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Abstract

Butterfly wing color patterns are a representative model system for studying biological pattern formation,
due to their two-dimensional simple structural and high inter- and intra-specific variabilities. Moreover,
butterfly color patterns have demonstrated roles in mate choice, thermoregulation, and predator avoidance
via disruptive coloration, attack deflection, aposematism, mimicry, and masquerade. Because of the
importance of color patterns to many aspects of butterfly biology and their apparent tractability for
study, color patterns have been the subjects of many attempts to model their development. Early
attempts focused on generalized mechanisms of pattern formation such as reaction-diffusion, diffusion
gradient, lateral inhibition, and threshold responses, without reference to any specific gene products. As

» candidate genes with expression patterns that resembled incipient color patterns were identified, genetic

regulatory networks were proposed for color pattern formation based on gene functions inferred from other
insects with wings, such as Drosophila. Particularly detailed networks incorporating the gene products,
Distal-less (DI1), Engrailed (En), Hedgehog (Hh), Cubitus interruptus (Ci), Transforming growth factor-5
(TGF-B), and Wingless (Wg), have been proposed for butterfly border ocelli (eyespots) which helps the

> investigation of the formation of these patterns. Thus, in this work, we develop a mathematical model

including the gene products En, Hh, Ci, TGF-3, and Wg to mimic and investigate the eyespot formation
in butterflies. Our simulations show that the level of En has peaks in the inner and outer rings and

s the level of Ci has peaks in the inner and middle rings. The interactions among these peaks activate

precursor cells of pigments to generate white, black, and yellow pigments in the inner, middle, and
outer rings, respectively, which captures the eyespot pattern of wild type (Bicyclus anynana) butterflies.

¢ Additionally, our simulations suggest that lack of En generates a single black spot and lack of Hh or Ci

generates a single white spot, and a deficiency of TGF-5 or Wg will cause the loss of the outer yellow
ring. These deficient patterns are similar to those observed in the eyespots of Vanessa atalanta, Vanessa
altissima, and Chlosyne nycteis. Thus, our model also provides a hypothesis to explain the mechanism
of generating the deficient patterns in these species.
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Introduction

Butterfly wing color patterns are an attractive model system for studying biological pattern formation.
Color patterns are particularly suitable for such studies because they are structurally simple and two-
dimensional, they consist of clearly defined subunits, and they are highly inter- and intra-specifically
variable [1, 6,14, 33,39, 47]. Butterfly color patterns have demonstrated roles in mate choice [39, 59],
thermoregulation [24], and predator avoidance (including camouflage [68], disruptive coloration [57],
attack deflection [21], aposematism [15], mimicry [58], and masquerade [65]). Because of the importance
of color patterns to many aspects of butterfly biology and their apparent tractability for study, color

» patterns have been the subjects of many attempts to model their development.

Each wing surface consists of a flat and static monolayer of epidermal cells [50]. A subset of the
epidermal cells differentiate into scale cells [62, 64] which will synthesize pigments [26,28] to generate



color patterns including border ocelli (also known as eyesopts) [50]. The number, location, and size of

; the eyespots differ among species of butterflies [50]. The position and shape of the wing color pattern

are determined by the locations of signalling sources from the wing veins and wing margin [28,47, 50].

; Additionally, the pattern formation requires a two-step process: the determination of the distribution

of discrete signalling sources for the color pattern during the last larval instar and the differentiation of
the surrounding pattern during the pupal state [46]. The wing patterns (i.e., the background pattern
or global pattern) are composed by five pattern elements: i) ripple patterns are the rhythmical patterns
covering the whole wing surface, ii) dependent patterns are the pattern depended on the lacunae of the

s pupal wing, iii) crossbands are the band pattern alone the anterior to the posterior margin of the wing,

iv) eyespots are the pattern consists of concentric rings with different colors, and the v) color fields are
the large areas of the wing surface with color [44]. The position, number, size and color of eyespots
are determined in a developmental pathway that is independent of other pattern elements and body
structures [8]. The eyespot appears from an inductive organizing center, the focus, which is a signalling
source of a morphogen to determine the pigment of surrounding cells [8]. The color of the wing patterns
is determined by the pigment generated by scale cell surface features that reflect light [46,61,62,64].

In [8], Brakefield et al. defined the developmental pathway for eyespot formation and then investigated
how these pathways affect the numbers and sizes of eyespots in the squinting bush brown butterfly,
Bicyclus anynana (Lepidoptera: Nymphalidae: Satyrinae). The experiments in Bicyclus anynana showed

; that the dynamics of the expression of Distal-less (DIl) gene can be used to categorize the eyespot

formation into the following four stages [49]. Stage I - The larval prepattern: In the larva, a high level
expression of DIl protein appears as a broad band and stripes down the middle of each wing subdivision to
creates the potential focal pattern. Stage II - The focal determination: The DII protein accumulates and
is stabilized at the tips of these stripes and then diffuses to form stable circular spots of DIl expression.
Stage III - The focal signaling: In the pupa, the high level of DIl expression expands to a broader circular
region where the region is determined by the signaling from the epithelial focus. Stage IV - Differentiation:
The positions of these spots of DIl expression become the central regions of the eyespots. Some graded
morphogen appears across the radius of the eyespot region such that the surrounding cells of foci generate
different pigmented scale types, according to the level or type of signal they receive and their location
within the wing [8]. Based on this eyespot formation process, the DIl expression can be used to determine
the position and number of foci and detect signaling from the focus [§8]. Within the wing epidermis,
the signalling molecules move through the extracellular medium by diffused through gap junctions [46].
Additionally, there is no cell migration within the wing epithelium, so the pattern is mainly affected by

» the cell differentiation in responsive to chemical signalling, instead of the cell movement [46,50].

Many studies employ the activator-inhibitor type of models used by Turing [66] to investigate the
wing pattern formation of butterfly [5,13,32,43-45,47,48,50,61]. The first proposed model type is the
gradient model that the morphogens produced by central cells of eyespots diffuse to the surrounding
cells, and then the surrounding cells differentiate into discrete rings based on the received morphogen
concentration [39,44,45,47]. Nijhout provided gradient models based on the distribution information
from focus of ocellus [44] to show that the foci are the sources of a diffusing chemical to activate color-
specific biosynthetic pathways [45,47] and to show that the chemical signal depending on cell position

s generates the surrounding patterns [47]. Nijhout also proposed a model involving the signaling from an

activator in a lateral inhibition reaction to generate the required spatial distribution of sources and sinks
such that the model can generate the eyespot patterns [46,48]. Murray also proposed a diffusion model
incorporating a diffusing morphogen resulting in the activation of a biochemical gene to generate the
wing patterns in lepidopteran [43].

Bard et al. [5] provided a diffusion equation incorporating morphogen sources at the foci and sinks
at the wing margin with appropriate diffusion throughout the wing. Since the morphogen concentration

> determines the pigments generated by scale cells, this model is able to generate wing patterns for different

species of butterflies [5]. In [61], Sekimura et al. created a modified Turing mechanism reaction-diffusion
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model, involving different regions in the wing and spatially dependent morphogen, to generate the global
pattern on the wing of P. dardanus on a geometrically accurate wing domain. Sekimura et al. used this
model to investigate the parameter values for mode selection, threshold values for color determination,
wing shape and boundary conditions [61], and then predict the global effect on wing patterns in cutting
experiments [32] which cannot be generated from the model mentioned in [47]. In [13], Dilao and Sainhas
provided a reaction-diffusion model, involving two diffusive morphogens for the first eyespot ring for-
mation and the modification of wing background pigment precursors, to generate the general structural
organization of eyespots.

These activator-inhibitor models provide analysis of color pattern formation based on the interaction
between generalized activator and inhibitor morphogens, but they still lack detailed information concern-
ing the specific morphogens and signaling processes involved in the development of butterfly eyespots.

s Thus, based on the findings from activator-inhibitor models, researchers started to build models with

detailed structural analysis of eyespots. In [52-54], Otaki provided a simple uniformly decelerated mo-

7 tion model describing the interaction between the morphogenic signals and parafocal elements (PFEs) to

investigate the universally morphological feature inside-wide rule of eyespots: one eyespot contains one
inner core black ring and an outer black ring. In [63], Sekimura et al. built a spatially two-dimensional
reaction-diffusion system model with non-homogeneous Dirichlet boundary conditions to investigate the
mechanism for determination of the number and location of eyespots. Their simulation results suggested

> that the morphogen concentration along the proximal vein is the main factor to control the distribution
s of eyespots and this observation is robust to the proximal boundary condition [63].

In [14], Evans and Marcus provided several reaction-diffusion models to generate the concentrations of

s gene expression during the eyespot formation in Bicyclus anynana and Junonia coenia. Comparing their
; simulation result with experimental data for these gene expressions, they made the following conjecture.

In the eyespot foci (i.e., the inner ring of the eyespot), firstly, the expression of Notch gene induces the
co-expression of Notch and Distal-less (DIl). Secondly, the expression of DIl activates the expression of
the gene Engrailed (En). Thirdly, the expression of En shows positive associations with the expression
patterns of hedgehog (Hh) transcript. Fourthly, the expression of hh triggers the expression of Patched
(Ptc) and the transcription factor Cubitus interruptus (Ci), which suggested that the expression of
hh promotes the expression of Ci. However, the hh expression inhibits the production of Ci within

; intracellular reaction suggesting that the intracellular function of hh actually suppresses the expression

of Ci. In [34], Marcus and Evans used the model mentioned in [14] to generate the wing patterns in
two mutants, the comet mutation with a series of comet-shaped eyespot foci and the Cyclops mutation
with failure in wing vein formation. In [33], Marcus provided more complete information about the

» downstream pathways of En gene expression, such as how the interaction between the TGF-£ signaling

and Wingless (Wg) signaling affects the localization of eyespots. Additionally, Marcus also explained the
mechanism for generating different pigments in different region within the eyespots: the concentration of
En in the inner and outer rings is used to generate the white and yellow pigments in the inner and outer
rings respectively, and the concentration of Ci is used to active the generation of black pigment in the
middle region of the eyespots [33].

A summary of these mathematical models and the focus of this work are listed in the Table 1. In Table
1, all model types (i.e., the second column) incorporate cellular responses to diffusing morphogens. Mod-
els that incorporated generalized reaction-diffusion interactions are labeled as reaction-diffusion models.
Gradient models incorporate a diffusion term that represents the gradient of a single activator, while Tur-

- ing reaction-diffusion models include two morphogens: one activator and one inhibitor. Therefore, these

models used different mathematical approaches and cannot be mutually replaced. We use the Wolpert

o Positional Information (PI) theory mentioned in [69,70] to define different types of patterning mecha-

nisms: In the fourth column, the de-novo patterning refers to the initial specification of developmental
pre-patterns and organizers whereas the fine-scale patterning represents the effect of those pre-patterns
and organizers on the surrounding cells and tissues.
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Table 1. Summary of mathematical models for eyespot formation. The reference, type, and
the stage defined in [8] of the models are listed in the first, second, and third columns, respectively. The
patterning type defined in [69,70] is shown in the fourth column. The fifth column shows whether the
model incorporates molecular or genetic information. The last column describes whether the simulation
results are only hypothetical or have support from experiments.

Model Type Stage De-novo v.s. fine-scale Molecular & Hypothesis v.s.
patterning genetic details experiment
Nijhout 1978 Gradient model 11 De-novo Excluded Experiment
[44] [16,44]
Murray 1981 Turing reaction-diffusion model | II & IIT De-novo/Fine-scale Excluded Experiment
[43] (inhibitor-activator) [43]
Bard & French 1984 Turing reaction-diffusion model | II & III De-novo/Fine-scale Excluded Hypothesis
5] (inhibitor-activator)
Nijhout 1980, Nijhout 1991 Gradient model IT & 11T De-novo Excluded Experiment
[45,47] [17,45]
Nijhout 1990, Nijhout 1994 | Turing reaction-diffusion model I &I De-novo Excluded Experiment
[46,48] (inhibitor-activator) [63]
Sekimura et al 2000 Turing reaction-diffusion model I De-novo Excluded Experiment
[61] (inhibitor-activator) [32]
Dila6 & Sainhas 2004 Turing reaction-diffusion model v Fine-scale Included Experiment
[13] (inhibitor-activator) [17,48]
Evans & Marcus 2006 Reaction-diffusion model 11 De-novo Included Experiment
[14] [14,23,27]
Marcus & Evans 2008 Reaction-diffusion model II De-novo Included Experiment
[34] (8]
Otaki 2011, Otaki 2012 Gradient model v Fine-scale Excluded Experiment
[52—-54] [54]
Sekimura et al 2015 Turing reaction-diffusion model T1& 11 De-novo Excluded Experiment
[63] (inhibitor-activator) [63]
This work Reaction-diffusion model 11T Fine-scale Included Hypothesis

In the current work, based on the interaction amount En, Hh, Ci, TGF-3, and Wg gene products in
Bicyclus anynana and Junonia coenia mentioned in [14,33,34], we develop a system of partial differential
equations (PDEs), including the concentrations of En, Hh, Ci, TGF-3, and Wg proteins, to mimic the
eyespot formation in Bicyclus anynana butterflies. Our simulation shows that the concentration of En
has one peak in the inner ring and one peak in the outer ring, as well as the concentration of Ci has one
peak in the inner ring and one peak in the middle ring. High concentrations of En and Ci in the inner
ring trigger cells to express the biosynthetic pathway responsible for making white pigment (pteridine) ,
high concentration of Ci in the middle ring activates ce;;s tp express the biosynthetic pathway responsible
for making black pigment (dopa melanin), and the high concentration of En in the outer ring initiates
expression of components of the biosynthetic pathway for the yellow pigment (pheomelanin). Therefore,
our simulation captures the generation dynamics of white, black, and yellow pigments in the inner, middle,
and outer rings respectively which fits the pattern of wild type Bicyclus anynana butterflies described
in [33]. On the other hand, we use this model to predict the eyespot patterns in knockout mutants. Our

, simulations display three types of degenerated patterns: (i) a single black spot observed from Vanessa
7 atalanta is caused by the deficiency of En; (ii) a single white spot observed from Vanessa atalanta and

Vanessa altissima is caused by the deficiency of Hh or Ci; and (iii) loss of the outer yellow ring shown
from Chlosyne nysteis is caused by the loss of TGF-8 or Wg. A summary of our work for the eyespot
patterns in wild type Bicyclus anynana butterflies and these null mutants is shown in Fig 1. Finally,
our sensitivity analysis shows that (i) increasing the production rate of Ci in inner ring, or reducing the
production rate of Hh in inner ring or the production rate of Ci in middle ring promotes the white pigment
formation in the inner ring; (ii) enhancing the production rate of Ci in middle ring or degradation rate
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of En, or reducing the production rates of En, Hh, or Ci in inner ring, or the diffusion rate of TGF-33
promotes the black pigment formation in the middle ring; and (iii) increasing the production rate of En
in outer or inner rings promotes the yellow pigment formation in the outer ring.

As listed in Table 1, most pervious mathematical models are based on the Turing reaction-diffusion
model, and hence lack the molecular and genetic information and mainly capture the behavior in stage 1T
during the eyespot pattern formation when the eyespot focus is specified. Thus, these models cannot be
used to investigate how the gene expression results in eyespot ring formation in stages III and IV. Here
we attempt to incorporate these missing stages in our model, so the main contribution of our work is to
provide a different modeling approach incorporating molecular information to investigate how the cells
react related to morphogens according to their distance from the focus in stage III.

Results

Mathematical model

Our mathematical model is based on the network described in Fig. 2. The variables that will be used
are listed below. The values of parameters are listed in Table 2 and are estimated by using experimental
data in the Method section:

x, = concentration of En protein at location x and time ¢ with unit kD /cm,

x, concentration of Hh protein at location = and time ¢ with unit £D/cm,

8
BTG G

N N N N
Il

concentration of Ci protein at location  and time ¢ with unit kD/cm,

b

x, concentration of TGF-§ protein at location z and time ¢ with unit kD /cm,

S 80Ty

(
(
(
(
(

x, = concentration of Wg protein at location x and time ¢ with unit kD /cm.

An eyespot consists of inner, middle, and outer rings. Thus, it is reasonable to consider the radially
symmetric solutions and reduce the two dimensional spatial variable x to the one dimensional variable,
r, representing the radius of the eyespot. The total eyespot area in wild type Bicyclus anynana is around
11.2 mm? [55] and the radius of the eyespot is around Ry = 0.094 cm. For simplicity, we focus on the
eyespot region and nondimensionalize the distance between the center and boundary of the eyespot to
be 1 by rescaling Ro(= 0.094 ¢m). In this work, we are mainly interested in the qualitative description
of the eyespot patterns. Hence, we explicitly set the inner, middle, and outer rings as follows

Qi :={0 <7 <03}, Qig:={0.3 <7 <0.6}, Qoue :={0.6 <7 <1} (1)

Next, we define the functions X;n (), Xmia(r), and xeut(r) as

1
Xin(r) = T soG—o1s )
1 1
Xmid(r) = 1.5x 1 + ¢—30(r—0.4) x 1 + ¢30(r—0.5) )
1
Xour(r) = T~ oe—osy @

to restrict reactions in the inner, middle and outer rings, respectively. Notice that the simulation results
for wild type and null mutants butterflies will not be changed, if the regions Q;,, Qmiqd, and Qg are
replaced by

Qin :={0<r <a}, Qnia:={a<r <b}, Qour :={b<r <1},

with 0 < @ < b < 1 and the definitions of x;, (), Xmid(r), and Xou:(r) are adjusted accordingly.
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Figure 1. Summary of the relation between the system network and predicted eyespot
pattern. (A) shows the system network among the five key gene expressions: En, Hh, Ci, TGF-£, and
Wg of wild type Bicyclus anynana, based on experimental evidences. The detailed explanation of the
network is shown in Fig. 2. (B) provides the gene expression profiles at 16 hours over the radius of the
eyespot in wild type (the first row), En null mutant (the second row), Hh and Ci null mutants (the
third row), and the TGF-f and Wg null mutants (the fourth row). The pink lines at radii 0.3 and 0.6
are used to separate the radius into inner ring between 0 and 0.3, middle ring between 0.3 and 0.6, and
outer ring between 0.6 and 1. The expected pigment in the corresponding region is shown at the top of
each region. (C) displays the species with the corresponding eyespot pattern marked in the yellow
boxes. The first row shows the eyespot with white inner ring, black middle ring, and yellow outer ring
in Bicyclus anynana. The second row provides the eyespot with black inner ring in Vanessa ataianta.
The third row includes two cases for the white inner ring: one in Vanessa atalanta and the other in
Vanessa altissima. The fourth row shows the white inner ring and black middle ring in Chlosyne
nycteis. A cartoon eyespot pattern representing each phenotypic case is shown above each arrow
between (B) and (C). The experiment and prediction listed below each arrow between (B) and (C)
represent that the expected eyespot pattern is with and without experimental evidence, respectively.
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Figure 2. System network of the model. Initially, for the cells in the inner ring, the protein DIl
triggers the gene expression of En to generate the mRNA and protein of En [40]. The generated En
protein then triggers the gene expression of Hh [23], and then the produced Hh protein inhibits the
gene expression of Ci in the inner ring [20,67]. Next, the Hh protein diffuses to cell member to bind
with the receptor patched on the cells in the middle ring to activate the phosphorylation of Ci protein
in the middle ring [23]. In the middle ring, the phosphated Ci protein triggers the gene expression of
TGF-3 [23], and then the generated TGF-f protein diffuses to the outer ring to initiate the
autoregulation of En protein [23]. Meanwhile, the TGF-3 protein diffuses to the inner ring to inhibit
the production of Hh protein [10] resulting in promoting Ci protein in the inner ring. Next, in the
inner ring, the generated Ci protein binds with Wg protein to trigger the Wg signaling pathway [11].
The triggered Wg signaling pathway diffuses to the outer ring [55] to maintain the expression of En
activated by the TGF-5 [29,51].

The equation for En protein (F)

The equation for the concentration of En protein is described by

oF
-, = OQg- in(r) + (AET : Xout(r)) : (W . Xout(r)) - MEE . (5)
ot ——

source from DIl interaction between Wg and TGF-8 degradation

The first term in the right-hand side of Eq. (5) represents a constant source of En protein from DIl in
the inner ring [40]. The second term accounts for the autoregulation of En protein [23] maintained by

> the interaction between TGF-§ protein and Wg protein in the outer ring [29,51]. The last term is the

degradation of En protein.

The equation for Hh protein (H)

The concentration of Hh protein satisfies the following equation

OH 10 ,0H
il deg(T W> + (auE - Xin(r)) /(A +EkuT  Xin(r)) — paH . (6)
N— ——— v

diffusi promotion triggered by En inhibition by TGF-3 degradation
iffusion

The first and last terms account for the diffusion and degradation of Hh protein. The second term shows
that the Hh protein is triggered by En protein [23] and is inhibited by TGF-8 protein [10] in the inner
ring.
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Table 2. Parameters of the whole model.

inhibition by Hh in inner ring

The equation for TGF-3 protein (T)

We model the dynamics of TGF-f protein by the equation

or
ot

19, ,0T
I 55 5
—_———

diffusion

+

activation of TGF-3 in middle ring

apC - Xmid('r>
N———

- prT
~—~—

degradation

Parameter | Description Value Unit Reference
dn diffusion rate of Hh 2.97017 x 1077 em? /min [12] & Table 6
dr diffusion rate of TGF-3 3x 1077 em? /min [12] & Table 6
dw diffusion rate of Wg 2.91519 x 1077 em? min [12] & Table 6
UE degradation rate of En 3.85082 x 1072 /min [35] & Table 7
WH degradation rate of Hh 1.38629 x 1072 /min [18,31,56] & Table 6
Lo degradation rate of Ci 9.24196 x 1073 /min [4] & Table 7
wr degradation rate of TGF-5 5.77623 x 1073 /min [60] & Table 6
W degradation rate of Wg 1.15525 x 1073 /min [73] & Table 7
Ny amount of Wg protein 1 kD/cm estimated
Ry radius of eyespot 0.094 cm [55]
agp production rate of En in inner ring (3.56201 x 1072)Ny | kD/cm [55] & estimated
ap production rate of Hh in inner ring 2.18247 x 1072 /min [55] & estimated
ac production rate of Ci in middle ring 1.20978 x 1073 /min [55] & estimated
ar production rate of TGF-3 in middle ring | 1.89385 x 10~° /min [55] & estimated
oy production rate of Wg in inner ring 9.46923 x 1075 /min [55] & estimated
AE production rate of En in outer ring % em/kD /min [55] & estimated
Ao production rate of Ci in inner ring 352.35N kD/em [55] & estimated
kg half-saturation of Hh 1/(4Ny) em/kD estimated
kc half-saturation of Ci 1/(932Ny) em/kD estimated

The equation for Ci protein (C)
The equation for the concentration of Ci protein is given by
oC in\T"
= = Qe 1>ik:(c)H o ac H - Xmia(r) - M\Ofg (7)
production of Ci — production of Ci  promotion by Hh in middle ring  degradation

The first term represents the production of Ci protein inhibited by Hh protein in the inner ring [20,67].
» The second term shows the production of Ci protein trigged by Hh protein in the middle ring [23].

(8)

The first and the last terms account for the diffusion and degradation of TGF-8 protein. The second
term represents the activation of TGF-8 protein by Ci protein in the middle ring [23].

The equation for Wg protein (W)

The concentration of Wg protein satisfies the following equation

ow
ot

10

Wiag

,OW

or

diffusion

) +awC - Xin(r) -
—_———

activation by Ci

degradation

pwW .
——
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The first and last terms account for the diffusion and degradation of Wg protein. The second term shows
the activation of Wg protein by Ci protein in the inner ring [11].

The detailed molecular information to support Egs. (5)-(9) comes from experimental data of insects
with wings (mostly from Drosophila) [10,11,20,23,29,40,51,67]. Since insects with wings, Drosophila,
butterflies, and moths have a shared ancestor that also had wings [2], they share numerous similarities of
wing structure and morphology, wing development, and molecular processes, including genetic architec-
ture and mechanisms of gene regulation [2]. Thus, we transfer the molecular knowledge from well-studied
insects with wings to butterflies to estimate the parameter values for butterflies and then use sensitivity
analysis to study how these parameter values correlate to the eyespot pattern.

Initial condition (IC).

Initially, only En is presented in the inner ring due to the DIl gene expression. Therefore, we assume
that En in the inner ring is a decreasing function with respect to the radius r with the maximum
occurring at the center, i.e., r = 0, and En maintains the minimum in the middle and outer rings. The
initial conditions for other variables are given based on their steady states shown in the Appendix. So
we have

10
E(r,0) = 185x107°+107? (1 - 37'> X[0,0.3)(T)
H(r,0) = 233x107° (10)
C(r,0) = 61x107°
T(r,0) = 107°
W(r,0) = 1075,

for0<r<1.

Boundary condition (BC) - Neumann BC.

All dependent variables are radially symmetric and have no flux at the boundary of the eyespot. In
other words, we have

an
=0 11
) ()
forn={E, H, C, T, W} and ¢t > 0. On the other hand, to guarantee that the solution is regular, i.e.,
. 10u ;
m sup G )’ < 00,
it is necessary that
an
—(0,t) =0 12
~l0,1) (12)
for t > 0.
Combining above equations, we obtain the following system of PDEs
OF
ot ag - Xin(r) + (AT Xout(r)) - (W Xout(r)) — ppE
OH 10 _0H
- (2 v C v _
gé’ (iH r2 8(1"(; or )+ (auE - Xin(r) /(1 + kT - Xin(7)) — per H
CXin\T
- = =AmV/ H -, — 13
ot 1+ koH + ac szd(r) ucC ( )
oT 190 ,0T
= dr5a(r * Xmi —urT
ot T2 8r(r 87“) +arC - Xmia(r) = pr
ow 1 8( 28W) o ) W
a — Year\ or Toawl - Xinlr) = pw
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with initial condition (10) and homogeneous Neumann boundary condition (11) and (12). For the model
(13), as mentioned in Fig. 2, there are experimental data from insects with wings to support the qual-
itative interactions among the components [10,11,20,23,29,40,51,67]. Thus, the assumptions of the
model (13) are: (i) the symmetric shape of the eyespot, initial and boundary conditions, while all of these
assumptions are close to the real situation; (ii) the similarity of the structure development and molec-
ular processes between insects with wings and butterflies; and (iii) the estimated parameter values of
km, ko, pg, i, and No. Notice that different value of Ny affects the absolute values of ag, Ag, A¢, kg,
and k¢, but the relative values amount these five values is fixed. Since the assumptions (ii) and (iii) affect
the values of ky, ko, ug, png, and Ny, we will perform sensitivity analysis to demonstrate that these
five parameter values do not have significant effect on the model outcome. Thus, when the values of these
five parameters in butterflies become available, the simulation outcome will not be changed or we will be
able to predict the simulation outcome easily.

Numerical simulation

In this section, we use the model (13) with conditions (10), (11), (12) to simulate the patterns of eyespots
in wild type (Bicyclus anynana) and null mutants of butterflies. We use the forward Euler method with
time step d¢t = 0.01 minute and dr = 0.001/Ry and run the program in MATLAB. We want to remark

10
that due to (12) we drop the term ;8_2 and take

190 ,0n N 9n
r2 8r(r 37') = Or2

in our simulation. Since the dropped term is of lower order, the qualitative behaviors of the solutions
will not be affected. In the following, the notations En, Hh, Ci, TGF-8, and Wg account for En, Hh, Ci,
TGF-f, and Wg proteins, respectively.

Model validation by using the wild type

In this subsection, we first validate the mathematical model (13) by comparing the numerical simulation
results with the patterns of eyespots in wild type species. Notice that the high concentration of En
triggers the generation of white and yellow pigments in the inner and outer rings, respectively. A low
concentration of En, the high concentration of Ci activates the production of black pigment. However,
when both of En and Ci have high concentrations at the same location, the cells only generate white
pigments. Additionally, since the DIl protein triggers the En expression in the inner ring, it takes around
16 hours to generate all pigments in the corresponding rings. To mimic the wild type eyespot pattern
with white, black, and yellow pigments in the inner, middle, and outer rings, we expect that, at 16 hours,
(i) both of En and Ci have high concentrations in the inner ring for white pigment; (i) only Ci has a
high concentration in the middle ring for black pigment; and (iii) only En has a high concentration in
the outer ring for yellow pigment.
Fig. 3 shows the time series of the simulation results of model (13) for wild type at time

{6 min, 30 min, 1 hr, 2 hr, 4 hr, 6 hr, 8 hr, 16 hr}.

First, the initial peak of En in the inner ring induces the peak of Hh in the inner ring during the early
period (around 1 hour). The induced Hh immediately causes an increase in the concentration of Ci in
the middle ring and inhibits the concentration of Ci in the inner ring, resulting in a single peak of Ci in
the middle ring (around 1 hour). The Ci generated in the middle ring then produces the peak of TGF-3
in the middle ring (at about 4 hours). The diffusion of TGF-# immediately increases the production of
Ci in the inner ring to generate the peaks of Ci and Wg in the inner ring (around 4 hours). Finally,
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both TGF-g and Wg diffuse to the outer wing to generate the peak of En there (around 4 hours). All
these interaction are maintained such that the amplitudes of these peaks keep increasing. Eventually, En
develops two distinct peaks in the inner and outer rings, Hh has a peak in the inner ring, Ci has peaks
in the inner and middle rings, TGF-3 has a peak in the middle ring, and Wg has a peak in the inner

s ring. The high concentrations of En and Ci in the inner ring trigger cells to produce white pigment in the

inner ring. The high concentrations of Ci in the middle ring and En in the outer ring activate precursor
cells to generate black pigment in the middle ring and yellow pigment in the outer ring, respectively.
Additionally, experimental observations show that (i) the concentration of En is high in the inner and
outer rings [9], (ii) the concentration of Hh is high in the inner ring [23], (iii) the concentration of Ci is
high in the inner and middle ring [23], (iv) the concentration of TGF-/ is high in the middle ring [41], and
(v) the concentration of Wg is high in the inner ring [41], at the end of eyespot formation process, i.e., 16
hours. Therefore, our mathematical model (13) generates the concentration profiles of these five genes in
wild type, which is in accordance with the experimental observation at 16 hours. However, experimental
data of the temporal dynamics of these five gene expression concentrations over time are unavailable so
far. Thus, we are unable to compare our temporal dynamics simulation (Fig. 3A-G) with experimental
observation.

Numerical predictions for null mutants

In this subsection, we use the model (13) to numerically investigate the eyespot pattern when the com-
ponents En, Hh, Ci, TGF-3, and Wg are knockout separately, i.e., the null mutants, to motivate future
experiments for validation.

First, we consider the En null mutants (namely, knockout the En in the model (13)) that we set
E(r,t) =0, for 0 <r <1 and for all ¢ > 0. The simulation result of the En null mutants is shown in Fig.
4. In Fig. 4, when the En is knockout, the concentration of Hh is null everywhere, leading to the result
that there is no Ci in the middle ring to generate the black pigment and only a low concentration of
TGF-3 appears in the middle ring (Notice that the maximal value of TGF-f is around 2 x 107° kD /cm
which is neglectable, comparing to the wild type in Fig. 3H. The lack of TGF-f eliminates the peak of

s En in the outer ring, even though the profile of Wg is similar to the wild type. The peaks of En in the

inner and outer rings disappear, but Ci still has a peak in the inner ring. Thus, the En null mutants
only generate a single inner ring with black pigment, since Ci generates black pigment under the absence
of En. This kind of degenerated eyespot is observed from the butterfly, Vanessa atalanta. The Vanessa
atalanta has hindwing eyespots where only the inner ring with black pigment is present as shown in Fig.
9A. Hence, we hypothesize that En deficiency shifts the black pigment to the inner ring and then causes
the degenerate eyespot pattern with a single black spot.

Fig. 5 shows the simulation result of Hh null mutants by setting H(r,t) =0, for 0 <r <1 and ¢t > 0.
The En is normally expressed by DIl in the inner ring, but lack of Hh blocks the interaction between En
and Ci. Thus, the profiles of Ci, TGF-35, and Wg are the same as the ones shown in En null mutants,
i.e., Fig. 4, that the peak of Ci in the middle ring and the peak of En in the outer ring vanish. Hence,
the Hh null mutants only have one peak of En and one peak of Ci in the inner ring, resulting in a single
white spot.

For the Ci null mutants, we set C(r,t) =0, for 0 < r < 1 and ¢t > 0. The simulation result is displayed
in Fig. 6. Since the En works normally, the peaks of En and Hh in the inner ring exist. However, the Ci
is vanished everywhere, so there is no peaks of Ci and none of TGF-g8 and Wg are generated resulting
in the loss of En peak in the outer ring. Hence, the Ci null mutants only generate one peak of En in the
inner ring resulting in a single white spot.

Based on the results in Figs. 5 and 6, lack of Hh and lack of Ci generate the same degenerated eyespot
pattern: a single white spot, which is observed from the species: Vanessa atalanta (see Fig. 9A) and
Vanessa altissima (see Fig. 9B). Thus, we hypothesize that the degenerated single white spot pattern in
these two species is caused by the deficiency of Hh or Ci.
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Figure 3. Time series of simulation results for wild type eyespot pattern. (A)-(H) show the
simulation results of the model (13) at {6 min, 30 min, 1 hr, 2 hr, 4 hr, 6 hr, 8 hr, 16 hr},
respectively. In each figure, the first, second, third, fourth, and fifth rows display the concentrations of
En, Hh, Ci, TGF-3, and Wg, respectively. The horizontal and vertical axes represent the radius with
unit Ry(= 0.094 ¢m) and the concentration of protein with unit kD /cm. For the radius, regions

[0, 0.3], [0.3, 0.6], and [0.6, 1] represent the inner ring €2;,, middle ring £2,,,;4, and outer ring Q,.:,
respectively. (H) shows the final stage of the eyespot formation, i.e., at 16 hours, that (i) the maximal
values of En in €, and Q. are at 3.64603 x 1072 kD /cm and 2.96234 x 10~2 kD /cm; (ii) the
maximal values of Ci in €;,, and Q,,;q are at 3.33815 x 10! kD /cm and 2.69242 x 101 kD /cm; and
(iii) the maximal values of Hh in €;,, TGF-3 in €,,:4, and Wg in Q,, are at 5.04047 x 10~ kD /cm,
1.23412 x 107° kD/cm, and 1.49298 x 10~3 kD /cm, respectively.

Next, in Fig. 7, we consider the TGF-£ null mutants with T'(r,t) = 0, for 0 < r <1 and ¢ > 0. The
profiles of En, Hh, and Ci in the inner and middle rings are similar to the wild type. However, knockout
of TGF-5 blocks the production of Wg such that no interaction between TGF-5 and Wg in the outer
ring resulting in the loss of En peak in the outer ring. Therefore, the TGF-8 null mutants have peaks of
En and Ci in the inner ring to produce white pigments in the inner ring and one peak of Ci in the middle
ring to generate black pigments in the middle ring. However, cells lose the ability to generate the yellow
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Figure 4. Simulation of En null mutants. (A)-(E) show the concentrations of En, Hh, Ci, TGF-3,
and Wg, respectively, at 16 hours, in En null mutants. The horizontal and vertical axes represent the

radius with unit Ro(= 0.094 ¢m) and concentration of protein with unit kD /em. The maximal value of
TGF-f is at 2.41413 x 10=2 kD /em.

pigments in the outer ring due to the loss of En peak in the outer ring.

Finally, we consider the Wg null mutants with W(r,¢t) =0, for 0 < r <1 and ¢ > 0 in Fig. 8. The
profiles of En, Hh, Ci, and TGF- in the inner and middle rings are similar to the wild type. However,
knockout of Wg loses the interaction between TGF-5 and Wg in the outer ring, such that the En peak
in the outer ring disappears resulting in loss of the yellow pigments. Hence, the Wg null mutants have
the same eyespot pattern as the TGF-3 null mutants that the outer yellow ring disappears. This type of
degenerated eyespot pattern, losing the outer yellow ring, can be observed from the butterfly, Chlosyne
nycteis (see Fig. 9C). Combining the results from Figs. 7 and 8, we conjecture that the degenerated
pattern with losing the outer yellow ring is caused by loss of TGF-35 or Wg signaling.

From the above simulations, we predict the following three types of degenerated patterns in knockout
mutants and the results are summarized in Table 3:

(i) deficiency of En causes a single black spot, which can be observed from Vanessa atalanta;

(ii) deficiency of Hh or Ci generates a single white spot, which can be observed from Vanessa atalanta
and Vanessa altissima;

(iii) deficiency of TGF-8 or Wg loses the outer yellow ring, which can be observed from Chlosyne nycteis.

Additionally, the temporal dynamics of these five knockout null mutations are similar to the wild type
case shown in Fig. 3 that the time series of Figs. 4-8 show similar profiles of these five components during
the whole process. This means that the stable patterns appear at the beginning and maintain during the
whole process, so there is no bifurcation or different profiles appear in these five mutations.

Currently, there are a lack of knockout experiments to validate our numerical knockout predictions, so
future experiments are required for validation. There are two possible approaches for future experiments.
The first approach is to study the phenotype of these null mutants by using the genotype, which includes
two types of knockout experiments. One is to knockout or severely knock down one of the components
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Figure 5. Simulation of Hh null mutants. (A)-(E) show the concentrations of En, Hh, Ci, TGF-,
and Wg, respectively, at 16 hours, in Hh null mutants. The horizontal and vertical axes represent the

radius with unit Ry(= 0.094 ¢m) and concentration of protein with unit kD /cm. The maximal value of
TGF-3 is at 2.41413 x 107% kD /cm.

{En,Hh,Ci,TGF — ,Wg} in the embryo [30], through the use of CRISPR, morpholinos, RNAi, or
dominant negative viral vector constructs. However, these genetic components play essential roles in the
early stages of butterfly development [30], so removing any of these components will lead to embryonic or
larval lethality. Thus, it is difficulty to collect gene expression data in late larval and pupal butterfly wings
discs form this type of knockout experiment. However, this problem could be solved if the gene knockout
process can be performed later in development, perhaps in the late fourth instar or early fifth instar larva
stage immediately prior to eyespot determination. The other type of knockout experiment is to knockout
essential enzymes for pigment synthesis [30,71] such that it will not affect essential tissue and organ
formation but cells lose the ability to generate the pigments in the corresponding rings. However, this

5 kind of mutant is different from our simulation setting because none of the components of eyespot ring

specification are eliminated, and hence it cannot be used to validate our prediction results. An alternative
to study of knockout or knock down experiments is to study the genotype by using the phenotype from
the selected lines. For the existing experiments in Bicyclus anynana, there are two selected lines: one
is no black ring (c.f. [9]) and the other is no yellow ring (c.f. [3] and Chlosyne nycteis in Fig. 9D).
The difference of gene expression between the selected lines and wild type can be used to study the key
factors for generating the deficient eyespot pattern.

Sensitivity analysis

(We change everything in this Section.)

In this section, we perform the sensitivity analysis created by S. Marino et al. in [36] to investigate
the robustness of the model outcomes and prevent the over fitting issue, by analyzing how the parameter
values affect the wild type (Bicyclus anynana) eyespot pattern (namely, the peaks of En and Ci in
different rings) and the variations of all components. We will first apply the sensitivity analysis on three
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Figure 6. Simulation of Ci null mutants. (A)-(E) show the concentrations of En, Hh, Ci, TGF-3,
and Wg, respectively, at 16 hours, in Ci null mutants. The horizontal and vertical axes represent the
radius with unit Ry(= 0.094 ¢m) and concentration of protein with unit kD /cm.
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Figure 7. Simulation of TGF-§ null mutants. (A)-(E) show the concentrations of En, Hh, Ci,
TGF-3, and Wg, respectively, at 16 hours, in TGF-8 null mutants. The horizontal and vertical axes
represent the radius with unit Ry(= 0.094 ¢m) and concentration of protein with unit kD/cm.
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Figure 8. Simulation of Wg null mutants. (A)-(E) show the concentrations of En, Hh, Ci, TGF-p3,
and Wg, respectively, at 16 hours, in Wg null mutants. The horizontal and vertical axes represent the
radius with unit Ry(= 0.094 ¢m) and concentration of protein with unit kD /cm.

Table 3. Eyespot patterns for different null mutants. In the species row, A-D represent the wild
type of Bicyclus anynana, Vanessa atalanta, Vanessa altissima, and Chlosyne nycteis, respectively. The
named pattern row shows the cartoon of the expected eyespot pattern. The actual eyespot patterns are
shown in Fig. 9.

Mutant type wild type | null En | null Hh | null Ci | null TGF-8 | null Wg
En peak in Q;, presence | absence | presence | presence presence presence
pigment in ;, white black white white white white
Ci peak in ,,,;,4 | presence | absence | absence | absence presence presence
pigment in ;4 black null null null black black
En peak in Q,,; | presence | absence | absence | absence absence absence
pigment in 2+ yellow null null null null null
pattern o ¢ © © o o
species A B B, C B, C D D

: cases to study the wild type pattern: (i) the peak of En in the outer ring, (ii) the peak of Ci in the

inner ring, and (iii) the peak of Ci in the middle ring. Next, for the model robustness, we perform the
sensitivity analysis on all components in all rings to broadly investigate how the parameter values affect
the gene expression pattern.

The concept of sensitivity analysis mentioned in [36] is to evaluate how the uncertainty and variations

s» in model outputs are correlated to parameter values, by using the Latin hypercube sampling (LHS)

and partial rank correlation coefficient (PRCC). For each parameter, the LHS is a sampling method
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Figure 9. Images of butterfly. (A)-(D) show the images of butterflies: wild type of Bicyclus
anynana, Vanessa atalanta, Vanessa altissima, and Chlosyne nycteis, respectively. In (A), the yellow
box indicates the eyespot of wild type. In (B), the yellow and pink boxes show the black inner ring and
white inner rings, respectively, in Vanessa atalanta. The yellow box in (C) display the white inner ring
in Vanessa altissima, and the pink box in (D) indicates the white inner ring and black middle ring in
Chlosyne nycteis.

that generates uniform parameter value distributions divided into N equal probability intervals, where
N is the sample size. Each interested parameter will be sampled independently by using LHS. All the
samples are collected to generate a set { Py, P2, --- , Py} and each P; includes the values for all interested
parameters. Next, substitute each set P; into the parameter values of the model to generate the model
outcomes {y1, 42, - ,yn}. The value of PRCC between the parameter values { P, Py, - - - , Px } and model
outcomes {y1,y2, - ,yn} shows the robust sensitivity for their nonlinear and monotonic relationships.
Thus, a parameter with positive PRCC to the model outcome and p-value smaller than 0.05 represents
that the model outcome increases as the value of the parameter increases, whereas a parameter with
negative PRCC to the model outcomes and p-value smaller than 0.05 accounts for an opposite result that
the model outcome decreases as the value of the parameter increases. However, for a parameter with
small |[PRCC| and p-value larger than 0.05, then the parameter value does not have significant effect on
the model outcome. Thus, the sensitivity analysis can also be used to study the over fitting issue. If
most parameters are with small |[PRCC| and p-value larger than 0.05, then the model outcome is not
sensitive to most parameter values which means that the dynamics of the model is robustness.

To analyze how the parameter values affect the peak appearance in each ring, we define the following
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functions
Xin(t) = max{X(r,t):0<r<0.3},
Xmia(t) == max{X(r,t):0.3<r <0.6},
Xow(t) = max{X(r,t):0.6 <r <1},
and . ) .
Xln(t) szd(t) Xout(t)
Xin t) = oo sz t) = ) Xou l) = o 14
®) X(0.3,1) alt) X(0.3,1) + X(0.6,¢) (1) X(0.6,1) (14)

with X e {E, H, C, T, W}. Since we only focus on the end of the development, we take ¢t = 16 hours

: in this section. By using the functions in Eq. (14), if X;(¢) > 1 with X € {E, H, C, T, W} and

j € {in, mid, out}, then there exists at least one peak of X in the ring j, at time ¢. For each parameter,
we generated 10000 samples individually, via the Latin hypercube sampling, with d¢ = 0.01 minutes and
dr = 0.001 x Ry. We choose these parameters in the range from 0.5 to 2 fold of their baseline values.
The Table 4 shows the baselines, ranges, and units of the parameters for each parameter.

Our simulations show that the following functions are always smaller than one under all parameter
samples,

Emid(t); Hmid(t)7 Hout(t)7 Oout(t)y ﬂn,(t)7 Tmid(t)a Tout(t)y Wm,id(t)7 Wout(t)-

This result indices that there is no peak of Hh, Ci, TGF-3, and Wg in the outer ring and TGF-£ in
the inner ring, and we cannot make any conclusion of the peak in the middle ring for En, Hh, TGF-3,
and Wg. Therefore, in the following, we only focus on the En peaks in the inner and outer rings, Hh
peak in the inner ring, Ci peaks in the inner and middle rings, and Wg peak in the inner ring. The
PRCCs and the p-values of parameters for these cases are shown in Table 5. For the considered X;(¢), a
parameter with a negative (resp. positive) PRCC and p-value smaller than 0.05 indicates that increasing
this parameter will decrease (resp. increase) the ratio X;(¢) and hence reduces (resp. increases) the
chance to generate the peak of X in the ring j.

In the following, we will use the PRCCs in Table 5 to investigate i) how the parameter values affect
the peaks in wild type, ii) how the diffusion and degradation rates of each gene affect the peaks, and iii)
how the parameter values affect the remainder peaks.

Wild type pattern.
The eyespot pattern in the wild type requires a peak of En and a peak of Ci in the inner ring for white
pigment, a peak of Ci in the middle ring for black pigment, and a peak of En in the outer ring for yellow

> pigment. According to the initial condition, the peak of En in the inner ring always exists. Thus, we only

need to consider three cases: (i) the peak of En in the outer ring, (ii) the peak of Ci in the inner ring,

+ and (iil) the peak of Ci in the middle ring. We choose the parameters A\g and ag for case (i), A\¢, am,
s and «a¢ for case (i), and a¢, pE, ag, ag, Ao, and dy for case (iii). We then use the PRCCs with

p-value corresponding to the ratios Eo,:(t) in case (i), Ci(t) in case (ii), and Chyq(t) in case (iii), at

7 t = 16 hours.

In case (i), the PRCC of ap and Ag are positively correlated to E,,:(t)that increasing ap or Ag
promotes the generation of En peak in the outer ring. Increasing ap generates more En as a source
of other components and hence increases the amount of Wg to generate more En in the outer ring.
Increasing \g enhances the effect from the interaction between TGF-£ and Wg in the outer ring, such

> that En is more sensitive to TGF-3 and Wg for generating the peak in the outer ring.

In case (ii), the PRCCs of iy and ¢ are negatively correlated and A is positive correlated to Cip (¢).
Increasing ay promotes the production of Hh in the inner ring resulting in more inhibition on Ci in the

s inner ring. On the other hand, increasing ¢ enhances the production of Ci in the middle ring. However,
; the negative feedback of Ci then inhibits the production of Hh in the inner ring and hence increases the
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Table 4. Parameters chosen for LHS. This table shows the LHS ranges (in the third column) of
the selected parameters (in the first column). For each parameter, we use the baseline (i.e., the second
column) to create the sampling range by including the values between the 0.5 and 2 fold of the
baseline).

Parameter | Baseline Range Unit
dg 2.97017 x 10~7 [1.4851,5.9403] x 10=7 | em?/min
dr 3x 1077 [1.5,6] x 1077 em? /min
dy 2.91519 x 1077 [1.4576,5.8304] x 1077 | em?/min
e 3.85082 x 1071 [1.9254,7.7016] x 10~* | /min
W 1.38629 x 102 [0.6931,2.7726] x 10~2 | /min
po 9.24196 x 1073 [4.6210,18.4839] x 1073 | /min
U 5.77623 x 1073 [2.8881,11.5525] x 1073 | /min
pw 1.15525 x 1073 [0.5776,2.3105] x 1072 | /min
No 1 0.5,2] kD/cm
ag (3.56201 x 10~2)Ny | [1.7810,7.1240] x 10=2 | kD/cm
ag 2.18247 x 1072 [1.0912,4.3649] x 1072 | /min
ac 1.20978 x 1073 [0.6049,2.4196] x 1073 | /min
ar 1.89385 x 107° [0.9469,3.7877] x 10~° | /min
aw 9.46923 x 107° [4.7346,18.9385] x 107> | /min
Ag 3.56201x10 % [1.7810,7.1240] x 10-2 | em/kD/min
Ao 352.35Ny [176.1750, 704.7000] kD/em
K 1/(4Ny) [0.125,0.5] em/kD
ke 1/(932Ny) [0.0005,0.0021] em/kD

production of Ci in the inner ring, resulting in reducing the peak of Ci in the inner ring. A larger value of

s A¢ i