ON THE FRACTIONAL LANDIS CONJECTURE

ANGKANA RULAND AND JENN-NAN WANG

ABSTRACT. In this paper we study a Landis-type conjecture for fractional Schrodinger equa-
tions of fractional power s € (0,1) with potentials. We discuss both the cases of differentiable
and non-differentiable potentials. On the one hand, it turns out for differentiable potentials
with some a priori bounds, if a solution decays at a rate e“z‘H, then this solution is triv-
ial. On the other hand, for s € (1/4,1) and merely bounded non-differentiable potentials,
if a solution decays at a rate e~ 1#I” with a > 4s/(4s — 1), then this solution must again be
trivial. Remark that when s — 1, 4s/(4s — 1) — 4/3 which is the optimal exponent for the
standard Laplacian. For the case of non-differential potentials and s € (1/4,1), we also derive
a quantitative estimate mimicking the classical result by Bourgain and Kenig.

1. INTRODUCTION

In this work, we study a Landis-type conjecture for the fractional Schrodinger equation,

(1) (A 4+ q@u=0 in R"

with s € (0,1) and

(2) lg(z)| < 1.

Roughly speaking, we are interested in the maximal vanishing rate of solutions to this equation
at infinity. For s = 1, in Section 3.5 in [ ] V.A. Kondratev and E.M. Landis conjectured
that if |g(z)| < 1 and |u(z)| < Cp satisfies |u(z)| < exp(—Clz|'t), then v = 0. The Landis
conjecture was disproved by Meshkov [ ], who constructed a potential ¢ and a nontrivial
u with |u(z)| < Cexp(—C|z|3). He also showed that if |u(z)| < Cexp(—C|z|3), then u = 0.
In their seminal work, Bourgain and Kenig | ] derived a quantitative form of Meshkov’s

result in their resolution of Anderson localization for the Bernoulli model in higher dimensions.
It should be pointed out that in Meshkov’s counterexample both ¢ and u are complex-valued
functions. In other words, the exponent 4/3 is optimal in the complex case (which corresponds to
the situation of systems). The proof in | ] is based on the Carleman method. In the spirit of
the Carleman method, several extensions have been made in | , , , , 1,
which also take singular drift coeflicients and potentials into account.

In view of Meshkov’s counterexample, Kenig | ] refined the Landis conjecture and asked
whether this conjecture is true for real-valued potentials and solutions. In 2005, Kenig, Silvestre
and the second author [ ] confirmed the Landis conjecture (in a quantitative form) when
n = 2 and ¢ > 0. This result was later extended to the more general situation with A being
replaced by any second order elliptic operator | ]. In the very recent preprint [ 1,
this is further improved by also allowing for (exponentially) small negative contributions in the
potential. The Landis conjecture in the real case with n = 1 was recently studied by Rossi
[Ros18].

The main theme of this paper is to investigate a Landis-type conjecture for fractional Schrédinger
equations. We will consider both qualitative and quantitative estimates when the potentials are
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either differentiable or simply bounded. Similar to the original Landis conjecture (for the Laplace
operator), we are concerned with the maximal decay rate of non-trivial solutions. We are espe-
cially interested in understanding how the decay rate depends on the fractional power s € (0, 1).
Detailed statements of our results are described below.

1.1. Qualitative estimates. We first discuss the qualitative behaviour of solutions to (1). Here
we will show that if the potential ¢ satisfies an additional regularity estimate, then independently
of the value of s € (0,1) there are no super-exponentially decaying solutions to (1).

Theorem 1. Let s € (0,1) and assume that u € H*(R™) is a solution to (1) such that q satisfies
q € CYR"), (2), and in addition

(3) [z Vq(z)| <1
holds. Suppose that u further satisfies the following decay behaviour: there exists a > 1 such that

(4) /elw‘a\u|2d:ﬂ < C < 0.
R’n
Then u = 0.
For s = 1, a similar qualitative estimate as in Theorem 1 with a differentiable potential
satisfying (2) and (3) was proved by Meshkov | ]. Without the additional regularity result

on ¢, it is still possible to prove a qualitative decay result. However, as our argument for this
does not distinguish between the real and complex situation, the obtained decay deteriorates.

Theorem 2. Let s € (1/4,1) and assume that u € H*(R™,C) is a solution to (1). Suppose that
(2) holds and u further satisfies the following decay behaviour: there exists o > 4381 such that

(5) /elx‘a\u|2dx < C < 0.
R’VL
Then u = 0.

We emphasize that as s — 1 in both of our main results, the identified critical decay exponents
correspond to the ones from the case s = 1. Moreover, in the first result, Theorem 1, the critical
decay rate does not depend on the value of s € (0,1). It is thus natural to ask whether the
derived decay exponents are optimal or rather an artifact of our argument. Let us comment
on this. For real-valued problems (i.e. scalar equations), we expect that the exponential decay
(independent of the value of s € (0,1)) as the critical decay behaviour is sharp. Indeed, as in
[ | and [ | it is possible to relate the decay behaviour at infinity to the local maximal
vanishing rate at zero (if growth conditions are assumed, which are necessary due to the global
character of the problem). Analogous arguments as in the classical case s = 1 would lead to the
conjecture that when considering

e the equation (1) with potentials of the size |¢(x)| < M (instead of |g(z)| < 1),

e and solutions u(z) which satisfy the growth bounds [|u| ;e &) < Co and |u p(p,) > 1,
a lower bound of the form

1

(6) ull L5,y =M™,
holds. Here C' = C(Cp) > 0 and r € (0,79) for some sufficiently small constant 9 > 0. Results
of this flavour have been proved for eigenfunctions or equations with differentiable potentials
(with dependences on the C*! norm of the potentials, that is, M in (6) is the size of ||g||c1®n))
in [ ] (on compact manifolds or bounded domains, respectively). For the spectral
fractional Laplac1an and its eigenfunctions on compact manlfolds these dependences are indeed
immediate consequences from the corresponding ones of the Laplacian.



ON THE FRACTIONAL LANDIS CONJECTURE 3

We recall that Vg satisfies (3). Taking this expected quantitative maximal rate of vanishing
(6) for granted and relying on a scaling argument as in | , ], i.e. considering solutions
UR,z,(7) for 29 € Br \ Bg/s of the correspondingly rescaled version of (1), then suggest global
lower bounds of the type

inf  sup |u(z)] > exp(~CRlog(R)) for R>> 1,
|z0|=R |z —z0|<1
where C' = C(Cp) > 0. Hence, this strongly suggests that for the class of potentials under con-
sideration, Theorem 1 is essentially sharp (possibly up to logarithmic contributions). However,
we further believe that as in | ], at least under sign conditions on the potential and in
one dimension (which on the level of the Cafferelli-Silvestre extension corresponds to the two-
dimensional setting from | | in which complex analysis tools are available), it might be
possible to reduce the necessary regularity for g to L regularity.

In view of Meshkov’s example [ ], in the case of Theorem 2, at least the growth behaviour
for s — 1 is expected to be optimal. As in the case s = 1, the Carleman estimate of Theorem
5 which lies at the core of the argument for Theorem 2 is of perturbative character. It hence
does not distinguish between the real vs the complex, i.e. the scalar vs the systems cases.
It would be interesting to investigate whether also for s € (1/4,1) there are Meshkov-type
examples saturating the proposed exponents from Theorem 2. We remark that the restriction to
s € (1/4,1) seems necessary as long as we only consider radial weight functions in our Carleman
estimates (due to the subelliptic nature of these estimates). We seek to prove the results of
Theorems 1 and 2 by combining elliptic estimates with Carleman estimates.

1.2. Quantitative estimates. In this subsection, we present a quantitative version of Theorem
2. Note that here ¢ € L*°(R"™) and that (2) is satisfied.

Theorem 3. Let s € (1/4,1) and assume that u € H*(R™,C) is a solution to (1). Suppose that
u further satisfies ||ul|12({jz|<1}) = 1 and that there exists a constant Co > 0 such that

[ull Lo &n) < Co.
Then there exists a constant C = C(n,s,Cy) > 0 such that for R > 0 large

4s
inf ||uHLoo({|I,wo‘<1}) Z Ce_CR“fl logR.
lzo|=R

We remark that by virtue of the ellipticity of the problem, it does not really matter in which
topology one works for the lower bounds. For instance, it would have equally been possible to
derive similar results under the assumption that |u(0)| = 1.

This result is similar in flavour to the decay estimates in | ]. However both the arguments
in the qualitative and the quantitative settings involve new intricacies and technical challenges
due to the nonlocal character of the equations at hand. Since lower bound estimates for nonlocal
equations pose serious difficulties, as in various other works on (quantitative) unique continuation
[ , , , , , , ], we opt for working with the Caffarelli-
Silvestre extension | ], c.f. (7), (8) in Sectlon 2, instead of dealing with the nonlocal equation
(1) directly. This allows us to investigate a local (degenerate) elliptic equation. It however comes
at the expense of having to study this equation in n+1 instead of n dimensions. In the additional
dimension, the control on the solution can hence only be derived through the equation. This
implies that we always have to transfer information from the boundary to the bulk and vice
versa. In the qualitative estimates, we for instance have to show that (exponential) decay on the
boundary implies (exponential) decay in the bulk. Similarly, we have to transfer upper and lower
bounds in the quantitative results from the boundary into the bulk and vice versa. This poses
non-trivial challenges, which however are overcome by an ingredient which was used in [ E
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As one of our key tools which allows us to switch between the bulk and the boundary we rely on
a boundary-bulk interpolation inequality, c.f. Proposition 2.4.

1.3. Organization of the article. This paper is organized as follows. In Section 2, we will
collect several preliminary results that are needed in the proofs of the main theorems. We
then derive Carleman estimates for the fractional Laplacian (—A)® with differentiable or non-
differentiable potentials in Section 3. The proofs of the qualitative estimates, Theorem 1 and 2,
are given in Section 4. Finally, in Section 5, we will prove Theorem 3.

2. AUXILIARY RESULTS

2.1. The Cafferelli-Silvestre extension. In the sequel, it will be convenient to localize the
problem at hand. This will be achieved by means of the Caffarelli-Silvestre extension [ ]
which allows us to address the problem at hand by relying on tools for local equations. To this
end, for s € (0,1) and u € H*(R™) we consider a solution @ € Hl(R”+1 2)7%) = {v R —

R: [ 2,73°|Vv|?dz < C < oo} of the degenerate elliptic equation (whose weight however still
R+

is in the Muckenhoupt class),

™ V. 2h 1 3Via = 0in R}

@ =u on R" x {0}.

We recall that by the observations in | 1,
(=A)Yu(x) = cns hm_) 2} 3 O i()
for some constant ¢, s # 0. In particular, the equation (1) can be reformulated as the local,
degenerate elliptic equation
V.20 3V =0in R}
(8) @ =wu on R" x {0},

Cp,s lim xn_H *Op+10 = qu on R™ x {0}.
In+1—)

This however comes at the expense of adding a new variable, in which we have to infer control
by exploiting the equation.

When dealing with this equation, it will be convenient to also introduce the following notations
for the underlying domains and the related weighted function spaces. For €2 C Rﬁ+17 Zo € erfl,
r, R > 0, we denote

B (x9) :={z € Rﬁ“ o — w0 <7}, Bl(xg) i={z € R" x {0} : |x — x| <71},
Bf == B (0), Bl = BL0),
Alp={z eRY": r<|a| <R}, A p={z €R" x{0}: r <|a| < R},
H' (Q,2,77) = {v: QNRI 5 R: / w72 (jo]? + |Vol?)dz < C < oo},

n+1
QNR’!

HY(ST,057%) :={v: ST - R: /9};25(|v|2 +|Vsn[)do < C < o0}, 0, = ”5|"+|1
x
St
As an important elliptic estimate which we will be using frequently we recall Caccioppoli’s
inequality.
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Lemma 2.1. Let s € (0,1) and @ € HY(B},,z},3%) be a solution to (7). Then, there exists
C =C(n,s) >0 such that

1-2s gy lz2e 1 ) _ 1
2, £y Vil 2 gy < C <7“ iz U’HL2(B;,,,) + ||“Hiz(3ér)|| - lgn_m $$z+21san+1u”22(B;T)> :
n

Proof. The proof follows as for instance in Lemma 4.5 in [ ], where however the boundary
terms are estimated by an L? — L? estimate instead of an H® — H~* estimate. O

2.2. Boundary decay implies bulk decay. In order to deal with the original nonlocal problem
(1), we seek to apply methods which were developed for (quantitative) unique continuation results
for the local equation (8). Hence, we first translate the decay behaviour that is valid on R™ to
decay behaviour which also holds on ]RT'l. To this end, we heavily rely on interior and boundary
three balls estimates for the degenerate elliptic equation (8).

Proposition 2.2. Let s € (0,1) and u € H*(R"™) be a solution to (1). Assume that (2) holds
and there exist constants C, 3 > 1 such that

9) el#1” /2| 2 gny < C.

Then, there exist constants Ci,c1 > 0 such that for all x = (&', x,41) € Ri“ the Caffarelli-
Silvestre extension u(x) satisfies

a2, xnp1)| < Cye= @ mn)l”,

In order to infer the claimed interior decay, we rely on propagation of smallness estimates.
Here we make use of two types of propagation of smallness results: The first being an interior
propagation of smallness while the second one is a boundary-bulk propagation of smallness
estimate. In order to use tools from the quantitative analysis of elliptic equations, in the sequel,
we view (1) in terms of its Caffarelli-Silvestre extension (8).

Proposition 2.3. Let s € (0,1) and @ € H*(Bf,z.33) be a solution to (7). Assume that

r € (0,1) and To = (T),5r) € By . Then, there exists a = a(n, s) € (0,1) such that

~ ~ | ~l—a
1%l Lo (55, @0y < CNENToe (5 oy 1l L5 o))

Proof. As (x)n+1 = 5r, this follows from a standard interior L? three balls estimate (c.f. Propo-
sition 5.4 in [ ]) together with L? — L° estimates for uniformly elliptic equations. a

Proposition 2.4. Let s € (0,1) and let @ € H (R}, 233°%) be a solution to (8) with q €
L>°(R™). Assume that zo € R™ x {0}. Then,

(a) there exist &« = a(n, s) € (0,1) and ¢ = ¢(n, s) € (0,1) such that
1-2s
2, 21 U||L2(B;(xo))

1-2s _ @
SC(Hxnﬁl all 25 (o)) T SIIUHL%B@T(IO») x

-«
(P50 i 30l o+ Nl o
2s

1-2s _ T+s
+C (Hxn-il “||L2(Bl+6,(zo)) +r SHUHLQ(BiGT(xO))) X

1—

23

[’

F
g (TSH” G2 30 @l 2y, (eo)) + 7“1_8|U||L2<Ba6r(zo>>> '
n
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(b) there exist o = a(n,s) € (0,1) and ¢ = ¢(n, s) € (0,1) such that

(10)

n

B _ 1-2s @ 1—
”uHLOO(BL) <Cr—z (7“3 1||9Un4i1 U||L2(Bl+6r) + Hu||L2(B{6r)) (""QSHqu”LZ(B{Gr) + HUHLQ(B{M)) “
2

2s

1—s

_n _ 1=2s T+s :
o (Ts ety “”L?(Bg,,)+||“\|L2<Bisr>) (r**llqull 22y, + lullz2(1,,0)

n 1 1
+ OT?ETSHQUHE%BQGT) ”quQ(Bier)'

Proof. The proof relies on a splitting argument and the boundary-bulk interpolation estimates
from Propositions 5.10-5.12 (also Proposition 5.6) in | ]. In order to infer the claim, we argue
in two steps, first deriving a suitable L? estimate and then upgrading this to an L™ estimate.
By scaling, it suffices to prove the estimate for r = 1. Without loss of generality, we can take
Ty = 0.

Step 1: The L? estimate. For the L? estimate we rely on Propositions 5.10-5.12 in | ]
Here we distinguish between the cases s € [§,1) and s € (0, 3).

Step 1a: The case s € [%,1). In order to invoke the estimate from | |, we split our solution
u into two parts @ = u; + us. The function u; deals with the Dirichlet data

V-2, 37Vu, =0 in R,
u; = Cu in R™ x {0}.

Here ¢ € C§°(B/g) is a smooth cut-off function, which is equal to one in B§. We will estimate u,
by bounds on the Caffarelli-Silvestre extension. The function us = % — uy in turn is admissible

in Propositions 5.10-5.12 in | ], ie., ug|p; = 0.
We begin with the estimate for u;: Invoking Lemma 4.2 in | ], we obtain the bound
1-2s
(11) 1 wll 2y < CliCull et @ey < CllCullz2 ey < CllullL2(sy,)-
The estimate for ug follows from Proposition 5.10 in | ]. The result assert that for each

s € (1,1) there exists a constant ¢ = ¢(s,n) € (0,1) and a = a(s,n) € (0,1) such that
i52e 12 [eY : 1-2s l—o
(12) ||xn—i1 u2||L2(BC+) < OHxn—il “2||L2(32+)H %E?LO‘PEVL+1 8n+1u2||L2(Bé)'

We modify this by interpolation in order to obtain an estimate where the normal derivative of
ug is measured in the H 2% norm. To this end, we note that for any w by interpolation and the
characterization of the trace map (c.f. Step 1 in the proof of Proposition 5.11 in | E

[wll2@ny < Cllwll i, oy 1wl 20 ()
2s

251 2s—1 T+s
(13) < C (o dy gy + e dy Vel oy

1—s

0l e

251 PEESY .
< C (0 (londy wll oy + londy Vol sy ) + o2 el m-2een) -
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Applying this to w = 771',}7;’_2156”4,111/2, where 7 is a smooth, radial cut-off function which is equal
to one on By and vanishes outside of B; gives us

I 1+irln_>0 2073 Ongauz 2y
n

12 251 PR
(14) <C (1 (Ileds Onrrvzllo sy + 2o Fy VOE3 0 1)l oy )

—2 . 1-2
+u ° H xnlign_m 77(En+188n+1'U,2||H—2s (Rn)) .

Similar to the proof of Proposition 5.11 in | ], we now estimate each term on the right
hand side of (14). The last term gives us

. 1—2 . 1-2
(15) | wnli?io nxn+1san+lu2”H*25(R") < x,,}gn—m xn+1san+1u2||H*25(Bé)'

Applying Caccioppoli’s inequality in Lemma 2.1 (with zero Dirichlet condition) implies

1-2s 1-26
(16) [ 8nJr1u2||L2(B;1*') < Cllz, u2||L2(Bg')'

It remains to estimate the second term on the right hand side of (14). Indeed, for the resulting
bulk term we have
(17)

2a—1 _ 1-2s 1-2s
%21 V(U$i+21san+1“2)||L2(R1+1) <z s (vn)(an+lu2)|‘L2(Ri+l) + @, 2 nv/an+lu2||L2(R1“)
251 _
+ e, £y Wan+117711+2158"+1“2”L?(RT])
< wn iy Onrru2)ll oy + 1201 VOnsruzll 2 sy
1-2s
+ e, £ T)A’U2||L2(R¢+1)

1-2s
< Clle, 2y u2||L2(B§')'

Here we first used the triangle inequality, then the support condition for 7 and the equation for
uz and finally applied Caccioppoli’s inequality (twice for the last two terms, noting that V'us
solves a similar problem).

Substituting (15)-(17) into (14) and optimizing the resulting estimate in p > 0 gives

1-2s 2o . _ e
| xnli?l_)o xrlzflsanJrluZ”L?(B;) < Cllen £y u2||;zrzBs+)H wnlflnﬁo x}L+2158n+1u2”11q+—2s(3é)'
Inserting this into (12) leads to
152 525 . 1-2s 1-&
(18) ||$ni1 U2||L2(BC+) < C||$nﬁ1 U2HL2(B;)|| ME?LO Lrt1 8n+1u2HH,25(Bé)

where & = i;ja + 12+Ss. By slight abuse of notation, in the sequel, we simply drop the tilde.

Combining the two bounds (11), (18) and

I IHH_)O‘T%;%SanHulHH—2S(B{6) < (=AY urllr2ny < luall2@ny < Cllullz2syy)s
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and applying the triangle inequality leads to
1-2s
[ u||L2(Bj')
1-2s P 11—
(19) <0 (I2uF gy +lulzzcary) (I, im 300 al oo + e,

1-2s @ I—a
<C (o il + lullzocary) (I, T 53 Opiniliogag + lulzacery )

This already implies the claim of (a). In order to exploit it for the proof of (b), we strengthen
the estimate slightly. By Caccioppoli’s inequality of Lemma 2.1 (now with an L? estimate for
the boundary contributions), we can further upgrade (19) to

1-2s 1-2s
len 2y Al p2pry + 120y Vil 2 gy

1-2s -«
(20 <O (lwndy illass) + lullzaay,)) (nw,ggnﬁox;ﬁsanuuiimmﬁ)+IluL2<B;6>)

1 1
+C|| hm x,11+2153n+1u||22(316)”“Hi%Bia)

with & = ¢/2.

Step 1b: The case s € (0,3). The case s € (0,1/2) is similar as the case discussed above
and relies on a splitting strategy. As above, the estimate for u; is a direct consequence of the
boundary bulk estimates for the Caffarelli-Silvestre extension. Thus, the main remaining estimate

is the derivation of the corresponding analogue of (18). As in the proof of (18) this follows an

application of the corresponding L? result from [ ] (Proposition 5.12) and interpolation. More
precisely, Proposition 5.12 in | ] implies that for some ¢ = ¢(n, s) > 0 and o = a(n, s) € (0,1)
we have

1-2s
(e u2||L2(Bj)
1-2s
=== . 1—2. 1— . 1-2
< O,y ualo g, lim | 22300 vunl gy 1 lim, o301y
In order to pass from this estimate which involves an L? norm of the weighted Neumann data
to an estimate which involves its H~2° norm, we apply the interpolation estimate (13) as in

the case s € (3,1). With this estimate at hand, the analogues of (19) and (20) then follow by
combining the estimates of the splitting argument as above. Note that (20) now becomes

(21)
1-2s 120
2, £1 UHL?(Bg') + lznis vu||L2(Bi')

l—a
1-2s
<O (o lsqmy + Nolomy) (1 1o, ok Onsailaocag + oo,

T+s

[
@

2s

+C (a3 il sy + lull ey,

3

(| lim xn+1 *Ony11 2By, + ullz2 sy ))
+CIl l1m an 3n+1UHL2(B' )Hu||L2(B’ )

Step 2: The L> estimate. In order to pass from the L2?-based bounds from step 1 to L™
based estimates, we rely on an estimate due to Jin, Li, Xiong | ] (Proposition 2.4 (i), c.f.
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also Proposition 3.2 in | ]), which states that under our conditions on Bfr/z it holds
(22) Hﬁ”Loo(Bj'/z) < C(HanrTlﬂHL?(B;f) + ”xmrTlvaHm(B;f))'

Combining this with the estimate (21) and inserting the identity ¢, s lim Ox}lﬁsanﬂa = qu
Tn41—>
entails

e’

1—2s N @
@l ooty <C (H%il ll 2ty + ||U||L2<Biﬁ>) (lqullz2(syy) + lullz2(s;,))
2
2s

1228 T+s 1-s
+C (lny ll oty + llzamsy ) (lgullzacsyg + el z2sy) ™

(23)

1 1
+ CH‘]“”E%B{(;)||uH22(Bi5)-

Based on this, we can also derive a pure L™ estimate. Indeed, using Holder’s inequality together
1—-2s
with the L? integrability of the function (0,1) 3¢+t 2 € R for s € (0,1) on bounded domains

results in

l—«

«@
Jll ey SO Nl i)~ (g + Tl el

2s

1os (. T+s =
+ O+l ) T (1l o iy + il (my) ) ™ 0l 7

1
+C||q\|ioc(3/ )”“HLO"(B{G)

16

i—s ~ @ 11—«
<O+ lallo (550) 5 (1l o mg) + il (1)) Ml}os,)

2s

+ (Iall o sty + el ey, ||“||23<Baa>>

1
Ol i, Nl (1)

Here we recall that
1—-s 1-s <1—s
— — « .
145 1+s 1+s

O

Proof of Proposition 2.2. Step 1: L> decay. We first prove that the L? bound in the statement
of the proposition entails a similar L bound. In the sequel, we denote by & C general positive
constants which may depend on n, s and which are likely to change from line to line. Pick any
R > 1 and zp € R™ x {0} with |zo| = 32R, (9) implies

(24) ||UHL2(B{6R(10)) < (Ce L

We next recall that by the H*(R™) boundedness of u and the properties of the Caffarelli-Silvestre
1-2s

extension, we have ||z, 2, Vil 2pn+1y < C. Thus, the L? boundedness of u and Poincaré’s
nt1 L2(RIT)

inequality then also yield a bound for ||z, 7, @/ z2®nx(0,c,)) for any C1 > 0. Combining the

bound from Proposition 2.4(a), the L7 (R}, 2,73°) boundedness of @, the fact that [|g|[L~ < 1
and (24), we infer that

1=2s = _&RA
||:Unj1 UHLQ(BS'R@O)) é Ce c .
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Atn+1

—2R —R R 2R ;/
FIGURE 1. The chain of balls from the proof of Proposition 2.2.

Here ¢ > 0 denotes the constant from Proposition 2.4. Finally, invoking a translated and rescaled
version of (10) then also entails the bound

~ ~ _ERP
(25) Nl Lo (5, (@oyy < €7

16

This yields a bound for @ for |z| > 32R. We may in particular use this for R = 10. Hence, only
on the compact set Bér with C' = 320 an L* bound has not yet been obtained. This however
follows by applying a rescaled version of (22). Thus, @ € LOO(RiH). The estimate in the
bounded region and the quantitative estimate in the unbounded annuli can finally be combined
to infer that for all R > 0 and 2o € R™ x {0}, |zo| = 32R we have

~ ~ —ER”
Nl L (5, (@oyy < €7
16

In particular, by choosing R = %R and keeping xop € R™ x {0}, |zo| = 32R, we also obtain the
estimate

. 5 _zRb
(26) il o 7 oy < O™

Step 2: Conclusion. With the bounds from Step 1, Propositions 2.3 and 2.4 at hand, the proof
of Proposition 2.2 follows by a chain of balls argument. More precisely, for = (2/, 2,,41) with
|| > 2 there exists a value R = 2* for k € N such that = € A}QR ={z e R} : |z| € (R,2R]}.
This annulus can be covered by a finite union of balls and half balls:

miy m2

Ak or C U B;t (zj)U U Blr((x,0))
j=1 k=1

with the property that these balls form a chain, i.e. there is sufficient overlap between these to

iterate the following estimates (c.f. Figure 1 for an illustration of this), where ¢ is the constant

derived in Proposition 2.4. We explain this iteration more carefully. Starting with a half ball

Bip(z) with = (2,0) € R x {0} we invoke (26) to infer that

- _aRP
HU”Loo(B:fR(;C)) < Cem

where a = a(n, s) > 0.

We now begin with the propagation of decay estimates into ]Rﬁ“ along a chain of balls.
We first choose a ball B}l (z1) C Bl,(z) with ry = < in such a way that a large part of
B (z1) C AE,QR’ Bf  C R%™! and such that |B3,, (z1)ABJ;(2)| > coR for some constant

47"1
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co =co(n,s) >0. In B;l (1) we apply the three balls inequality of Proposition 2.3. Therefore,
in combination with the L° estimates from step 1, we obtain

< Ce (1= O‘)Rﬁ

We iterate this along our chain of balls Bjj (x;) with r; = 5 , which allows us to eventually cover
AEQ g With a finite number of balls. In particular, it yields the decay estimate

- =B
||u||L®(A;’2R) < Ce R

for some positive constants C(mq,ma,n,s),a(my, ma,n,s). Finally, the analogous bounds also
follow in arbitrary other dyadic annuli centered at zero by rescaling the previous estimate (the
number of balls in the chain of balls estimate stays constant, since the size of the balls is also
rescaled). O

2.3. An interpolation inequality. We need another bulk-boundary interpolation estimate,
which will play a relevant role in our Carleman inequalities in the next section. Although this
was already introduced in | ], we reprove it here for self-containedness.

Proposition 2.5. Let s € (0,1) and u: ST — R with u € H'(S7,60}72%). Then there exists a
constant C = C(s,n) > 0 such that for all 7> 1

]l 2 (sm-1y) < C(71 S||9n2'u||L2(S 0y +77%0n 2'vsnu|\L2(sn)

Proof. We argue in two steps.

Step 1: Derivation of a whole space estimate. Let w € H*(R™)NH (R}, 2173%). Then trace

n+1
estimates in the space H'(R71, ;st) (c.f. for instance Lemma 4.4 in | ]) imply
(27) w2y < Cllents Wl + 2ty Vool o).

Starting from (27), scaling # by 7= with 7 > 0 (i.e., ¥ — 77 12), we then obtain
1-2s L 1=2s
(28) lwllze@ey < CE Iz fy wil oy + 77 2 Fy Vool pogos)-

Step 2: Conclusion. Considering u € Hl(Si,G}L’QS), we first extend this function zero ho-
mogeneously into a neighbourhood of S and multiply it by a cut-off function, i.e. we define
w(x) == n(x)u (\II) where n(x) = 1if |z| € (1/2,3/2) and n(z) = 0 if |z| € (0,1/4) U (2,00). The
resulting compactly supported function still satisfies w € H 1(R"+1 Tt +215) and further has the
property that

lay Vel oy < C(116n 2'vsnuum<sn 107 ullzasy)).
—2s
||CEn+1 w||L2 Rn+1) < CHG u||L2(S")7

lullL2(sn-1y < Cllw||p2(@n)-

Inserting these into (28) and choosing 7 > 75 > 1 (for some uniform 7y) then implies
1-2s o 1-as
[ull2(sn-1) < Cllw|L2@n) < C(Tl_s||$n+21 Wl p2@ntry + 702ty Vol 2 @neny)

2 1-2s
<C(r't(1 4T )H9 UHL?(SH)+7’ 2 U||L2(Sz))-
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Using that 7 > 1 then implies the claimed estimate. O

3. CARLEMAN INEQUALITIES

In the following two sections, we prove the Carleman estimates, which provide the main tools
in deriving the decay estimates of Theorems 1 and 2.

3.1. A Carleman inequality under differentiability assumptions. We begin with an esti-
mate in the setting of differentiable potentials. Here we “include” the potential into the estimate,
which allows us to obtain better boundary contributions. This is however at the expense of re-
quiring radial differentiability properties on the potential. It corresponds to a similar argument
from [ ] for s =1 in the case of differentiable potentials.

Theorem 4. Let s € (0,1) and let & € HY (R, 2)73%) with supp(a) C R\ B be a solution
to

V.2, Vi = fin RYT,
lim 2} 3 Ony1li = Vi on R™ x {0},
Tn+1
where f € LR, 22°7") with compact support in R, V € CLR™ x {0}), i.e. V € CO(R™ x
{0}) and x - VV exists. Let further ¢p(x) = |x|* for o > 1. Then there exists a constant C > 1
such that for all T > 19 > 1 it holds

50 o 1-2s o 1o26
7'3He7'¢‘;p| 7 lxnjl UHQLQ(RIH +T||€T¢|l'|%$n4?1 VUHiQ(Ri-H

)
2s-1
(29) < 0 (le e, 2y 2l F 12y

T o 1_ T o 1
+7)lem?| x| % | (2 - VV)|2u||2L2(]R”><{O}) +7lleT x| |V|2U'||2L2(R"><{O})> :

)

Proof. We first pass to conformal polar coordinates. To this end, we define x = €' with t € R,
6 € ST, set u(t,0) = e(n_z%)tﬁ(etﬁ) and multiply the resulting equation for 4 with et This

then leads to the equation

(n — 2s)?
4

lim 0.7%°0,u=Vaon S"' x R.
0, —0

(9;2883 + Vgn - 01725V gn — 01728 > a=fin ST xR,

Here f(t,0) = e 2 "tf(e!0), V(t,0) = eV (') and 9, = v - Vgn with v = (0,---,0,1).
Next, setting v = e™*®g and f = ™M f (with ¢(t) = ¢(e'h) = e*'), we seek to prove the
following estimate, which (after returning to Cartesian coordinates) implies (29):

g l-2s y 12 L 1-2s
(|’ |" ]2 00 U||2L2(sixm)+7'||\<ﬂ"|29n2 VSTL”H%?(SMR)+7'H|80”|29n2 3tUH%2(sng)

25—
2

L 1 ~ 1 141
< C (107 Py cry + Tl 1OV 103 e sy + 7l BT 0l 5o my)

1—2s
In order to infer this, we consider the function v := 6,2 v, which satisfies the equation

(n — 2s)?
4

Lsa’t_i = <8§+Asn — —I—T2|()O/|2 —27(,0’@—74,0”)17:0

2s—1 - 2s—1
lim 0.7%0,0,% v=V0,> vonS" ' xR,
6,,—0
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25—
2

~ 1 251
where Agn 1= 0,2 Vgn - 0725V gnf, 2 . We split the bulk operator into its (formally) sym-
metric and antisymmetric parts:

(n — 2s)?

S =02+ Agn + 72> - R

A= =2100, — 1"

Then, using that S, A are only symmetric and antisymmetric up to boundary contributions, we
obtain

(31)

L 2s—1 2s=1 . 2s-1 2s—1
L,o||* = ||S9]|? + ||A0||> + ([S, Al9,7) +47(VO, 2 0,9'0,2 040)o+27(VO, 2 0,46, 2
%]

7).
For abbreviation, we have here set

-1 =11 lzzesexrys (50) == () pzesp xr)»

(32)
I llo == 1[I+ lz2(sn=1xmys ()0 = () L2(sm-1xm)-

In the sequel, we will use this notation frequently. The bulk terms are bounded as usual. More
precisely, the commutator reads

([S, A)o,0) = 473 (" |/ |0, D) — 47 (" 075, 0) — 47 (" 0,0, 0) — 7(""'D, D)
(33) = 473" ¢ |?0, D) + 47(¢" 0,0, 0,0) — T(¢""' 0, T)
> 273(0" 0|20, ) + 47 (0" 040, 040).
In the last line, we used the growth of ¢ to absorb the last term into the first term on the right
hand side (for a sufficiently large choice of 79 > 0). This yields the L? and the radial part of the
gradient L? bulk contributions.

In order to also obtain the full gradient estimate, we exploit the symmetric part of the operator.
By an integration by parts argument we infer for some small constant cg

(34)

1 122s 2s-1 _ 14— 3 _
cotl|@'120n2 Vinbn® 0l < co7|(57,¢'0)| + cor|¢”120:0]|* + o[l |2 0|

2s—1
2

2
n —2s 2s5—1
ner ( 2 ) 11201 + o (620,80 ™ 5,60 " D)

15 1_
< cot|(S7,¢'0)| + corll¢” |2 0:0l|* + cor? [l l¢" 20>

2
n —2s ~ 2s—1
+COT< 2 ) 123> + cor|(VOn ™ 5,000 )ol-

Combining (31), (33), (34) yields

1—2s 2s—1

1 _ 1_ 15 _ _ _
cot|ll¢'120n7 Vsnbn ™ 0] + 2% ||| |Z0]|* + 47| |0" 2 00| + || So]|* + || Av||?

14 _ 1_
< ¢o7|(8T, ¢'0)| + cor[|"[20:3]|* + co7’ ||| |20

2s—1

2
n—2s ~ 251 :
+%T< 2 )Hw@v2+mfuwm 5,007 D)o

2s5—1
2

~ 2s-1 251 25—
+ |LpB||* +47|(VO, 7 0,0, 7 040)o| +27|(VO, % 0,¢"0,% D)ol
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Noting that the bulk terms on the right hand side of this estimate can be absorbed into the left
hand side, if ¢q is chosen sufficiently small and 79 > 1 sufficiently large, entails

1, 1=2s 2s—1 1_ 1,
cor||¢']200% Vnbn® 0|* +7°1¢'|0"|20)° + 7|||¢"| 2 0,0
(35) 28— 2s 25—
2 2 2

~ 1 —1 - 1 2s—1
<NLpB|? +47|(VO, T 0,0/ 007 0)o| +37|(VO, 7 0,00, )0l
It thus remains to control the boundary contribution involving the t-derivative (the other one is
already of the desired form, c.f. (30)). It is controlled by integrating by parts in ¢ which leads to

~ 2s5—1 2s5—1

TI(V0,% 0,00,

2s5—1 2s5—1
2

at@)o] <7 ]((atf/)aﬁz—;, o0

17)0‘
(36) 2o

. 251 251
+r‘(V9n2 0,0"0n 2 17)0(.

Returning from @ to v shows that the boundary contributions on the right hand side of (36) are
exactly controlled by the boundary contributions in (30). Thus, finally, combining (33) with (36)
yields (30), which concludes the proof for Theorem 4. O

3.2. A Carleman inequality without differentiability assumptions. In this section we
prove a similar Carleman estimate as in the previous section. However, in contrast to the
previous estimate, we now do not presuppose any differentiability properties on the potential V.
As in the classical case s = 1 this implies that we can no longer treat the potential V' as part of
the operator, but instead have to deal with it perturbatively. This however does no longer allow
us to distinguish between the complex (system) and the real valued (scalar) case. Hence, we can
only derive weaker estimates.

Theorem 5. Let s € (0,1) and let @ € H (R, 2.75%) with supp(d) C Bf \ Bf for some
constant R > 1 be a solution to
V-2, PVa=f in R,
© liﬁnaoxi:-%san-i-la =Vi on R" x {0},
where f € L? (RQL_‘H, xi‘:__ll) with compact support in Ri"'l and V€ L*(R™). Let further ¢(x) =
|z|® for some a > 1.
Then there exist constants C, 19 > 1 such that for all T > 7¢ it holds

3a _ 1-2s o 1z2s
7—3||€T¢|1" 2 lxnﬁl ’LLH%2(R1+1 +TH€T¢|(E| 2.’L‘nj1 VUHiz(RiH

) )

201 _ o)s~
< C (€m0 10l aqgon, + 7220V ] 0 2 oy ) -

Proof. As in | ], we deduce the estimate by a splitting argument. To this end, we first
pass to conformal polar coordinates.

Step 1: Conformal coordinates and set-up. As in the proof of Theorem 4, we first pass to
conformal polar coordinates. With the notation from there, we obtain

(n — 2s)?
4

lim 6, 29,4 =V on S" ' x R.
6,—0

<9}L2Saf + Vgn - 01725V gn — 0172 > a=fin S xR,

(37)
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In order to deduce the desired exponential estimates for this problem, we split the function @
into two parts @ = uy + us. Here u; is a solution to
(n — 2s)2

4

911m 9,11_258”;1 =Vaon S" ! xR.
n—0

<9;2Saf + Van -0, %Vgn — 0,7 - K272|¢’20;25> up = fin ST xR,

(38)

The constant K € R is sufficiently large and is to be determined more precisely later; further
©(t) := ¢(e"). We remark that by the Lax-Milgram theorem in H* (S xR, 8}.~2%) a unique energy
solution to this problem exists. Further, by arguments similar as in the Appendix of [ ]
this function is rapidly decaying at infinity. The equation for us follows correspondingly. In
order to infer the desired Carleman estimate, we combine elliptic estimates for u; with the usual
commutator estimates for uy. We deduce these estimates separately and begin by discussing the
elliptic bounds for u;.

Step 2: Elliptic estimates for uy. Using the same notational convention as in (32) and testing
the weak form of the equation (38) by 72e27%|¢"”'|?u1, we obtain

22210 |20 72 Opuy, Opur ) + 7227 | 201 3V gnuy, Vignuy)

(n — 2s)?

i

(39) TTa '
= _72(€2wf7 |90H|2u1) + 72(62T¢Vﬂ7 |<P”|2U1)0

_ 27_.3(627-<p|S0N|2<)0/9711—256tu17 ul) _ 27_2 (627(’0()0”()0”/111, 9711_25(9,5111).

(627—<p|<p/l|2971;2suhul) + K27_4(62T<p|¢/|2|<p/l|2071;2sul’ul)

Choosing K > 1 sufficiently large and applying Young’s inequality, it is thus possible to absorb
unsigned contributions from the right hand side into the left hand side. This results in

2 ro 1npTT2 2 2T g o Lo 4y re s gt
e 00 * Opua |7+ 777" 00 2 Vgnua[|T + S KT |70 0" 00 2 i

(40) 2

2s—1 . ~
S C(”eﬂpen P} f||2 + 7_2—25He‘rap<p/lve—astﬂ”g) + 67_2—}-25”67-@,0%0//60457&“1”%.

Finally, in order to conclude the discussion on the function w1, we bound the boundary contribu-

tion 72725(|e27? " ety ||2 by means of the bulk-boundary interpolation estimate from Propo-
sition 2.5. Recalling that ¢(t) = e* and treating the non-spherical variables as constants, we
obtain

‘(p”|262a3t / u%dﬁ S 0(7:2_23‘()0”|262a3t/Q:L_Zsu%d(g+7:_2s|g0”|262a3t/G}L_2S‘VSWU1‘2(19).

Sn—1 Si Si

Choosing 7 = e®7 (such that both the L? and the gradient contribution obtain radial weights
which match the elliptic bulk estimates from (40)), we obtain

|(p”|2€2a5t / u%de < C(T2725|(p//|2e204t /G:Lstu%de + 7_72s|80//|2 /071172s|v5nu1|2d9).
gn—1 sn s
Multiplying with €27%, using that ¢’ = ae®® and integrating in the radial direction thus implies

1-2s 1-2s

7_2+25||e'rgo|80//|eastulug < C(T4H67§09n2 eatspl/u1”2+7_2”€ﬂp0n2 c)0//vSnu1||2)

(41)
2

1-2s
< C(re70n 2 @' ur|)? + 7[€790, 7 " Vinua[?).
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Therefore, we may absorb the last boundary term in (40) into the left hand side of (40) and are
left with
2
(42) 2Heﬂp //0 atul||2 +7_2H€7—<,(; //0 VS"U1||2 Jr‘KQ 4”674/; / //0 u1||2
< (0,7 JI? + 722 emP g Ve tal3).

Step 3: Commutator estimates for us. Next we deal with the estimate for the function us,
which follows from a commutator estimate similarly as in the proof of Theorem 4. Indeed, us
satisfies the equation

1—-2s 2 1-2s _ pl—2s (n —2s)* 2.2 112p1—2s, s an
0,707 + Vgn -0, *°Vgn — 0, 1 ug = =K' |70,,” “*uy in ST X R,
(43)

Jim 0:72%9,u; =0 on S"! x R.
n—0

In order to deduce the desired exponential estimates from this, we carry out a similar commutator
argument as in the proof of Theorem 4. In this procedure, we note that now the boundary terms
drop out due to the vanishing Neumann condition. With this observation and exactly the same
commutator bounds as in the proof of Theorem 4, we therefore obtain the estimate

3 Te, M, M 1;25 2 To, M 1;28 2 T, M 1;25 2
e[0T w2 e o |1 0nE Dytal? + 7l B 00V ]

(44)

1—2s
< CK*74e7?]¢ 2002 ua?.

Step 4: Conclusion. Finally, we combine the estimates from (42) and (44). By the triangle
inequality, this gives

3\ rp 1 d 172257 9 Tl it 17225 3 Tl it 17223 2
Tl 200 ull” + 7lleT? @200 T dpul]” 4 7]|e7? @720 T Visnall

3T, 1] 1L g T 2 rol 1kt 2 rop kS 2
S e "2 002w ||” + 7lle? || On 3tU1H + 7lle™?["]70n vS”U1||

1-2
+73||€T@<P’|¢"I%9TSU2IIQ+T||6”’|50”I%9 8tU2||2+T||e“”|</>”|2t9 Vs

2
< C(lle?6, 7 f||2+T2 eV e alR) + K[! 2T

<CK4(||6TL,09 f||2+7_2 25||67'<p //Vefastu” )

After returning to Cartesian coordinates, this implies the claim of the theorem. O

4. PROOFS OF THEOREMS 1 AND 2

In this section we discuss the proofs of Theorems 1 and 2.

4.1. Proof of the fractional Landis conjecture with differentiability assumptions. In
this section we discuss the proof of the Landis conjecture with differentiability assumptions on
the potential ¢, i.e. we present the proof of Theorem 1. The argument for this consists of
a combination of the Carleman estimate from Section 3.1 and the interpolation estimate from
Proposition 2.5.

Proof of Theorem 1. We begin by noticing that since for some « > 1 and some constant C,
el /20| L2y < C < o0,

Proposition 2.2 implies the a similar L> estimate, i.e. there exist constants ¢, C > 0 such that

forall R >0

(45) lu(z)] < Ce™eE" forxéAR3R
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Next we define w := ngru, where ng is a radial cut-off function with the properties that for
some constant C' > 1 independent of R > 1

supp(nr) C Bip \ Bf, nr(z) =1 for z € B}, \ By,
|V77R|<* IV2nr |<R£f0rxeB \B
|Vnr| < C,|V*nr| < C for v € Bf \ Bf.
We note that the radial dependence of nr in particular entails that
V.23 Vw = f in RY

lim an SOn41W = NR hm xnﬂ 50p1+1% = gnru = qw on R™ x {0},
Tp+1—0 Ln41—>

with f = 22,3°Vng - Vi + @V - 2,,3°Vnr € LR}, 22°5") being compactly supported in
Rﬁ“. As a consequence, the function w is admissible in the Carleman estimate from Theorem
4. Inserting it into this inequality with weight ¢(z) = |z|? for = a — e > 1 with € € (0, — 1),
yields

38, 1l=2s B l=2s
T3||€T¢|$‘ 2 1xn_i1 ’U)”i2 Rn+1) + T||e7—¢|x‘ an-il VU)”iz Rn+1)

<c(r 2\|eT¢ 2y o1Vl s R 3l

(46)
+ ||67—¢ n+1 |$|VUHL2 A+ )+ HeT l'njl |$|ﬂ”L2(A;rz)
B 1 B, 1
+7llemfa| |z - Vgl 2wl agn oy + el 3 |Q|2w”%2(R"x{0})> '

We next discuss the bulk contributions which appear on the right hand side of the estimate (as
they are lower order error contributions). Here we first focus on the contributions on the annulus
AE og: Pulling out the exponential weights and using elliptic estimates in order to bound the
gradlent contributions, we obtain

1-2s ~
2H6T¢ n+1 |x|vu||L2(A;.2R) +R74”6T¢xn-‘i1 |Z‘|U||i2(A; or)

7 1-2s _ < 1-2s
< RO VA, L RO F g,

< C( - T¢(2R)||l‘n+1 U||L2(A+ +R ° T¢(2R)||xn+1 uHLz(“ﬁ )> .
3R 3R

Here ¢ : [0,00) — R is defined as ¢(r) = ¢(z) = e’ with |z| = r (which is well-defined since ¢
is a radial function). Using that by (45) for each R > Ry > 1 it holds ||11HLM(AE ) < Ce k",
53R

we may pass to the limit R — oo and infer that
1-2s - 4 g iz
Jin (B2, 2 0Vl e+ R il ) =0
Hence, we may pass to the limit R — oo in (46) and deduce
s 38, 1z2s B 1=2s
7’3||(37'¢‘x| 2 lgpnﬁl W||iz(R1+1) + T||6T¢‘I| 2 'rn—iz-l V’LU”iz(Ri-H)

1-2s _ ro 12 _
(47) < ¢ (|‘6T¢xn-i2-1 |$|VU||%2(AT2) + ||6 ¢l‘n_i1 |x|u||iz(Al+2)

B 1 B, 1
rlle™lal# |- FalFla e oy + 7l el FlalF ol e oy ) -
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Next, we seek to estimate the boundary contribution and show that we can absorb it into
the left hand side of the estimate. For convenience and since our bulk-boundary estimates are
formulated in conformal coordinates, we prove this in conformal coordinates, i.e. in the form
(30). First consider the spherical integrals. We claim that
(48)

1

7le" 13 0] 22 a1y < C( =210 | 200 vIIL2(sn) + 216, Vsnvllmwn))
where ¢(t,0') = e*'q(e'0") with 0" = (61, ,0,0), v(t,0) = e™?w(e'd) and p(t) = ¢(e'd) = .
Indeed, we have

1
" a2 vllZ2(gn1) < Tls@"lez‘“IIUHiz(sm)

<C( ~2—2s 2St|§0//|”€

1—2s
o) + TG 1007 VsnolZagsy))

Setting 25772 = 7725 je. 7 = Te’, our choice of () = ¢/t with 8> 1 and t > 0 gives
&%l
Multiplying (48) with e™¥ and integrating in the radial variable ¢ € (2, 00) we hence infer

7~_2—25625t|s0//| _ T2_28€2t|90//| S 7_2—23 //‘.

11 _ 1 1—2s
[le19" 212 0l 72 (gn-1xm) < C7<73 el 19”1260 vlT2sn xz)

+r 1— QsHeﬂp‘(p//| 9 Vsn’UHLQ(SnX]R))

<0 (110 sy

+r 1— QaHeTtp‘(pII| en VSWL’UHLQ(S”XR))

A similar estimate also holds for 7e™|¢’|2 |8tq|vHL2(Sn 1 g~ Hence, choosing 7 > 1 sufficiently
large, allows us to absorb the boundary term in (47) into the left hand side. Thus, we are left
with

38 _ 4 1z2s B 1=2s
7-3|‘e7—¢‘$| 2 lxn_f_l 1U||2L2 Rn+1) + THeT¢|aj| 25(;n_i1 VwHiQ Rn+1)

< C (e, 2y 11Vl ar ) + €7, 2 lall2a s ) )
Thus, pulling out the exponentlal weight in the above estimate in particular yields
3,7(4) ||x

- 1-2s
ntl u||L2 (BI\B) + TeT¢(4)||xnj1 Vu||2L2

- 1-2s
< O ([l 2y Vlar ) + lons 200 ) -

(BS\BY)

Using the monotonicity of (]B and letting 7 — oo leads to a contradiction unless 4 = 0 in Bgr \B;.
Then however @ = 0 by the weak unique continuation property, which concludes the proof for
Theorem 1. g

4.2. Proof of Theorem 2. In this section, we present the argument for Theorem 2. This
follows along similar lines as the proof of Theorem 1, but now uses the Carleman estimate from
Theorem 5 combined with the boundary-bulk interpolation result of Proposition 2.2. As before,
the crucial part consists in estimating the boundary contributions appropriately.

Proof of Theorem 2. As in the proof of Theorem 1 we first multiply @ with a radial cut-off
function ng satisfying the same properties as in the previous proof. This leads to bulk con-
tributions, Which are admissible in the Carleman estimate of Theorem 5 with ¢(z) = |z|® and

B=a—¢e> 48 7, e e € (0,a — 445 ). With a similar argument as in the proof of Theorem
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1, it is possible to pass to the limit R — oo. In conformal polar coordinates, this then leaves us
with the following Carleman estimate:

2
ey’ ||<P”|2‘9 wHLZ(ST’ xR) +T\|€w|¢ﬂ\29 atw||%2(Sj’r'><R)

(49) + T|\ew\<p”|%0n 7 VS’Lw||L2(S" XR)

< C’(||ew9 f”L?(S" w70 e [Ge P w]| T (gnt wmy)-

Here | f| < COL=25(|0yu| + |V gntt| + |i]) and @(t, 0) = a(t, 0)ng(e'). Similarly as in the proof of
Theorem 1, the crucial part consists in estimating the boundary contribution. We seek to absorb
it into the left hand side of (49). Similarly as in the argument leading to (42), this is achieved
by invoking the interpolation estimate of Proposition 2.2. More precisely, using that by virtue of
the choice of 8 > 4;%1 it holds that 23 +4s — 23s < 3+ 2f3s, and by further setting 7 = e 57,
we deduce

|30//|2|(]|26_2’68t“w||2L2 (5n-1) < 06(43_268+26)t||@||2Lz(snf1)

1-2s
< O(F22elem2Bee20) g 5 w||L2(Sn)+T o226, 2 V| T2 sm))

_ 1-2
< C(,’f_272se(ﬂ+265)t”9n 2 ) + ;7:72.96(ﬁ+2,6’s)t”0n 5

w||L2(S" VS’Lw||%2(Si))

<C( 2—2s 3615”9 w||L2(S")+T 2s ,BtHQ VsanLz(Sn)>

Integrating this in ¢ € R, using that e”* < Cg min{|¢|,|¢”|}, thus results in

T2725H6 —pBst

~ — l a - v
TN sy < T e
oy 26
< (45 em | || |2 9 T w3 San)—&-TQ 41e7 )" |2 9 . VsanQLz(s:;xR))'

We notice that for s € (,1), 4 —4s < 3 and 2 — 4s < 1. Now choosing 7 > 79 > 0 sufficiently
large, implies that the boundary contribution in (49) can be absorbed into the left hand side of
this estimate. Hence, we infer

1—2s
71|10 |26, 2

w||L2(S" xR) T Tllem " |2 ‘9 atw|||L2(S”><R)
(50)

+7llem |2 0" VS”me? (ST xR) = CHeT‘PG f||L2(S”><[1 2))-

Pulling out the weight e7? in (50) leads to
T 3||€w|<P \|<P”| 9 u||L2 (87 x[4,6)) < CBW(Q)HQ f||L2 (S7x[1,2])

Using the monotonicity of ¢ and passing to the limit 7 — oo therefore implies that @ = 0 in
S x [4,6]. By unique continuation this however then also gives that @ = 0, which concludes the
argument. O

5. PROOF OF THE QUANTITATIVE ESTIMATE OF THEOREM 3

In this section, we prove the quantitative estimate from Theorem 3. To this end, we deduce
bounds on the local vanishing order. Using a scaling argument as in Bourgain-Kenig [ 1,
we then deduce the desired result. In order to carry out this scaling argument, we work with a
slightly more general setting than in the previous sections and consider solutions to

(51) ((-A) 4+ ¢)u=0on R"

with ¢ € L but where ¢ need not necessarily be bounded by one. The main goal of the following
estimates will be the derivation of precise dependences on ||g| -



20 RULAND AND WANG

We begin with an auxiliary result which allows us to bound weighted gradient terms by
weighted L? contributions (without boundary terms). This estimate should be thought of as an
improvement of the Caccioppoli estimate from Proposition 2.1 in which the boundary contribu-
tion can be eliminated due to the subcriticality of the space L>° (a similar estimate holds in all
subcritical spaces).

Lemma 5.1. Let s € (0,1). Let uw € H*(R™) be a solution to (51). Then, there exists a constant
C =C(n,s) > 0 such that

1-2s 1 1-2s
ey Villaap) < C (14 gl ) londy @lliegay )

Proof. This is a quantitative version of the proof of Proposition 2.2. in | ]. Following along
the lines of | ], we first assume that ||q|| L~ < § for some ¢ € (0, §p) sufficiently small. Then,
the same argument as in the proof of Caccioppoli’s inequality implies that if we test the equation
for @ by n*@ we infer
1-2s 1-2s - 1/2
201 NVl 2 pry < Clllz, 2y V0|l 2 pr) + lall = Inull2sy))-

Here 7 is a smooth, radially symmetric cut-off function, which is equal to one in B;r/g and is
supported in Bj". Using the smallness assumption on ||g||r~ and the Poincaré type inequality

1-2s ,
Inullpz sy < Cllw, {4 V(nu)HLQ(BD, we then obtain

1-2s 1-2s . 179, 1=2s .
a1Vl gy < Cllenzy [Vl agsy + 082 lan 2y VD)l e o)
Here and below all constants C' > 0 depend on n, s. Choosing §g := ﬁ then allows us to absorb
the gradient contribution from the right hand side into the left hand side. This yields
1-2s 1-2s
(52) ety Vallpass ) < CllaZy il st

In order to treat the general case, we consider the function @s(x) := u(dx+xo) for g € R"x {0}
arbitrary. This function still solves an equation of the type (51), but now with a potential
qs(w) == 6%q(dx + x¢). In particular, ||gs||z~ < 6%°||q||z~. Hence, choosing § > 0 such that

1

5% ||ql| e = b0, i.e 6 = (W)X, then allows us to invoke (52). Rescaling this and covering

B % (0,0/2) by such balls, i.e. choosing x; € By, x {0}, j € {1,..., N}, and associated balls
B, (x;), Bf (x;), with only finite (dimension-dependent) overlap, such that
3

N N
B} % (0,6/2) C | B3; 5(x;) € |J B (x5) € BS4 % (0,9),

Jj=1 Jj=1

yields for C = C(n,s) >0

N N 1
1-2s o 1-2s o Hq”Loo s 12
lends ValZax oz < D lendi Vllapy, o) <20 ( 55— ) lendy @l sz ey
j=1 3 j=1

1
lallze ) * 22 e
<0 (M=) o, B il g e

It remains to infer a similar estimate in Bj x (§/2,1). To this end, we note that in balls
B,.(Zo) with Ty = (Z(, 3r) and & € R™ arbitrary, we can apply Caccioppoli’s inequality without
boundary contributions and with uniform constants, i.e. there exists C'= C(n, s) > 0 such that

1-2s C . 1z2s
2,21 Vil L2, (z0) < 7”%@ Ul L2(By, (20))-
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Indeed, this follows from rescaling and noting that the functions . (x) := @(rz’, rz,41) solve
uniformly elliptic equations with uniformly bounded ellipticity constants in By (Zg) with &y =
(z(/r,3). Thus covering the domain Bj x (r,1) with balls of the described type (which can
be achieved with finite, only dimension dependent amount of overlap) and invoking a similar
additive covering argument as above implies

1
%V” < C Hq”Loo 2
l2nfy Vil o2 < € 5= it all L2y, x (672,
This concludes the argument. O

Next we approach the desired lower bound estimates. As a first step towards these, we prove
a quantitative three balls inequality.

Lemma 5.2. Let s € (1/4,1). Let u € H*(Q) be a solution to (51) with ||| e @ny < Co < 00.
Then there exist constants C = C(n,s,Cy) > 0, a = a(n,s) € (0,1) such that for all radii
r € (0,1) and all xg € R™ x {0} it holds

2
1-2s Is—1
~ (1 53
(53) ||fﬂnﬁ1 u“LQ(B;’T(IO)) < Ce (+lall )”anrl UHLZ(B"'(;EO ”xn+1 u| L2(B+ (z0))"
Remark 5.3. The restriction r € (0,1) in the above three balls estimate is not necessary and
only for convenience. As we will however only apply the result in this case and as an extension
to arbitrary radii requires a slight discussion, we have added this restriction.

Proof. Without loss of generality, we prove the estimate for xg = 0. To deduce the desired
result, we rely on the Carleman inequality from | | or equivalently the one from | ,
Proposition A.1]. For a function w € H'(BJ, z},3%) with supp(w) € Bf \ B} for some 1 > 0

solving

e a:,llflst = fin R,

xnlgn_) 2} 301w = Vw on R™ x {0},

(54)

with f € L2(Bf,22°7}") and V € L>(BY}) it reads

1 — T ﬂ — —S T — —S
72 In(ra/r) "M le %, By Jol T w0l e gy + 71T (L A+ P ()l T wll 2 sy
(55) 47|z, 2y (14 (ja) " el Tl gy
-1y, 7¢ % 122 TH| S
<C(t 7 le |x|$n+1 f||L2(B;) +772 [|e"|z] Vw||L2(Bg))~

Here 74 € (2r1,3) is arbitrary and ¢(z) = ¥ (|z|) with

1 1
P(r) = —In(r) + 0 <ln( )arctan(In(r)) — B In(1 + ln2(7’))> .
We apply this estimate with w = nu, where 7 is a smooth, radial cut-off function such that

C C
n(z) =1 for |z| € (4r/5,5r/2), supp(n) C A;‘T/473T, |[Vn| < — |V2p| < = for some C > 1.
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The function w = nt satisfies an equation of the form (54) with f = ﬁV-x}lfan—i-mnH Vn-Vi

and V = ¢q. Inserting w into the Carleman estimate, we thus infer
1 _ =2 _ _
72 In(rz/r) 1H67¢9€nﬁ1 2™ w2y + TS||6T¢(1 + 1 (2)) 7 | " w2y

<o(r! 1||€T¢ T, 7 U||L2(A+ ) +7 1||€T¢ Tt VUHLZ(A3T/4 D)

+7 1||eT¢ T, 7 U||L2(A+ y T T 1||6T¢ T, 2 VU||L2(A

/2,37 57/2, 37‘)

1-2s
+ TT\\67¢|x|5qw||Lz(Bé)).
We first observe that if s € (1/4,1) and

T >10Cq| T 41,

then it is possible to absorb the boundary contribution from the right hand side into the left
hand side. From now on we assume that this is the case and drop the boundary contributions.
Thus, it remains to consider

1
72 In(ry/r)” 1||€”5 7y el "l g

<Ot e, 1||e7¢

Ty UHL? T, vU||L2(A

3r/4, 4r/5)
))-

Pulling out the exponential weights and invoking Lemma 5.1 in order to control the gradient
contributions, we obtain

3 r/4,4r /5)

2
+77! _1||6T¢ n+1 U”L? At )+T 1H6T¢ n+1 VU”B

5r/2,3r 5r/2 3r

1
72 In(ry/ry) eV TZ)Hxn+1 |z|~ w||L2(B+)

S C( ggoo)( _1’/"_1 Tw(Sr/4)||m

+1 U||L2(A+ )
).

Choosing r1 = 3r/4 and ro = 2r then further allows us to simplify this

+T 17"_1 T¢(57"/2)Hx +1 u“L2(A2r47‘)

7'77"_1 T (27) ||$n+1 UHLQ(AM /5, 27")

< C( ?oc) _17“_1 7—1,[1(3r/4)||x

)+T—1 -1 T¢(5T/2)Hx

+1 UHLZ(A+ +1 UHLZ(A M))-

Filling up holes (for which we use the monotonicity of the weight ) then yields

=
[, 1 UHLQ(B;})

1
[2;0)( T¢(3T/4)—T¢(2T)Hx

< C( + eﬂﬁ(5r/2)—~r¢ QT’)HJ:

+1 “||L2 (B;) n+1 UHLZ(BJF))

We optimize the right hand side in 7 and choose

1-2s
=2 Iy 4 1 In [ u||L2(Bi)

OO lall=) + Sy e

1-2s
[ U||L2(B;)
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This yields the estimate

1=2s
2, £ “||L2(B;;)

2
L —4s
< O(1+ gl| ) Hali=™)

|‘/En+1 u||L2(B+)Hxn+1 u| L2 B+)
where

P(5r/2) — ¢ (2r)
$(3r/4) —(5r/2)

is uniformly bounded from above and below (by the only slight convexification of the logarithmic
weight). O

€(0,1)

The quantitative three balls estimate from Lemma 5.2 can be upgraded to a doubling inequality
with a precise dependence on ||g|| oo (rn):

Proposition 5.4. Let s € (1/4,1). Let u € H*(Q) be a solution to (51) with
HUHLQ(B{) Z K and ||UHLoo(Rn) S Co.
Then there exists constants C = C(n,s,Co) > 1,7 = y(n,s) > 0 such that for all r € (0,2) it
holds
oy g < CK eI o F
Proof. We again apply the Carleman estimate (55) to a function of the form w = na. However,
we now choose 1 such that for some r <1/4

n(z) =1 for |z € (4r/5,1), supp(n) C A, ,,

V()| < . 19| < G for [ € (3r/4,40/5).
(), [Vn(a)| < € for Ja] € (1,2).

The Carleman estimate from above yields
1 B 1-2s 1
T2 In(rz/r1) e x, By el wl ey + 70Nl (1 4+ I (2]) el w2y

1-20
—|—TH€T¢$,HZ_1 (1+1n2(|x|)) 1|x| 1uHL2(A4 -/5,3/4)

<O(r - _1||6T¢ n+1 UHL2 AT

-1
3r/4,41/5 )+T ||€ ”‘H vu||L2(A

3r/4, 47‘/\))
- H ¢ +2 ﬂHZZ A B ||E +2 Vf’“”lz A
n+1 ( 1,2) xn 1 ( ,2)

1—2s
+ 72 |[e"|z|*qu|| 2 (B1))-

Now we choose 7 > 79 = C(1+ ||q||}. o ') so that we may absorb the boundary term from the
right hand side into the left hand side. Dropping these terms again, choosing r; = %, ro = 2r,
estimating the gradient contributions by Lemma 5.1 and pulling out the exponential weights,
leads to

1-2:
r%ew(%)r*l\\xnil ﬂHL2(A+ T 7_6711,(3/4)Hx +1 u||L2(A4 /5.3/4)

< O+ lglF)(r b ter @ ) g 7

)-

—1 (1
n+1 u||L2 Ry y Tl ( )”x"“ UHLQ(AQ/N 21/10)
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Filling up holes (we again use the monotonicity of the weight ¢) then yields

1-2s =28
T2V iz u”L?(BJ,.) tre’ 3/4)||xnj1 U”L?(B* )

(56)

1 L 1=2s _
< OO+ lallFe) (e a2y + 7 e O, 7y il o (B, o

))-
Using the monotonicity of z[; and choosing 7 > 7y such that

1
VO 7y A ] Py

).

then allows us to absorb the second right hand side term into the left hand side. A possible
choice for this is for instance

n+1 u||L2 Bf, ) 2(1 n+1 UHL2(B

21/10

1-2s
2(1 + [lql| %) ||1‘nﬁ1 2y,

$(3/4) — (1)

/10)

T=1T+
”33 +1 UHLZ Bf.,)

Reinserting this into (56) implies

Hanrl UHL2(321/10)

1~ T 1-2
E;)CeC(HIIqHLm )||x

1-2s s
67,2 wl2pgy < O+l nt1 Wl 2 p

||$nﬁ1 71||L2(B;/4)

where A (again by the only slight logarithmic convexification of the logarithmic weight) is uni-
formly bounded.

It remains to bound the quotient on the right hand side of (57). To this end, we first estimate
the denominator from below and note that by the trace inequality in H' (B3 ,x}lff) and by
Lemma 5.1, we have

K <|lull2s;) < C(

)||xn+1 UHL2 Bf 12)

By Lemma 5.2 (taking » = 3/4) and by the uniform L* boundedness of @, we obtain that for
some uniform a € (0, 1)

1 45 1 1-2s
CTUK (L + lallF) ™! < €Oy e Ot I B,

1-2s
For the numerator in (57), we simply use the L>° bound and the fact that x,, 7, is L? integrable.
As a consequence, for some slightly larger constant C' > 1,

H$n+1 Ul 2 g %)

el < KAO( + g i) el
H‘rn-il ﬂHL2(B;r/4)

Plugging this back into (57) and enlarging the constant C' = C(n,s,Cy) > 0 if necessary, con-
cludes the proof of the statement. O

As a corollary of the doubling estimates, we derive estimates on the order of vanishing of @
and u.

Corollary 5.5. Let s € (1/4,1). Let uw € H*(2) be a solution to (51) with

lullz2sy) = K >0 and [Ju]| Lo @n) < Co.
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Then there exist constants Cy,Cy, C. > 0, depending on n,s,Cy, and v > 0, depending on n, s,
such that for allr € (0, %)

1 1=2s - _
(58) (14 lalE) Fy il > Car Sl #1208 K

2
(1+ lallZe)lull 2y > CorCollalss +1),—Flog K.

and
2
1 o1 -
(U el )l e gy > Cor (el 0y 708,
Proof. We first note that by the trace estimate in H*(R"™, z} ﬁf) we have
K < |lullz2(sy) < C(llﬂfEﬂHLz(B;) + ||‘rn+TlvaHL2(B;r))'
By virtue of Lemma 5.1 this can be further controlled by
i 1-2s
K < COA+lqllzs)llzn iy @l 2 -

The proof of the bulk bound is now immediate from the doubling inequality. Indeed, for each
r € (0,1/4) there exists k > 2 such that r € (2%~ 27%). Thus,

K
C(1+ lallZs)

25— C 4;1
< ||xn+1 u||L2(B+) < CK e (llall +1) ||{E ) u”L? B+)

k42 k+2) (k+2)C 4;1+1
< Ok T2 g7 (k+2) o (k+2)C(lldll )||x 2 u”L2 B )

2
< p=Cllall £ +1)+7 log( K)||x

n+1 u||L2(B+),

for some ¥ = 4(s,n) > 0. This implies (58).

For the L? boundary estimate, we use the boundary bulk interpolation estimate from Proposi-
tion 2.4 (a). Using the upper and lower bounds for the bulk contributions and observing that the
Neumann derivative again only amounts to an additional polynomial loss of ||¢|/« then implies
the claim. The L™ estimate follows immediately from the L? bound.

With the auxiliary results from Lemma 5.2-Corollary 5.5 at hand, we can address the proof
of Theorem 3:

Proof of Theorem 3. We consider the rescaled function @g(v) := @(R(z + 7%)) for some xq €
R"™ x {0} with |zo| = R. In particular, by rescaling, the trace inequalities in H'! (R”+1 ,11+215)
and by Lemma 5.1, this function satisfies

larllzzs, ) =Rl 25y z0))
R
>Rl L2y 0y = R Pllullpesy) > B2,
where we used that |zo| = R and ||lu||2(p;) = 1. Further, we note
lurll Lo x{0y) < Co-

As a consequence, for R > 4, Corollary 5.5 is applicable (with K = R~"/2) and yields

L s
(14 laall Elunlim o) > Cor©ant BT 40 s
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Here qr(z) = Rgsq(R(x—&—%‘))) denotes the potential in the Schrodinger equation for ug. Choosing
r =+ and using ||gr|| L= ®n) < R*, we hence infer

L Frest _
lull o= (51 o)) = urllzoe(5y, ) = Ce(1+ llarla) ~temCef™ T s fiemmfilos

Enlarging the constant C. slightly then concludes the proof. O
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