Size estimates for the inverse boundary value
problems of isotropic elasticity and complex
conductivity in 3D
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Abstract

In the inverse boundary value problems of isotropic elasticity and
complex conductivity, we derive estimates for the volume fraction of
an inclusion whose physical parameters satisfy suitable gap conditions.
In the elasticity case we require one measurement for the lower bound
and another for the upper one. In the complex conductivity case
we need three measurements for the lower bound and three for the
upper. We accomplish this with the help of the “translation method”
which consists of perturbing the minimum principle associated with
the equation by either a null-Lagrangian or a quasi-convex quadratic
form.

1 Introduction

An inverse boundary value problem is the question of identifying the interior
physical properties of an object using measurements taken on the boundary of
the object. One interesting sub-problem, in the case when the object consists
of two homogeneous phases, would be to estimate the volume fraction of one
of those phases. This is known as the size estimate problem. In this paper
we consider the size estimate problem for the isotropic elasticity equation
and for the isotropic complex conductivity equation. In the case of elasticity,
we seek to estimate the size of the inclusion using boundary measurements
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of displacements and tractions. In the case of the complex conductivity
equation, our method will use boundary measurements of potentials and
current densities.

Unlike more general reconstruction procedures, which require a large
number of measurements, size estimate methods usually rely on only a few
measurements. One known approach to deriving size estimates is a PDE
method using quantitative uniqueness estimates, the other, which we use
here, is a variational method which is related to the estimates of effec-
tive properties of the composites. In the case of the conductivity equa-
tion estimates for the size of the inclusion have been derived in the work
of Alessandrini-Rosset [2], Alessandrini-Rosset-Seo [1], Ikehata [5], Kang-
Seo-Sheen [10], Milton [14], and others. The translation method which was
introduced by Murat-Tartar [17], [18], [16] and Lurie-Cherkaev [11], [12], was
used by Kang-Kim-Milton [6], Kang-Milton [8] to obtain lower and upper
bounds for the relative volume of an inclusion. The same approach was also
used to bound the volume fraction of two-phase materials in the 2D elasticity
case [15] and in the shallow shell case [9].

One practical example where size estimates in the complex conductivity
case may be useful is the estimation of the size of tumors or other anomalous
tissue in biological samples. Biological tissue, when probed using alternating
currents, may be modeled using complex conductivities. This is due to the
fact that cell membranes act as capacitors, thus introducing an imaginary
component to the conductivity (see [13]). There are a number of results
known in this case such as the one of Beretta-Francini-Vessella [3], Kang-
Kim-Lee-Li-Milton [7], and Milton-Thaler [19]. We want to point out that [3]
is based on the PDE method, while both [7] and [16] use the variational
approach. To put the current work in perspective, we remark that [7] uses
the translation method for the 2D problem and [16] considers 2D and 3D
problems using the splitting method.

1.1 Main results — elasticity

Let Q C R3 be a bounded domain and let C be a two-valued elastic tensor
defined on this domain. We will assume that C is isotropic, i.e., that its
components are

Cijkl = )\51']'5“ + //L((Szkéjl + 6il5jk>7

where A and p are known as the Lamé coefficients. The ellipticity condition
for C in terms of the Lamé coefficients is

Az) +2u(z) >0, p(z)>0, Veel.



We will make a stronger assumption, namely that
3A(x) +2u(z) >0, p(z)>0, Vrel

This is known as the strong convexity condition (see [20, Section 2.9]).

We denote by €2; and €2y the domains corresponding to the two phases
and will use corresponding lower indices to identify the values the Lamé coef-
ficients and any other quantity derived from them take on these two domains.
We also define the volume fractions f; := [Q|/|Q| and fo = |Q2]/]?]. In or-
der to obtain our results it will be necessary to assume that the values of the
Lamé coefficients in the two phases satisfy the gap conditions

H1 > Ua, 3\ + 2[11 > 3y + 2,&2 (1)

A function u :  — R? is a solution of the linear elasticity equation with
elastic tensor C provided

@(Cijklakul) = 0, 1= 1, 2, 3.

We will denote by ¢; = u;|sq, i = 1, 2,3, the Dirichlet data of such a solution
(displacement), and by ¢; = n;Cyju0kwlon ¢ = 1,2,3, the Neumann data
(traction), where n = (nq, ng, n3)* is the outer normal on 9Q. We will consider
two cases:

i) the solution u has Dirichlet data ¢; = \/Lgxi, 1=1,2,3.

ii) the solution v has Neumann data v¢; = n;, i = 1,2, 3.
Our main result is

Theorem 1.1. There exists constants C;, Cy; > 0, C; < 1 depending (explic-
itly) on Q, the values of C and the boundary Dirichlet and Neumann data of
the solutions in case i) for C; and case ii) for Cy;, such that Cy; < f1 < C.
Furthermore, C; = 1 only if fy =1 and C;; = 0 only if fi = 0. The explicit
forms of the constants C; and Cy; are the ones appearing in equations (4)
and (5) respectively.

The method of proof is inspired by the work of Kang-Milton [8] for the
3D conductivity equation. In section 2.1 we will "translate” the minimum
principle for the elasticity equation by a null-Lagrangian, i.e. a quantity that
may be determined form boundary data. We will then extend the class of
fields over which we minimize to obtain inequalities that would lead to an
upper estimate of f;. In section 2.2 we will proceed similarly, except that
in this case we will "translate” the minimum principle by a quasi-convex



quadratic. This quadratic form is not determined by the boundary data, but
it’s size can nevertheless be controlled by it. The result will be the lower
estimate on fi.

We would like to compare this to Milton’s result in [14]. With the same
special boundary conditions, Milton also derives bounds of the volume frac-
tion for the two-phase isotropic elasticity in two and three dimensions. Some
of these bounds require multiple measurements, though bounds derived from
single measurements are also derived. The bounds, which are given in im-
plicit form and may be dificult to be put into explicit forms, are obtained
from the bounds of elastic response tensors.

1.2 Main results — complex conductivity

Let Q C R? be a bounded domain and let o : Q — {01,025} C C be a
conductivity function with two values. For any complex valued quantity a
we will write ' = Rea and a” = Jma. Then, for example, we have

oc=0 ++v—-1o0".

We will assume that the following gap conditions hold

op > ah >0,
o o

As above, let £y, {25, be the domains of the two phases and let f; := |Q4|/|Q],
f2 = [Qa|/[92].

Let uy, us, uz be three R-linearly independent solutions of
V:(oVu)=0, inQ. (3)

Denote ¢; := uf[aq, ¥ = n - (0Vu)'|aq, j = 1,2,3. We will consider three
cases

i) ¢; =0 (i.e. real Dirichlet data) and the matrix

(L)
o0 i,j€{1,2,3}

is invertible. Since the v; can be any set of three linearly independent
Neumann data, this condition is generic.



ii) ¢; =0 (i.e. imaginary Neumann data) and the matrix

()
o i,5€{1,2,3}

is invertible. Likewise, this condition is generic.

iii) ¢; =0, ¥; = n;, 5 = 1,2,3. This is a particular instance of the first
case.

Our main theorem is stated as follows.

Theorem 1.2. In each of the three cases, there exist constants ¢,C > 0,
depending (explicitly) on Q, o1, 02, ujlaq, n-(cVu;)|sq such that ¢ < f; < C.
For the first case the bounds are the ones in (9), for the second case they are
the ones in (10), and for the third case the ones in (11).

This result is obtained using two different versions of the translation
method, adapted from the work of Kang-Milton [8]. In both instances we
begin with a variational principle of Cherkaev-Gibiansky (see [4]). In the first
and second case, we perturb the minimized quantity by a null-Lagrangian.
Extending the class of fields over which we are taking the minimum, we
obtain inequalities that eventually lead to upper and lower bounds for f;.
We carry out the detailed computations in section 3.1 for the first case and
section 3.2 for the second case.

In the third case we perturb the minimum principle by a quasi-convex
quadratic form. This method is explained in detail in section 3.3.

2 Estimates for elasticity

2.1 Upper bound

Using the notation
1
(-):= —/ - dz,
€2 Jo

W = (Vu :C: Vu> = <8iujCijk18kul>.

we define

It is known that
W = min (Vu:C: Vu).

uloo=¢
We note that, using integration by parts,
1

W = 6 uijijkl@kul,
19 Jae
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that is, W is determined by the Dirichlet data ¢ and the Neumann data 1.
We denote by T the tensor with coefficients

Tijkt = 0ij0k — 0510,
Note that, for u that shares the same Dirichlet data as u,
(VT : V@)j = —0; Ty = —0;0ruy, + 0;0;u; = 0,
and therefore

(Vu:T:Vu) = — N Oy, — Ny Opll; = u;(niOp — n1.0;) ..

19l Joo
As the vector v; := n;0,;, — n0;; satisfies njv; = 0, we conclude that n;0; —
ni0; is a tangential derivative. It follows that (Vu : T : Vu) is determined
by the boundary data ¢, i.e. it is a null-Lagrangian.
We define, for ¢ > 0,

2] Jog

We:=(Vu:C:Vu)+c(Vu:T: Vu).
Since the extra term is determined by ¢, we have that

W.= min ((Vu:C:Vu)+c(Vu:T:Vu)).

ulpo=¢

Any 3 x 3 matrice may be written in vector form by ordering the pairs of
indices (ij) as follows: (11), (21), (31), (12), .... Then Vu becomes

vV = (81U1 ébul agul (31u2 82’&2 83U2 81u3 02U3 83U3)t.

Using this notation we can write

W.,=v-Lv,
where
A2 0 0 0 Atc 0 0 0 Atc
0 L 0 p—c 0 0 0 0 0
0 0 7 0 0 0 w—c 0 0
0 w—c 0 L 0 0 0 0 0
L= Ac 0 0 0 AX+2n 0 0 0 Atc
0 0 0 0 0 W 0 U—c 0
0 0 w—c O 0 0 7 0 0
0 0 0 0 0 w—c 0 W 0
Ac 0 0 0 Atc 0 0 0  A+2u




Let J be the orthogonal matrix

1000 0O0O0O0O0
00 001O0O0O0O
00 00O0O0O0OO01
00 010O0O0O0O
J=1010000000
00 00O0OT1O0TO0FO
00 00O0O0OO0OT1FO
00 00O0OO0OT1TTO0OFO
001 0O0O0O0O0O
Then, we have
A2 A+c A+c 0 0 0 0 0 0
Adec A+2n A+ec 0 0 0 0 0 0
Ad4c A+c A+2u 0 0 0 0 0 0
0 0 0 I w—-c 0 0 0 0
JULT = 0 0 0 p—c p 0 0 0 0
0 0 0 0 0 " w—-c 0 0
0 0 0 0 0 w—-c 7 0 0
0 0 0 0 0 0 0 W w—-c
0 0 0 0 0 0 0 w—c

The upper left block is of particular interest. We denote it by

A2 A4+c¢  Afe
Bi=| Ac A+2u Mtc
Adc A+c A+2u

This block may be fully diagonalized by conjugation with the orthogonal
matrix

1 I
V2 VCERVE)
g—-/-+Li L L
V2o Ve V3|
0 S
V6 V3
that is
2u—c 0 0
C:=S5'BS = 0 2u—c 0
0 0 3A+2u+ 2c
Here we may also note that each block (M’L_L . a /: C) can be diagonalized

by t
1 ()l P BT Gt B G B

7



We see then that as long as 0 < ¢ < 2y, then £ > 0. By (1), the condition is
that 0 < ¢ < 2pus.
If u: Q — R3 is such that u|sq = ¢, then

1
o) = — n;P;.
) =0 o™

It then follows that

W, > <I>n_i?><z'£z> > 0.

Let v be an element for which the minimum is realized. Then for any ¢ s.t.

{(¢) =0, L
<¢-£0>=§E _0<(V+w)-ﬁ(<f+ts0)>=0,

so there must be a constant m € R? such that
(Lv)(z) =p, x€fd

Let £, and L5 be the values £ takes on €2; and {25 respectively. Clearly v is
constant on €2y and 5. It follows that

W, > min (fivi - Livi+ fave - Lova),
fivit+fava=(v)

where v, vy € R? are constants. By [7, Lemma 3.1] we conclude that
We = {v) - (L7) "),

where

(L7 = ALy + fLy'

Since C' is diagonal it is easy to determine that

(€ =08 = i - (1- 2=t}

and

(A1 — Ag) +2(p1 — M2))_1

3
N =B+ 2u+20) (1-
(C )35 = (Bha +2u2 + C)( fi SN + 201 + 2c

the other matrix elements being zero.
If we choose Dirichlet data ¢; = \/igacj\ag, then we have (Qju;) = \/Lgéij.
Then
We > (v) - (L7 7Hv) = (C7 .

8



If we take the limit as ¢ 7 2us, we obtain the inequality
3/\1+2u1+4,u2 (1_ 1)

fi <

T 3(A = A2) +2(m — o) T

where
limc 20 Wc
3/\2 + 6/J2 .
With the choice of Dirichlet data we are making, by the minimum prin-
ciple, we have

T .=

1
Wou, < 3 ((Isxs : C:Isxg) + 2ua(Isxs : T : Igxs)) < 3\ + 2p1 + 4po,

with equality attained only if f; = 1. Then we have that

1_ 1 < 3(A1 — A2) + 2(py — po)

T — 3)\1 + 2/1,1 + 4”2

and it follows that the upper bound in (4) satisfies

3)\1 + 2#1 + 4#2 ( _ l)
3(A1 = A2) + 2(p1 — pi2)

T
with equality attained only if f; = 1. The bound is therefore non-trivial.

<1

— )

Remark 2.1. Here we have used one solution with specifically chosen Dirich-

let boundary data, but a similar bound may be obtained for almost any solu-
tion. To see this, note that there is an orthonormal basis in which lim, sg,, (L~1) ™
18

0 0 0 0 0 0 0 0 0
00 0 00 0 0 0 0
00 (C™Myxb 0 00 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 2u, 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 2u 0 0
0 0 0 00 0 0 0 0
0 0 0 0 0 0 0 0 2u

Then in this basis we would have
(C7N) 33 (V)3 < Wapy — 2p0 (V)2 + (V)2 + (v)3)

which would produce the same type of bound as (4), as long as (v)3 # 0.
However, in this case, there is no guarantee that the upper bound obtained
for this data is non-trivial.



2.2 Lower bound

Let
. A g
T 2u(3N +2p)’ oA

and D be the (compliance) tensor with components
Dij = adijom + B(6indji + 6adj).
We note that a and S also satisfy the strong convexity conditions, and that
1 < B2, a1+ 201 < 3 + 20s.
Let J := C : Vu, then
J=J, VJ=0,

D J:%(Vqu(Vu)t),
and therefore we have
W=(Vu:C:Vu)=(J:D:J).
If J is symmetric, satisfies V.J = 0 and Jn|gsq = 1, then clearly
(L—J):D:J)=Tr (L —J)Vu) = 0.
It then follows easily that

W = min  (J:D:J).
VJ=0,Jnlso=1
In this section we assume that the solution u has Neumann data ; = n;. In

this case
1

19 Jon 192/ Joe

The tensors A", A*, A® defined below are orthogonal projections acting
on M;sy3. Their components are

(Jij) ringJyy = T = 0y

1

A?jkl = 3

§ij5kl7
s 1 1
Az’jkl = 5(5ik5jz + 0idj) — §5z’j5kz,
1
A?jkl = 5(5%53'1 - 5il5jk)-

10



With this notation we notice that
D = (3o + 26)A" + 2BA°.

Let
T := 2A% — A"
It can be shown (see [8]) that
P:T':P >0, VP ofrank at most 2.

Using methods borrowed from homogenization theory, in [8, (4.20)] it is
shown that, when we choose boundary data as we have done,

= 1 J T :J)=-3.
g VJ=OI,I£TLI|189 =1 <_ _>

We define
W/ = (J:(D—=cT):J)y=(J:[(Ba+28+c)A" +2(8—c)A*] : J),

Cc

where ¢ > 0. We can estimate W/ from above by

W < min (J:D:J)—c min (J:T :J) < (Isxz:D:Iz.3)+3c
VJ=0, Jn|pa=1 VJ=0, Jn|pa=14

<33 + 262 + ).
Now if Jn|gq = 9, then (J) = (J). Therefore

W > r>n_i£]><(3a+2ﬁ—|—c)i:/\h:14—2(5—0)1:/\3:i>>O,

J

as long as ¢ < (1. In this case we may drop the second term to obtain

W!> - min ((Ba+28+c)(Tr J)%).

(L)=(J)

W =

By Jensen’s inequality we have

2 (L[ ng)
((Ba+28+c)(Tr J) >Z(3a1+251+c)f1 <|Q| /QIT l)

2
+(3a2+252+c)% (ﬁ/g Tri) |

Tr J € [0, 3].

Let

Z = —
9] Ja,

11



Then

1 1 1
W! > = | (Bay + 281 +¢) 2%+ (3ag + 262 +¢)—(3 — 2)?| ,
3 S fa
and minimizing over z € [0, 3] we have that
W, > ;
¢ = fi + f2
3a1+2B1+c¢ 3az+202+-c

Taking the limit ¢ 1, we may rewrite this estimate as

Blag —ar) + 28— B\ _ L
(1+f1 3(on + ) ) <7,

where

LA
3(3ag + 2B+ f1) —
with equality holding only when f; = 0. We conclude that

3(on + Br) L
fr = 3(ag —ar) +2(82 — fh) (ﬁ 1> . ©)

As we have observed above, this lower bound is non-trivial and equals zero
only when f; = 0.

T =

3 Estimates for complex conductivity

3.1 The first case — real general Dirichlet data
We adopt some notations from [7] and [8]. Define

e, = —Vui, jz =0€e; = —O'VUZ',

e;, =: e; —+ v —1e;/, jz = j; + 1/_]_jé’7 o= 0_/ + \/_—10_,,,
E = (Ez])ZJJ EZ = _8zu]7 J e O'E,
E = E,+ \ _1E//7 J= J,+\/—_1J//>

Let d be a 6 x 6 matrix given by

d— diilsxs diolaxs) _ 1 [ Isxs "33
do1lzws dalzxsz )~ o \0"Izxs (0 + 0"*)I5x3



and denote
A = (thV>.

e’ i’
#)-+@)

and therefore, using integration by parts,

y 9 N .
Ay =((J)4 Jz,) = (*’z)-(‘?ﬂ,) == | (n- (V) +uln- (oVw)").
’ <(ei> (e‘ $=A €/ \J; / 1€ Joo (- (V) + uin- (0V;)")

J

It is easy to check that

We see then that A is determined by boundary measurements for the three
solutions we are considering.
Furthermore, notice that for any

it holds that

1
_/(l/ + O_IIE//)t(J/ + O_//E//) + O_I(EI/)tE// Z 0’ (6)
g

V'dVv =
meaning positive-definite. We again use the tensor T with components
Tijkt = 0ij0k — 0510,
Then

(E":T:E") =

1 " " 1/ " 1
E) =1 nw; Opy, — N, O, = w; (n;0p — ny0;)uy,.
o0

19 Joe

As remarked above, n;0r, — n,0; is a tangential derivative. We can then
conclude that (E” : T : E”) is determined by the boundary data ¢; for any
E” as in (8). Thus, T defines a null Lagrangian for our problem. We also
note that
P:T:P>-Tr (P'P), VP € Msys. (7)
For any k,[, let I" be the 3 x 3 matrix given by I* := (§;10,1);;, then
(E"T*);; = —0ufld; and ;T (E"T™ ), = 0. The tensor M with compo-
nents

Miji = ((E"TV) : T : (E"I")) = ((E"T7)05T0pys (E'T%) 5)
= (0ju} Oyuy, — Oy Ojuy)

13



can also be determined from boundary measurements. For any K € Ms.3(R),
let b’ be the product of the normalized eigenvector of K K* and the associated
singular value of K, then KK* = 327 bi(b¥)!. In view of the variational
principle of Cherkaev and Gibiansky [4], we have that

3

Wy =Tr (KtthVK) =Tr (KtAK) = E (bi)tAbi = {/_nlgl Tr (KtXth[Q,
eC1
=1 -

where Tr stands for the trace of a matrix. Here the admissible space C; is
given by

/
G = {y = (%u) : E;/] = —3&;{7 @'l;j = O,Qﬂm = ¢j7l§jnz‘|89 = 1/{7} .
(8)

We also have that
(E'K):T:(E'K))=K:M: K.
Next, we "translate” Wy by a null Lagrangian

Wk =Tr (K'V'AVK) + ¢((E'K) : T : (E"K))
—Tr (K'AK) + ¢K : M : K.

By (6), (7) we have that for any V.
1

Tr <Xtdy> +C<E” T E//> > —,(J/ + a//E//) : (J,+U//E,/) + (U/ . C) E// : E//’
o

and it is positive as long as 0 < ¢ < ¢’. Taking (2) into consideration, this
condition reduces to
0<c<oy.

Also notice that
Wek = \I/Illél (Tr (K'V'dAVK) + «((E"'K) : T : (E'K))).
Vel
As we have done above, we will put 3 x 3 matrices in vector form by

ordering the pairs of indices (ij) as follows: (11), (21), (31), (12), .... K
would then become

k= (ki ko ks ko koo kso ki kos k33)t-

14



Extending this idea to 6 x 3 matrices, V becomes

Ly
J1

J

while VK becomes

F11jh + ka1js + kaujs
12§} 4 kaajs + kaajs
K13 4 kasjh + kasis
ki1€] + ko€ + kg€l
kioel + kosel + ksoef
klgelll + k‘zgeg + kggeg

Vi =

With this notation we have

A O3><3 03><3
Wrk=k-[03x3 A O3x3|k
O3x3 O3x3 A
and
Wox =k Dk,
where
A 03><3 03><3
D.:= [03x3 A 0O3x3 | +cM
O3x3 Osxz A

and M is defined via k- Mk := K : M : K. Equivalently, we can write

Wek = (Vi - LVg) = \I/Heléll (Vi - Lvg),

where

S
[
=y
M

ey
.
IS8
59
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3.1.1 Construction of a lower bound for W, x

Note that W, x is completely determined by the boundary measurements
provided ¢ and K are given. Here we would like to derive a lower bound for
W, k. It V. € C; integrating by parts we get

1
niQ;, <i;j> =00 iEinkle =
9] Jaq

(E;) = ;.

1
2] Joq 192] Joq

Let J',E” be any 3 x 3 matrix-valued functions. We define the set

e~ {v-(3): m-w}

Then it is easily seen that C; C Cy and

(v)=(v)

. J/
the second inequality holding provided 0 < ¢ < ¢5. Let V = (]%//) € Cy be

an element for which the minimum is realized. Then

0 (V+ )k - LOV+ 1)) k) = 2(¢k - LVk)

"t
for any 1 s.t. () = 0. There is therefore a constant y € R'® s.t.

We denote by £, and L5 the values £ takes on €2; and €25 respectively. Clearly
Vi 1s constant on €2y and 5. It follows that

WC,K > min (flvl . £1V1 + f2V2 . £2V2) s

T Aivitfave=(vk)

where vi, vy € R'® are constants. We can use, for example, [7, Lemma 3.1]
to conclude

Wer > (vi) - (L7 Hvg),

where

(L7 = ALy + fLyl

16



3.1.2 Matrix manipulations

Let J be the

In this subsection, we will derive an interval bound for f;.

orthogonal matrix

1000000O0OO0OO0OO0OO0OOO0OO0OO0OO0O0
00000O0O0O1O0O0OO0OO0OO0OO0OOGO0OO0®O0

00000O0OO0OO0OO0OO0OO0OO0OO0OO0OO0OT1O00® 0

00000OO0O1TO0OO0OO0OO0OO0OO0OO0OOO0OO0O
01 0000O0O0OO0OO0OO0OO0OO0OO0OGO0OO0O

000000O0OO0OO0OO0O1O0O0O0OO0OO0OO0®O0

00000O0O0OO0OO0OO0OO0OO0OO0OO0OT1ITO0OO0®O0

00000O0O0O0OO0OO0OO0OO0OT1TO0OO0OO0O®O0OO0QO0

001000O0O0OO0OO0OO0OO0OO0OO0OOGO0OO0O
00010O0O0O0O0OO0OO0OO0OO0OO0OOOGO0OO0O

000000O0OO0OO0O1O0O0OO0OO0OO0OO0OO0®O0

00000O0OO0OO0OO0OO0OO0O0OO0O0OO0O0O0T1

00000O0O0O0OO0O01TO0OO0OOOO0OO®O0OO0QO0
0000100O0O0O0OO0OO0OO0OO0OO0OGO0OO0®O0

00000O0OO0O0O0OO0OO0OO0OO0O1O0O0O0O0O

00000OO0OO0OO0OO0OO0OO0OO0OO0OO0OO0OO0T1O0

00000O0O0OO0O0O0OO0OO0OO0OO0OT1TO0OO0O0®O0

000001O0O0OO0OO0OO0OO0OO0OO0OO®O0OO0®O0

- d227

di2, d3 :

d117 dy =

Then, denoting d; :

0 0 do O
dq

dq

0

0 do

0

di 0 do O
dy da

0

—C
ds

do 0 dj
do

0

—C

dy

do O
do

0

0 dy

0

0 d 0
0 do ds

0

—C
ds

0

0

0 dg —C

0

17



In order to investigate (£7!)~!, we may consider the individual blocks

separately. Let

d 0 0 do 0 O
0 dg 0 0 do O
0 0 d 0 0 d,
d2 0 0 dg Cc Cc
0 do 0 ¢ d3s c
0 0 dg C C dg

be the first of the diagonal blocks. We define another orthogonal matrix

B —

1 1 1
-1 L 0o L 0
g 0 0 —7 0 7 0
o = 0 X 0 =
V2 V6 V3
0o —LX 0 L 0 4
0 0 0 —7 0 7
Then
dy do 0 0 0 0
dg d3 —c 0 0 0 0
ot 10 0 dy ds 0 0
0 0 0 0 dy dy
0 0 0 0 dy d3z+ 2c

The inverse of C' is

1d—3c_dc1 _1—dc2d1 0 0 0 0
d d
== U I
C*l — O O 1—36d1 - 1—02d1 0 0
0 0 — 4 0 0
1—cdq 1—cdy dat2c d
0 0 0 0 1+2cdq T 142cd;
0 0 0 0 d d

T 142cd; 1+2cdy
Xl 02><2 02><2
=: | Oax2 Xz Oaxe
02><2 02><2 X3
We will write
" 12 12
09 0y + 0y

(51 = i, 52 = — (53 =,

!
) 09 )



7 12 12
1 Ayn Tl AL + oy
—/ ; 2 p— —/ y 3 pp— —I .

1 07 5]

Al =

We want to look into what happens when ¢  1/§; = o). So we can write
Xl, X2, X3 as

d2 l—cd
X=Xy = L d_?_l— d11 —d )
—dy dy

d2+3 2d d 2d
Xy = ( 32d1 + 3d1(1+22cd1)(1 —cd) —%F - 3(1+22cd1)(1 - Cdl)) .
1—

2d d 2d
_?2 STt 2ed; )( cdy) G+ S(i32ed) (1—cdy)

Then

fife
0 — A

det(X;) = [ 24 [51(As0y — 1) + 6a(Ar6y — 5@)]] (1—c6) ' +O(1—chy)

and

X)) = [f2 +f151(A351 — 1) + 09(A 6y — 51A2)]—1 (51 0,

1-
51 —Al 52 )+O( 0(51)

51

In the case of X3, we can see that det(X3) > 0 and satisfies

det(Xe) = fig + fro
+ ﬁb@[m(dg +3) + (As; + 2)01 — 2A08,8,] + O(1 — ¢5y)
— % + f1—3(2A11Jr 5 [A1(65 — 1) + Asd} — 2456,6)]
+ fmel — AL (62 + 1) — Ag0? + 20,6,6,) + O(1 — ¢6y)
_. % [+ fua+ f26] + O(1 — e8))
and

(X5)™' = [1+ fra+ f%ﬁ] o
- hRR i (0 - 2%
X e 2 e -+ O(l — C(Sl),
( — A (52 _ 23AA12£§1> 5343 3 (5 343 32AA3(15:23>

19



where

1
= [A{(62 = 1) + A36? — 2A
a (2A1+51)[ 1(65 — 1) + Azdy 20102],
1
= 25, — A1(02+ 1) — A36? +2A .

We would like to remark that since det{X3) > 0, then 1 + fia + f23 > 0.
It would be convenient to have 8 < 0. To see that this is indeed so, we
can estimate

(241 + 51)55 = 2= A8 — Agby + 2008, < 24 A2 462 — Aybs — Ayd,y
1

= AAg + 6103 — Aidy — Agby = (Az — 53)(Ay — 6y).

Since by (2), 61 > A; and Az > §3, it follows that indeed S < 0. Similarly

2A 2A
(2A1+51)(% = Ayby— 5—11+A361 200y > Ay + A,y —A§—5§—5—11
2A A
= A152+A351+2—5153—A1A3—5—1 = 2<1_6_1)+(51_A1)(A3_53) > 0.
1 1

Now since (J') is invertible, we may choose K = \%(J’)‘l. Then

1 t
vg)=—=(1 0 0/0 1 0|0 O 1|0 O 0|0 O 0|0 O O
(vi)=—=(1 0 0[0 1 0[0 0 1[0 0 0[0 0000 0)

and
—1\—1 1 1 (1
i) () i) = () 6 ()
Let ]
T = E C}{?& WQ%(J/)fl,
(6 —Ay)
v = 2A1+(51>07

then we have
1—vf1

> .
T l+afi+Bf

Equivalently,

L+ (ot DA+BR> 7

20



and since [ < 0 we get the bounds

—(a+F)+la+7)—4p1-T]
28

Note that since we take ¢; = 0, in this case Ml = 0. Then

W, gy = minTr (—(( NHivid V—

75 Vec V3 < ")
Tr {((

Pr(y )
i) az) <o

It follows that 7" < 1, which means that the lower bound in (9) is not negative.

oa|>—u

Remark 3.1. It appears that the upper bound in (9) is not neccesarily non-
trivial. In fact, in the particular case of real conductivities it always is trivial.

3.2 The second case — imaginary Neumann data

In this section, we suppose that ¢; = 0, i.e. that the Neumann data is purely
imaginary. We may choose K = \%(E” )~ ! since the matrix (E”) is invertible.
Then

<vK>=%(o 0 0/000[/000[100[010][001)
and
i)+ () i) = (1) - 0 (§)-
Let i 5, .
= 5105 1 2 erb Ve
o, (301(Ag8 +2) <0,

(0103 + 2)(2A1 + 61)

then we have

T > 1—7h o
L+afi + Bfi

21



and we get the bounds

—(a+ %)+ \/(a + %)2 —4p8[1 — T71]
2p

el

< hi
~(a+3) = /la+3)? - 481 - 7]
283 ‘

Remark 3.2. In the case of real conductivities, the lower bound in (10) is
negative, hence trivial. The upper one reduces to (see also [8])

(10)

and since in that case

it follows that the upper bound is nontrivial, i.e.

1
“(1-7) st
v T

Since all the quantities that appear in the upper bound of (10) depend contin-
uously on the values o1 and os, it follows that at least for certain cases with
non-real conductivities, (10) does also provides non-trivial upper bounds.

Remark 3.3. A particular case of the boundary data considered in this sec-
tion is ¥; = 0, ¢; = \%xﬂag. We then see that the case treated here is
analogous to the one treated in section 2.1 for the elasticity case.

3.3 The third case — special boundary data

In this section, we derive another interval bound of the volume fraction.
We will use special boundary conditions such that ¢; = 0 and v¢; = n;,
which implies (J') = Isx3. As pointed out in [8], there is no null-Lagragian
corresponding to three-dimensional current fields. As in [8] and section 2.2
above, we translate the energy by a quasi-convex quadratic form. As above

we use the tensor
T = 2A° — A",

We define, for positive c,

W/ := min (Tr (V'dV) — ¢(J': T': J)),

Vet
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which is bounded from above by

WégTrA—C{,nigl@’:’]I":J’):TrA—cg§3(51+c).
et

Now, we can estimate
!/ > : t _ !/ . / . !/
Wi > min (Te (V'AV) — c(d': T': 1)
:glelélz ("2 ((duy + A" + (dig — 20)A° + dpyA®) = T
+J/ . (d12Ah —+ d12As + dlgAa) . E// + E// . (dglAh + dglAs + dglAa> . J/
+E" : (dQQAh + dog A® + dye A?) - E//>

1(1
= min (= {—(Tr J + 0" Tr E")? + o/ (Tr E')? + ¢(Tr J')Q}
VeCo o’

1
" [—/(AS 3+ 0N E)? + 0/ (A B = 2e(A° 1):2} )
g
where A2:= A: A Let X =A*:J.Y =A*:E”. Then
(X +0"Y)? + 0%V — 2c0' X

o” ? 2 2co’ 2
=(v1—-2cc/'X+—Y | + |0 o Y=,

v1—2co’ 11— 2co’
and this is non-negative provided ¢ < 2(0,2”—% This holds provided ¢ <
W. With this condition

1]1
S N el / " 1\2 / \2 \2 )
Wc—inéél?(g [UI(Tri +o"Tr E")" + o'(Tr E") +c(Trl)}>

Using Jensen’s inequality, we get

poy o L1 A\ i(i )
<<Trl)>2f1(lﬂl/mTrl) "% |@|/92M |
/ 2 O-_i L " ’ O-_é(i //)2
<“<TTE”Zf1(|Q|/QITrE> 7, mr/mw ’

1 1 1 2
<—(T1" i/ + O_IITr E//)2> 2 _ / Tr J/ + UilTr E”
o’ 12| o

oy fi
—l—i(i/ TrJ'—i—a"TrE")2
oy fa \ I Ja, 2=

23
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Let

1 1
X, = Ty, X,= Tr J',
' A9 Jo, T ? f21€Q| Ja,
Y, = 1 TrE' Y,= 1 Tr E”
[l Jo, T f21Q Ja,

_ (X _ (X2
a-(v) - ()

- 1 (14 co’ o’
- ; O’” (OJQ 4 0_1/2) .

Then, applying again [7, Lemma 3.1 ], we obtain
WC/ Z min , (f121 . E’lZl + fQZQ . L,2Z2)
le1—|-f2Z2=<<TrJ >)
L/ (Tr J') -1 [ (Tr )
=3 (<Tr E">) T ey )

(Tr E')
Ll—l — 1 d3 _d2
14cds \—dy di+c)’

e = s [V e ot s

W

Note that

so we see that

1+053 1+CA31+1+CA31
where

O/ = (53(A1 + C) + A3(51 — C) — 252A2 — 2,

=2+ 20,A9 — 5371 — Asdy.
We have seen already that 5’ < 0. Then

/ / -1
«Q 15} 9
+1+(:A3fl+1+ cA; fl]

d1+c Aj+c
X (1J1rj53<1 = fi)+ 1+1c—23f 14(-5(:53 (1—fi)+ 1+CA3 f1>
1+4-cd3 <1 o fl) 1+CA3 fl 1+co3 (1 - fl)

(L) = (1 ) [1

1+CA5 fl
With boundary conditions we are considering, (Tr J') = 3, (E”) =0, so

3 1
" <KTrA+—< —
Wag s Aty =3 (51 * 2A3)
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and

, 1 2/ . 28 17
, > — A+
ng)_3(61+m3> {1+ 3f1+ 3f1}

)|

Let

3
T" .= —TrA—i_E <1,

3 (51+ﬁ)
1

,, 2 1
o = g |:(53(A1 + 2_A3> + A3(51 — 2_A3) — 252A2 — 2:| s

2
B’ = 3 [2 + 200As — 0321 — Asdy],
(20501 +1)(2A5 + 05)

"
=1
7 305(2040, + 1)

With this notation

,y// 1
1+ (o" + ﬁ)fl + 6" f7 > T

and since " < 0 we get the bounds

—(& + ) + (@ + B2 — 4871 — T7-1]
2/8//

—(O/l + %_',//) _ \/(O/’ + %_’,’/)2 _ 4/@//[1 _ T”_l]
26// ‘

Note that since T” < 1, the lower bound is again nonnegative.

< fi

<

(11)
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