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ABSTRACT. In this article, we study the order of vanishing and a quantitative form of Landis’
conjecture in the plane for solutions to second-order elliptic equations with variable coefficients and
singular lower order terms. Precisely, we let A be real-valued, bounded and elliptic, but not necessary
symmetric or continuous, and we assume that V and W; are real-valued and belong to L” and L%,
respectively. We prove that if u is a real-valued, bounded and normalized solution to an equation of
the form —div(AVu+ Wiu) + W, - Vu+ Vu = 0 in By, then under suitable conditions on the lower
order terms, for any r sufficiently small, the following order of vanishing estimate holds

C
[lull =5,y > M,

where M depends on the Lebesgue norms of the lower order terms. In a number of settings, a scaling
argument gives rise to a quantitative form of Landis’ conjecture,
|z(i)l|]:fR el =8, 50)) = €XP (—CRﬁ logR> ;

where 8 depends on p, g1, and ¢,. The integrability assumptions that we impose on V and W; are
nearly optimal in view of a scaling argument. We use the theory of elliptic boundary value problems
to establish the existence of positive multipliers associated to the elliptic equation. Then the proofs
rely on transforming the equations to Beltrami systems and applying a generalization of Hadamard’s
three-circle theorem.
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1. INTRODUCTION

In this paper, we study quantitative versions of Landis’ conjecture for real-valued solutions to
second-order, uniformly elliptic equations with singular lower order terms. Over an open, con-
nected Q C R?, define the second-order divergence-form operator

L:=—div(AV),

where we assume that A = (ai j)z‘zjzl
We also assume that A is uniformly elliptic and bounded, i.e., there exist A € (0, 1], A > 0 so that
for every z € Q,

is real-valued, measurable, and is not necessarily symmetric.

a;j (2) &€ > A |E* forall & € R?, (1)
|aij (2)] < A )

For real-valued W1, W,,V belonging to appropriate Lebesgue spaces, we study the unique contin-
uation properties of real-valued solutions to the following second-order elliptic equation in the
plane:

—div(AVu+Wiu) +Wo - Vu+Vu =0. 3)

We use the notation B, (zg) to denote the ball of radius r centered at zy € R?. Often, we abbreviate
this notation and simply write B, when the centre is understood from the context. For the order
of vanishing estimates, we consider solutions to (3) in By, where d is a constant to be specified
below (see (T7)). The constants b,b will also be specified later on (see and (72))), once we
have introduced quasi-balls. Quasi-balls are sets associated with the levels sets of fundamental
solutions, and are therefore appropriate generalizations of standard balls to the variable coefficient
setting.

Our first collection of theorems describe the order of vanishing for solutions to equations of the
form (3)). First we consider very general equations with smallness and non-negativity conditions
on the singular lower order terms.

Theorem 1. Assume that conditions (1)) and [2)) are satisfied, and that for some q1,q> € (2,°°],

: A
p e (1) Wil s,y < K [Wallpongs,) < min{ 3, b, and Vs, < st where K > 1

and cg,,Cq,,Cp > 1 are specific constants. Assume further that
/ Wi-Vo >0 foreveryd € W' (Q) such that ¢ >0, 4)
/W2 VO+VP >0 foreveryp € W (Q) nL? (Q) such that ¢ > 0, Q)

where ¢,q,,p" denote the conjugate exponent of qi,q, p, respectively. Let u be a real-valued
solution to (3) in By that satisfies

[|ut]| (5, < exp (CoK) (6)
el gy > 1. ™
Then for any r sufficiently small and any € > 0,
1+¢
[l |y = 75, ©)

where C depends on A, A, q1, q2, p, Co, and €.
2



In the case where W,,V = 0, the previous result holds with € = 0 in the absence of condition (4).

Theorem 2. Assume that conditions (1) and [2) are satisfied, and that for some g € [2,0], [[W||q(5,) <

K. Let u be a real-valued solution to
—div(AVu+Wu) =0 9

in B, that satisfies (6).
(a) If ¢ > 2 and u satisfies (1), then for any r sufficiently small, holds with € =0 and C
depending on A, A, g, and Cy,.
(b) If g =2, then the strong unique continuation property holds.

When W,V = 0 and we have additional assumptions on the coefficient matrix, we get another
order of vanishing estimate. Again, we do not require any smallness or non-negativity on the lower
order terms.

Theorem 3. Let A be symmetric and uniformly elliptic with Lipschitz continuous coefficients. That
is, (I) and 2) hold, ay» = az1, and as a consequence of Rademacher’s theorem, there exists L > 0
such that

HVainng/.t foreach i,j=1,2. (10)
Assume that for some q € [2,%0], ||W|| 4.5 ) < K. Let u be a real-valued solution to
— div(AVu) + W - Vi = 0, (1)

in Bd.
(@) If ¢ > 2 and u satisfies (6) and (7)), then for any r sufficiently small, ({8)) holds with € =0
and C depending on A, A, U, g, and Cy.

(b) If g =2 and u satisfies ||u|| ;=) < M,

V||, (85) > 1, then for any r sufficiently small

0] =5, > r€oeM+E7) (12)

where C depends on A, A, and [L.

Finally, we consider a very general form of the equation without any smallness assumptions on
the three lower order terms. In this setting, we impose a comprehensive sign condition on the lower
order terms.

Theorem 4. Let A be a symmetric matrix for which (1), @), and (I0) hold. Assume that [|W1 || qp,) <
K for some q € 2,0, [|[Wa|[jp,) < K, and ||V||j=(p,) < K?. Assume further that Wy is weakly
curl-free and that V. — Wy -W, > 0 a.e. Let u be a real-valued solution to in By.
(a) If A =1, q = and u satisfies (6) with d replaced by 9/5 and () with b replaced by 1, then
for any r sufficiently small, ) holds with € = 0 and C depending on C.
(b) If g =2, W»,V =0, and HuHLw(Bd) <M, HV”HB(B,;) > 1, then for any r sufficiently small,
(12)) holds with C depending on A, A, and L.

As usual, the order of vanishing estimates are used in combination with a scaling argument
to prove the following quantitative unique continuation at infinity estimates. Since the smallness
conditions required in Theorem (1| do not hold up under scaling, we do not have a corresponding
Landis theorem for that type of equation. However, the three other settings described by Theorems

213} and4]lead to Landis-type results.
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Theorem 5. Assume that conditions (1) and [2) hold, and that for some q € (2,0, ||W/||,, (R2) < <a.

Let u be a real-valued solution to Q) in R? for which

2
u(@)] <exp(Crl"7) (13)
u(0)] > 1. (14)
Then for any R sufficiently large, we have
1-2
0t el ) 2 exp (~CR' T1ogR) (15)

where C depends on A, A, q, a, and C.

Theorem 6. Let A be a symmetric matrix for which (1)), (2), and hold. Assume that [|W|],, (R) <

o for some q € [2,0). Let u be a real-valued solution to in R2.

(@) If g > 2 and and hold, then for any R sufficiently large, holds with C depend-
ingon A, A, U, g, a, and C.
(b) If g = 2, there exists m > 0 so that |u(z)| < |z|" when |z| > 1, and ||V||L2(Bl/2) > 1, then

inf |lull g, (2 = €XP (—C(logR)2> , (16)

|z0/=R
where C depends on A, A, U, &, and m.

Theorem 7. Let A be a symmetric matrix for which (1), @), and (10) hold. Assume that ||W||,, (R2) = <
oy for some g € [2,00], HWzHLm(Rz) < oy, HVHLM(RZ) < o, where Wy is weakly curl-free and
V —W;-W, >0 a.e. Let u be a real-valued solution to (3)) in R2,

(@) IfA=1,g=oand and hold, then for any R sufficiently large, holds with C
depending on o, 0o, 0, and C|.
(b) If g =2, W5,V =0, there exists m > 0 so that |u(z)| < |z|" when |z| > 1, and ||V||L2(Bl/2) >

1, then for any R sufficiently large, (16) holds with C depending on A, A, i, &y and m.

We point out now that the estimates in Theorems [5|—[7]are (almost) sharp in an exterior domain.
Consider u (r) = exp (—r%) for some o € (0, 1) to be determined. A computation gives

Vu(r)= —ar®! (E,)—;> u(r)

r'r
Au(r) = o221 (1 — r*a) u(r).
If we define
W=—ar*! (x y>

r'r
then

div(Vu+Wu) =0.
If g = o, set & = 1 and note that W € L™ (RZ \Bl). Otherwise, if g € (2,00), then for any 0 €
(0,g—2),letox=1— 2225 and we see that

C
Wil ~(2+28) .
I HLq(]Riz\BJ = C/l ' rdr= 25 °
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It follows that Theorem [5|is almost sharp in R?\ By with an arbitrarily small error.

With

W= —qr®! (1 —r_a) (E,)—;> ,
rr
we have
—div(Vu)+W-Vu=0.

Defining g as before, we see that Theorem @ is almost sharp in R?\ By with an arbitrarily small
error.

Finally, if we set u = exp (—r) and define

then —div (Vu+Wiu) + Wo - Vu+Vu =0, W;,W,,V € L* and V — W; - W, > 0. Moreover, W) is
curl-free. Therefore, Theorem [/|is sharp in an exterior domain.

Since we are working with real-valued solutions and equations in the plane, the best approach
to proving these theorems is to the use the relationship between our solutions and the solutions to
first order equations in the complex plane, Beltrami systems. Therefore, we will closely follow
the proof ideas that were first developed in [13]], with further generalizations in [S)]. Since we are
no longer working with bounded lower order terms, but rather with singular potentials, we also
borrow some of the ideas that were presented in [14] where the authors considered drift equations
with singular potentials.

Our results generalize those previously established in [[13], [[14], and [S)] in a few ways. First, in
a couple of the settings that we consider, the leading operator is no longer assumed to be Lipschitz
continuous and symmetric as in [5]. (In [13]] and [[14], the leading operator is the Laplacian.) In
those cases, we only assume that A is bounded and uniformly elliptic. Second, we consider when
all of the lower order terms are unbounded. In [13] and [5]], the two lower order terms, V and W,
are assumed to be bounded; whereas in [14], one lower order term, W, can be unbounded, but V
has to be zero. One of our settings deals with equations that have three singular lower order terms.
Third, we consider some very general elliptic equations that can have two non-trivial first order
terms. In [13]], [14], and [5], it is always assumed that either W; = 0 or W, = 0.

When the lower order terms are not assumed to be bounded, our approach to the construction
of the positive multipliers is completely new in this article. We use the existence of solutions
to Dirichlet boundary value problems in combination with the maximum principle to argue that
positive multipliers with appropriate pointwise bounds exist.

We remark that our current methods do not apply to the scale-invariant case of V & L! (Rz).
This is not surprising since the counterexample of Kenig and Nadirashvili in [15] implies that
weak unique continuation can fail for the operator A+V with V € L!.

A similar problem was investigated by the first-named author and Zhu in [6] and [7]. In these
papers, the authors studied the quantitative unique continuation properties of solutions to equations
of the form (3)) under the assumption that L = —A, W = 0, and the other lower order terms belong
to some admissible Lebesgue spaces. Since the proof techniques are based on certain L” — L4

Carleman estimates, the results apply to complex-valued solutions and equations in any dimension
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n > 2. Consequently, the estimates derived in [6]] and [7] are not as sharp as those that we prove
in the current paper. For a broader survey of related works, we refer the reader to [13]] and the
references therein.

The organization of this article is as follows. In Section[2] we discuss quasi-balls. Quasi-balls are
a natural generalization of standard balls and they are associated to a uniformly elliptic divergence-
form operator. Section [3] deals with the positive multipliers. In particular, we construct a positive
multiplier, prove that it has appropriate pointwise bounds, satisfies generalized Caccioppoli-type
inequalities, and then show that its logarithm also has good bounds in some L' spaces. The Beltrami
operators are introduced in Section 4] Much of this section resembles work that was previously
done in [3)], and we therefore omit some of the proofs. In Section E], we use the tools that have
been developed to prove Theorem |[I] Sections|[6] [7, and [§]treat the proofs of Theorems and
respectively. The proofs of Theorems [5]—[7] are presented in Section 9]

In addition to the main content of this paper, we rely on some theory regarding elliptic boundary
value problems, and this content has been relegated to the appendices. In Appendix [Al we prove
a maximum principle. Appendix [B|presents a collection of results regarding the Green’s functions
for general elliptic operators in open, bounded, connected subsets of R?. This work is based on
the constructions that appear in [10], [12]], and [4]]. We include this section for completeness since
the specific representation that we sought was not available in the literature. The results of the
appendices are used in Section [2] where we argue that the positive multipliers satisfy appropriate
pointwise bounds.

Acknowledgement. Part of this research was carried out while the first author was visiting the
National Center for Theoretical Sciences (NCTS) at National Taiwan University. The first author
wishes to the thank the NCTS for their financial support and their kind hospitality during her visits
to Taiwan.

2. QUASI-BALLS

Since we are working with variable-coefficient operators instead of the Laplacian, we will at
times need to work with sets that are not classical balls. Therefore, we introduce the notion of
quasi-balls.

Throughout this section, assume that L := — div (AV) is a second-order divergence form operator
acting on R? that satisfies the ellipticity and boundedness conditions described by (T)) and (). Let
L (A,A) denote the set of all such operators. We start by discussing the fundamental solutions of
L. These results are based on the Appendix of [16].

Definition 1. A function G is called a fundamental solution for L with pole at the origin if

e G¢< Hlloc2 (R2 \ {O}) Ge Hl1 P (Rz) for all p <2, and for every ¢ € C§ (Rz)

oc

/ ai; (2) DiG (2) Dy (2) dz = ¢ (0).

¢ |G(z)| <Clog 7l >C.

, for some C > 0,

4

Lemma 1 (Theorem A-2, [16]). There exists a unique fundamental solution G for L, with pole

at the origin and with the property that ‘l|im G(z) — g(z) =0, where g is a solution to Lg =0 in
2] oo
|z| > 1 with g =0 on |z| = 1. Moreover, there are constants C1,Ca,C3,Cq,R| < 1 < Ry, that depend
6



on A and A, such that
1 1
Clog (—) <—G(z) <Clog (—) for |z| <Ry

2| 2|
Csloglz| < G(z) < Csloglz| for |z] > Rs.

The level sets of G will be important to us.
Definition 2. Define a function £ : R?> — (0,00) as follows: £(z) = s iff G (z) = Ins. Then set
Zs = {zERZ:G(z):lns} = {zERZ:E(z):s}.

We refer to these level sets of G as quasi-circles. That is, Zs is the quasi-circle of radius s. We also
define (closed) quasi-balls as

Qs ={zeR*:4(z) <s}.

Open quasi-balls are defined analogously. We may also use the notation Q% and ZF to remind
ourselves of the underlying operator.

The following lemma follows from the bounds given in Lemmal [I] The details of the proof may
be found in [5]].

Lemma 2. There are constants c,c2,c3,C4,C5,C6,81 < 1 < Sy, that depend on A and A, such that
if z € Zs, then

s <7 <52 fors < S

c5st <z < g5t for S <s< S

59 <|z| <54 fors>S.

Thus, the quasi-circle Z; is contained in an annulus whose inner and outer radii depend on s, A,
and A. For future reference, it will be helpful to have a notation for the bounds on these inner and
outer radii.

Definition 3. Define

o(s;A,A)=supsr>0:B,C ﬂ or
LeL(A,A)

p(s;A,A)=infer>0: |J 0ofcB,
LEL(A,A)

Remark. These functions are defined so that for any operator L in L (A,A), Bg(saa) C oL ¢
B, .
p(s:A,A)

The quasi-balls and quasi-circles just defined above are centered at the origin since G is a funda-
mental solution with a pole at the origin. As a reminder, we may sometimes use the notation Z (0)
and Q; (0). If we follow the same process for any point zy € R?, we may discuss the fundamental

solutions with pole at zp, and we may similarly define the quasi-circles and quasi-balls associated
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to these functions. We denote the quasi-circle and quasi-ball of radius s centred at zg by Z; (z0) and
Os (z0), respectively. Although Q; (zp) is not necessarily a translation of Q; (0) for zg # 0, both sets
are contained in annuli that are translations.

3. POSITIVE MULTIPLIERS

In [13]] and [S], the first step in the proofs of the order of vanishing estimates is to establish
that a positive multiplier associated to the operator (or its adjoint) exists and has suitable bounds.
Unlike the settings in those papers, since our lower order terms are unbounded, we cannot sim-
ply construct positive super- and subsolutions in B, then argue that a positive solution exists.
Therefore, our approach here is more involved. Instead, we use solutions to the Dirichlet boundary
value problem for constant boundary data and rely on the maximum principle and Green’s function
representations to give us desirable bounds.

From now on, we set

d=p(7/5)+2/5, (17)
where p (s) = p (s;A,A) is as defined in the previous section. Throughout this section, assume
that A satisfies (I)) and (2)), while W; € L% (B;), W, € L9 (By), and V € L? (B) for some q1,q> €
(2,00], p € (1,00]. Note that AT also satisfies (I)) and (). Associated to an operator of the type
L = —div(AV+W;) +W, -V +V is the bilinear form 2 : WO1 2 (Q) x WO1 2 (Q) — R given by

%’[u,v]:/AVu~Vv—|—W1u~Vv—|—W2-Vuv—I—Vuv. (18)
Q

In every case, we take Q = By.
Since we need the existence of solutions to various elliptic equations, the following lemma
serves as a useful tool.

Lemma 3. Let g € C! (B_d) Assume that the bilinear form given by (18)) is bounded and coercive
in WO1 2 (By). That is, there exist constants ¢ and C so that for any u,v € WOI’2 (By)

|8 lu,v]| < C||“||W172(Bd) ||V||Wh2(Bd)
2
B v,v] > C||V|’W172(Bd) .
Then there exists a weak solution ¢ € W2 (By) to

—div(AV+W19)+Wo-Vo+Vo =0 in By (19)
o=g on JdB; ’

Proof. To establish that a solution to (19) exists, we prove that there exists a Y € WO] 2 (By) for
which

—div(AVy+Wiy)+W,-Vy+Vy =—divG+ f in By, (20)
where G € LY (B;) and f € L? (By) for some g € (2,0] and p € (1,00]. With y = ¢ — g, we have
G=—AVg—W,gand f = —W,-Vg— Vg, and this gives the claimed result since g € C' (B,) and
B, is bounded.

To show that is solvable, we need to show that for any v € WO1 2 (Bg), there exists a y €
1,2 :
W, (Bg) for which

%’[l}/,v]:/B G-Vv+ fv. (21)
8d



For any v € WOI’2 (Bg), consider the linear functional

Vi G-Vv+ fv 22)
By

If p > 2, then

1

1 1
I/B G-Vv+ vl <||Gllpas [IVVIl2,) 1Bal? 0 + 1l o ) VI 28, 1Bal?
d

1
P,

On the other hand, if p < 2, then p’ > 2 and

1_1
|/B G-Vv+fv| < HGHLQ(Bd) HVVHL2(Bd) |[Ba|? @ + HfHLP(Bd) HVHLP’(Bd)
d

1

1
< (G lzs(s 1Bal* ™7 +Cp 1o, ) 119Vl 2qs,

where the last line follows from an application of the Sobolev inequality with 2* = p’ € (2,00).
Hereafter, we use the notation 2* to denote the Sobolev exponent of 2, and it will be chosen in
(2,00). In either case,

| / G- Vvt 19| < Clllyraay
d

so the functional defined by (22)) is bounded on WO1 2 (By).
By assumption, 4 |-,-] is a bounded, coercive form on WO1 2 (By). Therefore, we may apply

the Lax-Milgram theorem to conclude that there exists a unique y € WO1 2 (B,) that satisfies (ZT).
Consequently, (20) has a unique solution, and therefore, (19)) is solvable. O

Using the lemma above, we now prove that a general positive multiplier exists. With an appro-
priate choice of boundary data, we show that this positive multiplier has the required pointwise
bounds from above and below.

Lemma 4. Assume that conditions (1), @), @), and (§) hold and that [|W1 ||, 5,) <K,

Wal| o (Ba) <
min{zf—qz, ﬁ}, and HVHLP(Bd) < ﬁ, where cg,, Cy, and C), will be specified below. Then there
exists a weak solution ¢ € W2 (By) to

—div (ATV + W) + W, - Vo +Vd =0 inBy (23)
with the property that
1
3 <¢(z) <1 fora.e z€By. (24)
Proof of Lemmald, Let ¢ € W2 (B,) be the weak solution to the following Dirichlet boundary

value problem with constant boundary data

{ —div(ATV +Wo0) +W-Vo+Vo =0 inBy

¢=1 ondBy,. (25)

To establish that a solution to (23) exists, we need to check that the associated bilinear form is
bounded above and below, then we may apply Lemma [3| (with A being replaced by AT and the
9



roles of Wy and W, interchanged). For any u,v € WOI’2 (By), () and Holder’s inequality imply that

" [uv]| =

/ATVu-Vv+W2u-Vv+W1-Vuv—i—Vuv
By

< AVull 2 ) IVl 2, + Wi o g IVl 28, VI 200
L9177 (By)

\% p
+Wall oz g, VY] 28l 20, +HVHLP(Bd)HMHL%(Bd)HVHLPZTPl(

L9272 (Bd) Bd)

< (A+Cq1 Wil (8,) + a2 |W2ll L2 8, +Cp||V||Lﬂ(Bd)> Vull 2 11V 28,

where we have used the Sobolev inequality three times with 2* = qf—z"z € (2,00) for i = 1,2 and

2* = 1% € (2,00) to reach the last line. Therefore,

|7 [u V)| < Cllullyrz g,y [VIiwizs,) -

For any v € Wol’2 (Bg), we see that

B v,V :/ ATVY-Vv+ Waov-Vv+W; - Vv 4V |y
By

1
:/ AVy-Vy 4 — W1~V(v2)+ W2~V(v2)—|—V\v|2— Ws - Vvy
Bd 2 Bd Bd

By
2 A HV\/Hiz(Bd) _/ W2 . VVV,
By
where we have used conditions (I)), (), and (5). As shown above,

A

2 2
BWQVWGF@W%MW&ﬂWWM@@Szﬂvﬂyw@a
d

< ZL As a result,
qu

where the second inequality follows from the assumption that ||W2|[;4, g,
P [v,v] > % f B, |Vv|2. The Poincaré inequality immediately implies that for any v € Wo1 2 (By),

“[v,v] > ||V ‘%V'Q(Bd . In conclusion, # |-, ] is a bounded, coercive form on WO] 2 (By). It follows
from Lemma [3] that (23)) is solvable.
It remains to show that ¢ satisfies the stated pointwise bounds a.e. To this end, set w(z) =

0(z)—1¢€ Wol’2 (B,) and note that

(26)

—div(ATVw) +W;-Vw =div(Wo¢)—V¢ inBy
w =0 ondB;

Let I'(z, {) denote the Green’s function for the operator — div (AV + W) in By, and let I'*(z, {) de-
note the Green’s function for the adjoint operator —div (A7 V) +W; -V in B,. Note that I™*({,z) =
['(z,{). The conditions (I) and (@) ensure that such a Green’s function exists (see Appendix [B).
According to Theorem [I0]in Appendix [B|(see also Definition [3)), implies that

w(z) = —/B (DT (2,8) W2 (§) +T () V ()] ¢ (£)dd.

10



Therefore,

¢<z>—1=—/B DT (. 8) - Wa (O +T (@ OV (£)] 0 ()L

so that
Z?BB|¢<Z)—1|<5£[BJDCF Olwa@lac+ [ e DIV (©1E] 10ll:-s,
Sj;g[ [ ipere ol @lac | reo) vz

where we have used the maximum principle from Theorem H to conclude that ||¢|| =8, < 1. By
Holder’s inequality, we have

[ wercolms@rac s ([ preombac)® ([ moma)
< IWal ) 1PT @) . o
and

/ 0 (2, )NV (NS < VI, T @) 1 By 0)my) -

Si 2, th 1,2) and (B-18) implies that DI'(z,-
ince ¢ > 2, then ¢ € [1,2) and (B.18) implies a;;£|| (z )HL‘fz (Baa(2)NBy)

since p > 1, then p’ € [1, ), so it follows from (B.17) in Theorem|10|that sup ||T"(z,")
ZEBy

Cp. Coibining the observations above with the assumed bounds on |[Wa||14,(5,) and [[V|[1(g,),
we see that

= Cy,. Similarly,

20 (Bra(z)nBa) =

2
||¢ - 1||L°°(Bd) < §7

and conclusion of the lemma follows. [l

In addition to the pointwise bounds for ¢ that were established in the previous lemmas, we also
prove gradient estimates for all solutions to (3). A similar argument shows that analogous bounds
hold for ¢, and hence for all solutions to equations of the form (23). The following estimates
follow from a standard integration by parts argument (a Caccioppoli estimate) in combination with
Theorem 2 from [[17]].

Lemma 5. For any r > 0 and o0 > 1 for which ar < d, let v be a weak solution to (3)) in By,
Assume that |[Wi|[a g, < Ki, [Wallpa(8,,) < K2, and ||V |10 (p,,,) < M. Then for anyt € [2, 7],

1
T _4 _4 2
([ver) sei (oot SR
B,
where C depends on A, A, q1, g2, p, &, and t, and
2
P } if 1<p<2,
2—p

min{qi,q2} if p>2.

min {‘117(]2,

T = (28)

11



Proof. We start With a Caccioppoli estimate, i.e. witht = 2. Let 1 € C;° (Bq,) be such that n = 1
in B, and |Vn| < <7 ) Take vn? to be the test function. Then

/(AVv+W1v) Y (an) +(Wa-Vv+Vv)vn? =0

so that with the use of (I)), Holder and Cauchy inequalities, we have
/1/|Vv|2n2 < /AVv~an2
= —2/AVV-ann —/W1 -Vvvnz—Z/Wl -Vn |v|2n —/(Wz-VV+VV)Vn2

SZA/!VV\IVHHV\HZ/\Wl\!Vn\!v|2n+/(IWlHIWzI)M\Vv!n2+/\V\v2 :

A 4A2
<5 [wene [ (F43) [1onke 3 [ emrem) s [win| bk,

A 4N A\ a+1 4 ) 4 2 24 _2
< §/|Vv|27]2+C {(7—1—5) ﬁ‘f‘IKlZ(O”’) a +IK22<O”) 2 +M(O£r)2 P] HVH%OQ(BW).

After simplifying, we see that

_4 _4 _2
||VV||L2(B,) S C\/l +K12r2 q1 +K22r2 9 —|—Mr2 p ||v||L°°(Bar) .

Let B

= J(0t+1). Since div (AVv) = —div (Wjv) + W, - Vv + Vv, then an application of Theo-
rem 2 from [[17

| shows that for 7y given in (28),
L

([ 19619) " < (A 190y 5 gy )

2_ D2 2_ 24
‘I—C ||W1V||L10(Bﬁr)—|—r70 )] ||W2VV||L612241+22<B )+r70 P ||Vv||LP(Bﬁr)
Br

2 1—2 1-2 22
<Cr [(1+r 42K2>||Vv||Lz(Bﬁr)+<1+r NKj+r pM>||V||L°°(Ba,)}

2 _ 4 _4 2
SCVTO 1(1+r2 q1K12+7'2 q2K22+r2_PM> HVHL“’(BOW)’

where we have used Holder’s inequality, the bounds on Wj, W,, and V, and the result above for
t = 2. Holder’s inequality leads to the conclusion for general 7 € (2, 7). O

For the positive function ¢ given in Lemma] define ® = log ¢. From Lemma4] it is clear that
|®(z)| < cforae. z € By. Since div (ATVe) =W, - V¢ — div(Wo9) + V¢ weakly in By, then

div (ATV®) + (Wo —W;) - VO + ATV - VP = —diviWo, +V  weakly in By. (29)

The following estimates for V@ will be crucial to our proofs. We begin with an L?-estimate for
Vo.

Lemma 6. Let ® =log @, where ¢ is the positive multiplier given in Lemma 4| Then
[|[VD|| 12(8, CK

Y

<
7/5)+1/5) -

where C(A,A,q1,q2,P).
12



Proof. Recall that d = p (7/5)+2/5. Let 8 € Ci (B4) be a cutoff function for which 6 =1 in
B, (7/5)+1/5- Multiply ([9) by 62, then integrate by parts to get

QL/|VCI>|292§/ATVCI>-VCI>02

:/V92+2/W2~9V9+2/ATVCI>9V9—/(W2—W1)-V<I>92

4A?
g/V92+2/W2-9v9+%/\V¢;292+T/|ve|2
A 2,2, 1 2 02
+Z |V<I)| 0 +I |W2—W1| 0-.

Rearranging and repeatedly applying Holder’s inequality, we see that

A 2 [P 2 4A7 2
E/WCD‘ 0 < 31107l iay + 5 1V )+ 7 IVOIIE2(s,)

2 2\ 2 20102
+-13) 16 Hm/z)/wdﬁz’( 116%]] Lar 2 5, -

Since K > 1, then

/ VO|* < CK?,
By 1/5)+1/5

where C depends on A, A, g1, q2, and p, as required. OJ
Now we prove that V& belongs to L for some #g > 2.

Lemma 7. Let ® = log@, where @ is the positive multiplier given in Lemma {4} Then there ex-
2

2
)gcm( ), where 1 — mm{2——2—4 2——}andc

ists to > 2 such that ||V, (8, 7

(7/5)
depends on A, A, q1, q2, p, and 1.

Proof. We rescale equation (29). Set ¢ = % for some C > 0. Then (29) is equivalent to

ediv (ATV<p+W2) +ATVg. Vo = (Wl —W2> Yo+, (30)
where € = CLK, W, = g/—;( fori=1,2,and V = C2 2 We'll choose C sufficiently large so that
Wil o <L 1l < 1. / Vol <1, (1)
Wl <1 10l L

where the last bound is possible because of Lemma@ Since [|Wa||pap,) < 1 and [|V||1p5,) <1

<1 as well.

by assumption, then it is clear that H?H <1 and HVT@‘
LP(By) L92(By)

Claim 1. Let ¢ > 0 be such that for any z € By (7/5), Bac/s (z) C By (7/5)+1/5- For any z € By(7/s)

and € <r < c/5, we have
| ver<crm
By (2)

— i _ 49 _4 5 2
where/,t—mln{Z ,2 q22 p}.

13



Proof of Claim[l] 1t suffices to take z = 0. Let ) € Ci (B2,) be a cutoff function such that n = 1
in B,. By the divergence theorem,

0= e/div [(ATV¢+W2) nz]
= e/div (ATV<p+vT/2) n° +2£/17Vn (ATV o) +28/17Vn W (32)
We now estimate each of the three terms. By (30) and (31),
s/div (ATVq) +ﬁ/2) n?

:_/ATV(p-V(pn2+/\7n2+/(VTG—VNVz) -Von?
s-x/|v<p|2n2+Hx7HU(Bd) (/B 1)1‘1’

2.2 . zr s W u
(o) [, () 0, (1)

4 4
< —%/|V(p\2n2+Cr2_12’ +% (rz‘ﬁ +r2‘6> . (33)

By Cauchy-Schwarz and Young’s inequality,

1/2 1/2
2e v (A%)' <2en [ n1Val Ve < 2en ( / |V<prz) ( / nZWnF)

CA%? , A )
<=2~ Vel
<7 ¢ a0 ), VO

(34)

Similarly, by Holder and Young’s inequality,

~ ~ 12 S n _2 _4
28/nvrl'W2 §2£HW2‘ / V|a <2Cerm <ce?+CFn. (35)
L92(By) \ JB,,\B,
Combining (32)-(35)) gives
_2 _4 _4 1 1
/ |V(p[2§C82—|—C<r2 R qz>+—/ Vo> <Cr*+— [ Vo>, (36)
5, 100 /5, 100 /5,

since p =min{2— 222 2- 21 <oande<r<§<1.
If v > ﬁ, then by the last estimate of (31)), the inequality above implies that

/ Vo> < Cr*.
B,

Otherwise, if r* < ﬁ, choose k € N so that

2¢

< k<2

<2r< 5
14
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i 2
Since r#* > (%) > ( . ) = (i> >C (ﬁ)k’ then it follows from repeatedly applying

that
k
Vo> <Crt+C <—) / Vo> <Cr,
sz,.

proving the claim.
We now use Claim to give an L0 bound for V¢ in By (7/5)- Define

Pe (2) = é‘P (8%Z> ) Ae(z) =A (8%Z> , L:=divAlv.

Then
Ve (z) = 8%_1Vq0 (e%z)
Li@e (2) = i diy <AT <£%z> Vo (fﬁz)) .
It follows from (30) that
Lio: (2) +A£V(pg Ve = 8%_2 [ediv <AT <8%z> Vo (eﬁz)) +A (8%Z) Vo (e%z) Vo <8%Z)]
= Ve () + (Wre (1) = Wae () - Ve (2) —div e (2),

where

2
With 6 = er < w, note that for i = 1,2,

~ ~ qi W 2~ /2|4 ai
HWi,a L‘ii(Bl): (/31 Wie(z) dz) = </31 g W,-(euz) dz)
1
- 1 ,ii,u ~ 2 qi 2 qi ~
_8“< ’ >(/Bl W’(guz)‘ d(gﬂz>) SHW L‘Ii(Bg)Sl
and
~ ~ % 202 1)~ 2 P %
il = (ot ) = (96 (9 )
1
2=z y ~ /7 2 \|P 2 P ~
_gu< p )(/Bl V(ew)‘ d(euz)> SHV LP(B(;)SL
Moreover,
2—1 2 . 1 2 IJ_
Vo2 < i >/32 V(p(ﬁz)‘ dz= 26|V(p| <—2C<28ﬂ> —c,



where we have used Claim[I] It follows from Theorem 2.3 and Proposition 2.1 in Chapter V of [§]
that there exists #y > 2 such that

IV @e|l o5,y < C. (37)
Recalling the definition of ¢¢, we see that
2_q_4
2 (_4 u g
C>[VOellpos)=¢€"  *0|[VOllos,) = T CK V|| (5,
As € = CK, then we conclude that

HVCI)HUO <CK“< ’?))

Since this derivation works for any z € B (7)) and we may cover By, 7,5y with N balls of radius 0,
where N ~ § 2 = g=4/1 ~ K*/1_ then the result follows. O

Using an interpolation argument in combination with the estimates just proved, we establish L
bounds for V&.

Lemma 8. Let @ =log @, where ¢ is the positive multiplier given in Lemma @} Let ty > 0 be the
exponent provided in Lemmal7} For anyt € [2,1),

V(5 <k 08 TH)

where the constant C depends on A, A, q1, g2, p, to, and t.

b

Proof. Take 1 € (2,1y) since the endpoint estimates are given in Lemmas [6|and[7} Choose y € (0,1)
sothatt =2y+1 (1l —7v),ie. y= t‘) t . Then by the Holder inequality along with Lemmas |6/ and

7

: Y 1-y
VOl p  y= Vo [Vl ) < Vo[’ V|
L' (Bp(ys))
By(7/5) By(1/s) By(1s)

fp(1-7)
2 ip(1=y)
2y o=y 2y [ ;<3_;) ‘

Vo
L2(Bp(r/s )” ||L’°(Bp<7/s>)

|—

t

Since 2 (3 — %) > 1, then simplifying the exponent gives

:
[ G O R et F O R =

as required. U

Corollary 1. Let @ = logd, where ¢ is the positive multiplier given in Lemma 4}, Then for any
€ > 0, there existst > 2, depending on €, q1, q», p, and ty, such that

< 1+e&
||V¢HU(BP(7/5)) <CK ) (38)

where C depends on A, A, q1, q2, p, ty, and t.
16



4. THE BELTRAMI OPERATORS

We define a Beltrami operator that allows us to the reduce the second-order equation to a first
order system. For a complex-valued function f = u 4 iv, define

Df=0f+n(z)df+v(2)df, (39)
where
0 = 3 (o +idy)
Jd= % (0 —idy)
ayl—ax | .ap+a)
= 40
NE) = Gearn Haearn (40)
detA —1 Laz —apn
vi(z)= : 41
) =Gy @D @1
Lemma 9. For 1,V defined above, there exists K < 1 so that
n@I+1v(E)| <K
The following proof is purely computational and relies on the assumption ().
Proof. We have
In|= \/(all —an)’ + (ann+ax)’ _ \/trA2 —dayazn +(anp +az)?
= det(A+1) - detA +trA + 1
v \/(detA —1)*+ (a21 —an)’ \/(detA +1)* —dayjan + (a2 +an)’
V| = = .
det(A+1) detA+trA+1
Note that it follows from (T)) that
1
ajjaxn — Z(alz +ay)* > A%
Therefore, we see that
VIrAZ =422 4 \/(detA +1)> —4A2
< =: K.
@I+ < trA + detA + 1
O

Let f = u+iv. A computation shows that
Df — (an +detA) +ias o ain +i(a22 +detA) y ((111 + 1) + ialziv
 det(A+) * det(A+1) Y det(A+1) det(A+1)

This presentation will be useful in subsequent sections.
In addition to the operator D, we will also make use of an operator that is related to D through

an| +i(a22+ l)iv
Y.

some function w. For a given function w, set
N@)+v(z) 9L fordw#0

h (2) = { N(z)+v(z) otherwise
17



where 1 and v are as defined in and (@), respectively. By Lemma 9] it follows that |1,,| < K.
Define

Dyf =9f+nw(z)df. (42)
If Ny (2) = @ (2) + By (2), then

D= 5 e i3y + (0 +1B) (30,

4o +iBy ., B ti(l— o)
= oy +
2 2
Bertrami operators of this form will be used in the proofs of the main theorems.
At times, the dependence on w will not be important to our arguments, so we define
A 14 o+i (1 —o
plratib, B+ill-—a)
2 2
where o, B are assumed to be functions of z such that o’ + ﬁz < K < 1. Associated to D is the
symmetric second-order elliptic operator L = div (AV) with

9, (43)

9y, (44)

(1+a)*+p> 2B PO
A | TmermpT 1ol p? 1 dn
A= 2B (1-0)’+p? [ dip ap } ' )

1—a?—B2 1—a?—fB2

A computation shows that

I+ +p2] |[(1—a)+p2| 1 2B 23 2
1—a2—B2 1—o2—p2 _Z{l—oﬂ—[ﬂﬂ_az_ﬁz}

- (1—oc21_/32)2 [(1_a2)2+2ﬁ2(1+a2)+[34_4ﬁz]

1202 +at-2(1-a?) B2+ B _1

: (1-a2— ) -

Therefore, A satisfies the same ellipticity and boundedness given in and with possibly
different constants A, A.

Remark. Note that if D is given as in (39) and Df = 0, then D,,f = 0 with w = f, where D, is
defined in (42).

4.1. A Hadamard three-quasi-circle theorem. Within this subsection, we present the Hadamard
three-quasi-circle theorem. We originally proved this result in [S, Theorem 4.5], but include the
proof here for completeness. The related lemmas are all presented, but we refer the reader to [3]
for their computational proofs.

The following lemmas show that D relates to L in some of the same ways that d relates to A.
These properties will allow us to prove the Hadamard three-quasi-circle theorem.

Lemma 10. [5, Lemma 4.2] If Df = 0, where f (x,y) = u(x,y) +iv(x,y) for real-valued u and v,
then

Lu=0=1Lv.

18



We find another parallel with the Laplace equation. As in the case of L = A, the logarithm of the
norm of f is a subsolution to the second-order equation whenever D f = 0. To see this, it suffices
to prove that

Lemma 11. [5, Lemma 4.3]1If Df = 0 and f # 0, then L[log|f (z)|] = 0.

Using the fundamental solution G for the operator L, we can now prove the following Hadamard
three-quasi-ball inequality. We would like to mention that similar theorems were proved by
Alessandrini and Escauriaza in [1]], see Propositions 1, 2, using quasi-regular mappings.

Theorem 8. Let f be a function for which Df =0 in Oy, Set
M (s) = max{|f (z)| : z € Z}.

Then for any 0 < s1 < 57 < 53 < 80,

log ( ) logM (s3) < log ( ) logM (s1) +log < ) logM (s3) . (46)
51 5 51

Proof. Let o, 5, = {z:51 <L(z) <53} = Oy, \ O,, where £ is associated to G, the fundamen-
tal solution of L. By Lemma [2| this set is contained in an annulus with inner and outer radius
depending on sy, s3, A, and A. In particular, it is bounded and does not contain the origin.
Therefore, G(z) is bounded on o, 55 Let zo be in the interior of 7%, ,. If f(z9) = 0, then
aG (z9) +1og|f (z0)| = —oo for any a € R. On the other hand, if f(z9) # 0, then Lemmaimplies
that L [aG (z) +log | (z)|] = O for z near zo. By the maximum principle, zy cannot be an extremal
point. Therefore, aG (z) + log|f (z)| takes it maximum value on the boundary of o7, ;,. We will
choose the constant a € R so that

max {aG (z) +log|f (2)| : z € Zy, } = max {aG () +log|f (z)| : 2 € Zg, },

1,53°

or rather
log (s{M (s1)) = log (s3M (s3)) -
It follows that for any z € <%, ,,
aG (z) +log|f (z)| < log(s?M (s;)) fori=1,3.
Furthermore, for any s, € (s1,53),
max {aG (z) +log|f (z)| : 2 € Z, } <log(s¢M (s;)) fori=1,3,
or
log (s3M (52)) < log (s¢M (s;)) fori = 1,3.

Consequently,
aM (Sz) < SL-IM(Sl') fori= 1,3,
so that for any 7 € (0,1), since s{M (s1) = s4M (s3), then

$3M (52) < [s1M (51)]" [s§M (s3)])'~°

[M(Sz)]log(i%) - [(S—l)aM(sl)] clog($) |:(s—3>aM(s3)}(]_T)]og(ii),

$2
19



We choose 7 so that Tlog (j—?) =log (%) Then (1 —7)log <§_j) = log (%) and

51\ clog(2) GG log(2) . . . .
Kg) } Kg) ]( ) = exp {alog <5) log <5> +alog (a) log (5)] -1

Therefore,

S73

3 )
M(S2)10g<”> < M(S1)10g<52>M(53)10g<5%>-
Taking logarithms completes the proof. U
Corollary 2. Let f satisfy Df =0 in Os,- Then for 0 <s1 <s2 <53 <50

it < (Mlli=or))” (I7lli=(,)) -

_ log(S3/s2)
log(s3/s1)

Remark. From Remark {4 we know that if Df = 0, then Dyf = 0. Hence Corollary 2] applies to
such f.

where

4.2. The similarity principle. This subsection is similar to Section 4.4 of [S]. As usual, we
include it here for the sake of completeness. The approach here is based on the work of Bojarksi,
as presented in [2]. Define the operators

To() = —%/g ((?(C)dé
1

—Z

We use the of the following results, collected from [2].

Lemma 12. Suppose that g € LP for some p > 2. Then Tg exists everywhere as an absolutely
convergent integral and Sg exists almost everywhere as a Cauchy principal limit. The following
relations hold:

2(Tg) =g

d(Tg)=Sg

Tg (@) <cpllgllpy, ifp>2
1S81l2» < Cpllellps

lim C, =1

p—27F

G =1

Lemma 13 (see Theorems 4.1, 4.3 [2]). Let w be a generalized solution (possibly admitting iso-
lated singularities) to

ow+q1(2)dw+q(2)dw=A()w+B(z)Ww
20



in a bounded domain Q C R?. Assume that |q; (z)| +1q2 (2)| < o < 1 in Q, and A, B belong to
L' (Q) for some t > 2. Then w(z) is given by
w(z) = f(2)e?®,

where f is a solution to

df+qo(z)df =0

and
¢(z2)=To(z).
Here, qq is defined by o
_J a@+0@3E forow#0 47
q0(2) { q1(2) +¢2(2) otherwise , @7

and ® € L' (Q) solves
®+qoSw = h (48)
with

A(z)+B % forw(z) # 0 and w(z) # oo
h(z) = { A Eg +BE§; otherv(vziie . @

The proof ideas are available in [2] and detailed arguments can be found in [S)]. We repeat the
details here since we now include the case of r = 2.

Proof. Let w(z) be the generalized solution. Set
h(z) = A(z)+B(2) % forw(z)#0and w(z) # oo
| A(z)+B(z)  otherwise

and

q0(z) = { q1 (Z)+612(Z)% for dw # 0
q1(2) +q2(2) otherwise .

We have |qo (z)| < |q1(2)|+ g2 (z)| < 0. Consider the integral equation

D+ qoS® = h.
Let p € [2,1] be such that Cpqo < 1. That is, |[q0S||.r(q)—1r(q) < Cpgo. Since Q is bounded,
then 4 € L (Q) and using a Neumann series or fixed point argument, we see that this integral
equation has a unique solution ® (z) € L”. Set ¢ (z) = T @ (z), then define f (z) = w(z) e 0@ A
computation shows that d f + god f = 0, as required. O

Corollary 3. Let w be a generalized solution (possibly admitting isolated singularities) to
ow+q1 (2)dw—+qa (2) dw =A () w+B(2) W
in a bounded domain Q C R2. Assume that |q1 (z)| +|q2 (z)| < o < 1 in Q, and A, B belong to
L' (Q) for some t > 2. Then w(z) is given by
w(z) = f(2)g(z),
where f is a solution to )
df+qo(z)df =0
and

exp [ ~C (1Ml +11Bllq@ )| < le(@) < exp [€ (IMlluay +11Bll) -
21



Proof. From the previous lemma, we have that g (z) = exp (T @ (z)), where @ is the unique solution

to @8). As above, ||@||;, < C||h||,, < Cl|h||,. It follows from the third fact in Lemma [12] that
since we may choose p > 2,

T (2)] <Cllhll, < C |1l @) +1Bll@

where C depends on Q. The conclusion follows. 0

)

5. THE PROOF OF THEOREM [I]

Here we present the proof of the first order of vanishing estimate, that of Theorem [I] We
follow the approach used previously in [13] and [S]] and use the positive multiplier to transform the
equation for u into a divergence-free equation.

Let u be a solution to (@) in B; C R2. That is,

—div(AVu+Wiu)+W,-Vu+Vu=0 in By.

Conditions and (§) in combination with the bounds on W;, W,, V imply that Lemma ] is
applicable, and therefore there exists a positive function ¢ satisfying that weakly solves

—div(ATVo+ W) +W; -V +Vd =0 in By.
Set b = —ATV® +W; — W, and observe that
div[¢ (AVu+ bu)]
= div [¢ (AVu—uAT VD + uW; — uWws)]
= div (pAVu —uAT VY + upW) — upWs)
=V¢-AVu+ ¢ div(AVu) — Vu-ATVY —udiv (AT V) + div (upW — upW»)

=@ [Vu+W,-Vu—div(Wu)] —u[Ve +W; -V —div(Wr0)] + div (ud¢W; — u¢W,)
=0.

Therefore, the PDE for u can be transformed into a divergence-free equation. Let v be the stream
function associated to the vector ¢ (AVu + bu) with v(0,0) = 0. That is, for every (x,y) € By,

!
V(X,y)z/o [—¢ (a21ux + axouy + bou) (tx,ty) x4+ ¢ (arux + arouy + byu) (tx,ty) yldt.  (49)

To verify the validity of (49), we let P = (P, P>) = ¢ (AVu+ bu), then

1 1
v(x,y):—/o P (tx,ty)xdt—i—/o Py (tx,ty)ydt.

So we have

1
vy (x,Y) / 1P, (tx ty)txdt—/ P, (tx,ty dt+/ O1Py (tx,ty)tydt
0
1
/ o1P; (tx ty)txdt—/ P, (tx,ty dt—/ P (tx,ty)tydt
0

1
= / [0, P (tx,ty)t + Ps (tx,1y)] / o, [P (tx,ty)t]dt = —P5 (x,y)
0



and

1 1 1
vy (x,y) = _/0 P (tx,ty) txdt +/0 Py (tx,ty)tydt —l—/o Py (tx,ty)dt
1 1 1
= / o1 P (tx,ty)txdt +/ Py (tx,ty)tydt +/ Py (tx,ty)dt
0 0 0

1 1
= / [0:Py (tx,ty)t + Py (tx,ty)]dt = / o [Py (tx,ty)t]dt = Py (x,y).
0 0

That is,

—vx = @ (aziux+axuy+bou).

Lemma 14. For any r and x > 1 such that xr < d, there is a constant C, depending on A, A, qi,
q>2, p, and K, for which

24
VI, < cr? (1 +r @ K2) H”“L‘”(Bﬁ,) :

Proof. As above, we use the notation

1 1
v(x,y):—/o Pz(tx,ty)de—/o Py (tx,ty)ydt.

Mlis,) = /
L'(B,)) "
1 1
< / / |P> (tx,ty) x| dtdz+ / / Py (tx,ty) y| dtdz
B, JO B, JO
1 1
S’”// |P2(lXJY)|dldz+r// |Py (tx,ty)|dtdz.
B, JO B, JO

A computation shows that

Py = (a1ux+anpuy) ¢ —u(an @ +ax @y) +u(Wi g —Wa 1)@
Py = (az1ux +anuy) ¢ —u(apndc+andy) +u(Wio—Wan) 9,

It follows that

1 1
—/ P, (tx,ty)de—/ Py (tx,ty) ydt|dz
0 0

where we use the notation W; = (W, ;,W; ) for i = 1,2. By Lemma 5| applied to « and ¢, along
with the assumption that each W; € LY, it follows that each P, € L%. Interchanging the order of
integration, applying Holder’s inequality, then simplifying, we see that

1 1 1 L
1 1 0 1—L
/B /0 |Py (tx,ty)|dtdz = /0 2/, [Py (x,y)|dzdt < /O 3 ( /B Py (x,y)ITOdZ) |Bir|” T dt

o2 f1 _2 2 2 L 2
=P8 [Pl e < 0P Rl [
0 0
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2

(I 1 L
Since 1y > 2, then / t “dt converges and / / |Py (tx,ty)|dtdz < % 1P1] 70 p,) - A simi-
0 B, Jo
1
lar estimate holds for / / |P, (tx,1y)|* dtdz, so we conclude that
B, J0O

3_2
¥l < €7 (P o s,) +11Ps s, ) -

For i = 1,2, with an application of (2) and Lemma 5] we see that
P15,y < A (11Vul 2 191 s,y + il o, 198 os,)
+ (11w

2 -4 o
<Cr® <1 +rakK ) H”HLw(BK,) Hd’HL""(Bm)

1_ 1 1_1
|Lq1(Br) |Br|7’0 o +HW27iHL‘72(Br) |Br|10 qz) ||u||L°°(Br)||¢||L°°(Br)

2_2 2 _
# (KAE )l 10,
2 _ _4
<cra ! (1477 0K ullo s, )
where we have used the pointwise bounds on ¢ from Lemmafd] It follows that

24
Wllg1,y < €2 (14775 K2) |lul s,
as required. 0
With w = ¢u+iv and D as defined in (39), we see that in By 3 Bj(7/5),

Dw = D¢u+ ¢Du+ D(iv)

(a1 +detA) +iay ayp +i(ax +detA)
=D(l
(log ) gu+9 { det(A+1) ° det(A+n)
(a1 +1)+iay; . ax) +i(apn+1),
vy ivy
det(A+1) det(A+1)

Loan+i(an+1l) . (an+1)+ian
=¢ |D(1 b —ib
‘b{ (log¢) +ih =3~ da@a+1

+o (a1 +detA) +iay;  —iap (ajy +1)+apax  iasiay —ayg (aa+1)
det(A+1) det(A+1) det(A+1) g

+é app+i(axp+detA) —iax (ay+1)+apnax  iapay —apn(axn+1)
det(A+1) det(A+1) det(A+1) Y

= (4B —B2) (w+Ww), (51)

where, recalling that we set @ =log ¢,

braip — by (azz + 1) +ibiay; —iby (a11 + 1)
2det(A+1)

1
a+ B —B2:§D(D+
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That is,

o 2a11 (14+axn) — (ap+az)arp+i[(ain +a) +arr (a2 —az)]

P
4det(A+1) '
+ (a12+ax) —ax (an —az) +i[2axn (1+ayr) — (a2 +az) asi] D, (52)
4det(A+1)
—Wiji(an+1)+Wjsain—iWja(an +1) +iWj a2 ;
o fi =1,2. 53
Bj 2det(A11) = oY

It follows from the boundedness of A described by (2) in combination with Corollary [I} that for
any € > 0, there exists ¢ > 2 such that

< 1+£
1ellis (5,15 = CK

The boundedness of A along with the assumptions on W; and W, implies that

HﬁlHqu (Bp( CK

<
75) =

||B2||qu(

<C
Bprys)) =
We now apply the similarity principle given in Lemma (13| and Corollary [3| to conclude that any
solution to (S1)) in By, (75 is a function of the form

w(z) =f(z)g(2),
with
Dyf=0 in By(s),
and for a.e. z € By(7/5)s

xp [_C<||a||ﬂ(3p<7/s>) +||B1||qu(3p(7/5)) JrHﬁz'|Lq2(’9p<7/s>)ﬂ

< lg(@)l <exp [C<HOCHU(Bp<7/s>) TP s (s, 5) + HBZHL”Z(BPW/SQH '
That is,
exp (—CK'"®) <|g(z)| <exp(CK'*?) in By (7/5)s (54)

where we have used the bounds on & and f3; from above. By Corollary [2, the Hadamard three-
quasi-circle theorem, applied to the operator D,,,,

ll-or) < (1Alli=(0,)” (1= (o) -

where s < 51 < 55 < % and

_ log(s2/s1)

~ log(4sy/s)’
Letr/4 = p(s/4) and r, = p (s2) so that Q)4 C B, 4 and Qs, C By,,. We choose r3 € (r2,p (7/5))
so that r3 —ry ~ 1 and p (7/5) —r3 ~ 1. Since f is a solution to an elliptic equation (see Lemma
, then standard interior estimates for elliptic equations (see, for example, [11, Theorem 4.1])
imply that

11l =0,y =€ (r_2||f||y (Br/2)>e (||f||L1(B,3)) 7 (55)
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where C is an absolute constant. Substituting f = wg~! into (53] and applying (54)), we see that

=0,y < oxp (CK™) (72 1wlls, ) (Illssy) - (56)

Since w = ¢u + iv, then
|ul < |w| < |¢ul+|v].
An application of and Lemma 14 with k = 2 shows that

24
1113, ) < N9ulls 5, )+ IWllg1 gy < €2 (147779 K2) [l o
We similarly conclude that
1515,y < C (14 K2) 1l (5, < exp(CK),
(8- 2

where we have applied (6)) in the second inequality. Upon setting s; = 1 in (56) and using the
bounds established above, we have

[l =g,y < exp (CK"*®) [[u] |73, -
Now we define
b=o(1) (57)
so that B, C Q1. Since |[u[;=(g,) = |[ul[;=,) = 1 by (I), after rearranging, we have

C
||ul[ =,y = exp <—5K1+8) .

It follows from the definition of 0 that

C 1+¢
ull =5,y > 7"

Y

and the conclusion of Theorem [I] follows.

6. THE PROOF OF THEOREM

6.1. The case of g > 2. When W,,V = 0, the proof above carries through with ¢ = 1. Since
there is no need to construct a positive multiplier using Lemma |4} the positivity condition on W;
described by (4)) is unnecessary. In this simplified setting, we see that o given in is equal to
zero and then (54)) holds with € = 0. The remainder of the proof is unchanged and the estimate (8]
therefore holds with € = 0.

6.2. The case of g = 2. Here we need to prove that the strong unique continuation property
(SUCP) holds for solutions to —div (AV +Wu) = 0 when W € L? (B;). Recall the following defi-
nition of SUCP:

Definition 4. Suppose u € Wkl)’c2 (By) is a solution to — div (AVu + Wu) = 0. We say that the strong
unique continuation property holds if whenever u vanishes to infinite order at some point 7o € By,
i.e. for every N € N,

u@I < (l=2l") asz—z.

this implies that u = 0.
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Assume that zo = 0. That is, we assume that u vanishes to infinite order at 0 and we will prove
that u = 0 in B,. Let v be the stream function associated to —div (AVu + Wu) = 0 defined by

1
v(x,y) = / [— (a21uyx + axouy +Wau) (tx,ty) x + (ayux + arpuy + Wiu) (tx,ty) yl dt.
0

Here we write W = (W, W5). With w = u+iv and D as defined in (39)), we see that in By,

Dw = Bw,
where
—Wi(an+1)+Wha—iWs(ar+1)+iWias w
B= YAt HI+) W#O' ‘
0 otherwise

It follows from (I), (2)), and the bound on W that ||B|[;2(z,) < CK. The similarity principle given
in Lemma I3]implies that

w=f(2)g(z),
with
D, f=0 in By,
and
g(z) =exp(Tw(z)),
where @ € L? with ||@][2(5,) < C||Bll2(5,) < CK. As

hz) = m(z)zl/B g’(idg,

T
we have that
Allw12(8,) = 1Al 28, + VAl 28, < CK.
Since we do not have Tw € L™ for @ € L?, we rely on the following result from [[14].

Lemma 15 (cf. Lemma 3.3 in [14]]). Let h be as defined above. For s >0and 0 <r < p(7/5), we
have that

][ exp(s|h|) < Cr*Kexp(sCK + s*CK?). (58)

r

Now we demonstrate how a modification of the ideas in [14] leads to the proof of our theorem.
Following the arguments in the proof of Theorem [I} we see that (53) holds with f = wexp (—h).
That is,

e exp ()0, <€ (7 2lwexp(Bllgs ) (Ivesphllg,) - 69

where r/4=p (s/4),ro=p (s2) and r3 € (r,p (7/5)) issuch that r3—ry ~ L and p (7/5) —r3 ~ 1.
With s; = 1, we have

||”HL2(B1,) < CHWHLZ(QSI) < C||Wexp(—h)HLw(QS1) HeXp(|h|)|’L2(Qsl>
< exp(CK?)[lw exp (—h)
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where the second inequality follows from an application of Holder’s inequality, and the third fol-
lows from Lemma To bound the righthand side of (59), an application of Lemma [15] shows
that

7w exp (<l (g, <2 [ belex(lh)
r/2

1/2 1/2
<cr! (/ |w\2> (7[ exp<zrh\>>
Br/2 Br/Z

<Cr T exp(CK+CK?) (|lull s, +Mlix(s, ) (6D

Next we need to estimate |[v||;2(5,). Since v(0) =0, then

/B,/2'V<Z)'2:/B,/2'V(Z)‘V<O)2:/3,/2
< (r/2)? /B ; /O 1 Vv (12)|* dtdz
1

=Cr / " < Vv (2) |2dz> ds (62)
|By| '
0 s| J By

2

1
/ Vv(tz)-zdt| dz
0

Vy = apiy +appuy +Wiu
—Vx = auyx +anuy +Wahu,

then (2)) implies that

r/2 1 r/z K4 u 200
/ |v(z)|2§Cr3/ ( |Vu|2+|Wu|2> ds§Cr3/ —HZHL (Bax) ds, (63)
B, o \IBs| /g, 0 5B

where we have used Caccioppoli’s type inequality (see Lemma [5). Since u vanishes to infinite
order at 0, there exists Ry < d and C; > 0 so that

lu(z)| <Cilz)*  forall |z| <R;.

Choosing a so that ar; = p (7/5), it follows from the computations above that

Ri/o (|[u]7o g, o ([ull sy
—_— ds—I—/ ————% 1 ds| <exp(CK
/ ( I8 wo \ 7IBy PICK)

and therefore, for any 6 € (0,1),

/ v()? < cK?
B

3

llw exp (—h)[|}2 ) <exp (CK?). (64)

I,
L'(By,

Now we assume that |[ul|;2(g,) > exp (—k) for some k > 0, then combine (60), (59), and with
the definition of 6 to conclude that

CrCHCR?) < =21y exp (—h)
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Using that u vanishes to infinite order at 0, estimates (61)), (62), and (63) may be combined to
conclude that there exists Ny > C (k +CK 2) and ry, > 0 so that for any r < ry,,

r*2 HW exp(_h)HLl(Br/z) S CNO}’NO.

As this leads to a contradiction, we must have |[ul[;2,) < exp(—k) for every k > 0. This means
that u = 0 in By,
In the case where zp # 0, a translation and scaling allows us to reduce to the case of zg = 0.

7. THE PROOF OF THEOREM

For the proof of Theorem (3| we follow the ideas used previously in [S]] to rewrite the equation
as a product of Beltrami operators, then we invoke a number of the ideas that were used above in
the proof of Theorem

Let u be a solution to (TT)) in B; C R?. That is,

—div(AVu)+W-Vu=0 in By.
Dividing this equation through by v/detA gives

A ~
div Vu| —-W-Vu=0,
(\/ detA )

~ 1 14

W =AV + . (65)
(\/detA> v/ detA

Since |[W||.4(5,) < K, then conditions (1), (), and (I0) imply that HW”M(Bd) < CK, where C

depends on A, A, and p. Moreover, the ellipticity constant of A/+/detA is A2. Thus, there is no
loss of generality in assuming that u is a solution to (TT]) where A is symmetric with determinant
equal to 1.

When A is symmetric and has determinant equal to 1, the term v defined in (@1)) is equal to zero
and the definition of D is greatly simplified. Further, we have the following decomposition result
from [5]].

where

Lemma 16 (Lemma 4.4 in [5]]). Assume that A is uniformly elliptic, bounded, symmetric, Lipschitz
continuous and has determinant equal to 1. Then the operator div (AV) may be decomposed as

div(AV) = (D+T)D,
where
(a11—|—1)+ia12 a12+i(a22+1)
det(A+1) det(A+1)
5 = [1 +ap — ialz] oy + [alz - i(l —f—azz)] ay = det(A —l—])ﬁ
(advar) — Borarn + Yayall + 68ya12) +i(yday +8dvain — a8ya11 —I—ﬁ8ya12)
aj det(A+1)

D

r

with
o =aj;+axy+2aan B =2ap(1+a)

Y=aiz(ax—an) 8= (14ap)*—dah.
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Moreover, ||T'||;» < C(A,A,p).

Lemma 17 (cf. Lemma 7.1 in [5]). There exists YeLd (Bg) so that
W -Vu=YDu.

Moreover, _
Y| a8,y < CK.

Proof. Set Y = e+ if, where e, f are real-valued functions to be determined. Then
YDu = (e+if) {[1 +ay —iap] du+layy —i(1+axn)] 8yu}
=le(1+an)+ fan) du+learn+ f (14 axn)] dyu
+i{[f (14ai)—eai) du+[farr —e(1+a)| dyu}
so that

1r ~ _
5 [YDM—{-TDM} =le(l+a)+ fan] du+leain + f (1 +ax)] dyu.

If we define

T % [T+T%} whenever Du # 0

)
otherwise

then (66) will be satisfied if we choose e, f so that
e(l1+an)+ fanp=w
eapn+ f(14+axn) =W.

Solving this system, we see that

f A+I) | —aiz  l+an | | W A+I)
The bounds on A and W imply that holds and the proof is complete.

An application of the previous two lemmas shows that

Dﬁu = (Y' — F) 514.

e|__ 1 |l+an —an Wil _ 1 (1+axn)W) —a;W,
det ( det ( —apWi+(1+ai)W, |’

(66)

(67)

O

(68)

Now we apply the technique from the proof of Theorem [1|to the equation above, where Du now
plays the role of w. The similarity principle given in Lemma [13|implies that any solution to (68)

in B, takes the form N
Du=f(z)g(z),
with
Dﬁuf =0 in Bd,
and
g(z) =exp(Tw(z)),
where @ € L' for some ¢ € [2,¢] with

10118, < € [V laca + 11l ca, |-

Now we have to consider the cases of ¢ > 2 and g = 2 separately.
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7.1. The case g > 2. Assuming that g > 2, Corollary@implies that for a.e. z € By(7/5),

xp [_C <||Y||L"(Bp<7/s>) + HF||L°°(Bp<7/5))>] <lg(@)[ <exp [C<”Y”L”(Bp<7/s>) * ||F||L°°(Bp<7/s>)>] '
That is,
exp(—CK) <|g(z)| <exp(CK) inBy(7/s). (69)

Proceeding as in the proof of Theorem |[I] we see that
~ ~ 6 -
~1 1-6
1Dul - g,y < exp(CK) (r1Dullzgs, ) ) 1Dullpzy 70
Since |Du| ~ |Vul, then an application of Lemma shows that

~ g4
||D”||L2(B,/2) < (1 +r "K2> el =3,
Dulla s,y < (14K [l =3, < %

where we have applied (6) in the second inequality. Upon setting s; = 6/5 in and using the
bounds established above, we have

0
1Vl o g, o) < xP(CK) (" 1l (s,)) )

To complete the proof, we need to bound the left-hand side from below using the assumption that
||| (p,) = 1. We repeat the argument from [13] here. Since B, C Q1, this assumption implies
that there exists zo € Q such that |u (z9)| > 1. Without loss of generality, we assume that u (z9) > 1.
Since u is real-valued, then for any a > 0, we have that either u(z) > a for all z € Qg /5, OF there
exists z1 € Qg5 such that u(z;) < a. If the second case holds, then we see that u(z) < a, while
u(zp) > 1. If we set a = exp (—K) then it follows that

1
) 2 lu(z0) —u(zn) | 21— exp(~K) 2 5.
Combining this bound with and rearranging leads to the proof of the theorem. If we are in the
former case, then u(z) > a for all z € Qg5 and the conclusion of the theorem is obviously satisfied.
The proof of the Theorem [3|(a) is now complete.

CHVMHLW(Q()/S

7.2. The case of g =2. When g =2, ® € L* (By) with ||0||;2(5,) < CK. As

L[ o)
hiz) =Tw(z)=— [ —2dE,

@=ToE =1 [ 2=

we have that
||h’|wl-,2(3d) = ||h”L2(Bd) + ||Vh||L2(Bd) <CK.
Since we do not have Tw € L™ for @ € L2, we again use the result from [14] described in
Lemma [I5] Following the arguments in the proof of Theorem [T} we see that (55) holds with
f =Duexp(—h). That s,
1-6

(o) =€ (r—z ‘ ‘514 exp (—h) ‘ (Ll (Br/z)) ’ (‘ ‘5u exp (—h)‘ ‘Ll (3,3)) ,
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where r/4=p (s/4),r»=p (s2) and r3 € (r2,p (7/5)) issuch that r3—rp ~ land p (7/5) —r3 ~ 1.
Then an application of Lemmas [5|and [T5]shows that

< r2/
L! (B,/2> B,

1/2 1/2
<cr! </ |Vu]2) (7[ exp(2|h\))
Br/2 Br/2

< G K O+ CK) (14K e,
<r “Fexp (CK?) el (5,

r2 ) ‘13u exp (—h)‘ Du

exp (|A])

and
A 2 2
| Duexp(-n)]| (5, = P (CF) 1=, ) < Mexp (CK),
where we have used the upper bound on u. Similarly, we see that with s; = 6/5 and
b=0(6/5), (72)
we have

L[Vl (s) < [Vulliz o)) SCHﬁ“Hm ) =C|[Duexp ()| yllexe il )

05, L=(0s,

< exp(CK?) HIN)u exp (—h)‘

L=(0y))

Combining the inequalities above and simplifying shows that

2
HMHL‘X’(B,‘) > rCKexp (-W) > rC(logMJrK?)‘

8. THE PROOF OF THEOREM

8.1. The case of A = I, g = . We first consider case (a) of Theorem4] Let u be a solution to (3)
with A = I. The first step is to prove that there exists a positive solution to the equation

—Ap+ (W +Wa) - Vo4 (V—-W;- W) ¢ =0 (73)
in By /5. Let 1 be some constant to be determined and set
01 (x,) = exp (11).
Then by the bounds on Wi, W, and V, we see that
—A1+ (Wi +Wa) - Vo + (V=W - Wa) 91 < (-0 +2Kn +2K?) ¢y.

If n = 3K, then ¢; is a subsolution. Now define ¢, = exp (6K) so that ¢, > ¢, on Bys. Since
V—W;-Wy >0, then =A@, + (W + W) -V + (V—W;-W,) ¢ > 0, so ¢, is a supersolution. It
follows that there exists a positive solution ¢ to such that

exp(—C1K) < ¢ (z) <exp(C1K) forall z € Bys. (74)
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u
Define v = — and observe that

Vit Wi uV
div(vwrwlv):div[ ut e u ¢]

6 92

div(Vu+Wi) uAd  uW,-Vo _Vu-Vo _u|Ve[*
- YRl 7 24 T2 43
¢ ¢ o ¢ ¢
\% \%
= (W2—2—¢> -Vv+ (Wl -Wo —2W - —(P) V.
¢ ¢
Therefore,
\% \%
div(Vv+Wv) + W - Vv + ‘W]‘zvz (W] +W2—27¢) -Vv+ (|W1’2—|-W1 Wy —2W; - %) %

=Ws-(Vv+Wpv),

where W3 =W, + W, — 2%. Define the operators

D = 0 +idy+ Wi +iWy
D =0, —idy+ Wi —iWia,
where W) = (W1, Wp5). Then
Dv = dwv —idyv+Wyv—iWiov
DDv = (0y +idy + Wi1 + iW12) (9yv — idyv + Wi1v — iWj2v)
= JpxV — i0xyV + I (W11v) — idx (Wi2v) +i0yv + Oy v +i0y, (W11 v) + 9y (Wi2v)
+Wi10v —iW1dyv+ (W11)2 v—iW Wigv + iWi20cv + Windyv + iW Wiy + (W12)2 v
= div (Vv +Wv) + Wi - Vo + Wi |2y +i (9,W1) — . Wia) v.
Since we have assumed that the scalar curl of W; vanishes weakly, then
DDv = div (Vv+Wv) +W; - Vv + Wi |*v
If we let Z = L [Ws; + iWsy + (Wa; — iWs,) B } then
ZDv =Ws- (Vv +Wv).
Therefore, with w = Dv, we have Dw = Zw, or ow + aw = 0 where @ = Wi +iWi — Z, so that

0 (eT(a)w> =0.

As shown in Lemma 3.1 of [13], for example, ||Vlog(p||Lw<B7/ )< < CK so that ||OC||L°°( ) S <CK
and ||T (o], (By/5) < CK. Now we apply the Hadamard three-circle theorem in comblnatlon with

Lz(Br/z)) 9 ’

an interior estimate to e (®)w to conclude that

| Tl S
(Bs/s)

L2(Bys) (r_l HeT(a)W’
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where 0 = log (%) /log ( ) Rearranging and using the bound on T (o), we see that

HWHLM( ) < exp(CK) HWH ( 5) (ril HWHLz(Br/z)>9

Since |w| =
imply that
125, ) < X0 (CK) [l 1z,
#ll2(s, ) < exp(CK).
Therefore,

0915 ) < 50 (CK) (7 ullpoga) as)
6/5) L(Br)

Now we need to use (7)) to bound the left-hand side. Recall that w = (Jxv + Wi v) —i (dyv + Wiav).
Since W is assumed to be weakly curl-free, the function ® given by

D(x,y) = /XWH (t,y)dH—/lez (0,s)ds

satisfies V& = W;. Moreover, for any Q C Bys, ||P|[=(q) < C||W1||Lw( 5) < CK. Using this

representatlon of Wy, we see that
w= (v +Wiv) —i(dyv+Wiav) = (v + o Pv) — i (dyv + d,Dv)

= ® [8x (eq)v) —id, (eq)v)} )
Since v and P are real-valued, [w| ~ e~ |V (¢®v)] so that ||w)| |Lw(

To bound HV(e V)HLW

bound on u given in 1mplies that there exists zop € B; such that |u(zp)| > 1. Without loss of
generality, we assume that u(z0) > 1. Since u is real-valued, then for any a > 0, we have that
either u(z) > a for all z € By s, or there exists z; € Bgs such that u(z1) < a. If the second case
holds, then we see that u (z;) < a so that by and the bound on ®, e®v (z;) < aexp (CK), while
u(z0) > 1 so that e®v (z9) > exp (—CK). If we set a = + exp (—2CK), then

Bg/s) e CKHV(e V)HL"" (Bgss)"

By s) from below, we again repeat the argument from [13]. The lower

1
CHV (e™v HLN Bq)5) 2 ’eq)v(z())—ecpv(zl)} 2exp(—CK)—Eexp(—ZCK)exp(CK)
1
> zexp(—CK).

It follows that |[w/]; .. (Bojs) = e~CK_ Substituting this bound into and rearranging leads to the
proof of the theorem. If we are in the former case, then u(z) > a for all z € Qg5 and the conclusion
of the theorem is obviously satisfied.
8.2. The case of W,,V = 0. If W,,V =0, then equation (3] reduces to

—div (AVu+Wu) =0.

B ~ ~ a» (y,—x —ap (y,—x
Define (x.y) = 1, ~x). Wi (x.y) = Wi (1 =) and Axy) = | 20570 e )

Since (T) implies that ETA (x,y) & > A |€ | for every (x,y) € B and & € R?, then upon replacing
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E=(&,&)" with (&, &1 )T, it is clear that A is also uniformly elliptic. The other conditions on
A are clearly inherited for A. Since div (AVii) = div (AVu) (y, —x) and, by the curl-free condition,

W, - Vii = div (W) (v, —x) then the PDE further reduces to
—div (AVa) —W; - Vi = 0.

An application of Theorem [3|leads to the proof of Theorem [ for case (b).

9. UNIQUE CONTINUATION AT INFINITY ESTIMATES
We follow the scaling approach of Bourgain and Kenig from [3]] to show how Theorems 3] [6|and
follow from Theorems [2] [3] and ] respectively.

9.1. The proof of Theorem |5, Let u be a solution to () in R?. Choose zo € R? so that |zo| = bR.
Define ug(z) = u(zo + Rz), Ar (z) = A (z0 + Rz), Wr (z) = RW (20 + Rz). Notice that for any r > 0,

1 1
q q
IWrl| (8, (0)) = (/B (0)|WR(Z)!qu> = (/B o !RW(Z0+RZ)|qu)

i _2
(/ (O)|W(ZO+RZ)!qd(RZ)) = R IWIlLa(8, )

QN

_R!

2
Therefore, |[Wg||1q(5,(0)) < aR' 4. As

—div[Ag (z) Vug (2) + Wr () ur (2)]
= R*{—div[A (20 + Rz) Vu(z0 + Rz) + W (z0 + Rz) u (20 + Rz)]} = 0,

then ug satisfies a scaled version of (9)) in B;. By assumption (13,
1-2 1-2

urllz=8,) =l 1=(B4p(z0)) < €XP [Cl (b+d) <R "] :

A 2
Thus, if we choose ¢ > C; (b+d)' 4 /a, then

A 1l
gl (5, < exp (CaR' 7). (76)

Note that for 7p := —%0, we have |zg| = b and then implies that |ug(zo)| = |u(0)| > 1, so that

||ug|f=5,) = 1. 77

Assuming that R is sufficiently large so that 1/R is sufficiently small, we apply Theorem a) to
2 A
ug with K = oR' 7 and Co =C to get

1—

QN

_2
o) = (3,0 > (1/RI " = exp (~Car'“Tlogk).

where C depends on A, A, g, and C.
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9.2. The proof of Theorem |6 Let u be a solution to (TT) in R2. Choose zg € R? so that |zo| = bR
and define ug, Ag and Wy as above. As before, ||Wg| |Lq(Bd(0)) < aRl_%. Since

—div[Ag (z) Vug (2)] +Wr (2) - Vug (z)

= R?{—div[A (z0 + Rz) Vu (20 + Rz)] +W (20 + Rz) - Vu (20 + Rz) } = 0,
then ug satisfies a scaled version of in By.

If ¢ > 2, then as above, (13]) implies that holds with € > Cy (b + d)l_% /o and (14)) implies

that also holds. Assuming that R is sufficiently large, Theorem [3(a) applied to ug with K =
OCRF% and Cy = C shows that

1—2
Hl/t| |L°°(Bl(20)) Z exXp (—COCR q 10gR> y

where C depends on A, A, U, g, and C.
If g =2, then ||uR||L°°(Bd) = ||u||Lm(BdR(Z0)) < [(b+d)R]™ so we take M = [(b+d)R]". With
- 20

W=7 |20| = b and then for R sufficiently large so that (b —b) R > b, we see that

IVurll 2 (5,) = IVull 2, ) 2 [Vellizs,) 2 1
Now we apply Theorem [3(b) with K = o and M = [(b+d) R]" to get
C(mlog[(b+d)R]+a? 2
Il ) = el ) > (/RIS > exp [ (g Ry
where C depends on A, A, 1, a, and m.

9.3. The proof of Theorem [7, We first consider the case where A =1 and g = . Let u be a
solution to — div (Vu+Wiu) + W, - Vu+Vu = 0 in R%. Choose z9 € R? so that |z9| = R, define
ug as above, and set Wi g (z) = RW; (z0 +Rz) for i = 1,2 and Vg (z) = R*V (z0 + Rz). We have

[IWikll (5, () < R for i = 1,2 and |IVell = 5, . oy) < G0R*. Since

—div[Vug (z) + Wi g (z) ur (2)] + Wa.r (2) - Vur (z) + Vi (2) ur (z) = 0,

then ug satisfies a scaled version of the equation in Bg/s. Let o = max{ay, 02,/0o}. As above,
(T3) implies that (76) holds with C > 3C;/a, d = £ and g = o, while ([4) implies that (77) also
holds with b = 1. Assuming that R is sufficiently large, Theorem [d{(a) applied to ug with K = aR
and Cy = C shows that

||u||L°°(Bl(Z0)) > exp(—CaRlogR),

where C depends on C.
For the cases where g < 0 and W,,V = 0, the reduction described in Section 3.2 allows us to
reduce to the setting described by Theorem[6] and the result is immediate.

APPENDIX A. MAXIMUM PRINCIPLE

Here we prove the maximum principle that is used in the proof of Lemma @, In particular, we
generalize some of the standard theorems from Chapter 8 of [9] to extend to elliptic operators with
singular lower order terms. To this end, we employ roughly the same techniques, but with applica-

tions of Holder and Sobolev inequalities to accommodate for the unbounded potential functions.
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We assume that Q C R? is open, connected and bounded with a C! boundary. Assume that A
satisfies (I)) and (2)), while W € L% (B;), W, € L% (By), and V € L? (B,) for some ¢1,q> € (2,00],
p € (1,00]. Define

L% = —div (ATV+HWs) + W, -V + V.
Theorem 9 (cf. Theorem 8.1 in [9]). Let u € W2 (Q) weakly satisfy Z*u <0 in Q. Assume that
() holds. Then

supu < supu™.
Q 2Q
Proof. Letv € WOI’2 (Q) be a non-negative function for which uv > 0 in Q. Slnce 7 > 2, then
the Sobolev inequality implies that u,v € Lﬁ (Q). The Holder 1nequahty gives that uv e LV (Q).

As 2‘1’1 > 2 for each i, the Sobolev inequality implies that u,v € qu (Q) and we may similarly
conclude that uv € L% (). Note that D (uv) = Duv +uDv. Another application of the Holder
inequality in combination with the boundary information implies uv € WO1 d Q)N WO1 & Q)N
L’ (Q), so we may use it as a test function. Since -Z*u < 0, it follows from the definition that

/ATVwVv—l—qu'Vv—i—W] Vuv+Vuv <0.
Q
Rearranging and using (), we see that
/ATVu-Vv+(W1 —Ws)-Vuv < —/ Vuv+W,-V(uv) <0.
Q Q

Therefore,

1
/ATVM VV</(W2_W1) Vuv<ZHWHqu </ \Vuv‘%) l.
Q Q

In the case where |[Wi |14 () =0 and [[Wa| 4y () = 0, set/ = suput and define v=max {u —1,0} =
aQ

(u— l)+. The conclusion is then immediate. Otherwise, choose k so that [ < k < supu and set
Q

v = (u—k)*. (If no such k exists, then we are finished.) We have that v € WO1 2 (Q) and

Du u>k
Dv_{O u<k.

It follows from the last line of inequalities that

2 &
1\ 4
/ATVv-Vv < Z ||W','||Lq,»(9) (/ |va‘%)
Q i=1 T

where I' = suppDv C suppv. The ellipticity condition in combination with a Holder inequality
then gives that

2
1
1DV[F2 ) < A7 IDVII 20y Y Wil iy V] 20,
= L%~2(T)
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or

L4i

2
1DVl 2y < A7 Y NIWill oy [IVI] 20
i—=1 i—2(I)

Now we apply the Sobolev inequality with some 2* > max {%, %} > 2 and the Holder in-
equality to see that

2 w1
Clvll 2+ @) < 1DVl 20y < A7 V12 (@) Yo [IWill oy Isupp D] 252"
i=1

4212
In particular, with Q > 0 chosen so that max { |suppDv| 24 ¥ } = |suppDv
i=1

1
CA ¢
|supp Dv| > :
Wil a1 (@) + W2l Lo

0

Since this inequality is independent of k, it also holds as k tends to supu. This means that the
Q
function u must attain its supremum in Q on a set of positive measure, where at the same time

Du = 0. This contradiction implies that supu < [, as required. 0
Q

APPENDIX B. GREEN’S FUNCTIONS

The purpose of this appendix is to establish a representation formula for solutions to non-
homogeneous uniformly elliptic equations with vanishing Dirichlet boundary data. To this end,
we mimic the main technique presented in [4]], which is based on the ideas in [[12] and [10]]. Since
we only require such results for reasonably nice, bounded domains (balls), we assume throughout
that Q C R? is open, bounded, and connected. Finally, we point out that the bounds given for
the Green’s functions are not sharp. As is well known, pointwise logarithmic bounds for Green’s
functions in the plane are the best possible. However, since we work using the methods of [10],
[12]], and [4], and seek integrability properties for the Green’s function instead of sharp pointwise
bounds, our estimates will have power bounds.

We consider second-order, uniformly elliptic, bounded operators of divergence form with one
first order term. We use coercivity, the Caccioppoli inequality, and De Giorgi-Nash-Moser theory
to establish existence, uniqueness, and a priori estimates for the Dirichlet Green’s functions.

Notation and properties of solutions. Let Q C R? be open, bounded, and connected. In contrast
to the main body of the article where we use the notation z = (x,y) to denote a point in R?, here
we let x, y, etc. denote points in R.

For any x € Q, r > 0, we define Q,(x) := QN B,(x) and £, (x) := dQNB, (x). Let C° (Q) denote
the set of all infinitely differentiable functions with compact support in .

For future reference, we mention that for Q,U C R? open and connected, the assumption

uew2(Q), u=00onUNJQ,
is always meant in the weak sense of

ueW'2(Q) and ué € W, *(Q) for any & € C(U). (B.1)
38



This definition of (weakly) vanishing on the boundary is independent of the choice of U. Indeed,
suppose V is another open and connected subset of R? such that VN dQ = UNIQ and let & €
CZ (V). Choose w € C* (U NV) such that 0 < y < 1 and y = 1 on the support of £ in some neigh-
borhood of the boundary. Then & (1 — ) |q € C (Q), so that u (1 — w) € W, (Q). Additionally,
EyeCr(U), soby (B.I), uby € WOI’2 (Q). Therefore, u§ = uEy+ué (1—y) € Wol’2 (Q), as
desired.

LetA = (ai j)?j:] be bounded, measurable coefficients defined on Q2. We assume that A satisfies
an ellipticity condition described by (I)) and the boundedness assumption given in (2). Choose
W e L1(Q) for some g € (2,°0] so that (5]) holds with ¢; = g. The non-homogeneous second-order

operator 1s

L=—div(AV)+W.V (B.2)
and the adjoint operator to Lis given by

L = —div(ATV+W). (B.3)

All operators are understood in the sense of distributions on Q. Specifically, for every u € W12 (Q)
and v € C” (Q), we use the naturally associated bilinear form and write the action of the functional
Luonv as

(Lu,v) = Bu,V] :/AVu-Vv+W-Vuv. (B.4)
Q

It is not hard to check that for such u,v and for the coefficients as described above, the bilinear
form above is well-defined and finite. Similarly, B* [-, -] denotes the bilinear operator associated to
L*, given by

(L*u,v) = B [u,v] = /ATVM-Vv+Wu-Vv. (B.5)
Clearly,
Blv,u] = B*[u,v]. (B.6)

For any distribution F = (f,G) on Q and u as above, we always understand Lu=F on Q in the
weak sense, that is, as B[u,v] = F(v) for all v € C°(Q). Typically f and G will be elements of

some L (Q) spaces, so the action of F on v is then simply / fv+ G- Dv. The identity L*u = F is
interpreted similarly.
Remark. Assumption (2) and that W € L7(Q), g > 2, in combination with Holder and Sobolev
inequalities imply that there exists A > 0 so that for every u,v € WO1 2 (Q),
B[, < Allullyioy [ IVllwi 2y - (B.7)
Since () holds, then (I]) and the Poincaré inequality implies that there exists y > 0 so that for every
ue Wy’ (Q)
Bluu) > y[Julfj1(q) - (B.8)
Now we describe the important properties of solutions to either Lu =0 or Lu = F that will

be employed in the constructions below. We will use the following version of Moser (boundary)

boundedness.
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Lemma 18. [4, Lemma 5.1] Let Q C R? be open and connected. Let u € W2 (Qog) satisfy u =0
along o. Let f € LY (Qg) for some £ € (1,%), G € L (Qg) for some m € (2,0] and assume that
Lu < —divG + f in Qg weakly in the sense that for any ¢ € Wol’2 (Qg) such that @ > 0 in Qg, we
have

B[u7<p]§/G~V<p+f<p.
Then u" € L3, (Qg) and for any r <R, s >0,

C
supu’ <

pian + 6 [R T on +R# 1Gllmay |- B9
Q (R—I’)

| lu”

where C =C (q,s,ﬂ,m, 7, A, ||W| ]Lq(QR)) and cg depends only on s. Note that all of the constants
are independent of R.

Remark. Because of assumption (3], the conclusion of Lemma also holds for the operator L*.
The following Caccioppoli inequality will be used in our constructions.

Lemma 19. [4, Lemma 4.1] If u € Wol’2 (Q) is a weak solution to Lu = 0 in Q and { € C*(R?),
then

/ DU’ <c / ul|DER, (B.10)

where C is a constant that depends on y, A, q, ||W|| 1a(q) but C is independent of the sets on which
§ and DE are supported.

We also rely on a lemma regarding the Holder continuity of solutions.

Lemma 20. [4, Lemma 6.6] Let u € W'? (Bag,) be a solution in the sense that B [u, ¢| = 0 for any
Qe Wol’2 (BR,)- Then there exists 1 € (0, 1), such that for any R < Ry, if x,y € Bg/>

Iu(x)—u(y)\SCRO<‘x;y|>n<]iR\u|2*)2L. (B.11)

Green’s functions. This subsection resembles the work done in [12]] and [4]. We use the prop-
erties of our operator as well as the properties of solutions to Lu=TF or L*u = F described above
to establish existence, uniqueness, and a collection of a priori estimates for the Dirichlet Green’s
function associated to Q C R?. We follow closely the arguments in [12] and [4], adapting to n = 2.
As previously mentioned, our estimates are not sharp since we do not obtain logarithmic bounds
for the Green’s functions.

First, we clarify the meaning of the Green’s function.

Definition 5. Let Q be an open, connected, bounded subset of R>. We say that the function T (x,y)
defined on the set {(x,y) € Qx Q:x#y} is the Green’s function of L if it satisfies the following
properties:
1) I'(-,y) is locally integrable and LF -, y) = Oyl for all y € Q in the sense that for every
¢ € CT(Q),
B[F(-,y),(])]:q)(y). (B.12)
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2) Forally € Qandr>0,T(-,y) € W2 (Q\ Q. (y)). In addition, T'(-,y) vanishes on < in
the sense that for every § € C° (Q) satisfying § = 1 on B,(y) for some r > 0, we have

(1= 0)T(.y) € Wy (Q\ (). (B.13)
3) For some £y € (1,00] and mg € (2,00], and any f € L (Q), G € L (Q), the function u
given by
1) = [ [FG3) )+ DT (1) G ) d (B.14)
belongs to WOL2 (Q) and satisfies Lu= f—divG in the sense that for every ¢ € Cr(Q),
Blu,¢] = / f0+G-Do. (B.15)
Q

We say that the function T (x,y) is the continuous Green’s function if it satisfies the conditions
above and is also continuous.

We show here that there is at most one Green’s function. In general, we mean uniqueness in the
sense of Lebesgue, i.e. almost everywhere uniqueness. However, when we refer to the continuous
Green’s function, we mean true pointwise equivalence.

Assume that I" and I are Green’s functions satisfying Definition 5| Then, for all f € L= (Q), the
functions u and u given by

ww:Lrwwﬂmm,mw:AFwwﬂmw
satisfy
L'(u—)=0 inQ

andu—u € WO1 ’2(Q). By uniqueness of solutions ensured by the Lax-Milgram lemma, u —u = 0.
Thus, for a.e. x € Q,

/ [l"(x, y) —T(x, y)] fx)dx=0, YfeL Q).
Q

Therefore, [ =T a.e. in {x#y}. If we further assume that I" and I are continuous Green’s
functions, then we conclude that ' =T in {x # y}.

Theorem 10. Let Q be an open, connected, bounded subset of R?. Then there exists a unique con-
tinuous Green’s function T'(x,y), defined in {x,y € Q,x # y}, that satisfies Definition |5| We have
[(x,y) = I (y,x), where T'* is the unique continuous Green’s function associated to L*. Further-
more, T(x,y) satisfies the following estimates:

TG wz @, o) T @) wiz@ua,e) <€ % Vr>0, (B.16)
TG s, ) F 1T G ) s, ) < Cor¢t5,  ¥r>0, Vsell,), (B.17)
DT ()l + IPT (@I, ) S Cor 845, Wr>0, Wse[l,2),  (B.1S)
{xeQ:|D(xy)| >t} +{yeQ: |TC(xy)| >t} <Ct ¢,  Vr>0, (B.19)
{xeQ: DT (x,y)| > t}+|[{yeQ: DT (x,y)| > e} <CrTe,  Ve>0, (B.20)
IC(xy)| <Clx—y|™®  Vx#y, (B.21)
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where in each case, € > 0 is some arbitrarily small number that may vary from line to line. More-
over, each constant depends on 7y, A, €, and the constants from and (B.10), and each Cy
depends additionally on s. Moreover, for any 0 < R < Ry,

_ n
T (x,y) =T (z,y)] SCROC(|XRZ|> R, (B.22)

whenever |x —z| < % and

_ n
) Tl < e (27) w0 (B.23)
whenever |y —z| < &, where Cr, and 1 = 1(Ry) are the same as in (B-T1).
Proof of Theorem Letu e WO1 2 (Q). Fix y € Q, p > 0, and consider the linear functional

ur— u.
By »)

By the Holder inequality and Sobolev embedding with 2* € (2,00),

£t [ s oon ™ (1) <cmor ([ o)
u < —— ul < y u <c y u
Bp(y) ‘Bp (Y)\ By () P Q P Q

_2
<Cp > [ullyr2(q)- (B.24)
Therefore, the functional is bounded on WO1 2 (Q), and by the Lax-Milgram theorem there exists a
unique I? =T% =TP (-,y) € WOI’2 (Q) satisfying

1

B[, 4] :][ u, Yuew'?(Q). (B.25)
Bp |BP ‘ Bp y)

By the coercivity of A given by (B.§ along with (B.24), we obtain,

foo™
By ™)

IDIP|| 120y < Cp~° (B.26)

For some ¢y € (1,00] and mg € (2,0], let f € Le0 (Q) and G € L' (Q). For any ¢ € (1,4p] and
any m € (1,my], it is clear that that f € L’ (Q) and G € L™ (Q) since Q is bounded. Consider the
linear functionals

_2
’}/HFPHW12 <B[1"P Fp] S CP 2z Hrprl,2(Q)

so that for any € € (0,1),

The first functional is bounded on WO1 2 (Q) since for every w € WO1 2 (Q) and every £ € (1,4),

o

11 11
< £l ecay Il 2+ (@ Isupp 17277 < | £l ey Isupp 1127 |IDW]] 20y, (B27)
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where we have again used Sobolev embedding with some 2* € (2,e0). Similarly, we see that the
second functional is also bounded on WO1 2 (Q) since for every m € (2,my)

60| < Gy lsupp It Dl (B.25)
Once again, by Lax-Milgram, we obtain u;,u; € Wol’2 (Q) such that
B* [u1,w] :/wa, YweWw,”(Q) (B.29)
and
B [uz,w] = /QG~DW, Ywew,”(Q). (B.30)

Set w = u in (B.29) and use the coercivity assumption, (B.8)), for B* along with (B.27) to get

1

11
1Du]| 20 < ClIfllv(a Isuppfl1 1 (B.31)
With w = u in (B.30), we similarly obtain from (B.28]) that

1_1

[Dus|[12(q) < CI|Gl|mq) [suppG|> . (B.32)
Also, if we take w =I'? in (B.29) and (B.30), we get
/fl“p:B*[ul,Fp] :B[Fp,ul]:][ u, (B.33)
Q Bp(y)
and
/ G-DIP = B'[uy, ] = B[®, ] :][ . (B.34)
Q By(y)

In particular, with u := u; +uy, we see that

/pr +G-DI? :][ n (B.35)
Q Bp(}’)

Now assume that f and G are supported in Q,(y), for some r > 0. Let uj,u; be as in (B.29),
(B.30)), respectively. Since uy,us € WOI’2 (Q), then uy,uy € W2 (Qy,) and uy,uy = 0 on X, so that
Lemma(18]is applicable. Then, by with some s = 2% € (2, )

aall3-a, ) <€ (7% bl o) + 7~ 11 ()
and

|’M2||im(gr/2(y)) <C (r_"’i* ||M2||iz*(g,(y)) +r27n HGH%M(Q,(y))) :
By Sobolev embedding and with supp f C Q, (y),

2 2 2 2 2-2-2 4_d 4
||u1||L2*(Qr(y)) < ||u1’|L2*(g) < C||Du1||L2(Q) < C||f||M(Q) 1Q, ()’)| t<Crm e Hf||Lf

I\)

Combining the previous two inequalities for u;, we see that

2 A 2
haaliFeq, o) <€ (14777 ) = 11l
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For any ¢ € (1, /)], choose 2* € (2,0) so that 2% <1- %. Since € is bounded, then so too is r, and
we have

_2_ 4 2 4
lutlli=(a, L) < i | fllpe) = €77 T (| fllsa, ) - (B.36)
Mimicking the argument with uy, G and (B.32)), we see that
2 A\ 24 2
23+, ) < C (1477 ) P16l )

Now for any m € (2,my], choose 2* € (2 o) so that 2—2* <1- % and we conclude that

_2_2
) SCrT 2*HGHLm =Cr'"n |Gl | ) - (B.37)

By (B.33) and (B.36), if p < r/2, we have that for every ¢ € (1, 4],

/Qr(y)frp - '/erp

By duality, since we can take ¢ = oo, this implies that for r > 0,

HquLw(Q

_2_4
SJ[B o Pl = lhello=o, o < Hlirle=co, ) <P | fll a0
pY

Tl < Cre ¢, forallp < g Vs € [1,00). (B.38)
We similarly conclude that
DIl g, SCr' 78, forallp <2, Vsell,2). (B.39)
Ls( p 2

Note that in both cases, € € (O, 1) is chosen so that the power on r is positive.

Fix x # y and set r := 3|x—y|. For p <r/2, I? is a weak solution to LI'* = 0 in Q, /4(x).
Moreover, since I'? € W, (Q), then TP € W2 (Q,/2(x)) and TP = 0 on X, 5 (x), so we may use
Lemma I8 Thus, applying (B.9) and (B.38) with s = 1, we get for a.e. x € Q as above,

()] < Cr2IPlq, ) <O 2P lg 0 SCreémlv—yl e (BAO)

r/4
Now, for any r > 0 and p < r/2, let { be a cut-off function such that

CeC?(R"), 0<C0<1, C=loutsideB,(y), {=0inB,;(y), and |D{|<C/r. (B.41)
Then the Caccioppoli inequality of Lemma [[9]implies that

/ ¢ |Dref < C/ IDEP PP < Cr—2/ PR Yp<l.  (B42)
Q 0 Q0\Q () 2
Combining (B.42)) and (B.40), we have for all » > 0 and { as above,
[y <2 [ gorep 2 [ pgRiep
@ @ @ (B.43)

< Cr‘z/ PR<cr®, Yp< i
D\, 2 () 2

It follows from Sobolev embedding with arbitrary 2* € (2,00) and (B.43)) that for r > 0,

2*

* * 7 *
[ s [ jerep s(/ rD<ch>|2) <cr?e wp<l
Q\Q,(y) Q ) 2
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On the other hand, if p > 7, then implies that

*

2
* * 2 %
/ e g/ "k gc(/ yDrP|2> <or e
Q\Q(y) Q Q

Therefore, combining the previous two results, we have that for any € € (0, 1)

/ P12 <cr ¢, Vrp>o0. (B.44)
Q\Qr(Y)

2*
Forany € € (0,1),2* € (2,00), fix 7> 0. Let A, ={x € Q: |I?| > 7} and set r = T~ 2+2%. Then,
using (B.44), we see that if p > 0,

AR O) <7 / " )|rp|2* N S . -
A\Q(y

Since |[A;NQ,(y)| < |Q,(y)| < Cr? = CT_ﬁTg‘S, we have
{xeQ:|P(x)| > 1} <Cr 7% ¥p >0 (B.45)
Fix r > 0 and let § be as in (B.41). Then gives

VAN
l\.).l ~N

/ DIPE<Cr Yrs0, Vp
Q\Q,(y)
Now, if p > 7, we have from (B.26)) that

/ IDIP|* < / IDIP|> < Cp~2¢ < Cr 2.
Q\Q,(y) Q
Combining the previous two results yields

/ IDTP|> <Cr %, Vrp>0. (B.46)
Q\Qr(y)

Fix 1> 0. Let A; = {x € Q: |[DI'’| > 7} and set r = T T4, Then, using (B.46), we see that if
p>0,

AN\Q () <772 / IDIP|? < Cr 2 2% = C1 Tie.
A2 ()

Since |A; N Q,(y)| < Cr? = Ct~ %, then
{xeQ:|DIP(x)| > T}|<CT e VYp >0. (B.47)
For any 0 > 0 and s > 0, we have

/ IDIP|* < 6% |Q,(y)| + / IDIP|’.
Q) N {|pr?|>0}



By (B.47), for s € (O,H%) and p > 0,

/ |DFP|“:/ v [{|DI?| > max {7, 0}}|de
{|pIP|>0} 0

- ° s—1 - s—1—12 § P
< Co T+ st dt+C ST redt=C|1— 3 o’ Tte,
0 o S— 1%

1+€)

Therefore, taking ¢ = r( , we conclude that

/ IDIP S < Cr*TeT2 0 wrp >0, Vse (0,1%). (B.48)
Q(y)
Now we repeat the process for I'?, using in place of (B.47). For any ¢ > 0 and s > 0, we
have
| oerseiaosf e
Q,(y) {IrP|>0}
By (B.45)), for s € (O, 23;—22*8> and p > 0,
/ TP = / st H{|TP| > max {7,0}}|dT
{IrP|>0c} 0

% (o) el *
_ 2% —1 122
< Co ?2+2% st dt+C ST 2¥e dtT
0 fo]

Ky 2%2

=Cll—- —m G“m'
G 22
242%¢

Taking 0 = r_zz# , we conclude that
/ ( )\rpy“‘ <CrHF2 Wrp >0, Vse (0,%). (B.49)
Q(y
Fix s € [1,2) and § € [1,00). There exists € € (0,1) and 2* € (2,00) so that s < IJ%S and § < %
It follows from (B.48)) and (B.49) that for any r > 0
HFPHWIS(Qr(y)) S C(r) and HrpHLf(Qr(y)) S C(r) unlformly ln p (BSO)

Therefore, (using diagonalization) we can show that there exists a sequence {Pu }::1 tending to 0
and a function I' =T'y =TI'(-,y) such that
Pe ~T inW"(Q,(y)) and in L° (Q, (v)), for all > 0. (B.51)

Furthermore, for fixed ry < r, and and that Q is bounded imply uniform bounds
on I'Pu in W12 (Q\ Q,, (y)) for small p,. Thus, there exists a subsequence of {p, } (which we

will not rename) and a function I' =T"y, =T"(-,y) such that
Pe =T in W2 (Q\Q, ().

Since =T on Q, (y) \Q,, (v), we can extend I" to the entire Q by setting I" = T on Q\ Q,(y). For

ease of notation, we call the extended function I". Applying the diagonalization process again, we
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conclude that there exists a sequence p;, — 0 and a function I" on Q such that for every s € [1,2)
and § € [1,00),
P ~T in W' (Q,(y)) and in LS (Q, (v)), (B.52)
and
e —~T inWh2(Q\Q, (), (B.53)
forall0 <rg<r.

Let ¢ € C(Q) and r > 0. Choose n € C°(B,(y)) to be a cutoff function so that 7 = 1 in
B,/>(y). We write ¢ =n¢ + (1 —1)¢. By (B.25) and the definition of B,

lim n¢ = lim B[IY* n¢] = lim | AVIY* -V (no)+W - VIt ne.

Note that ¢ and D (n¢) belong to C;° (L, (y)). From this and the boundedness of A given by
([2), it follows that there exists a s’ > 2 such that each g;;D; (n¢) belongs to LF (Q,(y)). Since
W € L1(Q) for some g € (2,c0|, then Wn¢ € L(Q,(y)). Therefore, by (B.52),

lim ng =/AVFy-V<n¢>+W-VFyn¢ = B[Ty, 9], (B.54)
H=ree BP/J(y) Q

Another application of (B.25) shows that

lim 1—m)¢ = lim [ AVI}* -V[(1—-1)¢]+W- VIV (1-7)¢.

Jim Bp”(y)( mé = lim | AVL-VI(1=m)¢] v (1=m)¢
Since ¢ € C° () and € C7 (B, (y)), then (1 —n) ¢ and D[(1 —n) ¢] belong to C*(Q\ B,/ (v)).
In combination with (2)), this implies that each a;;D; [(1 — 17) ¢] belongs to L* (Q\ B, /2 (y)). Holder’s

inequality and that Q is bounded implies that W (1 — 1) ¢ belongs to L? (Q\B, /2 (y)) as well.
Therefore, it follows from (B.53]) that

Jim, (1—n)¢z/AVFy-V[(l—nWHW-VFy(l—n)¢=B[Fy,(1—n>¢]- (B.55)
Bpp()’) Q

Upon combining (B.54) and (B.55)), we see that for any ¢ € C:° (Q),

¢ (y) = lim ¢ = lim n¢ + lim (1-m¢
Hree pr ) H=ree pr ) Hvee BPu »)

= B[F%nq)] +B[Fy7 (1 - T[) ¢] = B[FM(P]
That is, for any ¢ € C° (Q),
B[y, 0] =9 (v)

and I satisfies property in the definition of the Green’s function.

As before, for £y € (1,00 and mg € (2,00], we take f € L (Q), G € L' (Q) and let uj,up €

WOI’ (Q) be the unique weak solutions to L*u; = f and L*uy = —divG. That is, u; and uy €

2
WOI’2 (Q) satisty (B.29) and (B.30), respectively, so that with u := uj + uy,

B*[u,w]:/wf+Dw~G, VWGWOI’z(Q).
Q
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Then for a.e. y € Q,

u(y) = lim u= lim B [r’y’“, } — lim B*[ r”“] — lim [ TP f+DIP%.G (B.56)

where we have used - (B.35).
Let 1 € C7 (B, (y)) be as defined in the previous paragraph. Then nf € L (B, (y)). Since Q

is bounded, then f € L (Q) for some ¢ € (1,2) and it follows that (1 —7) f € L (Q\Br/z( ))-
Equation in combination with a Sobolev inequality implies that for all 0 < ro < r,

P =T inL" (Q\Q, (),

where ¢’ € (2,) denotes the Holder conjugate to £. Consequently, using the property above and

with § = £{, shows that

lim [ TP«f= lim TPun £+ lim rpu(l—n)f
Hree Q Hpee Br(y) pree Q\BI/Z

i S A

Since mg > 2, then m(, € (1,2) and then according to li we can pair NG with DI'P* in B, (y)
and take the limit. As Q is bounded, then G € L*(Q) so that (1 —1)G € L? (Q\ B, 5 (y)). With
the aid of (B.52) with s = m(, and (B.53), we see that

lim [ DIP.G=lim [ DIP*-nG+ lim Dr*e.(1-m)G
H=eeJq H=e ), (y) K= JQ\B, /1 (y)

:/ DF-nG+/ DF-(l—n)G:/DF-G.
B/(y) Q\B, () Q

Combining the last two equations with gives (B.14). Property follows as well.

The first part of each of the estimates (B.12)—(B.16) follow almost directly by passage to the
limit and recalling that we use the notation I' =TI'y, = I'(-,y). Indeed, for any r > 0 and any
g € L”(Q,(y)), (B.49) implies that for any s € [1,00)

I'g| = lim [Pu
[re| = im | [ rove

where € > 0 is arbitrarily small and s’ is the Holder conjugate exponent of s. By duality, we obtain
that for every s € [1,00) and r > 0,

_eq2
< Cor T gl

Q)

_eq 2
||F('7y)||LS(Qr(y)) < Cyr g+s,

that is, the first part of (B.17) holds. A similar argument using (B.48)), and yields the
first parts of (B.18)) and (B.16), respectively. Now, as in the proofs of (B.45)) and (B.47)), the first

part of gives the first parts of (B.19) and (B.20).
Passing to the proof of (B.21)), fix x # y. For a.e. x € Q, the Lebesgue differentiation theorem

implies that

I'(x) = lim I'= lim r
(x) 60" JQs(x) 6—0T |QS| / X5



where y denotes an indicator function. Assuming as we may that 26 < min{d,, |x —y|}, it follows
that Xo () = XBs(x) € L¥ (Q\ Qs (y)) for any 2* € (2,00), where dy = dist(x,dQ). Therefore,
implies that

1 / )
— [Ty = lim —/Fp”)( = lim [Pe,
B[~ P T uSe By B w5 Jpy

If py < % lx—yl|, pu < d, then (B.40) implies that for a.e. z € Bg ()
TP (2)] < Clz—y| ™,
where C is independent of p,. Since |z —y| > % |x —y| for every z € Bs (x) C B|x_y| /2 (x), then
[ITP4] |y ) < Clr=y7°

By combining with the observations above, we see that for a.e. x € Q,

['(x,y) = lim r = lim lim Pt < lim lim Clx— =Clx—y|¢,
) 60 |QS| / X059 =0T L= [ (x) §—0t U0 | y| x =)l
which is (B.21).

Now we have to prove that I'(-,y) = 0 on dQ in the sense that for all { € C;° (Q) satisfying { =1
on B,(y) for some r > 0, equation holds. By Mazur’s lemma, WO1 2(Q) is weakly closed
in W2 (Q). Therefore, since (1 — {)[Px = Pu — {TPu € WOI’2 (Q) for all p, > 0, it suffices for

(B.13)) to show that
(1= ~ (1= inW2(Q). (B.57)
Since (1 — ) =0 on B,(y), the result (B.57) follows from (B.53)). Indeed,

/( y)o = / Y(1-¢ —hm/FP” (1-8)¢

= lim | (1-QIPe(.y)9, V9 L3 (@), and
e/

/ DI(1-O)T(y)] v =— / F(y)DC -yt / DI(-y)-(1-O)y
Q Q Q

= —1lim [ DPu(-y)D-y+ lim [ DIPH(-y)-(1—8)y

K= Jo H—=e [0
= lim | D[(1-{)TP(-,))]-y, Vyel*(Q)?,
U= J o

so that holds. Since I'(x,y) satisfies — (B.13)), it is the unique Green’s function
associated to L.

Fix x,y € Q and 0 < R < Ry < |x—y|. Then LT'(-,y) = 0 on Bg, (x). Therefore, by Hélder
continuity of solutions described by (B.11) and the pointwise bound (B.21)), whenever |x —z| < §
we have

x —z]

n X—z n
=Tl <0 (55 1) CIrelipe <cuc (M51) =

This is the Holder continuity of I'(-,y) described by (B.22).
Using the pointwise bound on I'? in place of those for I', a similar statement holds for I'? with
p < %|x — |, and it follows that for any compact set K € Q\ {y}, the sequence {I"’* (-,y)},_,
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is equicontinuous on K. Furthermore, for any such K € Q\ {y}, there are constants Cx < oo and
Pk > 0 such that for all p < pk,

TP (- ) (k) < Ck-
Passing to a subsequence if necessary, we have that for any such compact K € Q\ {y},
[P (y) = T(y) (B.58)

uniformly on K.
We now aim to show

F(xay) =I" (y7x) )
where T™* is the Green’s function associated to L*. Let I'® = IA“;’ =T (x,-) denote the averaged
function associated to L* at the point x € Q. That is, we follow the procedure from above that was
used to construct Fg , except that we work with the adjoint operator L* and consider the function in
terms of the variable y centred at the point x € Q. The resulting function is re.

By the same arguments used for I'?, we obtain a sequence {0y },,_;, oy — 0, such that [ (-,x)=
f’fv converges to I'* (-,x) uniformly on compact subsets of Q\ {x}, where I'* (-,x) is a Green’s
function for L* that satisfies the properties analogous to those for I'(+,y). In particular, I'"* (-, x) is
Holder continuous.

By (B.25)), for p, and oy sufficiently small,

][ f‘fv(-,x):B[r;’“,fgv]:B*[fgv,rg?“]:][ TPu(-,y). (B.59)
pr(y) B

ov (%)
gl-iV::][ f‘o'v (.’X):f pr (;y)
Bp,u())) Bg, (x)

By continuity of I'P# (-,y), it follows that for any x # y € Q,

Define

lim gy = lim IO (-, x) =P (x,y),

V—ro0 V—roc0
BP/J, (y)

so that by (B.58)),
lim lim guy = lim I'P* (x,y) =T (x,y).

H—ro0 V—r00 H—>oo

But by weak convergence in W' (B, (y)), i.e., (B:52),

lim gy = lim I (-,x) :][ T (-,x),
Ve V7 Boy () Bpy (v)

and it follows then by continuity of I'* (-, x) that

lim lim g,y = lim T (-,x) = T* (y,x).
s v_mguv i B ) ( ) ()’ )
Therefore, for all x # y,
[(x,y)=T"(y,x). (B.60)
Consequently, all the estimates which hold for I'(+,y) hold analogously for I"(x, -) and the proof is
complete. U
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Remark. We have seen that there is a subsequence {Pu}::p pu — 0, such that TP (x,y) —
I"(x,y) for all x € Q\ {y}. In fact, a stronger result can be proved. By (B.59),

I* (x,y) = lim [P (y) = lim 4 T (-x) :][ ().
By (y)

V7% JBgy (x) V72 By (y)
By (B.60)), this gives
Fp(ny)=:][ [ (x,z)dz.
By (y)

By continuity, for all x # y,

lim I'? (x,y) =T (x,y).
p—0
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