THE LANDIS CONJECTURE FOR VARIABLE COEFFICIENT SECOND-ORDER ELLIPTIC
PDES
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ABSTRACT. In this work, we study the Landis conjecture for second-order elliptic equations in the plane. Pre-
cisely, assume that V > 0 is a measurable real-valued function satisfying ||V =(r2) < 1. Letu be a real solution

to div (AVu) — Vu = 0 in R%. Assume that |u(z)| < exp(cg|z|) and u (0) = 1. Then, for any R sufficiently large,
| nfRHMHLw(BI(ZO)) > exp(—CRIogR).

i

20|=
In addition to equations with electric potentials, we also derive similar estimates for equations with magnetic
potentials. The proofs rely on transforming the equations to Beltrami systems and Hadamard’s three-quasi-
circle theorem.

1. INTRODUCTION

In this work, we study the asymptotic uniqueness for general second-order elliptic equations in the whole
space. One typical example we have in mind is

Lu—Vu:=div(AVu)—=Vu=0 in R" (1.1)

where A is symmetric and uniformly elliptic with Lipschitz continuous coefficients and V is essentially
bounded. For (I.1), we are interested in the following Landis type conjecture: assume that ||V[| j=gn) < 1
and |Jul|;=gn < Cp satisfies |u(x)| < Cexp(—Clx|'"), then u = 0. When L = A, counterexamples to the
Landis conjecture were constructed by Meshkov in [9] where the exponent 4/3 was shown to be optimal for
complex-valued potentials and solutions. A quantitative form of Meshkov’s result was derived by Bourgain
and Kenig [2] in their resolution of Anderson localization for the Bernoulli model in higher dimensions. The
proof of Bourgain and Kenig’s result was based on Carleman type estimates. Using the Carleman method,
other related results for the general second elliptic equation involving the first derivative terms were obtained
in [3]] and [8]].

The known results mentioned above indicate that the exponent 1 in the Landis type conjecture is not true
for general coefficients and solutions. Therefore, we want to study the same question when A and V of
are real-valued and the solution u is also real. In the case where L = A, n =2, and V > 0, a quantitative
Landis conjecture was proved in [6]. Precisely, let u be a real solution of Au — Vu = 0 in R? satisfying
u(0) = 1,|u(x)| < exp(Colx|), where ||[V||;~ < 1 and V > 0. Then for R sufficiently large,

inf  sup |u(x)| > exp(—CRlogR),
0| =R | x—x|<1
where C depends on Cj.

Here we would like to generalize this result to the second-order elliptic operator L. Let A be symmetric

and uniformly elliptic with Lipschitz continuous coefficients. That is, for some A € (0, 1],

air ap
A= = 1.2
{021 a4y ],012 asy (1.2)
7L|§]2Saij(x)é,-éjgl*l\élz, for all x € Rz,'é c R2. (1.3)
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Since A is Lipschitz continuous, then there exists ¢ > 0 such that

HVa,megu foreach i,j=1,2. (1.4)
The ellipticity condition implies that
ai; > A foreach i=1,2 (1.5)
a;; <CA™' foreach i,j=1,2. (1.6)
We define the leading operator
L =div(AV). (1.7)

Remark 1.1. We will often use that L is a divergence-form operator. However, it will at times be useful to
think of L in non-divergence form:

L= a,' (aijé?ju) = aij(?iju—i— Qia,-jaju = al-j(?iju—i—bjaju.
It follows from (1.4]) that b € L™ with Hbf" Lo <2u foreach j=1,2.

By building on the techniques developed in [[6], we will prove quantitative versions of Landis’ conjecture
when the leading operator is L. As in [6], to prove each Landis theorem, we first establish an appropriate
order-of-vanishing estimate, then we apply the shift and scale argument from [2]]. We use the notation B, to
denote a ball of radius r centered at the origin. As defined in Section [2} Oy denotes a quasi-ball of radius s
centered at the origin that is associated to an elliptic operator. Constants b and d are chosen so that B, C QO
and Q7/5 € By. Itis shown in Sectionthat such ball exists, and they are bounded in terms of the ellipticity
constant. The functions ¢ and p, which are introduced at the end of Section 2] (see and (2.2))), are used
below to define b and d. The first maximal order-of-vanishing theorem that we will discuss is the following.

Theorem 1.1. Setb=0(1;A),d=p (%;QL) + % Let u be a real-valued solution to

Lu—Vu=0 inBy; C R (1.8)
where V > 0 and A satisfies assumptions and (1.3). Assume that

1] - a,) < exp (Cov/M) (1.9)

HMHL""(B;,) >1 (1.10)

||V||L°°(Bd)§M (1.11)

IVais| o s,y < HVM, (1.12)

where M > 1. Then there exists C = C (Cy,A, 1) so that
[aall =5,y > 7M. (1.13)

As in [2f], a scaling argument shows that the following quantitative form of Landis’ conjecture follows
from Theorem [L.1l

Theorem 1.2. Assume that V : R*> — R is measurable and satisfies
V] (r2) < 1.
Assume also that V > 0 a.e. in R2. Let u be a real solution to

Lu—Vu=0 in R?, (1.14)
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where A satisfies the assumptions (I.2) — (T.4). Assume that |u(z)| < exp(colz|) and u(0) = 1, where
z=(x,y). Let 20 = (x0,y0)- Then, for any R sufficiently large,

|ZiI|1fRH”HL°°(Bl(zO)) > exp(—CRIogR) (1.15)
20—

where C depends on cy, A, L.

The second maximal order-of-vanishing theorem applies to equations with a magnetic potential in diver-
gence form.

Theorem 1.3. Setb =0 (1;1), d=p (%:4) + % Let u be a real-valued solution to
Lu+V-(Wu)—Vu=0 inB; C R (1.16)

where V > 0 and A satisfies assumptions (L.2)) and (1.3). Assume that for some M > 1, (L.9) — (1.12) from
above hold, and

Wll=s,) < VM. (1.17)
Then there exists C = C (Co, A, 1) such that (I.13)) holds.
As above, the order-of-vanishing estimate implies the following Landis result.
Theorem 1.4. Assume thatV : R? — R, W : R? — R? are measurable and satisfy
Wl e@ey S 1, V]| =@y < 1.
Assume also that V > 0 a.e. in R%. Let u be a real solution to
Lu+V-(Wu) —Vu=0 in R?, (1.18)

where A satisfies the assumptions (1.2) — (T.4). Assume that |u(z)| < exp(col|z|) and u(0) = 1, where
z=(x,y). Set zo = (x0,y0). Then, for any R sufficiently large, estimate (I.15)) holds where C depends on c,
A, U

The third pair of theorems apply to equations with magnetic potentials in a non-divergence form. For this
case, in the local setting, it suffices to work with matrices that have determinant equal to 1. This additional
assumption changes the ellipticity constant, which in turn changes how we define b and d.

Theorem 1.5. Setb =0 (l;lz), d=p (%;lz) + % Let u be a real-valued solution to
Lu—W -Vu—Vu=0 inB; C R (1.19)

where V > 0 and A satisfies assumptions (1.2) and (1.3) with A replaced by A?, and detA = 1. Assume that
for some M > 1, (1.9) — (1.10), and (1.12) from above hold, and

V=@, <M (1.20)
(W], < VCIM. (1.21)
Then there exists C = C (Co,Cy, A, 1) such that (I.13)) holds.
Remark 1.2. For the general coefficient matrix A satisfying - (1.4), dividing gives

A - .
div Vu)—-W-Vu—Vu=0,
<\/detA >

where
w _ \%

1
n Y .
<\/ detA> v detA v detA
If W and V satisfy (T.20) and (T.21), then W and V satisfy the similar bounds with a new constant C;

depending on A, u. Also, the ellipticity constant of A/+/detA is A2.
3
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Again, the local theorem implies the Landis theorem.
Theorem 1.6. Assume thatV : R2 — R, W : R — R? are measurable and satisfy
W=y < 15 V] (r2) < 1.
Assume also that V > 0 a.e. in R%. Let u be a real solution to
Lu—W -Vu—Vu=0 in R?, (1.23)

where A satisfies the assumptions (L.2) — (L4). Assume that |u(z)| < exp(colz|) and u(0) = 1, where
z=(x,y). Set zo = (x0,y0). Then, for any R > Ry, estimate (1.15)) holds, where Ry depends on A,u and C
depends on co, A, UL.

This article is organized as follows. In Section [2] we discuss fundamental solutions of second-order el-
liptic operators that satisfy (1.3). These results apply to second-order elliptic operators with L™ coefficients.
These fundamental solutions lead to the definitions of quasi-balls and quasi-circles, as well as related results.
In Section 3] the shift and scale argument from [2] is applied to show how each quantitative Landis theorem
follows from the corresponding order-of-vanishing estimate. A number of useful tools are developed in Sec-
tion @ To start, we introduce some first-order Beltrami operators that generalize d. Then, a few properties
that relate first-order Beltrami operators to second-order elliptic operators are established. With these facts,
a Hadamard three-quasi-circle theorem is proved. Finally, we present some of the work of Bojarksi from
[1]] including a similarity principle for solutions to non-homogenous Beltrami equations. In Section [5] the
tools developed in the previous section are combined with the framework from [6] to prove Theorem
Section [6] shows how to account for a magnetic potential, proving Theorem The proof of Theorem
is contained in Section[7] A technical proof of one of the facts from Section @ may be found in the appendix.

2. QUASI-BALLS AND QUASI-CIRCLES

Let .Z (1) denote the set of all second-order elliptic operators acting on R? that satisfy ellipticity condi-
tion (I.3)). Throughout this section, assume that L € .Z’ (1 ). We start by discussing the fundamental solutions
of L. These results are based on the Appendix of [7].

Definition 2.1. A function G is called a fundamental solution for L with pole at the origin if

o GeH,? (R?\0), G € Hy! (R?) for all p <2 and for every € Ci (R?)

loc loc

/ a;;(2)DiG () D (z)dz = —9 (0).

e |G(z)] <Clog

, for some C > 0,

Z z| > C.

Lemma 2.2 (Theorem A-2, [7]]). There exists a unique fundamental solution G for L, with pole at the origin

and with the property that ‘l‘im G(z) —g(z) =0, where g is a solution to Lg =0 in |z| > 1 with g =0 on
z| oo

|z| = 1. Moreover, there are constants Cy,C,,C3,Cyq,Ry < 1,Ry > 1, that depend on A, such that

1 1
Cilog <> <—G(z) < Clog <> for |z| <Ry

2l 2l
Csloglz] < G(z) < Cyloglz| for |z| > Ra.

As a corollary to this theorem, we have the following.
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Corollary 2.3. There exist additional constants Cs,Ce, depending on A, such that
|2/ < exp(G(2)) < |2 for | <Ry
Cs |2l <exp(G(2) <Gl for Ri <z <R

2|@ <exp(G(2)) < [z for |z| > Ry.

Proof. Exponentiating the bounds given in Theorem [2.2] gives the first and third line of inequalities. Since
G is a solution to Lu = 0 in the annulus A = {z: R < |z| < R}, then by the maximum principle and the
bounds given in Lemma[2.2]

max G (z) < maxG (z) < max{CslogRy,CilogR;} = C4logR;
ZEA 7EJA

minG (z) > min G (z) > min{CslogR,,Cr1ogR; } = CologR;.
Z€A 7€0A
It follows that for any z € A,
ClegRl S G(Z) § C410gR2.

Therefore, whenever Ry < |z| < Ry,

|3
~__
o
~
IS
IN
7N
:u\w
— | N
~_
o
=N
o

e (G(0) <= (

e (R oo (R\® c
ew(G) =R = (1) 120> () e

giving the second line of bounds. g

and

The level sets of G will be important to us.
Definition 2.4. Define a function ¢ : R* — (0,0) as follows: {(z) = s iff G (z) = Ins. Then set
Z, = {zERzzG(z)zlns} = {zGRZ:E(z) =s}.

We refer to these level set of G as quasi-circles. That is, Z; is the quasi-circle of radius s. We also define
(closed) quasi-balls as

O, ={zeR*:4(z) <s}.
Open quasi-balls are defined analogously. We may also use the notation Q% and ZF to remind ourselves of
the underlying operator.

The following lemma follows from the bounds given in Corollary

Lemma 2.5. There are constants c1,c2,¢3,C4,C5,C6,51 < 1,8, > 1, that depend on A, such that if z € Zj,
then

s <z| < 5P fors < S
csst < z| < ces™ forS) <s< S,
§5° <zl <54 fors>S,.

Thus, the quasi-circle Z; is contained in an annulus whose inner and outer radii depend on s and A. For
future reference, it will be helpful to have a notation for the bounds on these inner and outer radii.
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Definition 2.6. Define

o(s;A)=supqgr>0:B,C ﬂ ok (2.1)
LeZ(A)
p(s;A)=infer>0: |J OYCB . (2.2)
LeZ(A)

Remark 2.1. These functions are defined so that for any operator L in .- (1), Bg(s2) C QL c By (5:0)-

The quasi-balls and quasi-circles just defined above are centered at the origin since G is a fundamental
solution with a pole at the origin. We may sometimes use the notation Z; (0) and Q (0) as a reminder that
these sets are centered around the origin. If we follow the same process for any point zg € R?, we may
discuss the fundamental solutions with pole at zp, and we may similarly define the quasi-circles and quasi-
balls associated to these functions. We will denote the quasi-circle and quasi-ball of radius s centred at zg by
Zs (z0) and Qs (z0), respectively. Although Qs (zp) is not necessarily a translation of Qy (0) for zg # 0, both
sets are contained in annuli that are translations.

Throughout, we will often work with quasi-balls in addition to standard balls.

3. THE SHIFT AND SCALE ARGUMENTS

The bulk of the paper is devoted to proving the order-of-vanishing estimates stated in Theorems [I.T} [T.3]
and [I.5] Before we get to those details, we show how Theorems [1.2] [T.4] and [I.6] follow from the local
estimates and the shift and scale arguments in [2].

Proof of Theorem([I.2} Let u be a real-valued solution to (T.T4). Let zo € R? be such that |z9| = R for some
R > 1. For a constant a yet to be determined, define

up(2) =u(z0+akz), Ag(z)=A(z0+aRz), Vr(z)=(aR)’V (z0+aRz),
and set
Lg = div (AgV).
Since A satisfies (I.2)) and (I.3)), then so too does Ag. By construction, ug is a solution to
Lrug — Veug = 0.
Since |u(z)| < exp(colz]), it follows that
|lurl[=(,) < exp(co(1+ad)R),

where d = p (%;l) +% depends on A. We choose a > 0 so that é < b, where b = ¢ (1;A) depends on A.
Then z1 := — 2% € By, ug (z1) = u(0) = 1 and it follows that

HMRHL“’(B,,) > 1.
Since [[V||;- < 1, then |[Vg|[=(5,) < (aR)*. The condition ||Vaij||,. <u implies that Hvava'jHLw(Bd) <
aRu. Hence, the assumptions of Theoremare satisfied for ugr with M = (aR)z. Therefore,
gl s,y = 7%
Setting r = aiR and rewriting in terms of u, we see that
ot (8, (0)) = €XP (—CRlogR),

as required. (Il



Proof of Theorem|[I.4] Let u be a real-valued solution to (I.18). Define zo, a, ug, Ag, Vg, and Lg as in the
previous proof. If we set

Wk (z) =RW (20 +aRz)
then ug is a solution to
Lrug +V (Wgug) — Vgug = 0.
Since |[W||; < 1, then |[Wg||;~4,) < aR. The assumptions of Theorem [1.3|are satisfied for ug with M =

(aR)?, and the conclusion follows as above. O

To prove the third version of the theorem, we must account for the additional determinant condition in
the statement of Theorem

Proof of Theorem|[I.6] Let u be a real-valued solution to (T.23). Set A = \/(;:W so that detA = 1. Now the

ellipticity constant of A is A2. Then u is a solution to Lu — W - Vu — Vu = 0 in R?, where L = div (AV) and
W, V are given in (1.22). Note that HW‘ |L°° < (Cy, and HVHLN < A~!, with C; = C; (A, u). The rest of the
proof proceeds as above. g

4. USEFUL TOOLS

This section contains a number of tools that will be used in the proofs of the order-of-vanishing estimates
to be given in the following sections. We first define the Beltrami operator that will play the role of 9 from
[6]. Then we present some results that show that such Beltrami operators are related to elliptic operators of
the form L in the same way that d related to A. These results are proved with elementary (but somewhat
lengthly) computations. Once we have the computational results, we will prove an optimal three-balls in-
equality, which we call the Hadamard three-quasi-ball inequality. Finally, we present some work of Bojarski
from [[1]], including the similarity principle for equations of the form Du = au + bii.

4.1. The Beltrami operators. We define a Beltrami operator that will play the role of the d operator from
the original paper [[6]. For a complex-valued function f = u + iv, define

Df=0df+n(z)df+v(z)df, (4.1)

where

%(8X+i8y)

5 (0 —id))

_ay —axn+2iap

)= det(A+1)

V() = detA —1 _
det(A+1)

0
d

4.2)

=
~

4.3)

Lemma 4.1. For 1,V defined above, we have

-2
1+

n (@) +v(z)] <

>



Proof. The proof of this lemma is purely computation.

(an —a22)2+4a%2 _ (an +a22)2 —4a11a22+4a%2 _ (trA)2 —4detA

In @)= ! : |
[det (A+1)] [det (A+1)] (detA+trA+1)
— A1—7L2
M= G e )
v (2)| = [detA — 1] _ A — 1]

[det(A+1)]  (Ai+1)(Aa+1)’
where we are using A; > A, to denote the eigenvalues of A. It follows that

M= 1| _1-A
7Ll+1)()~2+1) (11+1)()l.2+1)_1+7t.

\H(Z)H!V(Z)!:(

0
A computation shows that for f = u+iv
(a1 +detA) +iay, ayp +i(axp +detA)
Df = Uy Uy
det(A+1) det(A+1)

(an+1)+iay. app+i(apn+1),
. 44
det(A+1) 7 det(A+l) 9

When A has determinant equal to 1, v (z) = 0 and we may write

1)+i ] 1

D_ (an + )+lalzax+a12+l(azz+ )3},. 4.5)

det(A+1) det(A+1)

In addition to the operator D, we will also make use of an operator that is related to D through some
function w. For a given function w, set

I n@+vEYE fordw#0
TIW(Z)—{ T]é)—i—v(i)l9 otherwise

1-2
where 1 and v are as defined in (4.2)) and (4.3), respectively. By Lemma it follows that |n,,| < R
Define
Dyf = 0f +ny(2)0f. (4.6)
If N (z) = oy, (2) +iBy (2), then
1 _ . .
D, = 3 [0x +i0y + (04, + iBy) (O — i0y)]
| . (1
_rontibyy  Betillzon), @.7)
2 2
Bertrami operators of this form will be used in the proofs of the main theorems.
At times, the dependence on w will not be important to our arguments, so we define
A~ 1+o+i (1—-o
po Lratib,  Bri )ay, (4.8)

2 2
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1-2\? 3
where a, B are assumed to be functions of z such that o> + 2 < (1—1—7L> < 1. Associated to D is the

second-order elliptic operator L = div (AV) with

(1+a)*+B2 2B P

i | T TR 1 A

A= 2B (1*0‘)2+/32 [ dpp dn ] ’ (49)
1-a?—p? 1-a?—p?

A computation shows that the smallest eigenvalue of A satisfies

L= 2 _1-Verspr
) 1+ (0245217 oy o »

while the largest eigenvalue of A satisfies

1 Ve B
T ety [32 B
Therefore we can see that A has the same ellipticity constant, A. Finally, note that if detA = 1, then D takes
the form of D. This means that the rest of the results of this section may be applied to D in this case.

Remark 4.1. Note that if D is given as in (.1)) and Df = 0, then D,, f = 0 with w = f, where D,, is defined
in (4.6).
4.2. Computational results for elliptic operators. The following results show that D relates to L in some

of the same ways that d relates to A. These properties will allow us to prove the Hadamard three-quasi-circle
theorem.

Lemma 4.2. If Df =0, where f (x,y) = u(x, ) ) for real-valued u and v, then

v (x,
u=0=1

Proof. If Df = 0, then it follows from (#.8)) that the following Cauchy-Riemann type equations hold

(14 o)ty — Bve+Puy— (1 —a)vy =0
{ﬁux+(1+a)vx +(1— o) uy+Bv, =0. (4.10)

Some algebraic manipulations give rise to two more equivalent sets of equations

e T o @i
and A A 0
LamiamtnZo @
where we have used the definition of A in (@#9). From @I1)), we have
0 = O [@r1ux + arouy — vy| + 0y [Ar12uyx + doouty + vy,
so that Lu = 0. Similarly, by @#.12),
0 = O [d11ve+a12vy +uy]) + 9y [A12vx + doovy — Uy],
so that Lv = 0 as well. 0

We find another parallel with the Laplace equation. As in the case of L = A, the logarithm of the norm of
f is a subsolution to the second-order equation whenever D f = 0. To see this, it suffices to prove that

Lemma 4.3. If Df = 0 and f # 0, then L{log|f (z)|] = 0.
9



Proof. If f = u+iv, where u and v are real-valued, then log|f (z)| = 1log (u® +v*). We have

Uy + VY,
dilog|f (z)| = RrERTE
Ully + vy,
o1 =2 )
ylog|f (2)| o
Then,
Lllog|f (x)|] = 0x (@110 log|f (2)| + @120y log | f (2)]) + 9y (@120xlog | f (2)] + @20y log | f (2)])
B . uux+vvx . Uy vy, N Ul +VYe Uy VY
N < T tan u? +1? >+8y <a12 u? 41?2 +an u? +1?2
u
x 1ux+a12u))+8 (alzux—i-azzuy)}m
x 11Vx+6112Vy) +8 (alzvx—i-azz\/))] m

R a u N a u N a u N
a1 Uy + oy m djpuy + 0y m ajpux + 0y ) anuy

R v R v R v R
212 A11vy + 0y (u2+v2> appvy +8y (M) a1zvx+ay (uz +V2) anvy.

Since Lu = 0 = Lv by the previous lemma, the top two lines vanish and we have,
. u u R u ~
Lllog|f (x)|] = o, u2 Ayt + Oy +v alzuy"i'a m a12ux+ay 212 axuy

v 1% n 1% ~
a11Vx+a + ) algv)—ka m a12Vx+ay u2+v2 anyvy
(

+ 0

M(
(7

1
{ [ } +2d12 (uxity + vivy) + o {( )2 + vy)z] } 212
1
[ (uux—l—vvx) + 2412 (utty +vvy) (utty +vvy) +dxn (uuy+vvy)2] m
u? +v

By the relations (@.11)) and @.12)),
aAll |:(ux)2 + (Vx)z] + 25212 (uxuy + vay) + &22 [(uy)z + (Vy)2:|

—an [(ux)z n (vx)z} + [t (vy — A1 yiay) + v (— 1ty — A1 vy)]

+ [(=vx — doouy) uy + (uy — doovy) vy] + a2 [(”y)z + (Vy)z}

=2 (uxvy Villy)

and
an (uuy + vvx)2 +2a12 (uiy 4 vvy) (uuy +vvy) + ax (i, + vvy)2
= (uux +vvy) {11 (uux+vvy) + [u(vy — driuy) +v (—uy — anvy) |}
+{[u (—vy — doouy) + v (ux — doavy)| + doo (uny 4 vvy) } (uuey +vvy)
= (uuy +vvy) (uvy —vuy) + (—uvy +vuy) (uuy, +vvy)
= (uwvy — uyvy) (2 +17) .
Therefore,

Liog|f (z)]] =0,
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proving the lemma. O

Since A =499 =499 is used in [6] to prove the third version of the theorem, we would like a decom-
position for our operator L = div (AV) into first-order operators. Under some additional assumptions on the
structure of A, the following lemma shows that this is possible.

Lemma 4.4. Assume that A has determinant equal to 1. Then the operator L may be decomposed as

L= (D+V~V> D,
where
D= [1 +ap —ialz] o+ [Cl]z —i(1 +a22)] 8y = det(A—i—I)T)
W _ (Otaxan —ﬁ&xa12+y8yan +68ya12) +i(y8xa11 +060dain — Otayan +B8ya12)
andet(A—i—I)z
o =aj +axy+22anaxn B:2012(1+011)
Y=an(an —an) 8=(1+ay)*—d,,
and D is given by [@.3).

The proof of this lemma is straightforward, but tedious. We will prove it in the Appendix.

4.3. A Hadamard three-quasi-circle theorem. Using the fundamental solution G for the operator L, we
can now prove the following.

Theorem 4.5. Let f be a function for which Df = 0. Set
M (s) = max{|f (z)] : z € Z} .
Then for any 0 < s1 < 57 < 83,

log <::3> logM (s7) < log (“;3) logM (s1) +log (jz) logM (s3). (4.13)
1 2 1

Proof. Let oy, 5, = {z:51 <L(z) <53} = Oy, \ Qs,, Where £ is associated to G, the fundamental solution of
L. By Lemma this set is contained in an annulus with inner and outer radius depending on s, s3, and A.
In particular, it is bounded and does not contain the origin. Therefore, G (z) is bounded on o7, 3+ Let zo be
in the interior of @7, ;,. If f(z0) = 0, then aG (z9) +log | f (z0)| = —oo for any a € R. On the other hand, if
f(z0) #0, then Lemmaimplies that L [aG (z) +log|f (z)|] = O for z near zo. By the maximum principle,
zo cannot be an extremal point. Therefore, aG (z) +log|f (z)| takes it maximum value on the boundary of
s, 5, We will choose the constant a € R so that

max{aé(z) +log|f(z)]:z€Zy } = max{aé(z) +log|f ()| :z€ Zy, },
or rather
log (s{M (s1)) = log (s3M (s3)) -
It follows that for any z € &%, .,
aG (z) +log|f (2)| < log (s{M (s1)) (or log (s5M (s3))).
Furthermore, for any s, € (s1,53),
max {aG (z) +1og|f (z)| : 2 € Z, } <log(s{M (s1)) (or log (s3M (s3))),
or

log (s5M (s2)) < log (s{M (s1)) (or log (s5M (s3))).
11



Consequently,
$3M (s2) < s{M (s1) (or s3M (s3)),
so that for any 7 € (0,1), since s{M (s1) = s§M (s3), then
$3M (52) < [s{M (51)]" [s3M (s3)]'

o) < [ (2) wr r(2) [(”)QM@g)](”)mg(g).

52

We choose 7 so that Tlog (i—?) = log (i—;) Then (1 —7)log (j—?) = log (j—?) and

s\ 7708 (3) 175\ o7 me(3) . . . .
[<S2> ] Ksz) ]( ) =exp [alog <S2) log <s2> +alog <s1> log <S2>] -1

Therefore,

53

M(SZ)I"g(%) < M(sl)log(-vz)M(s3)l°g(§%)_
Taking logarithms completes the proof. U

Corollary 4.6. Let f satisfy Df = 0. Then for 0 < s; < 55 < s3

Fli(o,) < (Wllian)” (IMmar))

where
log(ss/52)
log(s3/s1)
Remark 4.2. From Remark we know that if Df = 0, then Dsf = 0. Hence Corollary {.6| applies to
such f.

4.4. The similarity principle. The approach here is based on the work of Bojarksi, as presented in [[1l]. We
will start with a few definitions and facts that will be used below. For simplicity, we work on a bounded

domain Q. Define the operators
1 ()
Tw(z)=—— // d
@==21), - ¢

1 o(¢)
S(o(z)——;//g ot

We will make use the of the following results, collected from [1]].

Lemma 4.7. Suppose that g € L? for some p > 2. Then Tg exists everywhere as an absolutely convergent
integral and Sg exists almost everywhere as a Cauchy principal limit. The following relations hold:

d(Tg)=2¢
d(Tg)=Sg

T8 () <cpllgller
|1Sgllz, < CpllgllL
lim C, = 1.

p—2+

12



Lemma 4.8 (see Lemmas 4.1, 4.3 [1]]). Let w be a generalized solution (possibly admitting isolated singu-
larities) to

ow+qi(z)ow+q2(z)dw=A(Z)w+B(z)Ww
in a bounded domain Q C R%. Assume that |q1 (z)|+|q2 (z)| < oty < 1in Q, and A, B are bounded functions.
Then w (2) is given by

w(z) = f(2)e"®@ = f(2) e,

where f is a solution to
df +40(z)9f =0
and
9(x) =To().
Here, ® solves @.15)) and qo is defined by (.14).

The proof ideas are available in [1]. For completeness, we include the proof.

Proof. Let w(z) be the generalized solution. Set

A(R)+B(2) % forw(z) #0and w(z) # oo
hiz) = { Aé) —I-Bé) otherwzise :

q1(z )+q2(z)% for dw # 0
()= { q1(2)+q2(2) ? otherwise . (4.14)

We have |go (z)| < |q1 (2)|+ ]¢2 (z)| < 0. Consider the integral equation
O+ qoSw = h. (4.15)

Let p > 2 be such that C,,qp < 1. Since /1 (z) € L” (Q), then by a fixed point argument, this integral equation
has a unique solution @ (z) € L”. Set ¢ (z) = T (z), then define £ (z) = w(z) e ?1?). We see that
df =dwe ? —dpwe ® = dwe ? — wwe ?
df =dwe ? —dpwe ? = dwe ? —Sowe ?.
It follows that
df +qodf = [Ow+qodw — co+qoSa))w] e ?

[0
[ w—+qodw — hw]
{w—i—qlaw—l—qzaw Aw — Bw} -9
=0.

Corollary 4.9. Let w be a generalized solution (possibly admitting isolated singularities) to
ow+q1 (2) Ow+q2 (z) dIw=A(2)w+B(2)w

in a bounded domain Q C R?. Assume that |q1 (z)| +|q2 (z)| < ap < 1in Q, and A, B are bounded functions.
Then w (2) is given by

where f is a solution to _
df+qo(z)df =0

and

exp | ~C (1Al ooy + 1Bl | <18 (@) < exp |C (11All- (@) + 1Bl ) |-

13



Proof. From the previous lemma, we have that g (z) = exp (T (z)), where o is the unique solution to (4.13).
Since C,0p < 1, then
ol < CllAl] -
Therefore,
To(2)| <Cllhll, <C [HAHL"“(Q) +11Bll=()| »

where C depends on Q. The conclusion follows. O

5. THE PROOF OF THEOREM [L.1]

Before we can prove Theorem [I.1]| we need to develop a set of results that are analogous to those in [6]].
The first step is to show that a positive multiplier exists. We then use this positive multiplier to transform
the PDE (1.8) into a divergence-form equation. The divergence-form equation is used to introduce a stream
function, which gives rise to a Beltrami equation. Then, using the similarity principle of Bojarski and the
Hadamard three-quasi-circle theorem, we are able to prove Theorem [I.1 From now on, unless specified
otherwise, all constants C, ¢ depend on A and . Moreover, these constants are allowed to change from line
to line. We also use the more compact notation ¢ (-) and p (-) in place of 6 (-;4) and p (-;A) where it is
understood that these functions depend on the ellipticity constant A.

The first step is to show that there exists a positive solution ¢ to (I.8)) in the ball B,, where d = p (%) +
Let 11 be some constant to be determined and set

¢1 (x,y) = exp (1x).

(11 8]

Then by (L.T1), (I.12), and (L.5)
div(AV@) =V = [n (dwar1 + dyarn) + n2ay — V] ¢

> [/an—M—2nu\/A71] 1.

If 1 = ¢;v/M for some constant ¢; depending on A and u that is sufficiently large, then ¢; is a subsolution.
Now define ¢ = exp (02\/1\7[), where ¢; is a constant chosen so that ¢, > ¢; on B;. Since V > 0, then
L¢r — V¢ <0, s0 ¢ is a supersolution. It follows that there exists a positive solution ¢ to (1.8) such that

exp (fc1 m) <9 (z) <exp (cl \/M) for all 7 € By, (5.1)

where C; depends on ¢q,c3, and A.
Furthermore, (by Theorem 8.32 from [3]], for example) for 0 < @ < 1, s < 2, ¢ satisfies the interior
estimate

VOl 12 (00) = ClIOIl1=(0,) » (5.2)
where C = C (A,K,M,s,a), with

‘aij (x) — aij ()’)}
K= .. — ..
i [ilo o, iet2 [’ il 0 R T ’
where 0 < y < 1 is arbitrary. Note that since

|aij (x) — ai; ()] lx—y|

sup < sup g = sup plx—y/'"" < pdiam(Qy),
wAveQ XYl wtver T xtveo
then C = C (A, u,M,s, o). Moreover, by scaling considerations and Lemmal[2.3]
CA,u,M,o
C(l,‘LL,M,S,(X) S W
s
Set v=u/¢. Since u and ¢ are both solutions to (I.8) and A is symmetric by (1.2), we see that
div (¢*AVv) =0 in B, C R (5.3)

14



We use (5.3)) to define a stream function in By. Let ¥, with 7 (0) = 0, satisfy the following system of equations

vy = ¢2 (a11vx+a12vy>
5 5.4
{ —Vy = ¢2 (alzvx +a22vy) . G4
Specifically, for any (x,y) € By,
y X
F(x,y) = /0 02 (a11ve + aravy) (0,6) dt — /O 02 (a1avs + azvy) (s,y) ds. (5.5)

The stream function is used to transform the divergence-free equation into a Beltrami equation. Set w =
¢>v+iv. Then, using (5.4), we see that

Dw = 2¢D¢v + ¢>Dv + D(iv)

= 2D (log¢) ¢*v
+¢2 _(an—i-detA)—Hag]v am-l—i(azz—l—detA)v- . (an—l—l)—i—i(l]z\7 +a12+i(a22+1)17
| det(A+1) ! det(A+1) 7] det(A+1) det(A+1)
= 2D (log ¢)¢2v
42 [ (a11 +detA) +iay; ap+ilaxn —I—detA)v
| det(A+1) ! det(A+1) Y
o[ (an+1)+ian aip+i(an+1)
+i¢ TdetATD) (alzvx+a22vy)+—det(A+1) (a11ve+aizvy)
=D(log¢)(w+w).
Therefore,
Dw = a(w+Ww), (5.6)

where o = D (log ).

The next step is to estimate ¢. Here we mimic the arguments from [6]], making appropriate modifications
to account for the variable coefficients of the operator. To understand the behavior of o, we will study
y =log¢. From (5.1)), we see that

lw(z)| <CVM in By. (5.7)
Furthermore, a computation shows that ¥ solves the following equation
div(AVy)+AVy-Vy =V inB,. (5.8)
Lemma 5.1. If ¢ is a solution to (L.8) and v =log ¢, then
<
1YWl (5,,,5) < CVM, (5.9)

where C depends on A, L.

Proof. Recall thatd = p (7/5)+2/5. Let 8 € C§ (By) be a cutoff function for which 6 = 1in Bj(7/5)11/5-
Multiply by 6 and integrate by parts:
/1/9|V1,/|2 < /GAVy/-Vll/: /GV—/div(AVG)lVS C(M+V).
It follows that
[ wyPzom
JBp1/5)+1/5

We rescale equation (5.8). Set ¢ = % for some C > 0. Then is equivalent to

ediv(AVQ) +AVe-Vo =V in By, (5.10)
15



where € = c f and V = —. Now choose C sufficiently large so that

HVHLN(B <Ll <1, / Vo> < 1. (5.11)
¢ By1/5)41/5

Claim 5.2. Let ¢ > 0 be such that for any z € By(7/s), Bacs(2) C Bp(7/5)+1/5- For any z € Byys5), and
e <r<c/5, if .I0) and (5.11)) hold, then

/ Vol < Cr.
Br(Z)

Proof of Claim It suffices to take z = 0. Let 1 € C7’ (B2,) be a cutoff function such that n = 1in B, Set
=By, | / ¢. By the divergence theorem
B2r

o:g/div(AV [(9—m)n*])

:e/diV(AV(p)n2+48/nAV(p-Vn+8/((p—m)div (AV (n?)). (5.12)
We now estimate each of the three terms. By (5.10) and (3.11)),
/sdlv(AV(p /AV(p Von —I—/Vn < ’I/W‘P’z””HVHLM(B,A/BZrl
< —l/]V(p[znz—kCrz. (5.13)

By Cauchy-Schwarz and Young’s inequality,

1/2 1/2
4s/nAV<p-V11 <4de </|V(p\2n2> (/\Vn|2> < 2/|V(p\2n2+C82. (5.14)

For the third term, we use the Poincaré inequality to show that

) 1/2 1/2
§C8r_2/ |(p—m\§C</ | —m| > (/ ezr_4)
B, By, B,

(¢ —m)div (AV (n?))

1/2 1
<c vol?) (272 <cetv—— [ Vol 5.15
<ar( <p\) (2r2) o fo V9P 519
Combining (5.12)-(5.15)), we see that
R e 2
A% < ce*+cr? V <cr V . 5.16
If r» > 555, then by the last estimate of (5.11)), the mequahty above 1mphes that
/ Vol <.
B,
Otherwise, if > < ﬁ, choose k € N so that
c 2c
- <2<,
5=°"=7

Clearly, 2 > C (1/200A)%. 1t follows from repeatedly applying (5.16) that

1 k
Vol <Crr+ | —— / Vol|* < Cr?
/B;,’ (p’ —_ r +(2ool) szr‘ (p’ — r7

proving the claim. U
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We now use Claim |5.2{to give a pointwise bound for V¢ in B, (7/5). Define

1 .
0 (2) = g(p (e2), Ae(z) =A(ez), Le =divA,V.

Then
Vo (z) =Vo(ez), Lege (z) = Lo (£2).
It follows from that
Le@: +AcVQ: - Vo, =V (€2) := Ve (2),

[1Vellos,) < 1-

Moreover,
1 1
Vo (e sz/ Vo|* < —Ce? =,
BZ! (el = Bze\ o"< 5

where we have used Claim [5.2] It follows from Theorem 2.3 and Proposition 2.1 in Chapter V of [4] that
there exists p > 2 such that

IV@ell 5, < C. (5.17)
Now we define
b =) -~ [ @
(PS £ ‘Bll B, €.

Since V@, = V@, then
LeQe = —AeVPe - VP +Ve .= in By.
Clearly, ||| g,y < C. Moreover, by Holder, Poincaré and (5.17),
PellLrr2s,) < ClI@ellLos,) < ClIVPellpra,) < C.
By Theorem 9.11 from [J5], for every € < &,
1@ellwarags, < C.
for any r < 1, where C depends on & and r. By repeating these arguments, we obtain that

HV‘Z’EHLM(B,,) = HV(peHL"“(B,/) = ||V(P”L°°(BS,./) <C,

for ¥/ < r. This derivation works for any z € By (7/5) and any € < &. Since ¢ = %, conclusion of the
lemma follows. g
Using that the coefficients of D are bounded, we obtain the following corollary.
Corollary 5.3. If a = Dy and ||Vy/| |LM(BP(7/5)) < CV/M, then
<
etll=(s,,,,) < CVM. (5.18)

We have now have all the tools we need to prove Theorem [I.1]

Proof. As shown using the stream function (5.4), if u is a solution to (T.8)) in By, then w = ¢2v + iV is a
solution to (5.6) in By > By (7/5)- By the similarity principle given in Lemma and Corollary any
solution to (5.6) in B, (7/5) is a function of the form
w(z) =f(2)g(2),
with
Dwf:() in Bp(7/5)
and

exp (—C\/M) <|g(z)| <exp (C\/M) in By7/5), (5.19)
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where we have used (5.18) and the definition of D,, is given in (#.6). By Corollary {.6] the Hadamard
three-quasi-circle theorem applied to D,,,

0 —
1All-oy) < (Ifllr (@) (1Fllmo)) - (5.20)
where 5 <51 <s3 < % and
_ log (s2/51)
log (2s2/s)”
Substituting f = wg~! into and using (5.19), we see that
0 —
I¥lli~(g,) < e (VM) (IIln(o,)) (IWlir(o,) (521

Since w = ¢?v +iv = pu+ iv, then
ou| < [w| < |@ul +[v].
It follows from expression (5.5) and Lemma [2.5]that for any z € Qy, where s < 2,
[V (z)] < Cs“exp <2C1 \/M) IVV]l=(0,) -

Using that v = u/¢, the bounds for ¢ in (5.1)), and the interior estimate (5.2)), we see that setting s; = 1 and
= g in (5.21) gives

il =gy < exp (VA1) (5 =) (Illli=(or))
<exp (C\/JT/I) (s_c HMHL"“(QS)>9 )

where we have applied (I.9) to the last term on the right. Since [[ul|;~(q,) = |[u[;=(5,) = 1, we have
cvM
HuHLw(QS) > s“exp <—9> .
By Lemmal[2.5] Oy C By . It follows that

lall =g,y > 7,

as claimed O

6. THE PROOF OF THEOREM [L.3]

By building on the techniques from the previous section, we show here how to prove Theorem[I.3] To
transform equation (I.16)) into a divergence-free equation, we will construct a positive solution to the adjoint
equation. That is, we show there exists a positive solution ¢ to (I.19).

Let 11 be some constant to be determined and set

01 (6,7) = exp ().
Then by (I.11), (I.17), (I.12), and
div (AV¢]) —W‘V¢1 —V¢1 = [T] (axall +ayalz) —i—nza]] — T']W] —V] ¢1
> [/ln2—M—2nu\/A71—n\/A7l} 1.

If 1 = ¢;v/M for some constant ¢; depending on A and u that is sufficiently large, then ¢; is a subsolution.

Now define ¢ = exp (02\/1\7[), where ¢ is a constant chosen so that ¢, > ¢; on B;. Since V > 0, then

Ly —W -V — Ve <0, s0 ¢ is a supersolution. It follows that there exists a positive solution ¢ to (1.19)
18



such that (3.1)) holds. As above, a version of the interior estimate (5.2)) holds for ¢. Set v =u/¢. Using the
equations for # and ¢, and that A is symmetric, we see that

div (¢>AVv+ ¢?*Wv) =0in B, C R%. (6.1)

Since ¢2AVv + ¢>W is divergence-free, then there exists ¥, with #(0) = 0, for which

3y\7 :¢2 (anvx+a12vy+W1v) 6.2)
—00 = ¢ (a1avy +anvy + Wav). '
That is, for any (x,y) € By,
y X
7 (x,y) Z/O 02 (a11vx +anvy +Wiv) (O,f)df—/o 0% (arave+ aznvy + W) (s,y) ds. (6.3)
Set w = ¢v + iv. Then, using (6.2),
Dw = 2¢D¢v+ ¢>Dv + D(iv)
— 2D (log¢) ¢
5 [(a11 +detA) +iap app+i(an+detd) | [(a1+1)+iarn .  ap+ilan+1) .
+¢ Vx vy Vy 7y
| det(A+1) det(A+1) | det(A+1) det(A+1)
= 2D (log¢) ¢*v
2 _(all +detA) +iay; ayy +i(axy +detA)
+¢ Vy vy
| det(A+1) det(A+1) |
o (an+1)+ian aip+i(an+1)
_anT TR Wyy) + 2 AT ) W
+if [ det(A 1 1) (ar2vy+axnvy+Wov) + det(A+ 1) (a11vx +anvy+Wiv)
app—i(a;;+1) —(an+1)+ian ’
=2 |D(1 1% .
{ (logg) + 2det(A+1) 2 2det(A+1) 1o
Therefore,
Dw =B (w+Ww) 6.4)
where
app—i(a;+1) —(app+ 1) +iap
=D(l W
p=Dlogd)+ = arn T 2daarn
. a+al2_i(all +1)W N _(a22+1)+ia12W1.

2det(A+1) : 2det(A+1)
Lemma 6.1. If ¢ is a solution to (1.19) and v = log ¢, then

HVWHL”(%WS)) <CVM,

where C depends on A, LL.
The proof of Lemma [6.1]is analagous to that of Lemma [5.1] except that we must include the magnetic

potential W. We omit the details since the arguments in [6] may be combined with the proof of Lemma[5.1]
above. If we combine Lemma [6.1] Corollary [5.3] the bounds on A from (I.5) and (I.6), and the bounds on

W in (1.17), we see that
<
HBHL“(Bp(v/s)) - ||OCHL°°(B;:<7/5>) +CHW1HL°°(B;:(7/5>) +CHW2HL°°(Bp(7/s>)
<CVM

The proof of Theorem [I.3|follows that of Theorem [I.T| where we replace the bounds for o with the bounds

for 3.
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7. THE PROOF OF THEOREM

The establish the local order-of-vanishing estimate for (I.19), we will use a trick similar to the one that
appears in [6]. Instead of transforming (I.19) into a divergence-free equation and defining a stream function,
we construct an equation of the form Dw = Ww. Recall that detA = 1 in (T.19). Also, we now have an
ellipticity constant of A2 in (T.3) instead of A. Therefore, in what follows, the shortened notations o (-) and
p (-) stand for o (;A%) and p (-;A2).

As shown in the previous section, there exists a positive solution ¢ to (I.19) such that (3.1]) and (5.2) hold.
Set v =u/¢, where u is a solution to (1.19). It follows that

) Vu uveo AV Vu uvVe
Lv+ (2AVy —W)-Vy =div (A—A) + <2—W> < —— | =0, (7.1
¢ ¢* ¢ ¢ 92
where ¥ = log ¢. Using the decomposition given by Lemma4.4] we may rewrite (7.1)) as
DDv =WDv+ (W —2AVy) - Vy. (7.2)
Lemma 7.1. There exists Y so that
(W —2AVy) - Vy = YDv. (7.3)
Moreover,

HY“ ’L""(Bpr)) <CVM. (7.4)

Proof. SetY =e+if, where e, f are real-valued functions to be determined. Then
YDv = (e +if) {[1 +a —iay) v +[a1a —i(1+ax)| oy}
=le(1+an)+ fan]dw+learn+ f(14+ax)|dyv+i{[f (1+ai)—ean] o+ [farr —e (1 +ax)]dyv}
so that,
% YDy +TBv| = [e(1+an) + fars] d-+ fears + £ (1-+an)]dy.
If we define

Y=

)

- ! [Y + T%} whenever Dv # 0
0 otherwise

then ((7.3)) will be satisfied if we choose e, f so that

Oy dy
e(l+an)+ fap=w, — 26!11(:)—26112 ¢¢

Oy dy
eap+f(14+axn)= W2—2012¢¢—2022 ¢¢~

Solving this system, we see that

e | 1 l+a»n —ap Wi —2a;, 22 ¢ —2ap ff
f det(A+1) | —aiz  l+an W, — 2a12 2a228’¢
9

0
_; (l+a22)Wl_a12W2_2(1+a11)%T¢—2a128vL
det(A—i-I) —ale1+(1+a11)W2—2a12‘%7¢_2(1_’_a22)a%¢ .

We may apply Lemma with A replaced by A wherever necessary, to conclude that |[Vy/||,.. (Borss))

<
C+v/M. Combining this with the bounds on A and W leads to (7.4)) and completes the proof. (|
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Returning to (7.2)), we see that
DDv = (VT/ + Y’) Dv.
Since

HW+TH <CVM,
L=(Bp(rss))

then we may apply the results from the previous section to the equation above, where Dv now plays the role
of w. An application of the similarity principle, Lemma@.8|applied to D, shows that

Dv(z)=f(2)g(2),
where Df =0 in B, (7/5) and exp ( ~CvVM ) <lg(z)| <exp (C VM ) Then the Hadamard three-quasi-circle
theorem (with respect to the operator D) is used as in the proof of Theorem [1.1|above, along with ||Dv|| ~

| Vv]], to show that
0 —
1V9l,-(g, ) S exp (VM) (IIV9]1,-g, ) (II9V11(0)) - (1.5)
where 5/2 < s1, 51 =6/5, 5o =13/10 and
_ IOg (Sz/sl)
log (2s2/s)

Using the interior bound (5.2)), as well as the bound on u given in (I.9), we have

1V91l,(g, ) < exP (cﬂ?) (s—c Hu”Lw(QX)) ° (1.6)

To complete the proof, we need to bound the lefthandside from below using the assumption that [[u/|;- o, =
||| 1=(5,) = 1. We repeat the argument from [6]] here. This assumption implies that there exists zo € Q; such
that |u(z9)| > 1. Without loss of generality, we’ll assume that u (zg) > 1. Since u is real-valued, then for any
a >0, we have that either u (z) > a for all z € Qg/s, or there exists z1 € Q5 such that u(z1) < a. We’ll need
to choose a appropriately. If the second case holds, then by (5.1) we see that

M(Zl)g a gaexp(Cl\/M),

while

If we seta = %exp (—2C1 \/1\7) then

and it follows that

ClIVY = (g = IV (20) v (an)] = ”(é‘;)) - Z((Z)) > %exp (~civm).

Combining this bound with and Lemma [2.5]]eads to the proof of the theorem. If we are in the former

case, then u(z) > a for all z € Qg5 and the conclusion of the theorem is obviously satisfied. The proof of
the Theorem 1.5]is now complete.

Remark 7.1. Using the similar ideas as in [6], one could also study the quantitative Landis conjecture for
(T.14)), (1.18), (1.23)) defined in an exterior domain. We leave this generalization to the reader.
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APPENDIX

In the appendix, we will prove Lemma.4] Equivalently, we need to show that

(D + VT/) D = divAV
= (dwa11 + dya2) Oy + (dxair + dyary) Ay + ai19xx +2a120xy + a2 0yy.

w1 +iwp

m. Because we assume that detA = 1, then v (z) =0 and D is

To start, we use the notation W=
given by (@.3). Since

~ 1
{[l +ai +ia12] O + [a12+i(1 +a22)] ay}{[l +ap fialz] o+ [a12 fi(l +a22)] ay}

D—_
det(A+1)
1
— m [(14a11) dwarr +aindwarz +andyan + (14 ax) dyai) oy
i
+ m [_ (1 +all) oea12 +appdian _alzayalz + (1 +a22) ayall] Ox
1
+ m [(1+an1) dwarz + aindrax +andyair + (1 +axn) dyar] d,

l
+ m [_ (1 +all)axa22 +a128xa]2 - alZayaZZ + (1 +a22> ayalZ] ay

+aj 8xx + 2a128xy + a228yy,

and
~ ~ W +iw _ .
= m {[1 +ai — la]Z] ax+ [alz —l<1 +(122)} ay}
1
= m{[wl(1+all)+W2012]+i[w2(l+a11)—wlalz]}ax
1
+m{[W1alz+wz(l+azz)]—|—i[w2a12—w1(1+a22)]}3y,

then it suffices to show that the following four equations are satisfied

det(A+1) (dwar1 + dyain) = (1+ai1) dar +andwary +andyai + (1+axn) dyain + (1+ai) wi +apws

0=—(14ai)dann+andwai —andan+ (1+ax)dai + (1+ai ) wr —aipw;
det(A+1) (dwarn + dyan) = (1+ai1) dair +aindwan +andyain + (1+axn) dyan +appw + (1 +axn)ws
0= —(14ai)daxn +andair —aindyaxn + (1+ax) dyaip +ainwr — (1 +axn)wi.

Since detA = 1, then aj1ax — a%z =1and

2a170 —a»nd

Dy — 212 xalimazz 1] (A1)
2a120yaiy — andyay;

dyar = 2 a . (A.2)
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Replacing the derivatives of ay, with (A.T)) and (A.2)), then simplyfing, the four equations above are equiva-
lent to

(I4+ai)wi+ainws = (1+ax) dai —andrain —apndyain + (1+air) dyan

(I4+ai1)wyr —aipw) = —apdai + (1 +ai) darn — (1 +an) dyai +andyarn
apan 1+a11—a2 14ai)axn 24ajr)amn
appwi + (1 +an)w, = dwar + <12> dwain — ¥9y011 + ¥3y012
a a ar ar
I+ar)axn 2+ayr)an apan l+ay —a?
(I+axn)wi —apw, = ¥3xa11 - ¥3x012 + dyay + ———2dan.
ai ar ar ar

Noting that (1+a;)* + a?, = ajydet (A +1), the first pair of equations may be solved for w; and wy:

[Wl } 1 [ l+an —an ] [ (1+a2)dkar —aindwair —apndyay + (1+air) dyarn

wy | ajrdet(A+1) aip  l+ap —apdcary + (14ai) dwarn — (14+ax) dyai +andyarn

ajitay+2ayaxn _ 2(+aijan an(an—ain) (1+an)*—a,
a”det(A-H ax an a“det A+[ & xd12 + a”det A+1 8 all + Ll]]det(A-‘r[

2 9
a12 ax — all 1‘i’all a]z __ajtapnt2aan (1+all a2
ayy det(A+]) d A1) + ayp det(A+I) d xA12 ayy det(A+1) a an+ ayy det(A+1) J ya12

8 012

which is consistent with the definition of W given in the statement of the lemma.
Similarly, since (1 + a22)2 + a%z = apdet (A +1), the second pair of equations also implies that

wr | _ 1 14+ax apn
w2 apdet(A+1) | —anx l+an

(14ar1)azn (2+ai1)an apa l+aj —a?
[ onEmaay - Eaaan g+ o,
l+a —a; l+a a (2+air)a
appaz 114 11 22 11)an
ar d.a 1+< ar rai ar dyarr + ar dya
ai +ap+2ayan 2(14ay)arz ap(an—ai) (1+ay,)*—d%,
— a“det(AJrI a xdi1 — a“det(AJrI a 12+ a“det(A+I) aya” + a“det(AJrI 8 a2
app(an—ai) (1+a1)*—d}, _antapntlanan 2(14ayy)az
a”det(A-H) axall + andet(A-‘rl) a xd12 a det(A-H a arl + ajp det A+1 a (112

This completes the proof of the decomposition lemma.
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