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ABSTRACT. In this article, we continue our investigation into the unique continuation properties
of real-valued solutions to elliptic equations in the plane. More precisely, we make another step
towards proving a quantitative version of Landis’ conjecture by establishing unique continuation at
infinity estimates for solutions to equations of the form —Au+ Vu =0 in R2, where V = Vy-V_,
V4 € L”, and V_ is a non-trivial function that exhibits exponential decay at infinity. The main tool in
the proof of this theorem is an order of vanishing estimate in combination with an iteration scheme.
To prove the order of vanishing estimate, we establish a similarity principle for vector-valued Bel-
trami systems.
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1. INTRODUCTION

In this paper, we consider the unique continuation properties of real-valued solutions to equa-
tions of the form

—Au+Vu=0 (D

in RZ. We assume that V = V. —V_ where Vi > 0 satisfies
IVl g2y < 1 (2)
V() <exp(—colel ") vzeR?, 3)

for some & > 0. The main result of this article is the following quantitative form of Landis’
conjecture for solutions to ().

Theorem 1. Assume that V : R? — R satisfies @) and (B). Let u : R? — R be a solution to (T)) for

which
|u(z)] <exp(Colzl) “4)
u(0)] > 1. %)
Then for any € > 0 and any R > Ry (Cy, co, €, €), we have
inf - > —R'"E). 6
‘Z;?:RH”“L (B1(z0)) = €XP ( ) (6)
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This theorem improves upon the work in [KSW15]] (see also the subsequent results in [DKW17]
and [DW17])) since we now allow for V_ to be a non-trivial function.

To prove Theorem |1} we follow the usual approach and prove an order of vanishing estimate
for a scaled version of equation (I)). Since the potential function exhibits decay at infinity, we
combine the scaling argument first developed in [BKOS5] with an iteration scheme similar to the
one presented in [Dav14]] (and further developed in [LW14]]) to prove Theorem

The notation B, (z9) is used to denote the ball of radius r centered at zy € R*. The abbreviated
notation B, will be used when the centre is understood from the context. We also use the notation
0O, (zo0) to denote the cube of sidelength 2r centered at zo € R?, and we may abbreviate the notation
when it is clear from the context. For the order of vanishing estimate, we consider solutions to ()
in Q;, for some b > 1.

Theorem 2. Let F be a function for which 1 < F(A) < A for all A > 1. For some A > 1, set
b=1+ % Assume that ||V j=g,) < A? and that IV-llz=(0,) < 82, where

o
~ logA

exp (—mA) (7)

for some ¢ > 0 and a constant m > 0 to be specified below. Let u be a real-valued solution to (T])
in Qyp that satisfies, for some p > 0,

ull = (5,) < exp(CiA) ®
HMHL""(BI) > exp(—ciA?). ©)

Then for any r sufficiently small,
Il g,y = FHFR, (10)

where ¢ = max {1, p} and C depends on C\, c|, and c.

Since we are working with real-valued solutions and equations in the plane, we follow an ap-
proach that is based on the ideas first developed in [KSW135]. In particular, we rely on tools from
complex analysis to prove our theorem. In [KSW15], [DKW17], and [DW17]], the first step in the
proof of the order of vanishing estimate is to show the existence of a positive multiplier and estab-
lish good bounds for it. Since the negative part of V' is now assumed to be non-trivial, our usual
approach to establishing the existence of a positive multiplier breaks down. Thus, we introduce a
positive solution to an associated equation with a shifted potential function. This positive function
allows us to transform the PDE for u into a divergence-form equation. The resulting equation is
not divergence-free, but it resembles a higher-dimensional divergence-free equation. Therefore,
we mimic ideas from the 3-dimensional setting, and introduce a vector-valued stream function that
gives rise to a vector-valued Beltrami system.

The main challenge that we overcome is understanding the quantitative behavior of solutions to
vector-valued Beltrami equations. In the scalar setting, an application of the similarity principle
in combination with the Hadamard three-circle theorem allowed us to quantify all solutions to the
resulting Beltrami system. As a similarity principle with bounds was not available to us in the
vector-valued setting, we prove one here using Cartan’s Lemma, the Wiener-Masani Theorem, and
the ideas from [BRO3]. With this new similarity principle, we can prove our three-ball inequalities

by applying the Hadamard three-circle theorem component-wise.
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Each section in this article describes an important proof. Section [2] gives the proof of Theorem
where each major step is presented in a subsection. The four steps in this proof are: the intro-
duction of a positive multiplier and its properties, the reduction from the PDE to a vector-valued
Beltrami system, the quantitative properties of solutions to vector-valued Beltrami systems, and the
three-ball inequality. The proof of Theorem|I]is presented in Section[3] We first present the propo-
sition behind the iteration scheme, whose proof relies on the order of vanishing estimate given in
Theorem [2 Then we repeatedly apply the proposition to prove Theorem [I] Finally, Section {4
presents the proof of an important proposition in the quantification of solutions to vector-valued
Beltrami systems.

2. THE PROOF OF THEOREM

2.1. The positive multiplier. In [KSW15] and [DKW17], the first step in the proofs of the order
of vanishing estimates is to establish that a positive multiplier associated to the operator (or its
adjoint) exists and has suitable bounds. Since we are no longer working with a zeroth order term

that is assumed to be non-negative, we take a somewhat different approach here.
Define

Vs (x7Y) =V (x7Y) + 8.
It follows from the assumptions ||V_|| =y, ) < 52, Vill=(g,) < A%, and A > 1> § (choosing 4

sufficiently large), that 0 < V5 < 242 a.e. in Q. Therefore, we may mimic the techniques from
[KSW135]] and [DKW17] to construct a positive multiplier associated with the equation

AP —Vsd =0 in Q. (11)
Set ¢ (x,y) =exp (ﬂ)tx). Since
Ay —Vsy = (247 —V5) 61 > 0,
then ¢; is a subsolution. Set ¢, = exp (v/81) and notice that

Apr — Vs = —Vs¢r <0,
so ¢, is a supersolution. Since ¢ > ¢ in Qp, then there exists a positive solution ¢ to (11] for

which
exp (—\/§7L> < ¢ <exp (\/gl) (12)

in Q. By the gradient estimate for Poisson’s equation (as in [GTO1] for example), we have

Cy M2

7

VOl =5, < 101l 2= (B4, - (13)
whenever o > 1, ar < b. Note that Co ~ (ot — 1)~ A similar estimate holds for u as well.
We present an estimate similar to one in [KSW135]] that will be instrumental below.

Lemma 1. Recall thatb =1+ ﬁ where | <F (A) < A. Ford=1+ %(/1)’ there is an absolute

constant Cy for which
[V (log )| =g, < CaA,

where ¢ is a positive solution to (LT).
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Proof. We begin with an L? estimate for @ :=log¢. Let 8 € C7 (Qp) be a smooth cutoff function
with & =1 in Qj; where d=1+ ﬁ. The assumption on b implies that b — d > ﬁ and

therefore [[VO||,(p,) < CF (1) and [|AB][ =,y < C[F (A)]2. 1t follows from (TT) that in Q),
AD + VD[ = V. (14)
Multiplying both sides of this equation by 62 and integrating by parts, we see that

/|vq>| 62 — /v592+/v VCI)</V502+ /|V<I>| 02+2/|V0|

Therefore,
/Q Vo[ < /\chyzez §2/V592+4/|V9|2 <c(A+F@)P),
d

where we have used the bound on Vj and that d < I. Since F (1) < A, then HVCI>||L2( 0,) < <CA,

where C is an absolute constant.
We rescale equation (14)). Set ¢ = C% for some C > 0. Then (T4) is equivalent to

uAQ+ Vo> =V in Qq, (15)
Now choose C sufficiently large so that

) L(Qy)
Claim 1. Forany z € Qq, if u <cr,r < g ( j» and conditions (I35) and (16) hold, then

/ Vo[> < Cr2.
B, (2)

Proof of Claim[I| We use the abbreviated notation B, to denote B, (z) for some z € Qy. Letn €
Cy’ (Bar) be a cutoff function such that n = 1 in B,. By the divergence theorem

Oz,u/div V(pn2 :u/A(pn2+2u/nV(p-Vn. 17)
Now we estimate each term. By (13) and (I6),
[uson® =~ [1voPn>+ [vn* <~ [1voPn?+||V - / !
d By,
—/|V(p|2n2—|—Cr2. (18)
By Cauchy-Schwarz and Young’s inequality,
) 1/2 ) 2 ,
2u/nV<p~Vn <2u (/\pr! nz) (/IVn! ) SE/!WPl n’+cut. (19
Combining (T7)-(19) and using that pu < cr, we see that
| ol < [ Vol it o <, (20)
B,

proving the claim. 0

Vs
C2/l2

where y = é and V =

<1, Vo> <1. (16)
Q~




We now use Claim [I]to give a pointwise bound for V¢ in Q4. Define

0u(2) = ﬁ«p (12).

Then
Vou(z) =Ve(uz),  Apu(z) =uAe(uz).
It follows from that
2 ~ ~
Apu+ |Vou|” =V (u2) :=Vyu (2),
V, <1.
HV” =(By) ~
Moreover,

J, Vool =z [ 1VeP < peeu=c

where we have used Claim |1} It follows from Theorem 2.3 and Proposition 2.1 in Chapter V of
[G1a83]] that there exists p > 2 such that

IVQullp(s,) < C- @1

Define
1

%(Z):(PM(Z)—M A Pu
1

Since V@, = Vo, then
~ 12 )
4 Lr/2(B < C. Moreover, by Holder, Poincaré and (21)),

Clearly,

Hq)ﬂ‘ LP/2(B}) < CH(pHHLP(BI) < CHV(i)NllLP(B]) <C.

By Theorem 9.9 from [GTO01], for example,
[ I———

for any r < 1. If p > 4, then it follows that HV@MH =(8,) < C. Otherwise, assuming that p <

4, a Sobolev embedding shows that HV‘P#H 2 < C Since 4 5 > P, we may repeat these
L4=r (By)

arguments to show that for some ' < 1
HV‘PHLw(BW,) - HV‘P#||L°°(B,_,) - HV%HLM(B,,) =C.
This derivation works for any z € Q; and any u < Up. Since ¢ = C?L’ the conclusion of the lemma

follows. O
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2.2. Reduction to a vector-valued Beltrami equation. Now we use the positive multiplier ¢
from above to reduce the PDE to a first-order Beltrami equation. The novelty here is that the
resulting equation is a vector equation instead of a scalar equation as it was in [KSW15]]. With u
and ¢ satisfying (1)) and (TT)), respectively, we define

u
V=—,
¢
and a computation shows that
V- (9>Vv) +8%9*v=0 in Q). (22)

Definition 1. For any 8 € R, define the operator V5 = (0y,dy,0), where & denotes multiplication
by 8. That is, if f is an arbitrary scalar function and ¥ = (F\, F», F3) is an arbitrary vector function,
then

V5f = (axf7 ayfa 5f)
Vs -F=divgF = o F1 + 8sz +O6F;
V5 xXF = curlgF = (8ng — 5F2, 6F1 — 8ng, 8sz — 8yF1)

With this new notation, (22) may be rewritten as

Vs (¢°Vsv) =0 in Q. (23)

Therefore, the positive multiplier ¢ for the related equation (1)) has been used to transform the PDE
(1) into a 8-divergence-free equation.

If we take the standard gradient, divergence and curl in R3, and replace o, with multiplication
by the constant &, we get the operators Vg, V- and Vgx. A number of the relationships between
gradient, divergence and curl are inherited for these new operators. For example, Vs- (Vs X F) =0,
VsxVsf=0,and Vg x (Vg xF)=—(A+8*)F+ Vs (Vs F).

The next step is to generalize the definition of the stream function given in [KSW135]. Since we
have a §-divergence-free vector field, >V gv, the idea (that comes from the 3-dimensional setting)
is to define a vector-valued function G that satisfies

Vs x G = ¢*Vgv. (24)
That is, if G = (v, v2,v3), then

dv3—06vy = ¢
—dw3+8v; = ¢ . (25)
oV — vy = S¢%v

Note that when d = 0, this system reduces to the defining equations for the scalar stream function
v3. When 6 # 0, one possible solution to this system is obtained by setting v3 = 0. That is,

v =819
{ vy =—-8"1¢%dyw - (26)
Define
A2
{ wi =0y 27

wy i =vy++v—1lv;
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and
dvy  dvg V—1[dv, v
8W2—8V2+\/ 8V1 2|ig ay:|+ 5 |:ay+ax}
S )
= swi+d(log¢)wr —d (log¢)w.

Set o = d (log ) so that & = (log ¢) =d (log9), since ¢ is real. We define

apz ifwy#0 5 532 ifwy#0

0 otherwise ’ 10 otherwise

We use the notation T = Tj, to denote the Cauchy-Pompeiu operator on Q). More details can be
found in the next subsection, but for now we rely on the property that 9Ty, f = fxo,. It follows
that

- - )

0 (e_T(ZO‘)w1> = e TN Gy — 20 T2y, = —Ee_T(za)wz

- N . B ~ S _

d <67T(a*a)w2> = T(O=0)5y, (a—o) e Tla—a)y, — Ee*T(a*a)wl.
If we set Wy = e T2y, 1, = ¢ T(@=®)y, and introduce vector notation

w= [ i } and G %eT(OH&) 0 ,
then we have
ow—Gw=0 in Qy. (28)

2.3. Solutions to Beltrami matrix equations. Towards understanding the behavior of solutions
to (28), we study the behavior of matrix solutions to the equation

JP—-AP=0 inZ%:=[0,1]x]0,1]. (29)

For a 2 x 2 matrix A, recall that
AP =w(a*a),
where A* is the Hermitian adjoint of A. We use the notation ||-|| to denote the operator norm of a
matrix. Observe that for 2 x 2 matrices A and B,

[AB| < |A]]|B|
1Al < 1Al < V2]A]l
11| = V2.

7



For a 2 x 2 matrix function A, we write
IA]l., = sup ||ai]|--
i,j=1,2

The goal is to solve the equation JP = AP in % and show that both P and P~! have good control
in terms of M = ||A]|...
We first need some notation. For some 6 > 0, set

o oq D
Vi= {18,15—#55] .

Then V;_yNV; = [i8,i8 + 58] and V;NV; # 0 if and only if j =i 1. Assuming that § is chosen
io
so that i := %—% € N, we have [0,1] = | J V;. Define
i=0
U =V;x[0,1].
The first proposition serves as the main tool in the proof the second proposition.

Proposition 1. Let {H,-}ﬁ(’:1 be a collection of 2 x 2 matrices such that each H; is defined on U;_1 N
Ui, ||H;| <10, Hfl || < 10, and both H; and Hfl are analytic on U;_1 NU,. Then there exists a
collection of 2 x 2 matrices {gi}?’zo, where both g; and g;l are defined and analytic on U;, with
Hi=gi g;l on U;_1 NU,. Moreover, there exists a constant C > 0 so that

12 .
g +g | < Ce/% in U, (30)

The proof of Proposition [I] can be found in Section 4] Here we use the result to prove the
following proposition.

Proposition 2. Let A be a 2 x 2 matrix function defined on Z with M = ||A||... There exists an
invertible solution to dP = AP in % with the property that

1P|+ P < exp [CM2 (logM)Z}. 31)
Proof. For a constant C; > 0 to be specified below, define 9 so that §log (1/0) < 3C11 57+ In partic-
ular, if M > M), then there exists c; depending on M( and C; so that if
C1
0:=——— 32
MlogM’ (32)

then the bound above is satisfied and iy = % — % eN.
We first solve the equation dP = AP in Rs := Uj;. If P a solution and P = [ + Q, then
00 =0P=AP=A+AQ.
Let

e, () @)=+ [ TCawg).

Note that 9 (Tg, (F)) = F xrs. Since we need to solve the equation dQ — AQ = A in R5, we solve
0 [Q —Tr, (AQ) — Tgs (A)] = 0. Therefore, we seek solutions to

8



dw (&) <C8log(1/8).

Observation: There exists a constant C > 0 such that sup

7ZERs Y/ Rs lz—&]|

Recall that R5 = U; = [i8,i8 + 38 x [0, 1]. Partition [0, 1] into equal intervals J; of length at most
[2/35]

%5 such that U; = U [i5,i5 + %5] x I,.Assume first that z € [i5,i5 + %5} x I. For k > 3, if
k=1
& € [i8,i6 +38] x I, then |z— &| ~ k&, and
1 1 o
do () < —8%=—.
/[ié,i6+§5]x1k lz— €| (&) < ko k
Moreover,
1 1 58 f
—dw 5/ —dw 2/ -dr~9.
/[ia,i6+;5]x(11u12) lz— €| () B(z,56) |z— &| () 0o r
1 [2/38] 5
Hence/ | 5lda)(é) <Y = 8 (log(1/8)). When z € [i8,i6 +38] x I, for ko > 1, the
Rs 12— k=1

result follows similarly and we have proved the observation.

Claim: There exists a constant C; > 0 so that || Tk, (F)HLm(Ra) < C181og(1/8) ||F]...
This claim follows directly from the observation above and the definition of the operator T;.

By the definition of & given in (32), we have that C;8log(1/8)M < 1/3. Therefore, we
can solve (33) via a Neumann series approach. Moreover, the resulting solution Q has ||Q]|.. <
%C1510g(1/5)M < 1 and then P = I + Q satisfies ||P|| < 3 and 1P| < 3.

Using the construction described above, for each i =0, ... iy, define P; to be the matrix solution
to

OP, = AP, in U;

with ||P|| <3 and ||P;"|| < 3. On Ui—; NU;, define H; = P} P.. Clearly, ||[H;|| < 10 and ||H;'|| <
10. As
OH; = —P_ 0P \P_\Pi+P_ 0P,= —P_\AP_P_\ i+ P_\AP =0,
then each H; is analytic on U;_; NU;. A similar argument shows that each Hl._1 is also analytic
on U;_1 NU;. Therefore, Proposition m is applicable. That is, there exist functions g; defined and
analytic on U; such that H; = g,-_lgl._l on U;_;NU; and |gi|2 < Ce€/% on U,.
Now we use the collections {P;}?* , and {g;}, to define a function P on all of Z. On Uj, set

P = Pg;. Since each g; is analytic, then dP = dP,g; = AP,g; = AP on each Uj;, as required. As
H;=P P =gi_1g; ', then P.g; = P_1g;—1 on U;_; NU;. Moreover,

IPI+][P7Y| = 1Pl + [[g7 ' P7| < €/
Referring to (32), the estimate (3T)) follows. O

Remark. Although this construction was done on the unit rectangle (for convenience), since d €

[1,3/2], the result still holds with a modified constant when % is replaced by Q.
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Lemma 2. Let coo = sup {||TQS||LN 00 1(0s )}. Let C3 = sup {Cy(s)}, where C;(s) is the
s€[1,3/2] s€[1,3/2]

constant given in Lemmal|l|on Qs. If we set m = 2¢«C3, then the matrix G belongs to L (Q,) and

satisfies

G _CVa
1Gll =(0,) < TogA"
0 _ 3, T(a+a) , - _ _
Proof. Recall that G = | T(atd) 2 0 . Since oo = d (log¢), @ = 9 (log9), |a| =

76’
||, and d € [1,3/2], then it follows from Lemmathat o]l = (g,) < C3A and || @[ =g,y < C3A.
Therefore, || (0t +0)||;-(g,) < 2¢C3A and then

1G (0, < gexp (2c.C31) < 261051 exp (—mA)exp (2caC3A) = %
where we have used (7). O
By combining the previous two results, we reach the following observation.
Corollary 1. There exists an invertible matrix solution P to
OP=GP inQy (34)

with the property that
HPHL""(Qd) + ”PilHLw(Qd) <exp(CA).

Lemma 3. If w is a solution to (28)), then w = Ph, where P is the invertible matrix given in
Corollary|l\and h is a 2-vector with holomorphic entries.

Proof. Since P is invertible, it suffices to show that P~ is a holomorphic vector. Using equations

(28) and (34), we compute:
d(P'w)=—P loPP i+ P oW
=P 'GPP" '+ P G =0,
as required. U

2.4. Three-ball inequality. We now come to the three-ball inequality. Although we used cubes
for the construction of the matrix solution P, we now work over balls and use that P and w are
solutions in By C Q. Using that W = Ph and ||P|| 5,y < exp(CA), we have

Willpe(g,) = [lP11h1 + proha| =g,

< exp(CA) [l =)+ Izl

] ]
< exp(CA) |15, ) 111105, + 2l ) 20 |
where we have applied the Hadamard 3-circle theorem to 4; and hy with 0 < r < 1 < d and

r logr —log (24 =
_ 1 log (52) — < FW) > CF (A)logr. (35)

A
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Now, using that 7 = P~ and HP* <exp(CA), we get

lema,)
exp (—CA) Wil =,

i~ 1~ 0 i~ 1~ q1-6
< |lpiiwn +p121W2HL°°(B,/2) 1P W1+ iy Wa|
—1 —1~ 19 —1 —1~ -9
+pai W1+ P W2||L°"(B,/2) P21 W1+ oy W2 | e
N s 0, L 1-6
= (||p1_11w1”L°°(B,/2)+Hp121W2HL°°(B,/2)) (“plllwl“Lw(Bd)+Hp121W2HL°°(Bd))
N e 0, L 1-6
- <‘}P511W1 HL‘X’(B,./Z) + Hp221WZHL°°(B,/2)> (szllwl HL""(Bd) + HPZZIWZHL‘X’(BCI))
0 1-0
SZCXP(C/I)<||W1||Lw(3,/2)+||W2||Lw(3,/2)> <||W1||Lw(3d)+||W2||Lw(3d)> :

Recall that w; = e~7 2% ¢y and since v = %, then

Wy =8 e @@ (o (—Au+idyu) +u (9 — id,9)] .

It follows from Lemmathat [l f=(5,) < C2A and [|&| = 5,) < C2A. Therefore, ||T (0t — &)]| (By) <
2ceCoA and || T (20t) || 5,y < 2co<,C2/l as well. Using @]} we see that

w1 ||L°°(Br/2) <exp(CA) H”||L°°(B,/2)
and a similar estimate holds in B,. Using the estimate (13]), we have

1721l (5, 0y < 87 XD (CR) (19, ) IVl o, ) + Nl ) IV ]

_ CA? C/IZ
<871 exp (C1) |10, (- il ) + i, (2 10 )
<87 exp (CA) |lull s,

and
W2l =,y < 87 (b—d)""exp(CA) ll o5, < 8" exp(CA) [[ull (5,

where we have used that b —d = %(l) 2 }L Observe also that

s < |07 0|, < exp(CA) -

Combining our observations, we have

0
il =y < exp(CA) [l ) + 871 Nl oy [0l 8 il sy |
<5 exp(CA) (r ulmga ) Nzl

-1 -1 0
<& 'exp[(C+Cy) Al (r ||”||L°°(B,)> ;
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where we have applied (8). Using (7)), (9)), and (33), it follows that
C\/Iex aAP+(C+Co+m)A
log P 0

> rexp[CF (A)A?logr] > F*"FA),

el o,y = 7

as required.

3. THE PROOF OF THEOREM [I]
We begin with a proposition that serves as the main tool in the iteration scheme.

Proposition 3. Assume that V : R> — R satisfies () and (@)). Let u: R*> — R be a solution to (1)
for which @) holds. Let € € (O
€ (1,2] so that

T ) Suppose that for any S > §(Cy, co, €y, €), there exists an

inf [[ufl =5, () = €xp(—S5%). (36)

|z0|=S
1
SetR=S+(5)"7¢ -1
(1) If o > 1, then with B = a — %5Le, it holds that
inf ||uHLw (By(z1)) = €XP (—Rﬁ> : 37)

|z1|=R

(2) If x € ( T 8] then
| 1r‘1f [l =, (2y)) = €XP (~CR'""*logR), (38)
2=k

where C depends on Cy.

1
Proof. Define T = (5) "% and set b =1+ 3. Let z; € R? be such that |z;| = S+ T — | = R. Define
i(z) =u(z1+Tz)
V() =TV (z21+Tz).
Then Ad — Vi =0 in Qp. Assumption (2) implies that ||V, || 1=(0y) < T2 while condition (3]
gives that ”V—HL‘”(Q,J) < T?exp [—co (5 - 1)1%0] Moreover, [|ii]| ;=(5,) < exp [Co (35 +2T)] <
exp (5CoT) and from we see that with zg := Sé—i‘, @]l 5,y = el 1= (8, (z9)) = €XP (—S%).
With A =T, we see thatb=1+A1"¢ and HV+ H 17(0y) < AZ. Furthermore, if § is sufficiently large
(S/Z*l)prgo
(s/2)T=
and &), then we have HV_ || 1=(0p) < &2 where § is given by (7)) with ¢ depending only on m. With
Ci = 5Cp, we see that ||| =,y < exp(CiA). Finally, setting c; =4 > 2% and p = a(1 —€), we
have ||if|| 5,y > exp (—c1AP). Now we may apply Theoremto conclude that for r < 1,

in the sense that > SC—’: (which is always possible because of the relationship between €

- 24
12l (g, = €
12
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where ¢ = max {p, 1} + & and C depends on Cy and m. Choosing r = T~ = 1~ we see that
[ull = (8, (z)) = €xp (—CATlogA) = exp (—CTlogT).

Ifa> L theng=p+e=a—(a—1)e € (1+¢,a). If Sis sufficiently large in the sense

that
82

(/2% c
log(S/2) —1—¢’
then RP > CT4logT and it follows that

il s, )y 2 exp (—RF)

Since z; € R? with |z1| = R was arbitrary, has been proved.
On the other hand, if ¢ € (1, ﬁ}, then p < 1 so that g = 14 €. Since R > T, it follows that

[ull o, 2y )) = €XP (~CR'""*1ogR).

Again, because z; € R? with |z;| = R was arbitrary, follows. O
Now we present the proof of the main theorem.

Proof of Theorem[I} Let € > 0 be given and &, = § such that & € (0, 2% e

then Lemma 3.10 in [BKOS5]], for example, implies that if |z9| > 1, then

1nf HMHL“’ (By(z0)) = €XP (—csg/3logSo> ,

|z0|=$

). Since HVHLDQ(Rz) <1,

where ¢ depends on Cy. We choose o € (4/3,2] so that c§4/f logS < §%, where §(Cy, co, €, €1)
is the lower bound on § given in Proposition |3} For any Sy > S, we see that

inf el =5, () = €xP (=) -
0

Assume that op > 1= 1 For n=20,1,2,..., define o, | = &, — “"{1

Oy > 7 381 , ag‘“ < 1—=L. Therefore, there exists N € N such that ¢, > 1 =0,1,...,N—
1
1, while ay < 1=. For each n=0,1,2,...N, we also define §,,;1 = S, + (S”) 1. Since

oy > ﬁ for each n=1,2,...,N-1, then applications of the first case of Proposmonwith £=¢,
o= oy, and S = S, give

. Oy
Hlf |‘MHL°°(31(Z;1+1)) = CXp (_Si’l-:ll) '
[Znr11=Snt1

That is, Proposition 3| holds with f = ¢, and R = S,,1;. In particular,

. Q,
|ZA}\n:f ||u||L°°(B1(ZN)) > exp (=Sy")-
Since oy < 1= 8 , another application of Proposmonl (thls time using the second case) shows that
. 1
inf  {lull =, (2 1)) > exp( CSyt logSNH) > exp (—Sy'5)
|zn+1|=SN+1

completing the proof. U
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4. THE PROOF OF PROPOSITION [1]

We now prove Proposition |1| by following the argument in [BRO3]. We start from Cartan’s
Lemma, as given by Malgrange:

Theorem 3 (Theorem 2 from Chapter 9 of [Mal84]). Let K be a rectangle in C, and let L,M be
compact sets in Ct, C™, respectively. Let H= KN {Rz=0}. Let C(z,A, 1) be a C* function
in a neighborhood of H X L X M that is holomorphic in z and A with values in GL(m,C). Let
Ki=KN{z€eC:Rz>0} and Ky = KN{z € C: Rz <0}. Then there exists function Cy (z, A, L)
and Cy (z, A, 1) in neighborhoods of K| x L x M and K, x L x M, respectively, satisfying the same
regularity conditions as C and such that, in a neighborhood of H X L X M, C = C,C, L

Repeated applications of this theorem (with L, M = 0) produce a collection of analytic functions
{}/,-};0:0, where each ¥; is defined on U; and satisfies H; = }/i,lyi_l on U;_1 NU;. As given, these are
no explicit bounds for these functions ¥;, so our goal is to produce such estimates. To do this, we
find an invertible analytic function % defined on % and then set

gi = Yh on U;. (39)

Then gi_lgi_l = }/i_lhh_lyi_] = }/,-_1}/1._1 = H; on U;_1 NUj;, as desired.

To find & and establish that both # and g; have good bounds, we rely on the Wiener-Masani
Theorem. The following statement is from [BRO3]], see also [WMJS7]. We use this theorem over a
rectangle instead of a ball.

Theorem 4 ([BRO3|] Theorem 2.1). Let Ay be a positive definite N X N matrix of smooth functions
defined on the circle. Then there exists a N X N matrix h of holomorphic functions in the disk,
extending smoothly to the boundary such that

Ag=h"h
on the circle, and such that g = h™' is also holomorphic in the disk and extends smoothly to the

boundary. The matrix h is uniquely determined up to multiplication from the left by a constant
unitary matrix.

Thus, we need to prescribe the values of (h_l)* h~! on 0. Define the sets

U,‘\(UiﬂU,'_H) ifi=0
Wi=< U\[U1NU)UUiNUi)] ifi=1,...,i0—1 (40)
U,'\(Ui_l ﬂUi) if i =iy

First define 7 on each dZ NW; so that (ifl)*}f1 = ¥'v there. This implies that g7g; =1 on

this part of the boundary. Then on each d% N (U;—; NU;), the function (h_])*h_lis defined as
a convex combination of ﬁ_l%—l and ¥7%. Once this process has been carried out, we have that
(h_l)* h~! is defined unambiguously on d.% and an application of the Weiner-Masani Theorem
implies that there exists an analytic function function 2~! defined in Z. In conclusion, the required
analytic function 4 exists.

Once we establish that (30) holds, the proof of Proposition [I] is complete. Now we work to
establish bounds for ¥ and g; through a series of technical results.

Lemmad. OnU,_1NU;

1 [y 1|y

l
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Proof. Since H; = %_1%—1 on U;_1 NU; and we can write ;| = yi_lyflyi = H;Y;, then
Vi1 | < [1Hill [%] < 10]y],
from the assumed bound on H;. Similarly,
7l < Py 1ol = [[H | 1] < 101%] .

Combining these two bounds leads to the first stated estimate. The same argument for the inverses
gives the second estimate. 0

Lemma 5. On U;,_1NU;,

Proof. We have
g1 =tr(gf1gim1) = tr (gi1g)1) = tr (Yo 1hh™ ¥ y)
= tr (y1y" i) 7 ) = v el < v el
= [|Hi]|* |gi* < 107 g
Similarly,
gil? = tr (k™) = e (yy (rakb™ o) 77 9) < oot | ol
= HHle2 lgio1|* <107 |gio1 |-

Combining these two observations leads to the first bound on U;_; N Uj;, and the same bounds hold
for the inverses. O

Lemma 6. On 02 NU,,

2 2
2 _
1—02§|8i| <2102 ‘mdﬁ<‘gil| <2.10%

Proof. Since gl gi = I on dZ NW; by construction, then |g;|* = 2 there. On 2N (Ui_; NU;), w
define (A1) h~! = 9){*_1}/1_1 + (1 —0) 1/y: for some 0 < 6 < 1, from which it follows that

WY1 Yith+ (1= 0) Y yih.
Then
2=tr(I) = 0tr (WY %-1h) + (1 —0)tw (K" Y yh)
< 010*tr (W yfyih) + (1 — 0) tr (¥ yih)
where we have used the idea from the proof of Lemma Therefore, 102 < |gil* on 9% N
(Ui—1 NU;). And since
2=tr(I) = 0tr (B yi1h) + (1 — 0) tr (¥ yih)
> 010 2tr (h*y yih) + (1 — 0)tr (K" i),

then 102 < |gil* <2-10% On dZ N (U;NUiy 1), we can similarly show that 102 < |gil* <2-102
Combining these three bounds leads to the first estimate in the conclusion of the lemma. An

analogous argument shows that each ‘ gl._l} satisfies the same bounds. 0
15



To get interior bounds for | gl-|2 on U;, we define and use a subharmonic function v.

Lemma 7. Fori=20,..., i, set

A
o =2
¢ —Ci+1—’5

(i)

bl b;l—l

A —1iB,
where A = 10.51og 10 and B = 31og 10. Then the function defined piecewise by

maX{Igi_llzecfx“’ |gi|? eci x ol } onUi_\NU; fori=1,....i
V= 41)

2 cf + ; 4
|gi|” e TP onW; fori=0,...,i
is continuous and subharmonic on X%.

Proof. Recall that if f = ¢?, where ¢ is continuous and subharmonic, then so too is f. Since log |g|
is subharmonic whenever g is analytic and the function cx+ b is harmonic, then for any analytic g,

log <] g]z cxt+b ) = 2log|g| + cx+ b is continuous and subharmonic. Since each g; is analytic, then

every function used to define v is subharmonic. In particular, v is continuous and subharmonic
on each W,. Moreover, since the maximum of two continuous subharmonic functions remains
continuous and subharmonic, then v is also continuous and subharmonic on each U;_1 NU;. It
remains to show that we have compatibility along the boundaries of each W; and U;_; N U;.

Fori=1,...,i, set x; = id + %5, x; =i6,and x| =i6 + %3. If we additionally define xj =0
and xl._o = 1, note that

Ui1NU; =[x ,x7] x [0,1]
and
W; =[x, x| x[0,1].

If x is near x; , then x is near W;_; N (U;—1 NU;) and since ¢ | = ¢; and b | = b;, then we

want v (x,y) = |gi— 1| ¢; xtb;

v(ey) = [il e
ByLemmaE]

|g| eCi x+b < 102 |g,7 | eCi x+b |ng | eCi i x+b; 102 (c —¢; ))ch(b+ b; )

i in this region. Similarly, if x is near x , then we need to show that

If x € [x; ,x; +€8) for some € > 0, then
A A
(¢f —¢7)x+ (b —b;) ZSx—(B+iA) < g(i5+85)—(B+iA):A8—B.

Assuming that € < 10 5, We have 102488 = 1(2¢(10-5e-3)log 10 < 1 and we conclude that

2 cx+b 2 i x+b;

|gil" e < [gia["e

Therefore, when x € [x; ,x; + 1(}—‘56) max{\g, 1| eci i |g,~|2e°‘i+x+bi+} = |gi_1|* e *tPi" | prov-
ing that v is continuous along W;_; N (U;—1 N U;).
We repeat the argument near the boundary of W; N (U;—; NU;). By Lemma 5| E
|81 1’2 ¢; x+b; < 102 |g ‘ &S ;xtb |g | eCi x—|—bl 102 7[(c —¢; )x+(b+ b; )]

16



If x € (x| —€8,x;"] for some € > 0, then

(¢f —¢; )x+ (b — b)) :éx—(B—f—iA) > %‘ (i5+%5—85> — (B+iA) :%—As—B.

)
Assuming that £ < 11, we have 102eA6+B=7 = 1(2(10-564+3-10.5)10g10 < | and we conclude that
g2 e < gy [P et ¥ b
Therefore, when x € (x; — 11.8,x;'], max{|gi,1|2ecfx+b |gil?eci b b = |gi|? e ¥ proving
that v is continuous along W; N (U;—; N U;) as well and completing the proof. U

Now we’ll use the maximum principle to estimate v in terms of rglaxv
X

Lemma 8. For the function v as defined in 1), there exists a universal constant C > 0 so that
vy < CceC/% in %.

Proof. We start with d.% N'W;. Since v = |gl-|2 i ¥ +b] on W;, and \gl] =2 on 0% NW,, then

A (D) . A — i(i+1) . z(H—l) .
v=2e'6" 7 ATIB < ppl5Ni T ATE — 0" ATB oy 9B NW
Taking a supremum over i € {0,...,ip}, we see that
( )A ioB .
v <2e % on dzn (Wi |. (42)
i=0

Next we examine v on 0% N (U;_; NU;). There we have v = max { \gio1|> e "t |gi* e x“ﬁ}

and x; <x<x;. By Lemma@ ]gl-_ll < 2-10% and ]g,-|2 < 2-10% in U;_; NU;. Examining the
exponentials, we get

max {ecfx+b e } < max {ect X b  eCit1%i +bz+1}
[ 24 . 2. .
_ max{e . oA (i— ])B7e2A_lB} _ e7A—lB’
since A = 10.5log 10 and B = 3log 10. Therefore,

b < 2102548 on AN (U NU;).
Taking a supremum over i € {1,...,ip}, we see that
io

U (Ui—l N U,')

i=1

7
v <2-10%34= 08 on 022N (43)

Combining (@#2)) and (@3) shows that v < 2e 9D a—ioB on 9. Since io = 5 — 3, then the conclu-
sion of the lemma follows from an application of the maximum principle. U

Now we have all of the preliminary results required to prove Proposition [T}
17



Proof of Proposition[l} By Theorem|3| there exists a collection {}/,}2020 of analytic function, where
each 7; is defined on U; and satisfies H; = }/i_lyfl onU,_1NU;.

On each 0% N'W,, define h so that (ifl)*if1 = ¥/¥; there. Then on each dZ N (U1 NU;),
define (k')A to be a convex combination of ¥ ;%_1 and ¥/¥%. Since (h~') A~ is defined
unambiguously on 0%, an application of Theorem [4] implies that there exists an analytic function
function 4! defined in Z.

On each U;, define g; = y;h. Then each g; is defined and analytic on U; with gi,lgl-_1 =
Yiothh 'y ' =y 1y ' =H onUi_ NU,.

Foranyie€ {0,1,....io}, |gi|* e *t% < v on U; and it follows from Lemma and the definition
of v as given in that

g (e )P < v(xy)e S <v(xy)e it b < €S/ in U

A similar argument may be made for g;- ! completing the proof. 0
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