1.5)

and



then
inf  sup |u(z)| > R° (1.6)

|zo|=R | z—2|<1

for R> 1, where C' > 0 depends on K, Cjy.

Hereafter, we denote B,.(a) the ball of radius r centered at a. When a = 0, we simply denote

B.(a) = B,.

Using the scaling argument in [BK05], Theorem 1.1 is an easy consequence of the estimate
of the maximal vanishing order of the solution v to

Av+A-Vvo=0 in Bg (1.7)

with
| AllLe(Bs) < K. (1.8)

It suffices to take K > 1. The proof of the maximal vanishing order of v relies on a nice
reduction of (1.7) to a d equation. Having the O equation, we then derive the vanishing
order by using Hadamard’s three circle theorem. The case p = 2 needs special attention due
to the fact that the Cauchy transform fails to be a bounded map from L?*(Bg) to L>(Bs).

The estimate of the maximal vanishing order of v provides us a quantitative form of the
strong unique continuation property (SUCP) for (1.7). Note that A € L? is a scale invariant
drift in R? in the sense that if v(z) solves (1.7), then v,(z) := v(rz) satisfies Av,+A, Vv, =0
in Bg), with A,(z) = rA(rz) and

Al L2(Bs) = [|Arll22(Bg,,)-

It is clear that v(z) = exp(—|z|~¢) for € > 0 is an easy counterexample of SUCP for A € L?
with p < 2. For the dimension n > 3, Kim [Ki89] proved that SUCP holds for (1.7) when A €
L?  with p = (3n—2)/2 and Wolff [Wo90] improved the exponent to p = max{n, (3n—4)/2}.
On the other hand, if n > 5, counterexamples to the SUCP with A € L} . were given by Wolft
in [Wo94]| (or see [Wo093]). Counterexamples of the unique continuation property (UCP) for
(1.7) with A € LP, p < 2,0r A € L? __,, weak L? space, were constructed by Mandache [Ma02]
and Koch-Tataru [KT02], respectively. We also would like to mention that a counterexample
of UCP for the Schrodinger operator Au + Vu = 0 with V € L! was constructed by Kenig
and Nadirashvili [KN0O] for dimension n > 2. For n = 2 and A € L?, it seems likely that
a variant of the Carleman estimate proved in Kim’s thesis for n > 3 [Ki89, Theorem 3] is
available for n = 2 and the SUCP will follow from it (see the remark in [Wo90, Page 156]).
Here we provide an explicit proof of the SUCP for (1.7) in two dimensions, where A € L?

loc
is a real-valued vector. Using the same method, we also study the SUCP for
Av+ V- (Av) =0, (1.9)

where A is a real-valued vector with bounded L?

ibe NOTTNL.



The structure of the paper is as follows. In Section 2, we consider the case where 2 <
p < 00. The case of p = 2 is treated in Section 3. We study the SUCP for (1.9) in Section 4.
Throughout the paper, C' stands for an absolute constant whose dependence will be specified
if necessary. Its value may vary from line to line.

2 The case of 2 <p < 0

We consider any solution v € W;2?(Bg) to the equation (1.7) with A = (A;, Ay) satisfying
(1.8). Denote g = v, — ivy,. It is easy to see that

o 1 1 1
Og = 5Av = _§(A18xv + A0,v) = _Z(Al +iAs)g — z_l(Al —142)7, (2.1)

where in the last step we used that v is real. As usual, we denote d = (9, +id,)/2. Let us
define

1 , 1 g
— —(A; +i4) — = (A —iAy)=  if 0
o) = (AL +ids) — 2 (A1 —d 2)9 it g#0,
0 if g=0,
then (2.1) can be written as B
Jdg=ag in Bs. (2.2)
Therefore, any solution of (2.2) is represented by
g =exp(w)h in B, (2.3)

where h is holomorphic in Bg and

w(z) = —l/B &df, (2.4)

s E—z

i.e., w is the Cauchy transform of a.
From (1.8) and the definition of «, we have that

leellzeezs) < K

with 2 < p. In view of the mapping properties of the Cauchy transform (see for example
[Ve62]), we see that
lw(z)| < CK for =z € B, (2.5)

where C' depends on p. Since h is holomorphic in Bg, Hadamard’s three circle theorem
implies
[l Lo (Br) < HhH(Zoo(BTM)HhH;oe(Bﬁ)v



where we choose r/4 < 1 and

_ log(6)
~ log(24/r)
Standard interior estimates imply that
Al < CO IRl L2, ,0)) (P12 a0 (2.6)

On the other hand, it is not hard to prove that v of (1.7) satisfies the following Caccioppoli’s
inequality

CK*?

oo < Aty . .
. [Vol® < WHUHLw(Bp) = mHUHLw(B,,)» <Tr<p<o, (2.7)

where C' depends on p. The derivation of (2.7) follows from the standard procedure using a
cutoff function. We omit the details here. Combining (2.3), (2.6) and (2.7), we have that

exp(=CK)|[Vol| =5y < C(r™" exp(CE)|[v]| L= (5,)" [0 1 5,)- (2.8)

Based on (2.8), we immediately prove

Theorem 2.1 Let v € W2P(Bg) be a real solution of (1.7) with A satisfying (1.8). Assume
that v satisfies |v(z)| < Cy for all z € By and supg, |Vv(z)| > 1. Then

[0]| Lo,y = TR, (2.9)
where C depends on Cy and Cy depends on p.

From Theorem 2.1, we can easily derive the following quantitative uniqueness estimate,
which is (i) of Theorem 1.1.

Corollary 2.2 Let u € W2P(R?) be a real solution of (1.1) with |u(z)| < Cy and |Vu(0)| =
1. Assume that 3
Wlzrge) < K.

Then
inf  sup |u(z)| > exp(—CR“??log R) (2.10)
|Z0|:R|zfzo|<1

for R>> 1, where C' depends on p, K and Cj.

Proof We use the scaling argument in [BKO05]. Precisely, let |29] = R with R > 1, and
define up(z) = u(R(z + 29/ R)). Then ug satisfies

AUR+WR'VUR:O in Bg,



where Wg(2) = RW(R(z + z9/R)). It is clear that

1/p /p
() <o o) <m
Bs R2

Also, we observe that
|IVugr(—2z/R)| = R|Vu(0)| =R > 1.

Taking K = KR'"2/? and r = R™!, estimate (2.9) yields (2.10). 0

3 The case of p =2

Likewise, we consider the local problem (1.7). Here we assume that

[ Al 22(Bs) < K. (3.1)
We first establish an estimate of the maximal vanishing order of v to (1.7) under the as-
sumption (3.1).
Theorem 3.1 Let v € W22(Bg) be a real solution of (1.7) with A satisfying (3.1). Assume
that v satisfies |v(z)| < Cy for all z € By and

||‘7Zﬂ|L2( ) 22 1.

Bg s

Then for r small
P (3.2)

where C depends on Cy and Cs is an absolute constant.

The proof of Theorem 3.1 is more involved. Note that the formula (2.2) remains valid,
le.,

dg =ag in B, (3.3)
and
lallrzs) < K.
Likewise, let
@)= [ X
T g, §— %

then any solution of (3.3) is represented by
g(z) = exp(—w(z))h(z) for =z € By
where h is holomorphic in Bg. It is not hard to see that

HwHWL?(Bs) = HwHL2(Bs) + HVU}HLZ(BS) < CK.
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In the sequel, we need to estimate fBr exp(2|w]|) for r < 2. For this end, we recall the
following Trudinger’s Sobolev embedding theorem in the plane [St72], [Tr67]. Assume that
f e WH(By) and || f|lwrz(p,) < 1, then there exist two absolute constants &, and C, such
that

/ GXP(&*J[Q) < é*
B1
By Poincaré’s inequality, we immediately obtain that

Corollary 3.2 If f € W'(By), [5 [ =0, and [|[Vf|12s,) < 1, then there exist o, and C.
such that

/131 exp(au f?) < C.,.

Our task now is to prove

Lemma 3.3 Forq >0 and 0 <r <2, we have that

1
|B| J,

exp(glw|) < Cr " exp(qCK + ¢*CK?). (3.4)
Proof By a scaling argument, we can deduce from Corollary 3.2 that if f € WY(B,),
Js, [ =0, and [V f|[r2(p,) < 1, then
1

2
T B,

exp(a,.f?) < C.,. (3.5)
To verify (3.5), we define f,.(z) = f(rz) for x € By and observe that

IVﬁfz/iWﬂ?
B By

Then (3.5) follows directly from Corollary 3.2.
Let us define w,(z) = w(x) — w,, where w, = ﬁ J5, w. We first consider the case when

>:/fmwﬂ% (3.6)

IVwr|[L2s,)
Note that ||[Vw,||2p,) < CK. It is helpful to study the function ¢* for x > 0. We first

consider the case when ar < a,2?, i.e., x > a/ax. In this case, it is trivial that e®® < esa?
In the case when z < a/a,, we have e* < e /en Consequently, we obtain that

|Vw,| 25,y > 0. We can write

Wy
[ et = [ exo (9o - [t

where

a=q||Vwy|/r2p,) and f=

2 2
e < M 4 e /a*, x> 0.
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Therefore, it follows from (3.5) and (3.6) that

| et < [ esauls)+ [ espiatfan)

(3.7)
< (C, +exp(a®/a.))r?* < Cr*exp(¢*CK?).
Next we want to estimate |w,|.
Claim 3.4
[w,] < CKlog(1/r) + CK.
Proof Note that
o -l =| gy [ o -mw| < [ o
Wy — War| = (757 W— W | = 757 W — Wayr
|B:| /B, B JB,
C 1/2
< [w — Wy | SC( |w—@27«|2)
‘ BZT | Bo, ’BQT | Bay
1/2
<C (/ |Vw]2) < CK.
By
It is clear that
[0, | < W, — Woy| + [Wor — War| + -+ + [Wak,|. (3.8)
We now choose 1 1
k= log(— 1 < Clog(-
lioga o8] 1 = Clog (),
where |-| is the floor function. With the choice of k, we can see that
1<2br <2
Each term of (3.8) is bounded by C'K. The claim follows immediately. O
It is clear that Claim 3.4 implies
exp(q|w,|) < exp(qCK)r—1°K, (3.9)

Combining (3.7) and (3.9) yields
/ exp(glwl) < / exp(q|w —@,|) exp(qlw,|) < Cr*"1F exp(¢CK + ¢*CK?).
Now if || Vw,| 25,y = 0, then w(z) = W, in B,. Hence, we have

/ exp(glw]) = / exp(g[T.|) < Cr* 1K exp(qCK),
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The derivation of (3.4) is now completed. O

As above, we will apply Hadamard’s three circle theorem to h = exp(w)g with ro = 6/5,
rg =2, and 1 =r/4 <6/5, ie.,

| exp(w)gllroe(s,,) < || exp(w)gl|fe (s, )|l exp(w )9||Loo(BT3 (3.10)

where lox(10/6
_ 1os(10/6). (3.11)

log(8/r)

We will estimate the terms on both sides of (3.10). We begin with the terms on the right
hand side. Note that v here also satisfies Caccioppoli’s estimate (2.7) for p = 2. On the other
hand, using the Poisson kernel of the unit disc, it is easy to see that for any holomorphic

function h .

Bl J5,

Putting all estimates together and in view of g = v, — iv,, we have that

1Al (s,m) < C Ik

C
lesp(u)glis, o = Wil < 5 | lexplung
r r/2

1 ! :
<C exp(2|w|) |Vo|? 3.12
(IBr/zl Bl Js,. (312
< Cr~Fexp(CK?)||Vvl| 125, )

< CKr @K eXp(OK2>||'U||Loo(BT) < C'C]"@r_(’%||11||Loo(Br)7

where we used (3.4) with ¢ = 2 in the third inequality and Caccioppoli’s estimate in the
fourth inequality. Using (3.12) on the right hand side of (3.10) gives

2 2 —
lexp(w)gllfee s, .l exp(w)gll 1, < (CF 1= fol| o))" (COR8™ 0| e ()

< COCCK2(CCK2T’_CK||U||L00(BT))0.

(3.13)
We now turn to the estimate of || exp(w)gl|r~(s,,) = || exp(w)g|lr=(B,,5) on the left side

of (3.10). From (3.4) with ¢ =4 and r = 6/5, it is readily seen that
1 < [|Vvllz2(Bs,5) = 9l z2(Bs)5) = [l exp(—w)h| 25,5 (3.14)

2
< [lexp(lw]) |2 (sg 5 |2l £3(Bg5) < CX Rl Lo (B 5)-

Combining (3.13), (3.14) and the form of 6 (see (3.11)), we immediately arrive at the estimate
(3.2). The proof of Theorem 3.1 is completed.



Now we can put everything together to prove (ii) of Theorem 1.1.

Proof of (ii) of Theorem 1.1. Let |2| = R > 1 and v(z) = u(R(z + 29/R)). Then v solves
(1.7) and with A(z) = RW(R(z + 29/R)). Note that

1Al 2 < K
since ||W{| 2m2) < K. The boundedness assumption on u implies ||v||z~(p,) < Cp. On the
other hand, we can see that for Zo = —z9/R (|Z0| = 1)
1 < |[|Vullresy) = VollL2s, nio)) < 1VVlL2(84,5)

provided R is large. Therefore, letting » = 1/R in (3.2), we obtain that

|| oo By (20)) = [V Lo (B, (0)) = ré1 = =4,
where C > 0 depends on Cj and K. O

Note that v(z) — v(0) is also a solution of (1.7). Thus the estimate of vanishing order
(3.2) remains valid for v(z) — v(0). Consequently, we obtain the following (SUCP) result.

Corollary 3.5 Assume that 2 is an open connected domain of R®. Let v € WQ’Q(Q) be any

loc
solution of
Av+A-Vo=0 in

with real-valued drift A € L*(Q), then v satisfies (SUCP), namely, if for some zy €
lv(2) —v(z0)| = O(|z — 20|Y) forall N€N, as |z — 2| — 0,
i.e., if for N € N, there exist Cy > 0 and ry > 0 such that
lv(2) —v(z0)| < Onlz — 20|N ¥V |2 — 20| < 7w,
then v(z) = v(zo) for all z € Q.

Proof It suffices to consider a real solution v. First assume that zyo = 0 and Bg C 2. We can
always assume this by translation and scaling. Note that ||A|| 12, is finite. If v(2) # v(0)
in Bg/s, then [|Vv[z2(p, ;) > C for some C' > 0. The estimate (3.2) implies that v(z) — v(0)
cannot vanish at 0 to infinite order. Therefore, we must have v(z) = v(0) for all z € By)s.
A chain of balls argument then finishes the proof. O
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4 SUCP for an equation of divergence form

In this section, we would like to prove the SUCP for solutions of

Av+V-(Av)=0 in £, (4.1)
where 2 C R? is an open connected domain and A = (A, A;) is a real-valued vector
satisfying

[ Al 22(q) < Co. (4.2)

In other words, we will show that

Theorem 4.1 Let v € WL2(Q) be any solution of (4.1). Let z € Q and
w(2)| = O(|z — 20|N) as |z — 2] =0

for all N >0, then v =0 in €.

Proof As before, it suffices to consider a real solution v. We first assume zy = 0, Bg C )
and consider
Av+V - (Av) =0 in Bx. (4.3)

Since (4.3) is of divergence form, there exists o with ©(0) = 0 such that

0y = O,v + Ay, (4.4)
—0,0 = 0yv + Agv. .
Let f = v + 10, then f satisfies
~ 1 , 1 . 3
0f = (i +ida)o = 2 (A +id)([ + ) = . (45)
where _
1 : N
—(A1 + lAg)(]. + —) if f 3& O,
a=1 4 f
0 if f=0.
It follows from (4.2) that
el z2(ss) < Co. (4.6)

Any solution of (4.5) in Bg is written as f = exp(—w)h, where h is holomorphic in Bg and

w(z) = %/B S(Tf)zdg.

[wllwrzis < C,

As before, we have that

11



where C' depends on Cj.
Applying Hadamard’s three circle theorem to h = exp(w)f with ry =r/4 < 1, ry = 1,
r3 = 2, we have that

lexp(w) fllze sy < lexp(w) fll7w(s, | exp(w) FI11E 5, (4.7)
where log2
_ _ 108
0=0(r) og(3/r)"

As in the estimate (3.14), we can see that
[l 2y < ([ fllz2z) = [lexp(=w)hll2(z,) < lexp(lw]llzisy [[PllLis) < CHhHLw(Bl()- |
4.8
This estimate will give us a lower bound on the right hand side of (4.7).

It is not hard to prove that a Caccioppoli’s type inequality holds for the solution v of
(4.3), i.e., for r < p < 8, we have

vl < e, (19)

As in the derivation of (3.12), we can obtain that

C
Jexp) im0 = Wilis, o < 75— / [exp(u)|
r/2

1

2
<C ( exp(2|w]) ( |f|2> (4.10)
r/2 7‘/2
<o ¢ </B \f‘2> < O (lollam, o + 18]z, ),
r/2

where 0 < 7 < 8. We now need to estimate [|7[|r2(p, ,) in (4.10). To this end, we can use
(4.4) and (4.9) to compute
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1
/ \17(:1:)\2:/ \17(:15)—17(0)]2:/ \/ Vi(tr) - zdt|*dx
BT/2 "“/2 r/2 0
< (r/2) / / |V (tx)|*dtde
7“/2
< Crg/ { Vo dy}
0 | Bs| BS| )
r/2 1
ot [ g [ ATo + 14y} s
o UBsl /g,
2ol | VI
3 25) L= (Bs) 2
+ Al“dy p ds
| { 2B B e
'

2ol g,y | N0l s,
Cr 2) 4 (Bs) % ds.
0 { |BS‘ ’BS|
The assumption that v vanishes at 0 to infinite order implies that there exist Cy > 0 and
ry < 8 such that

(4.11)

IN

IN
Q

r

IN

lv(2)| < Cyulz|*, V |2| <14

The estimate (4.11) gives us

ra/2 v 2oo v 200
< C / / Il (o) 4 ol | <C. (4.12)
B, ra/2 52| Bs| | Byl

Combining (4.10) and (4.12) yields

Fexp(w) £l <,y < €' (4.13)

for all 0 < 6 < 1, where C’ > 0. Now if we assume that

0]l 25,y > €7 (4.14)
for some k > 0, then we obtain from (4.7), (4.8), and (4.13) that
Crt < [l exp(w) fll = (5,,).

where C' depends on C’. However, using the fact that v vanishes at 0 to infinite order, (4.10),
(4.11), we have that there exist Ny > Ck and ry, so that

| exp(w) f| Lo (B,,) < Crr™
for all r < ry,. This leads to a contradiction. In other words, we must have ||v||12(5,) < e7*
for all kK > 0 and hence v =0 in B;.

13



Now we consider the general case, i.e., v vanishes at some 29 € (2 to infinite order. We
choose a r( satisfying Bs,,(29) C 2. We define 9(2) = v(29 + r9z) and A(z) = roA(zo +r¢z).
Then 3

Av+V-(A0)=0 in Bg
and

A2z = / A[2d= < Gy,
Bsg BST‘O(ZO)

Hence, we have that 9(z) = 0 in By, namely, v = 0 in B,,(zp). Using similar arguments as
in the proof of Corollary 3.5, we then conclude that v is identically zero in ). 0
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