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ABSTRACT. In this paper we consider the eigenvalue problem for
a weighted spectral fractional second order elliptic operator in a
bounded domain. We show that any eigenvalue is strictly mono-
tone with respect to the weight function if the corresponding eigen-
function satisfies the unique continuation property from a measur-
able set of positive Lebesgue measure.

1. INTRODUCTION

In this paper we will investigate the relation between the monotonic-
ity of eigenvalues and the unique continuation property for the spectral
fractional elliptic operator. To motivate our study, we first briefly state
the result for the elliptic operator. Consider the weighted eigenvalue
problem in a bounded domain {2 C R™ with Lipschitz boundary 90€:

{ Au=pm(z)u in Q,

1.1
(1.1) u=0 on 09,

where A is a second order elliptic operator given by

Au = — Z 0;(aij(x)0u) + ag(z)u
ij=1
with ag(z) > 0 and (a;;(z)) € L>®(Q) satisfying a;;(z) = a;i(z), the
ellipticity condition

(1.2) MIEP <Y ai(@)68 < Mal¢l?, 0 < Ay, As.

1,7=1
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Assume that ag, m(z) € L"(Q2) for some r > n/2. It is known that the
eigenvalues of (1.1]), depending on m, form a countable sequence:

o S pea(m) < pea(m) <0< pa(m) < pp(m) <---

If m is non-negative (or non-positive), then this sequence is bounded
below (or bounded above). In view of the variational characterization of
eigenvalues, we can observe that each py, k € Z\ {0}, is nonincreasing
in the weight function m, ie., if m(z) < m(x) a.e., then pg(m) <
pr(m). It was proved in [FG92| that pug(m) is strictly decreasing in
m if and only if the corresponding eigenfunction enjoys the unique
continuation property from a set of positive measure. We say that
pr(m) is strictly monotonically decreasing in m if m(z) < m(x) a.e.
and {x : m(x) —m(z) > 0} has positive measure, then p(m) < ug(m).
For the corresponding eigenfunction ug(z), we say that ux(x) has the
measurable unique continuation property (MUCP) if u = 0 identically
in Q whenever u(z) = 0 in £ C Q with the Lebesgue measure of E,
|E| > 0. A similar result was proved for the biharmonic operator A2
in [TCRDI12].

The equivalence of strict monotonicity of eigenvalues and MUCP
was further extended to nonlocal operators in [FI19] where the authors
considered the eigenvalue problem
(13) { Lgu = um(:r;)u in

u=0 in R"\Q,

where Ly is a nonlocal operator of the following general form

(1.4) Licu(z) = p.v. / (u(a) — uly) K (z — y) dy.

n

where the kernel K satisfies

(K1) p(z)K € L*(R™), where p(z) = min{|z|?, 1};
(K2) K(x) > alz|~*%) for all z € R™ \ {0} and s € (0, 1);
(K3) K(—z) = K(x) for all z € R™\ {0}.

In particular, when K (z) = |z|~"*2%) Ly is known to be the fractional
Laplacian and is the eigenvalue problem for the regional fractional
Laplacian. Since Ly is nonlocal, to define Liu(z) for z € 2, u =0 in
R™ \ € serves as the zero Dirichlet condition.

The main theme of this work is to establish the equivalence of strict
monotonicity of eigenvalues and MUCP for the spectral elliptic oper-
ator. To define the operator, let us denote the second order elliptic
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operator

Lu(z) = =Y 9;(ai(2)dsu(x)).
ij=1
It is a standard result that there exists a sequence of positive Dirich-
let eigenvalues and orthonormal eigenfunctions { g, ¢ }32, with ¢, €
Hi(Q) for L in Q. For s € (0,1), we define the spectral fractional
elliptic operator

(1.5) Lou(r) =) Muegr(z) in Q
k=0

where u(z) = 307 urdr € HY(2), Le., up = (u, ¢x). We also consider
spectral fractional elliptic operator LY with the fractional power v €
R; \ N (see the precise definition of L7 in Section [2). In this work,
we will not discuss the classical case where v € N. Let ug(m) be the
eigenvalue of

LYg(x) = pr(z)m(x)g(z) in Q

with the corresponding eigenfunction 1, (z) belonging to a certain func-
tion space (see Section 3). We then prove that py is strictly monoton-
ically decreasing in m if and only if ¢; enjoys MUCP in 2. We want
to point out the spectral elliptic operator L” can not be written in the
form of Lk in with a suitable kernel K. One can easily observe
that if such kernel K exists for L7, then it cannot satisfy Property
of K given above. In other words, our result here does not follow from
that in [FI19).

Even though L7 is defined in a bounded domain 2, it is a nonlocal
operator. The proof of the uniqueness continuation property is highly
nontrivial. However, it was shown in [ST10| that L® for s € (0,1) can
be expressed as the Dirichlet-to-Neumann map of an extension problem
in the spirit of the fractional Laplacian (—A)*® established in [CS07].
The operator in the extension problem is a local, but degenerate, elliptic
operator. Combining [ST10] and [Yan13], the spectral fractional elliptic
operator L7 can also be described as the Dirichlet-to-Neumann map of
an extension problem. Having established the extension problem for
L7, we can prove the MUCP using some results from [GR19| involving
Carleman estimates.

The paper is organized as follows. In Section [2| we discuss the def-
inition of the spectral fractional elliptic operator L in detailed. We
also describe the corresponding extension problem, especially the case
of v > 1. In Section [3| we state and prove main results of the paper.
We will discuss the unique continuation property for L7 in Section [
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2. THE FRACTIONAL OPERATOR L7

Let €2 be a bounded Lipschitz domain in R™. We now give a formal
definition of L7 for v € R, \ N. Let [vy] be the integer part of v and
s:=7—|v], that is, we write

v=|v]+s with |v] € Zso and s € (0,1).

To consider the fractional elliptic operator of higher power, we need to
impose a higher regularity on the coefficients, namely,

(2.1) (a;;) € C*I(Q).

Before giving the precise definition of L7, we first discuss some special
Sobolev spaces |Grl6]. For s > 0, we define the space H*(2) as the
restriction of H*(R") to €. Let us denote

(ue H°(Q2), 0<s<1/2,
uwe H(Q), u=0 on 09, 1/2<s<5/2,
)

H(Q)={u€eHQ), u=Lu=---=L"=0 on 00, 2k+1/2<s<2k+5/2,
we H(Q), u=Lu=---=LF'=0 on 0Q, L*uc H/*(R") with suppu € Q
[ s=2k+1/2.

Now we define LY for v € R, \ N as
(2.2) Lu(z) =Y AN(u,ér)de(x) in Q
k=0

for u € dom(LY) = H2'(Q). Thus, we have L7 : dom(LY) — L2().
We can see that for u € dom(L?)

LDy = Z A (u, b)) dr = Z X N on)dr = Z AT (L, di)
k=0 k=0 k=0

= Z A2 (L, M) o, = Z X022y g ) = -
k=0 k=0
=L*(LWw).
On the other hand, we also have that for u € dom(L")

D=3 N, d)én = DN (u Nidw)on = DA (L', 6p)ée = LU (L),
k=0 k=0 k=0

which immediately implies

(2.3) L'u = L3(LWw) = LU (Low).
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3. AN EIGENVALUE PROBLEM: STRICT MONOTONICITY AND
UNIQUE CONTINUATION

For v € Ry \ N we consider the eigenvalue problem

(3.1) Lu=pm(z)u in €Q,
u € dom(L7),

where m € L*(§2). We are interested in the connection between the
strict monotonicity of the eigenvalues p(m) and the weight function m.
The classical case v = 1 was studied by de Figueredo and Gossez in
IFG92].

We first discuss the existence of discrete eigenvalues of . Since
m is an indefinite weight, we will follow the approach used in [Fig82]
(or [EI19]). In view of (2.3), L” is a self-adjoint operator in L*({2) with
domain dom(L"). The eigenvalue problem can be expressed in
the variational form:

(3.2) alu,v] = ,u/muv, for all v € dom(L"), u € dom(L"),
Q

where af-,-] : dom(L?) x dom(L?) — R is the bilinear form (inner
product) defined by

alu,v] 1= /Q([ﬂu(x))v(x) dx.

Clearly, |lull, = alu,u]"? induces a norm on dom(L?). However,

dom(L") is, in general, not complete in || - ||,. Thus, we need to con-
sider a suitable extension of L”. Since L” is semibounded, L7 can be
extended in the Friedrichs sense to #H, the completion of dom(L") in
|| - ||. Observe that

(3.3) alu,v] = /gz(L7/2u)(L7/QU) dx

for u,v € dom(L"). Thus, we have
H=H'(Q).

To abuse the notation, we still denote its Friedrichs extension by L7.
Note that the Friedrichs extension of LY remains self-adjoint on H?(€2).

For fixed u € HY(Q), the map v /muv is a bounded linear
Q

functional in H 7(2). By the Riesz-Fréchet representation theorem,
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there exists a unique element in H 7(€2), says T'u, such that
(3.4) a[Tu,v] = /muv for all v € H().

We can see that T is self-adjoint and bounded in H7(2). We can
further prove that

Lemma 3.1. The operator T : H(Q) — H(Q) is compact.

Proof. Let {u,} be a bounded sequence in H(2). Then there exists a
subsequence, still denoted {u,}, such that

u, — u weakly in H7(£).
The compact embedding of H7(Q) < L2(Q) (see, for example, [DPV12]),
implies

u, — u strongly in L*(Q).
Substituting © = u,, — v and v = T'u,, — T'u in (3.4)), we obtain

U

Consequently, T" has a set of countably many real eigenpairs {S\k, ur}
in which )\, can only accumulate at 0. Therefore, from ({3.3)), we have
that

/mukvdx = a[Tuy, v] = Apafug, v] = S\k/([ﬂﬂuk)(LW%)dx,
Q Q

ie.,
/(LV/Quk)([ﬂ/Qv)dx:uk/mukvd:p
Q Q

for all v € HY(Q), where pu, = 1/A. In other words, the cigenvalue
problem (3.1)) has a double sequence of eigenvalues

S S <0< Sy S

with the corresponding eigenfunctions {uy} in the weak sense. How-
ever, since upmug € L*(Q), we have that Lu; € L*(€2), which implies
that up € H*(Q2)(= dom(L")). In other words, (uy,uy) solves in
the strong sense.

Repeating the arguments in [Fig82] (or in [ET19]), we can derive the
following variational characterization of eigenvalues. For the sake of
completeness, we will provide its proof in Appendix [A]
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Proposition 3.2. The sequence of eigenvalues
T

can be characterized by

= max inf /mu2: U zl,uan},
s = mcint { [
1
(3.5) = min sup { / mu? : |ull, = 1,u € Fn},
fi—n(m) Fn Q !

where F,, varies over all n-dimensional subspaces of [:”(Q) In partic-
ular, we have

1
(3.6) >:/Qmui with  ||lugl|, = 1.

fie(m
Following exactly the same argument as in [Fig82|, we obtain the
following result, which shows some properties of the eigenvalues.

Proposition 3.3. Let Qy := {x € Q: m(x) = 0}, then
(i) |24 =0 = there is no positive fi,.
(i) |2-| =0 = there is no negative p_,,.
(ili) |Q4| > 0 == there is a sequence of positive p, — +0o0.
(iv) |2-| > 0 == there is a sequence of negative p_, — —oo.

Here, | - | denotes the Lebesgue measure of the set.

Proposition 3.4. Let m,m € L>*(Q) such that m(z) < m(x) for
x € Q. For a given n € Z\ {0}, if the eigenvalues p,,(m) and p,(m)
exist, then p,(m) > p,(m).

Proposition 3.5. p,(m) is a continuous function of m in the norm
of L=(Q).
Proposition |3.4] and Proposition [3.5| are immediate consequences of
B9).

Now we use <# to denote that the inequality holds a.e. with strict

inequality on a set of positive measure. The following results can be
easily proved following the ideas in [FG92].

Proposition 3.6. Let m and m be two weights with m <# m. For any
J € N, if the eigenfunction associated with pj(m) satisfies the MUCP,
then the strict inequality p;(m) > p;(m) holds.

Proposition 3.7. Let m be a given weight. Assume that p(m) is an
eigenvalue of (3.1)) and the corresponding eigenfunction u(m) does not
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satisfy the MUCP. Denote N = {x € Q : u(xz) = 0}. Note that
IN| > 0. Then for any weight m satisfying

{x € Q:|m(z) —m(x)| >0} CN,
we obtain that u(m) is also an eigenfunction of some eigenvalue p(1m)

of (3.1) with weight m and p(m) = u(m).

Remark 3.8. Observe that p;(m) = —p_;(—m), we can obtain an ana-
logue result for negative eigenvalues.

Remark 3.9. Proposition implies that for some j € N, if the eigen-
function corresponding to p;(m) does not satisfy the MUCP, then
pi(m) = pe(m) for some £ € N.

To make the paper self contained, we present the proofs of Proposi-

tion 3.6l and 3.7 here.
Proof of Proposition[3.6. By Proposition , there exists F; C dom(L”)
with dim(F}) = j such that
1
= inf / m|ul?.
fi(m)  wery ull,=1 Jo
Pick any v € F; with |lul|, = 1.

Case 1. If u achieves the infimum in (3.7)), then u is an eigenfunction
corresponding to f;(m), and by the MUCP assumption, we
have that v > 0 a.e. and thus

1
:/m\u]2</m|u]2.
1 (m) Q Q

Case 2. If u does not achieve the infimum in (3.7]), then we have

1
— </m]u\2 §/ﬁ1|u\2.
11 (m) Q Q

In view of both cases, we conclude that

(3.7)

1
</ﬁ1]u|2, for all u € F; with |ju|, = 1.
i (m) Q
Since dim(F}) = j < 0o, by a compactness argument, we then obtain

1 . ~ 2 . A~ 2 1
- < inf mlul* < max  inf mlul® = —
pi(m)  ueF;|lull,=1 Jq Fj uelyull,=1Jq p (1)

which leads to the desired result. O
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Proof of Proposition[3.7. Let u € dom(L”) be an eigenfunction associ-
ated with eigenvalue p(m) which vanishes on a set of positive measure
N. In other words, we have and

Lu = p(m)mu = p(m)mu  in €,

that is, u(m) is an eigenvalue of (3.1)) with weight 7.

4. REMARK ON UNIQUE CONTINUATION PROPERTY

In this section, we would like to discuss the MUCP for the spectral
fractional operator L”. Following the exactly same ideas in Appendix
A2 of [GR19] and [ST10], L7u with u € dom(L") can be determined
by an extension problem. Firstly, we recall that the heat semigroup of
L is defined by

(4.1) =) e (u, )i ().

k=0
Also, we define the operator
Ly = x;—?—l(axn+1xfl+la$n+l - xfz+1L)
and the iterated operator
L= (L) for j€N.
Proposition 4.1. Let v € Ry \ N and let w € dom(L). Then the

Caffarelli-Silvestre-type extension of u(x), u(x,x,41), satisfies the sys-
tem

(4.2)
LPJ;: (2, Zpt1) =0 in Q x (0,00),
lim a(z,z,41) = u(z) for all x €,
Tp4+1—0
i lggo LY Lz, xpp) = cnkaku(x) in Q, forall k=1,---
L*u(z, 2m41) =0 on 0Q x (0,00), for all k=0,
11111L013,11+2188n+1L JS (T, Xpt1) = cnﬁL7u(m) in €,
Tn+
lim 2} 30,1 Ly _osii(7,2041) =0 in Q, forall k=0,---,|y] —1.

In+1~>0

In fact, u(x,z,41) can be expressed explicitly by

o0 2
- 9 _ Cmngr dt
W, Tpy1) = wan11/0 e u(r)e m i € CHUIFDL(Q (0, 00)).

v
]
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On the other hand, the extension solution t(x,x,+1) can also be writ-
ten as - 2
~ ~ _ _In+1
W(w, Tpyr) = CW/O e L u(z)e "u et
Setting to(x, Tpy1) = U(x,x441), we can rewrite system as the
following one

(4.3)

Ly sy =0 in Q% (0,00),
Ly 95ty = Ujyy in Qx (0,00), forall j=0,---,[v] —1,

lim Oﬂj(x’,an) = o Llu(z) in Q, forall j=0,---,|v],
Tp+4+1—

i; =0 on OQx (0,00), forallj=0,-|y].

: 1-2s ~ _ o' :
lim 2, 7°Opi1l)y = cpyL7u in €,
xn+1~>0

lim 20 °3°0,41%;, =0 in Q, forall j=0,---,|y] —1.

xn+1—>0
All boundary conditions in (4.2)) and (4.3)) hold in L? sense.
In [GR19], the authors study the fractional operator L” in R" for

v € Ry \ N, where the fractional operator L7 is defined in terms of the
spectral decomposition. Precisely, we write

(Lf,g) = /0 h ME;,(\), forall f€dom(L), g€ L*(R"),

where dom(L) = {f € L*(R") : [[7X*dE;;(\) < oo} and dEj4(N) is
the spectral measure corresponding to L. The fractional operator L
is now defined by

(L"f,g9) = / NdE;,(\), forall fe€dom(L), g€ L*(R"),
0

where dom(LY) = {f € L*(R") : [;° A*dE};(\) < oo}. The extension
problem related to LYu for uw € dom(L?) is similar to (4.2]) and (4.3))
except that €2 is replaced by R™ and no boundary restrictions
L*u(x, 2p1) =0 on 9Q x (0,00), forall k=0,---,[7]
and
@; =0 on 00 x (0,00), forall j=0,---,|v]
are required.
In [GR19, Theorem 4], relying on the extension problem, the MUCP
is established for the equation
1v) ‘
(4.4) [L7u < 1g;(@)||V7ul in R
=0
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under suitable assumptions on a;;(x) and ¢;. Besides of the extension
problem, another key ingredient in the proof of MUCP for is
the Carleman estimate for the extension problem. Since the extension
problem is local, the same Carleman estimate can be used to prove the

MUCP for
(4.5) L'u=q(x)u in Q
with g € L>(Q). To state the MUCP result for (4.5)), we first give the
assumptions imposed on a;;:
(C1) (a;;) : Q@ — R™™ is symmetric, strictly positive definite and
bounded;
(C2) (a5) € C2ILQ RIS with S o)™ [ Vhay| <) < § for

sym
some sufficiently small parameter § > 0;

(C3) ai;(0) = ;.
Repeating the proof of Theorem 4 in [GR19], we can prove that

Theorem 4.2 (MUCP for spectral fractional operator LY). Let u €
dom(L") satisfy

Lu(x) = q(z)u(z) in £,
where aji, satisfies the conditions and q € L>(QY). If there

exists a measurable set E C Q with |E| > 0 such that u =0 in E, then
u=0 1 Q.

For other UCP results for the fractional operators, we refer the reader
to [FE14], |Rill5], [YulT], etc. and references therein.
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APPENDIX A. THE MIN-MAX PRINCIPLE OF EIGENVALUES OF
COMPACT OPERATORS

In this section, we shall prove the min-max principle in Proposition
The content of this section can be found in [Fig82] or [FG92|. Let
H be a Hilbert space, and T': H — H be a compact symmetric linear
operator. First of all, we recall a well-known facts about the compact
linear operators.

Proposition A.1 (Existence of orthonormal eigenfunctions). If

A =sup{(Tz,z) : ||z|| = 1,2 L ¢1,- -+ , 1} >0,
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then there exists ¢, € H with ||¢p,|| = 1 and ¢, L ¢1,-++ , dn_1 such
that

Similarly, if

Ay =sup{(Tx, ) : ||z|| =L, Ld_1, -+, 0_(m-1)} <O,

then there exists ¢p_, € H with ||¢p_,|| =1 and ¢_, L ¢_1,- -, p_(n_1)
such that

(Td)—na ¢—n) = )‘—n and T¢—n = >\—n¢—n'

Using Proposition [A.T], we can obtain the following min-max princi-
ple.

Proposition A.2. For each positive integer n, Ay, can be character-
1zed as

(A1) Ap = n}axinf{(T:U,m) ezl =1,2 € B}

(A.2) Ap = rrllwinsup{(T:c,x) ezl =1,2 € B},

where the mazimum (minimum) is taken over all subspaces F,, of H
with dim(F,,) = n.

Proof. Here we only prove (A.1l). The proof of (A.2)) is similar.
Given any subspace F,, of H with dim(F,,) = n, choose x € F,

with ||lz|| = 1 and # L ¢, -+ ,¢,_1. By Proposition [A.1] we have

(T'z,x) < \,. By arbitrariness of such z, we reach

inf{(Tz,z): ||z|| =1,z € F,,} <\, for all subspace F,, of H with dim(F,) = n.
This implies

(A.3) s}gpinf{(Tx,x) x| = 1,2 € F,} < A,

By Proposition , we can choose F, := span{¢i, - -+, ¢, }. For each
x € F with ||z]| = 1, we can write

i=1 i=1
For such z, we have
(Tz,z) = Z:Uf)\z > fo/\n =\
i=1 i=1

This shows that the supremum in (A.3) is attained by F,. So we can
write "max" rather than "sup". O



[CS07]

[CS16]

[DPV12]

[FF14]

[FG92|

[Fig82]

[F119]

|GR19]
[Gr16]
[Kow19]

[Riil15]

[ST10]

[Sti10]

[TCRD12]

[Yan13]

[Yul?]

SPECTRAL FRACTIONAL ELLIPTIC OPERATORS 13

REFERENCES

L. A. Caffarelli and L. Silvestre, An extension problem related to the
fractional Laplacian, Comm. Partial Differential Equations 32 (2007),
no. 7-9, 1245-1260.

L. A. Caffarelli and P. R. Stinga, Fractional elliptic equations, Cacciop-
poli estimates and reqularity, Ann. Inst. H. Poincaré Anal. Non Linéaire
33 (2016), no. 3, 767-807.

E. Di Nezza, G. Palatucci, Giampiero, and E. Valdinoci, Hitchhiker’s
guide to the fractional Sobolev spaces, Bull. Sci. Math. 136 (2012), no.
5, 521-573.

M. M. Fall and V. Felli, Unique continuation property and local asymp-
totics of solutions to fractional elliptic equations. Comm. Partial Differ-
ential Equations 39 (2014), no. 2, 354-397.

D. G. de Figueiredo and J.-P. Goessez, Strict monotonicity of eigenval-
ues and unique continuation Comm. Partial Differential Equations 17
(1992), no. 1-2, 339-346.

D. G. de Figueiredo, Positive solutions of semilinear elliptic problems,
Differential equations (Sdo Paulo, 1981), pp. 34-87, Lecture Notes in
Math., 957, Springer, Berlin-New York, 1982

S. Frassu and A. Iannizzotto, Antonio Strict monotonicity and unique
continuation for general mon-local eigenvalue problems, Taiwanese J.
Math., 2019, in press. http://dx.doi.org/10.11650/tjm/190709
M.-A. Garcia-Ferrero and A. Riiland, Strong unique continuation for
the higher order fractional Laplacian, arXiv:1902.09851.

G. Grubb, Reqularity of spectral fractional Dirichlet and Neumann prob-
lems, Math. Nachr., 289 (2016), No. 7, 831-844.

P.-Z. Kow, On Landis conjecture for the fractional Schrédinger equation,
arXiv:1905.01885.

A. Rilland, Unique continuation for fractional Schrodinger equations
with rough potentials, Comm. Partial Differential Equations 40 (2015),
no. 1, 77-114.

P. R. Stinga and J. L. Torrea, Ezxtension problem and Harnack’s inequal-
ity for some fractional operators, Comm. Partial Differential Equations
35 (2010), no. 11, 2092-2122.

P. R. Stinga, Fractional powers of second order partial differential op-
erators: extenston problem and reqularity theory, Memorial presentada
para optar al grado de Doctor en Matematicas con Menciéon Europea,
2010.

N. Tsouli, O. Chakrone, M. Rahmani, and O. Darhouche, Strict mono-
tonicity and unique continuation of the biharmonic operator, Bol. Soc.
Paran. Mat. 30 (2012), no. 2, 79-83.

R. Yang, On higher order extensions for the fractional Laplacian,
arXiv:1302.4413.

H. Yu, Unique continuation for fractional orders of elliptic equations,
Ann. PDE 3 (2017), no. 2, Art. 16, 21 pp.


http://dx.doi.org/10.11650/tjm/190709

SPECTRAL FRACTIONAL ELLIPTIC OPERATORS 14

DEPARTMENT OF MATHEMATICS, NATIONAL TAIWAN UNIVERSITY, TAIPEI 106,
TAIWAN.
Email address: d07221005@ntu.edu.tw

INSTITUTE OF APPLIED MATHEMATICAL SCIENCES, NCTS, NATIONAL TAI-
WAN UNIVERSITY, TAIPEI 106, TATWAN.
Email address: jnwang@math.ntu.edu.tw



	1. Introduction
	2. The Fractional Operator L
	3. An Eigenvalue Problem: Strict Monotonicity and Unique Continuation
	4. Remark on Unique Continuation Property
	Acknoledgement
	Appendix A. The Min-Max Principle of Eigenvalues of Compact Operators
	References

