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Abstract

In this paper we consider the inverse boundary value problem for the
Schrodinger equation with potential in L? class, p > 4/3. We show that
the potential is uniquely determined by the boundary measurements.

1 Introduction

In this work we study the inverse boundary value problem for the Schrédinger
equation with singular potentials in the plane. Let 2 C R? be an open bounded
domain with Lipschitz boundary 0. Let ¢ € LP(2) with p > 1 and assume
that 0 is not a Dirichlet eigenvalue of the Schrédinger operator A+¢q in 2. Then
the Dirichlet-Neumann map A, : ulgq — O,u|oq, where u satisfies Au+ qu =0
in Q, is well-defined (see [3, Lemma 5.1.3] for the precise statement). Here we
are concerned with the unique determination of ¢ from the knowledge of A,
namely, whether

Ngy =N, = 1 = q2. (1)

We will prove that (1) is indeed true for L?(£2) potentials with p > 4/3.

Our method follows from the strategies introduced by Bukhgeim in [5] where
he showed that (1) holds true for C! potentials. The key ingredient in Bukhgeim’s
method is the invention of special complex geometrical optics solutions with
non-degenerate singular phases, namely, ®(z) = (z — 29)?, z, 20 € C. Using this
type of complex geometrical optics solutions, Bukhgeim was able to prove the
global uniqueness by the method of stationary phase. Bukhgeim’s result was
later improved to LP(€2) with p > 2 in [8] and [4].

In this paper, we push the uniqueness result even further to p > 4/3. To do
so, we need to prove the existence of complex geometrical optics solutions with
phase @ for such potentials. In fact, we show that such complex geometrical
optics solutions exist for all potentials in LP(€2) with p > 1. The improvement
relies on a new estimate for the conjugated Cauchy operator (see Lemma 4.3).
Having constructed the complex geometrical optics solutions, we then perform
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the usual step — substituting such special solutions into Alessandrini’s identity.
In order to obtain the dominating term containing the difference of potentials
in the method of stationary phase, we need to derive more refined estimates
of terms of various orders in Alessandrini’s identity. In this step, we need to
use the fact that the knowledge the DN map improves the integrability of the
potential. In other words, Ay, = Ay, for ¢1,¢2 € LP(Q) with 3/4 < p < 2 implies
q1 — g2 € L*(Q) (see [12]).

We would also like to mention another related paper. It was shown in [10,
Thm 2.3] that if p > 1 then for every zp € Q there exists a generic set of
potentials in LP for which its value in a neighbourhood of zy is recoverable.
It was also remarked in [10] that the neighbourhood of z; also depends on
the chosen potential in the generic family which is determined by the choice
of zg € Q. Though the assumption on the LP space of the potential is more
general, the dependence of the generic set on the choice of the point zg € 2 and
the dependence of the neighbourhood on the potential makes it unclear how a
global identifiability result would follow from [10, Thm 2.3].

Intuitively, the uniqueness of the inverse boundary value problem is strongly
related to the unique continuation property. For higher dimensions (n > 3), it

2724
is known that the unique continuation holds for any solution u € H, ** ()

when ¢ € L;lo/f (scale-invariant potentials) [9], where H>*(Q) = {u € L} (Q) :

loc
Au € L7 (Q)}. In this situation, the global uniqueness g)fc the inverse boundary
value problem with ¢ € L™/? was established in [6] (also see related result in [7]
for n = 3,q € W~=13). When n = 2, the unique continuation holds relative to
u € HP for g € LP, with any p > 1, where s = max{1, % [1]. Prior to [1], a
weaker result which stated that the unique continuation property holds relative
to u € HlQOC2 for ¢ € L} . with p > 4/3 was proved in [11]. Our uniqueness
theorem of the inverse boundary value problem is consistent with the unique
continuation result relative to v € H, 12 0’62. It remains an interesting problem to
close the gap of the uniqueness theorem for the inverse boundary value problem

for ¢ € LP(Q) with 1 < p < 4/3.

2 Main results

Theorem 2.1. Let q1,q2 € LP(Q) with 4/3 < p < 2. Assume 0 is not a
Dirichlet-eigenvalue of either potential and that their Dirichlet-Neumann maps
are identical Ag, = Ag,. Then q1 = ga.

Let us fix some notational convention before stating our second theorem.
Throughout this text we shall always assume the following, which we call the
usual assumptions: Let €, X C R? be bounded domains and Q cC X. Fix a
cut-off function x € C§°(X) such that y = 1 on Q. Also, whenever we let a
function belong to L?(2) for any p we automatically extend it by zero to LP(X).
Finally, let 7 > 1 and zp € C = R? and set ®(z) = (2 — 29)%. Moreover should
@; or S be mentioned, then they refer to definitions 3.5 and 3.3. We now state
the existence of complex geometrical optics solutions.

Theorem 2.2. Let the usual assumptions hold and q; € LP(Q2) with 1 < p < 2.
For j € {1,2} let B; = Bj(20) be uniformly bounded over a parameter zy € C.
Then for any zy we may define the function ; from Definition 3.5 and the



series

Fi(2) = D Fjm(2) = e 4 0(2) + S05(2) + ...
m=0

from Definition 3.6. The latter converges uniformly in the variable z € X for T
large enough and
[Ejmllo < (CT7)™

for some C' = C(p,x,qj,sup,, |B;]), where a > 0 is a constant obtained in
Proposition 4.4. Moreover we have f; € WY3(X). Lastly, (A+q1)(e™® f1) =0

and (A + qg)(eiTafg) =0 in Q.

3 Notation and CGO solution buildup

In this section we shall start by defining the operators and notation used in the
rest of the paper. At the same time we reduce the construction of Bukhgeim-
type [5] complex geometrical optics solutions to an integral equation.
We shall use the complex geometrical optics solutions for (A + gj)u; = 0 of
the form _
uy = eiT(i)fl, Uy = eiﬂbfz.

The special form of f1, fo which we are going to use was first defined in [8] and
used in [4] for proving uniqueness for the boundary value inverse problem when
the potentials are in LP, p > 2.

Definition 3.1. With the usual assumptions, define the differential operators

le — _467i7(<1>+5)8(6ir(4>+5)5f)’

Dgf _ _467i7'(<1>+¢‘) (e”(q)”’)@f).

Ql

Lemma 3.2. Let the usual assumptions hold. For q; € L'() and f; € L>(2)
we have

A+q)(e™h)=0 &  Difi=ah,
(A+ )7 f2) =0 < Dy fo = g2 f2,
all in Q.
Proof. Use A = 400 = 400 for distributions on €. O

For inverting the operators D; and Dy we will have to use conjugated ver-

sions of the Cauchy operators 2 ' and 8. We have included a short reminder
of their properties in Section 6.

Definition 3.3. Let the usual assumptions hold. The we define the operators
S1, 52 acting on f € L>®(X) by

1—— . = . =
Slf _ —18 1 (6—17—(<I>+<I>)Xa—1(617—(<I>+<I>)q1f))7

1 ; 3 =1, S
Saf = 0 (I g )



Remark 3.4. We have D;S;f = ¢;f in Q (but not in X \ Q).

Definition 3.5. Let the usual assumptions hold and ¢; € L'(Q). Then for any
given zp € C and §; = B;(20), we define functions of z € X by

-1, i (043 -
pr =70 (e TFIN(Bi(20) — 0 qn)),

4
1 771q2)).

2= 307 (B (20) ~ D

=1
Note that 0~ 'q; and 0 ¢o inside the parenthesis do not depend on zy. For
example

—_ /
p1(2) = In P dm(z).

L [ S ) () — 070 )
Definition 3.6. Let the usual assumptions hold. For j € {1,2} define

oo
fj _ e—iT(CI>+<I>) + Z S;n(pj
m=0
where S; is as in Definition 3.3 and ¢; as in Definition 3.5. For convenience we

write _
_ =it (P+P — qgm—1
Fjo = e '(®+®), Fijm =5]""¢;

when m € N, m > 1. Hence f; = °_ Fjm.

m=0

We have made enough definitions now to show the structure of the complex
geometrical optics solutions. Given zp € C and 3; = f;(z0) we can show
formally that if

up =€ fy, uz = € ® fo,

then (A + ¢j)u; = 0 in Q. This follows from writing
f= e iT(®+®) | 05+ Sj(fj _ e—z‘-r(¢>-|-<1>))7

applying D; and noting that Dj(e_iT(‘I’+‘I’)) = 0, D;S; is the multiplication
operator by ¢; in Q, and D;p; = qje*”(qﬂrq’) in . Then D;f; = q;f; and
Lemma 3.2 gives the rest. For proving actual existence and estimates, see the
proof at the end of the next section.

4 Estimates for conjugated operators and CGO
existence

In this section we will start by showing that a fundamental operator of the
form a — 5_1(6_”({)—"_@)0,) has decay properties as 7 — co. Section 7 contains
the technical cut-off function estimates. Once estimates for this fundamental
operator have been shown we can prove the required estimates for S; from
Definition 3.3. At the end of this section all the details for proving the existence



of complex geometrical optics solutions for LP-potentials with 1 < p < 2, i.e.
Theorem 2.2, will be given. From now on, we define px satisfying the relation

1 1 1

Thus, we have px > 2.

Definition 4.1. Let the usual assumptions hold. Define the operator 7 by
Ta= 5_1(67”(@“@61).

Lemma 4.2. Let the usual assumptions hold and T as in Definition 4.1. Then,
for px > 2 we can extend T to a mapping Wol’p*(X) — L*™(X) with norm
estimate

HTa||L°°(X) < Crie ||a||W1,p*(X) )

where Wy P*(X) is the completion of C§°(X) under the W'P*-norm.

Proof. Let ¢ € QSO(RQ) be a test function supported in B(0,2) with 0 <¢ <1
and ¢ = 1in B(0, 1). Write 1, (2) = ¥(7'/%(2—20)). Let h(z) = (1—¢,(2))/(Z—
Zg). By integration by parts (Lemma 6.3) we have

5—1(6—1'7'('@4-5)@) _ 5—1 (e—iﬂr(@—‘rg)wTa)
1 . — _

- 72T(q>+¢‘)h -
2T (e a=9

-1 —1

(67i7(¢+$)5ha) -9 (67”@46)}@@)).

Then recall that by Lemma 6.4 we have L (X) — WHP*(X), the latter of
which is embedded into L (X)) since px > 2. Hence, by taking the L°°(X)-norm
we have

ITall. < C(ll$rall,, + 7 (hall + ||Bhal| , + ||hdal| ).

The claim follows from Hoélder’s inequality and lemmas 7.1 and 7.3 after esti-
mating

ITall < C(Iee N, + 77 IRl + [[OR]],0) (lall +[|al],,,)

and noting that 7712 < 7=1/P* gince 7 > 1. O

Lemma 4.3. Let the usual assumptions hold and T be as in Definition 4.1.
Assume that 2 < px < 0o and 1/2+ 1/px > 1/q > 1/2. Then we can extend T
to a mapping Wol’q(X) — LP*(X) with norm

I Tall e ey < CT/T7 ]y

where C = C(p,q, X).

Proof. Let ¢ € C§°(R?) be a test function supported in B(0,2) with 0 < <1
and ¢ = 1 in B(0,1). For 7 > 0 and zy € R? write ¢,(2) = ¥(7/%(z — 2)).
Let h(z) = (1 — ¢¥-(2))/(Z — Z). Integration by parts gives

5—1 (e—z’T(@—&-E)a) _ 5—1 (6_i7(®+6)¢7'a')
1 . = ——
= (i (P4D) _
557 (e ha — 0

1 —=—1

(67i7(¢+6)5ha) -0 (efiT(q)*a)hga))



by Lemma 6.3.

Sobolev embedding and Lemma 6.4 imply that 7. LP(X) — LP*(X).
Taking the LP*(X)-norm gives

ITall,. < C(llv-all, + 7~ (lhall,, + [|Ohal|, + ||hdal] ).

Again, recall that Wh9(X) < L9*(X) where 1/qgx = 1/q — 1/2. Holder’s
inquality gives

lbral, < 161, lall,. S —le-o
Il < I, Nl =it
[0hall,, < [[9n]),, llall,. .
[hdal|, < |k, [[all,
Lemmas 7.1 and 7.3 then give
[rall, < Cr1=1e+Va gl

Ihall,,, < CT= P tt/a o]
[hal
[hall, < C=H/r1e[3al],

qx’
, < Cr~1/px+1/q lall4.

which implies the claim. O

Proposition 4.4. Let the usual assumptions hold and let g1, qs € LP(2) where
1 <p < 2. Then we can extend S1 and So from Definition 3.3 to the following
maps with corresponding norm estimates

St LX) = LP*(X), 151, <C7 | flls »
Sj: LX) =+ LX), 15iflloe <CT7[If |

where C'= C(p, x) llg;,, and 0 < o < 1/p with o = a(p). If in addition p > 4/3
then we have the extension

Sy LX) = LP2(X), 118 fllpujn < CT 2|1, -

px/2 =
Proof. We shall prove the claim for j = 1. The other case follows similarly. Us-

ing the notation from Lemma 4.3 we can write —45 f = T(Xa_l(e”(q""g)ql ).
The lemma combined with Lemma 6.4 gives us

||Slqu* < 07_1/2 “X8_1(6i7(®+®)q1f)le,q < CT_I/Q ||Q1f||q

whenever 2 < gx < oo and 1/¢ = 1/2 4 1/¢*. For the first estimate choose
q = p, gx = p*, and for the third one 1/q = 1/p + 1/px, gx = px/2. Holder’s
inequality implies the rest.

The second claim follows by interpolation. Let 2 < Q) < 0o and 1 < ¢ < p.
If ¢; € L9(X) then by Lemma 4.2

-1/Q —1/,iT(®+®)
181flle < Cr7R |0 M E P )|



and Lemma 6.4 gives the bound C771/% g1l [[fll- The latter lemma and

Sobolev embedding imply that 0~! : L9 — L9* and ' L9 = L. Hence
151 flle < Cllaall, I fllo- Since ¢ < p < @ and 1/Q > 0 interpolation gives us
the second estimate with some o > 0. O

Lemma 4.5. Let the usual assumptions hold and ¢; € LP(Q) with 1 < p < 2.
Then @;, the function of z € X given by Definition 8.5, is in L>(X) with norm

lpjlle <CT7°
for a> 0 as in Proposition 4.4, and is in LP*(X) satisfying
sl < Cr12,
where C = C(p, x)(llg;l,, + 18;(20)])-

Proof. Note that 1 = 18, (20)5_1 (6’i7(¢+$)x) +51 (e~ (®+®)) and use Propo-
sition 4.4 and lemmas 4.2 and 4.3. O

Proof of Theorem 2.2. By Proposition 4.4 and Lemma 4.5 we have

15iflle < C@x) lgill, ™ flos s lleilloe < Clox)lgsll, + 185 (z0)) 7~

where these norms are over the variable z € X. Hence we get [|Fj.|, <
C™r=m for some C = C(p, X, ¢j,Sup., |B;(20)|) when m > 0. If 7 > C'/ then
the series for f; converges in L>(X).

The following observations, which are each easy to check in 2'(X), imply
that D;f; = ¢;f; in €. Note that 8; are functions of the parameter zy but
constant in the variable z. Recall the definitions 3.1, 3.3 and 3.5 of Dj;, S; and
@j. Then

o fj= e iT(24+P) 4 w0+ S8;(fj — e—ir(<p+5)),
° Dj(e*”(‘“@) =0,

e D;S;f =q;f inQ,

o Djp; = qje T+ in Q.

Lemma 3.2 shows that we indeed get solutions to (A + g;)u; = 0.
Recall that 1/p = 1/2 + 1/px. Then by Lemma 6.4 we have 8,9~
LP* — W1P* which embeds to W2 locally since px > 2. Moreover by Sovolev

embedding we have 571, O~': LP — LP*. Hence by the first item above f; €
Wh2(X). O



5 Proof of the main result

We will prove Theorem 2.1 in this section. The proof will be split into several
lemmas. By Alessandrini’s identity

/ (@1 — @2)urugde =0
Q

for solutions u; to (A +g¢;)u; = 0 in Q. For any parameter 2o € C let u; be the
complex geometrical optics solution given by Theorem 2.2. Recall that they are
defined in X D €2 but are solutions only in 2. Then the product ujus will be a
series of terms, and these will have to be estimated carefully. Lemmas 5.1 — 5.6
deal with this. The main proof follows.

Lemma 5.1. Let the usual assumptions hold and 1 < p < 2 with q1,q2 € LP(Q).

Let f1, fo € L (X) be as in Theorem 2.2 and set uy = e”‘bfl and uy = e”gfz.
Then

2T — 27 i )
- (@1 — g2)urusdr = Z — /(th — q2)e " PTVFy  Fy yda
k+1=0

where k,1 > 0 and the sum converges in the L (X)-norm with respect to zy.

Proof. We can estimate

‘/ Z (@1 — g2)e' ™ TV Fy yd

k+Ii=N

S/ Z lar — a2 |F1 k| [F2g] do

k+1=N

and use the zp-independent estimates for F ,,, from Theorem 2.2 to see that the
remainder tends to zero as N — co. Hence the sum can be taken out of the
integral and the claim follows. O

Lemma 5.2. Let the usual assumptions hold and q1,qs € LP(Q) with 4/3 <
p < 2. Forj €{1,2} and m € N take F} ,, as in Definition 3.6.
Then if 1 — q2 € L?(Q2) we have

T/(‘]l — go)e TPV Py By d| < O (e

when k+1 > 3. Here C' = C(p,x; |aull,,, la2ll,, » llar — g2ll5) (14151 (z0) [+]82(20)[)
and o > 0 is as in Proposition 4.4.

Proof. We may assume that £ > [. By Holder’s inequality the integral can be
estimated with

C7llar = q2lla 1F1 ko 1 F20 ]l o

because p > 4/3 imples px > 4 for 1/p = 1/2 4 1/p* and then 1/2 4 2/px < 1.
Proposition 4.4 and Lemma 4.5 imply the following estimates

1Folle =1 [Full < Cr e, [Eall,, < Y2,
1Eymille < O [ Byl
|Fysill,, < Cr Y2 [ Fynll.

||Fj;m+1||p*/2 g CT—1/2 HF';m”p*



for j € {1,2} and m = 1,2,.... These imply
1F1 gl g < CRr7 120 Byl < Ot

for k£ > 2,1 > 0. The claim is direct consequence. O

From Lemma 5.2, we can see that the higher order terms decay in 7 whenever
k+1> 3. A more refined estimate shows that the term of k41 = 2 also decays.

Lemma 5.3. Let the usual assumption hold and q1,q2 € LP(Q) with 4/3 < p <
2. For j € {1,2} and m € N let F};,, be as in Definition 3.6. Assume that
q1 — g2 € L*(Q). For k+1 =2, we have

T/(ql - QZ)eiT(¢+6)F1,kF2,ldl' < Crl/p=3/4

where the constant C is of the form C(p, X, [lq1[l, » 2, [lar — @2l2) (1+[B1 (20) [+
|B2(20)1)-

Proof. We can assume that k& > [. There are two cases: k = 2,1 = 0 and
k =1=1. Start with the first one. The integral with F; 2F5 ¢ is

1 a1/ —ir Xy — T Ty
_ZT/((Il_QZ)a (6 ((I)Jr(b)Xa 1(6 (¢)+¢)Q1901))d5€

by Definition 3.3. We have ¢ — ¢2 € L?(2) and hence we should take the
L™ (X)-norm of the remaining factor for any r > 2.

We note that ¢ € LP*(X) and ¢1 € LP(X). Hence their product is in L(X)
with1/¢ =1/p+1/px =2/p—1/2. Choose 1/r*x =1/p—1/4. Then 2 < r* < co
and 1/2+1/r« > 1/q > 1/2 since 4/3 < p < 2. Hence by Lemma 4.3

a1/ —ir ) - iT > Lo
N e G Y | Y e e T

and the exponential is 1/¢g—1—1/r* = 1/p—>5/4. Recall that [|¢1]],, < Cr=1/?
by Lemma 4.5. The claim for k = 2, [ = 0 follows.

In the case k = I = 1 note that $1(20) — 90 'qs € WHP(X) by Lemma 6.4.
Note that 4/3 < p < 2 implies 1/2+1/4 > 1/p > 1/2. Then by Lemma 4.3

lprlly < CTVPIY4[B1(20) = 07 ||y < CTYPS (1B (20)] + llanll,,)-

When k = [ = 1, the absolute value of the integral in the lemma statement
becomes

. / (@1 — )e™ P oy 0ndi| < llar — qally 7 ol leo2lls

by Hélder’s inequality. The claim follows since 72/P=6/4 < 71/P=3/4 when 7 > 1
and p > 4/3. O

We recall the method of stationary phase and its convergence in the L?-sense
before proceeding to deal with terms of order one and zero in the Alessandrini
identity.



Lemma 5.4. For zg € C, ®(z) = (2 — 20)? and 7 € R define the operator

Bf(z) = 2?7-/672'T(<I>+5)f(z)dm(z)

for f € C3°(C). Here dm(z) is the two-dimensional Lebesgue measure in C.
Then E can be extended to a unitary operator on L?(C) such that

lim [|Ef - f]l, = 0.

T—+o00

Proof. Consider the function z + 27 exp(—i(2? + 2z?))/m defined on C = R2.
Its Fourier transform is exp(i(£2 + 22) /(167)) by for example [4]. We have

. —_ . 2 2 A~
Ef = Qfe_l(zz'*‘zz) * f and hence . {Ef} () = eiS T f(&). Parseval’s theorem
implies the unitary extension to L?(C). When 7 — 00 the exponential tends to
1 pointwise. Dominated convergence and Parseval’s theorem imply the second

claim. O

The following way of dealing with the first order terms comes from [8, 4].

Lemma 5.5. Let the usual assumptions hold and q1,q2 € LP(Q) with 4/3 <
p<2. Forje{l,2} andm €N, let F},,, be as in Definition 3.6. Moreover let
Bj € L*(X) with respect to the zo-variable. Then

lim
T—>00

2T X =
k3 /(fh — q2)e' TPV y Fy yda

s

1
<C Hﬂz -0 QQH g1 — azll,
2 p*

for k = 1, 1 = 0, where the L?(X)-norm is taken over the variable zy and
C =C(p,x). A similar bound holds for k =0 and [ = 1.

Proof. Recall that oo = ia_l(e_”(q’+6)x(ﬁg(zo) — 5_1(]2)) and hence the in-
tegral becomes

% (@1 — g2)0 (7T x(By(20) — D o))

when k =1, [ = 0. By Fubini’s theorem this is equal to

T —iT P 51 -
5| ¢ (‘b+¢’)x(ﬁ2(zo) -0 )0 g1 — q2)d,

and using the stationary phase operator of Lemma 5.4 it is equal to

TEOT 007 (@1~ 02)) (z0) — 782(20) E(x0 a1 — 02)) (20)

We have 071(q1 — q2) € LP*(X) where px > 4 since p > 4/3 (e.g. Lemma

6.4 and Sobolev embedding). Similarly Xg_lﬁh € LP*(C). Their product is in
L?(C) since x has compact support. Hence the operator E is being applied
to L?(C)-functions above. Since 2o + (2(20) is uniformly bounded, the above
converges to

ix(g_lfb — B2)0" g1 — o)

in the L?(C)-norm with respect to zp as 7 — oo by Lemma 5.4. The claim
follows from the norm estimates at the beginning of this paragraph. O

10



Lemma 5.6. Let the usual assumptions hold and q1 — qz € L*(). Then

lim
T—00

2T - 3
— /(Ch — )TN (B oda — (g1 — g2)

™

:0,
2

where Fj o are as in Definition 3.6 and the norm is taken with respect to the
variable zg € C.

Proof. This follows directly from Fjo = exp(—it(® + ®)) and the stationary
phase Lemma 5.4. O

We are ready to prove uniqueness for the inverse problem with potential in
LP 4/3 <p<2.

Proof of Theorem 2.1. In view of Green’s identity and the symmetry of the DN
map, we can see that the condition of identical Dirichlet-Neumann maps imply
that

/ (@1 — g2)urugde =0
Q

for any solution u; € W12(Q) to (A + ¢j)u; = 0 in Q. We also note that
Theorem 3 in [12] implies that ¢; — go € H*(2) for any ¢ < 3 — 4/p. Hence
a1 — g2 € L*(Q).

Let € > 0 and take 3; € C5°(X) such that

_ =—1
1B = 0 qull o (x) <& B2—0 qllr(x) <e (2)

which is possible since 8_1q1,5_1qQ € LP* by Sobolev embedding and Lemma
6.4. Let zg € C and from now 3, and (35 shall be evaluated at zq if not mentioned
otherwise, and note that they are uniformly bounded. Then, given 7 > 1 large

enough let u; = e ®f; and uy = eir® f2 be the solutions in the variable z
with parameter zg, given by Theorem 2.2. They are in W2(X) and satisfy
(A+gj)u; =0in Q. By Lemma 5.1 we have

oo

27 2T
(@1 — q2)uaugde = / 2)e T TV Ry L By da.
k+1=0

In view of lemmas 5.2 and 5.3

Z 2T
k-+1=2

=C <7’1/p—3/4 + i (N + 1)(07)_(N_2)a>

N=3

< Cr\/p=3/4 4 Z ChHL— (kH=2)a
k+1=3

/(Q1 —q2)e (P4 by kFodx

for any zy € R?, and where C' = Cp 4, g,.0(1 + |81l + 182]l)- Recall that
p > 4/3 so the first exponent is negative. Note that for 7 sufficiently large,
(CT)~™ < 1 so the sum can be rewritten as

iz\zﬂ —eyN=2 oo(N+1)(( +2Z (CT)~
N=3 N=1

B 1 2(Cr)~«

S -
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which tends to zero as 7 — oco. Hence the sum of the terms with k +1 > 2 in
the original sum tends to zero when 3; are fixed.
For the terms with & + 1 € {0, 1} we will use lemmas 5.5 and 5.6. By them

lim
T—>00

1
2T ; 3
> - /((h — qo)e T TV Py da — (g1 — o)
k-+1=0

L2(X)
B —1
<C(1Br =0 qullr(x) + 1B2 — 0 @2l 1o (x)) < 2Ce

where the L?(X)-norm is taken with respect to 2y and this time C' does not
depend on [y or B3. We can redo this whole argument for any € > 0, and thus
by Alessandrini’s identity

oo
. 2T ; 3
”ql - q2||L2(Q) < TILHolo q1 —q2 — Z ? /(Ch - q2)€”(¢)+¢))F1,kF2’ld{I}
k+i=0

L2(Q)

the latter of which can be made as small as we please by choosing 1, 82. The
claim follows. O

6 Appendix 1: Cauchy operator and integration
by parts

We define the two fundamental tools for solving the two-dimensional inverse
problem of the Schrédinger operator in this section: the Cauchy operators and
an integration by parts formula for the Cauchy operator conjugated by an ex-
ponential. These were used by Bukhgeim [5] for solving the problem.

Definition 6.1. Let u € &'(R?) be a compactly supported distribution. Then
we define the Cauchy operators by

=—1 1 _
0 u=—xu, 0ty =—xu.

w4 Tz

Remark 6.2. The notations & = and d~! cause no problems because 1/(7z) and
1/(7%Z) are the fundamental solutions to the operators 0 = (91 + i02)/2 and
0= (8, —idy)/2.
Lemma 6.3. Let 7 > 0, 29 € C and ®(z) = (2 — 2z0)%. Let ¢ € C°(R?) with
1 =1 in a neighbourhood of 0, and write
1—vY,(z
b =0 -z, b= 1Y
zZ— 20
Then for a € C§°(R?) we have the integration by parts formula

-1

) (67i7(¢+5)a) -9 1(67i7(<1>+$),¢)7_a)

- i (6_”(@'@) ha — 571(6_”(@4’_6)5}11&) ~9 !
24T

If we had set h(z) = (1 — ¥, (2))/(z — z0) instead then

-1 (e—ir({>+5)a) — 91 (e—z‘r(<1>+5)¢a)
N QL (=@ hg — 97 (e T PP gha) — 97 (e T P haa)).
T

(e_”(q)'@) hda)).
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Proof. The proof follows by differentiating e~T(@+®) hg and noting that by Re-

7_17
mark 6.2 the operators 0 0 and 0719 are the identity on compactly supported
distributions. O

Lemma 6.4. Let X C R? be a bounded domain and 1 < p < oco. Then the
Cauchy operators 3" and 81 are bounded LP(X) — WhP(X).

Proof. If f € LP(X) we extend it by zero to R? \ X to create a compactly

supported distribution and thus 5_1 f is well defined by Definition 6.1. The
convolution kernel 1/(7z) is locally integrable, so by Young’s inequality

17741,y < €1 oy

because in essence 9 f has the same values in X as the convolution of f with
the kernel xx_x(z)/(nz), where X — X = {2 € R? | z = 21 — 29,2; € R?}.

For the derivatives note that by Remark 6.2 we have 99 " f=7f. On the

other hand [“)571 f = IIf which is the Beurling transform, and hence bounded
LP(X) — LP(X). For reference see for example Section 4.5.2 in [2] or [13] for a
more classical approach. O

7 Appendix 2: Cut-off function estimates

This section contains all the technical cut-off function construction and norm
estimates used in the paper.

Lemma 7.1. Let ¢p € C(R?). For zo € R? and 7 > 0 write ¥,(2) =
Y(TY2(2 — 29)). Then, given any vector v € C2, we have

Hw‘r||LP(R2) = HwHLP(]RZ) T, [o- vaHLP(Rz) =lv- VQ/JHLP(W) 7!/
for 1 <p < oo.

Proof. This follows directly from the scaling properties and translation invari-
ance of LP-norms in R2. O

Lemma 7.2. Let 7 > 0 and set R2 = R?\ B(0,7'/2). Then

e 2 "7 e
HZ HLP(RE) = (ap2> Fa/2=1/p

fora>0and2/a <p<oo.

Proof. This is a direct computation using the polar coordinates integral trans-
form [, ...dz = f:fl/z Jsi -+ -do(0)rdr, with z = r6. O

Lemma 7.3. Let ¢ € C(R?) be a test function supported in B(0,2) with
0<v¢ <1and =1 in B(0,1). For 7 > 0 and zo € R? write ¢, (z) =
P(TY%(2 — 20)). Let h(z) = (1 —-(2))/(Z—Z). Then

”h”LP(R2) < CpTl/Q_l/p
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for Cp < 00 when 2 < p < 0o and for any complex vector v € C? we have

[v- VhHLp(]R?) < Cw,prlil/p
for Cypo < 00 when 1 < p < oo. The same conclusions hold if we had defined
h by dividing 1 — . by z — zg instead of its complex conjugate.

Proof. For the first claim note that |h(z)| < |z — zo| " and supph C R2 + 25 =
R2\ B(zg, 7~ /2). Hence 1]l 1o (r2y < | ) and Lemma 7.2 takes care of
the first estimate.

For the second estimate

_1||LP(IR3,

v-Vir(2)  1=19.(2)

Z—7Z0 (Z-%)?"

v-Vh(z) =

The LP-norm of the first term is bounded by |[jv- Vi) ||, Hz_lHLm(RQ) which
is at most C¢7P7U71_1/p according to lemmas 7.1 and 7.2. The second term is
supported in R?\ B(zp, 7 '/?) and bounded pointwise by |z — 20‘72. Hence, as
in the first paragraph, it has the required bound. O
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