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OPTIMAL STABILITY ESTIMATE OF THE INVERSE
BOUNDARY VALUE PROBLEM BY PARTIAL
MEASUREMENTS

HORST HECK AND JENN-NAN WANG

Abstract. In this work we establish log type stability estimates
for the inverse potential and conductivity problems with partial
Dirichlet-to-Neumann map, where the Dirichlet data is homoge-
neous on the inaccessible part. This result, to some extent, im-
proves our former result on the partial data problem [HWO086] in
which log-log type estimates were derived.

1. Introduction

In this paper we study the stability question of the inverse bound-
ary value problem for the Schrodinger equation with a potential and
the conductivity equation by partial Cauchy data. This type of in-
verse problem with full data, i.e., Dirichlet-to-Neumann map, were
first proposed by Calderdon [Ca80]. For three or higher dimensions, the
uniqueness issue was settled by Sylvester and Uhlmann [SU87] and a
reconstruction procedure was given by Nachman [Na88]. For two di-
mensions, Calderdon’s problem was solved by Nachman [Na96] for 17/2P
conductivities and by Astala and Pdivarinta [APQ6] for L*° conductivi-
ties. This inverse problem is known to be ill-posed. A log-type stability
estimate was derived by Alessandrini [AI88]. On the other hand, it was
shown by Mandache [Ma01] that the log-type estimate is optimal.

All results mentioned above are concerned with the full data. Re-
cently, the inverse problem with partial data has received lots of at-
tentions [GUO1], [1U04], [BUOZ], [KSUO05], [FKSUQ7], [1s07]. A log-log
type stability estimate for the inverse problem with partial data was
derived by the authors in [HW06]. The method in [HWO06] was based
on [BUOZ2] and a stability estimate for the analytic continuation proved
in [Ve99]. We believe that the log type estimate should be the right
estimate for the inverse boundary problem, even with partial data. In
this paper, motivated by the uniqueness proof in Isakov’s work [Is07],
we prove a log type estimate for the inverse boundary value problem
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under the same a priori assumption on the boundary as given in [Is07].
Precisely, the inaccessible part of the boundary is either a part of a
sphere or a plane. Also, one is able to use zero data on the inaccessible
part of the boundary. The strategy of the proof in [Is07] follows the
framework in [SU87] where complex geometrical optics solutions are
key elements. A key observation in [1s07] is that when I, is a part of a
sphere or a plane, we are able to use a reflection argument to guarantee
that complex geometrical optics solutions have homogeneous data on
M.

Let n» > 3 and Q C R" be an open domain with smooth boundary
0Q. Given ¢ € L*(Q), we consider the boundary value problem:

A—q@u=0 inQ
u=f onoQ, (3.1)

where f € HY?(0Q). Assume that 0 is not a Dirichlet eigenvalue of
A — g on Q. Then (L.I) has a unique solution v € H*(Q). The usual
definition of the Dirichlet-to-Neumann map is given by

where d,u = Vu - v and v is the unit outer normal of 0Q.
Let ', C 0Q be an open part of the boundary of Q. We set I' =
8Q\ To. We further set H)”>(T) := {f € HY2(Q) : supp f C I}

and H~/2(T") the dual space of H,’*("). Then the partial Dirichlet-
to-Neumann map A r is defined as

Norf = Oyulp € HV*(I)

where « is the unique weak solution of (L.1) with Dirichlet Data f €
Hém(l'). In what follows, we denote the operator norm by

Al == gl gy vy

We consider two types of domains in this paper: (a) Q is a bounded
domain in {z, < 0} and 'y = 0Q N {z, < 0}; (b) Q is a subdomain of
B(a, R) and 'y = 0B(a, R)N0Q with 'y # 0B(a, R), where B(a, R) is
a ball centered at a with radius R. Denote by g the zero extension of
the function ¢ defined on Q to R". The main result of the paper reads
as follows:

Theorem 1.1. Assume that Q is given as in either (a) or (b). Let
N >0, s> 3 and ¢; € H%(Q) such that

g [[ns@) < N (1.2)
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for 7 = 1,2, and 0 is not a Dirichlet eigenvalue of A — ¢; for j =1, 2.
Then there exist constants C' > 0 and ¢ > 0 such that

4~ llmion < Clog IAgr — At 5F 03)
where C depends on Q, N,n,s and o depends on n and s.

Theorem [L1] can be generalized to the conductivity equation. Let
v € H3(Q) with s > 3+ 7 be a strictly positive function on Q. The
equation for the electrical potential in the interior without sinks or
sources is

div(Vu) =0 in Q
u=f on 0Q.
As above, we take f € H./?(T). The partial Dirichlet-to-Neumann
map defined in this case is
Ay o f = voulr.

Corollary 1.2. Let the domain Q satisfy (a) or (b). Assume that
7 >N"1>0,s>19, and

1Villms+s@) < N (1.4)
for j =1,2, and
Bylp=0B~|r on 0Q, V 0<3<1. (1.5)
Then there exist constants C' > 0 and ¢ > 0 such that
171 = 2llLe@) < 0%09 1Ay = Ayor| ﬁo (1.6)

where C depend on Q, N, n, s and o depend on n, s.

Remark 1.3. For the sake of simplicity, we impose the boundary iden-
tification condition (L.5) on conductivities. However, using the argu-
ments in JAI88] (also see [HWO6]), this condition can be removed. The
resulting estimate is still in the form of (L&) with possible di Cerknt
constant C' and o.

2. Preliminaries

We first prove an estimate of the Riemann-Lebesgue lemma for a
certain class of functions. Let us define

9@ =11fC=y) = Ol g
for any f € L*(R"). It is known that limy,_, g(y) = 0.
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Lemma 2.1. Assume that f € L'(R™) and there exist § > 0, Cy > 0,
and « € (0, 1) such that

9(y) < Coly|® (2.1)

whenever |y| < §. Then there exists a constant C' > 0 and ¢, > 0 such
that for any 0 < ¢ < ¢ the inequality

[FFE] < Clexp(—me?[¢]?) + %) (2.2)

holds with C' = C(Cy, || fl1, n, 6, ).

Proof. Let G(z) := exp(—n|z|?) and set G¢(x) := e "G(%). Then we
define fe := f x G¢. Next we write

[ FFO| < |FfeOl + | F(fe = NI

For the first term on the right hand side we get

[ F L] < [FHOI- [FG(E)
< [Iflh]e™""FG(EQ) (2.3)
< || fll exp(=m=?[¢[).

To estimate the second term, we use the assumption (2.1) and derive

F(fe = NI < =]l

< -y f@IG) dyda
1

= [f(z = y) = f(2)|Ge(y) dz dy
=

+ |[f(z = y) = f(2)|Ge(y) dz dy
lyl=8 R"

=1+11I.
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In view of (Z.1) we can estimate
L]

I= g()Ge(y) dy
YIFsy

< Cy ‘y‘aGe(y) dy
1)

<

-
=Cy r% " exp(—me 2"t dr dy
n—1 0
= n—1, u—1

=C; *u%e"exp(—u?)e" e du
0

5
= Che®  u" lexp(—u?) du = Cse”,
0
where C3 = 03(00, n,o, Oé).
As for 11, we obtain that for £ su ciently small
1

II = 9(1)Ge(y) dy
=
<2||f|lw 5 Ge(y) dy

i

< Cullflly e exp(—me 2r?)r"dr

= Cullflx u" exp(—mu?) du

< Gyl fllx exp(—mu) du

de—1

1
< Cull = exp(—mde ™) < s,

where C5 = C5(|| f||L1, n, 0, ). Combining the estimates for 7, /1, and

(2.3), we immediately get ([2.2)). U
We now provide a su cient condition on f, defined on Q, such that
(Z.1) in the previous lemma holds.

Lemma 2.2. Let Q C R" be a bounded domain with C! boundary. Let

f € C%(Q) for some o € (0,1) and denote by f the zero extension of
f to R". Then there exists 6 > 0 and C' > 0 such that

1FC=9) = FOllugn) < Clyl®
for any y € R" with |y| < 0.
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Proof. Since Q is bounded and of class C, there exist a finite number
of balls, say m € N, Bj(z;) with center z; € 0Q, i = 1,...,m and

associated C'-di eomorphisms ¢; : Bi(zi) — ere Q = {2 ¢
R :H <1} x (—1,1). Set d = dist (0Q,d( i, Bi(zi))) > 0 and
Qe = g0 B(z,¢), where B(z, <) denotes the ball wi nter x and

radius £ > 0. Obviously, for & < d, it holds that Q. ¢ ", Bi(z;). Let
x€0Qand 0 < |yl < <d, then for any z, z, € B(x, |y|) N Bi(zi) we
get that

lpi(21) — wi(22)] < [[VeillLe |21 — 22| < Cly

for some constant C' > 0. Therefore, gpi(fzm N Bi(zi)) C {zPe R :
||H|~§ 1} x (=Cly|,Cly|). By the transformation formula this yields
vol(Qy) < Clyl. R R ~

Since |y| < 6 we have f(z —y) — f(z) =0 for x ¢ QU Q). Now we

write
1

1FC =)~ fllu@y = [f@x—y)— f)|de

Qy|

+  |fz—y) — f(x)| da

Q|
< Cvol(Q)|y|* + 2| f[|Le vol(Qyy)
< O(ly|* +y)) < Cly|®

for 6 < 1. O

Now let ¢; and ¢, be two potentials and their corresponding partial
Dirichlet-to-Neumann maps are denoted by A, r and A, 1, respectively.
The following identity plays a key role in the derivation of the stability
estimate.

Lemma 2.3. Let v; solve (I.I) with ¢ = ¢; for j = 1,2. Further

assume that v; = vy, =0o0on . Then
]

(1 — )itz dx = (A, — Nor)vr, va)
Q

Proof. Let u, denote the solution of (I.I) with ¢ = ¢, and uy; = v; on
0Q. Therefore

Vuy - Vug + o3 da = (Oyvr, v2)
[

Vuy - Vg + quuaty dz = (0yug, vs).
Q
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Setting v := v; — uy and ¢o = ¢1 — ¢o We get after subtracting these
identities

Vv - Vg + g3 + qoviT3 = (A1 — N2)vr, va).
Q

Since v, solves (A — ¢2)vy, =0, v =0 0n 0Q and v, = 0 on Iy, we have

1
Vv - Vv, + gout; = 0,
Q
<(/\1 - /\2)?11, U2> = <(/\1,F - /\2,1“)@1, 1)2)7
and the assertion follows. O

In treating inverse boundary value problems, complex geometrical
optics solutions play a very important role. WWe now describe the com-
plex geometrical optics solutions we are going to use in our proofs.
We will follow the idea in [IsO7]. Assume that ¢, ¢ € L*(R") are
compactly supported and are even in zp, i.e.

Q@lv U 7xn—17xn) = Q1(x17 T 7xn—17xn)
and

(b%lv o, Tn-1, xl’l) = q2(x17 o, Tn-1, xl’l)'
Hereafter, we denote

h%lv T 7xl’l—17xn) = h(xlv s, Tn-1, _l'n)-

Given £ = (&, -+ ,&n) € R, Let us first introduce new coordinates
obtained by rotating the standard Euclidean coordinates around the
axis such that the representatlon of £ in the new pequilnates denoted
byg satisfies 5 = (51, ,o0,0 gn) with 51 = &+..-+¢_ and
gn = &n. In the following we also denote by 7 the representation of x
in the new coordinates. Then we define for 7 > 0

~ ~ 1 ~
p1 = (é_T£n7l‘£‘(_+7—2)1/2707”' 707§_n+7-£1)7
2 4 2
~ 1 (2.4)
52 = (% +7—€n>_i|g|(_ +72)1/2707"' gn 7'51),
and let p; and p, be representati f o1 an the original coordi-
nates. Note that z, = 7, and E?&Ti.y. = qj‘,ilﬁx yi. It is clear that,

for 5 =1,2, pj - pj —OasweIIaSp  pj L= 0 hold.
The construction given in [SU87_] ensures that there are complex
geometrical optics solutions uj = e'1*(1 + wj) of (A — ¢j)u; = 0 in
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R", j = 1,2, and the functions wj satisfy ||wj|| 2) < Ck7~! for any
compact set K C R". We then set
v1(z) = P (L + w;) — P + wry
va(@) = 7PN (L + wp) — e 7PN (L + wi)

From this definition it is clear that these functions are solutions of
(A —gj)v; = 0in R? with v; =0 on z, = 0.

(2.5)

3. Stability estimate for the potential

Now we are in the position to prove Theorem [L.Il. We first consider
the case (a) where Iy is a part of a hyperplane. To construct the
special solutions described in the previous section, we first perform
zero extension of ¢; and ¢, to R/ and then even extension to the whole
R". As in the last section, we can construct special geometrical optics
solutions vj of the form (Z5) to (A — ¢j)v; = 0in Q for j = 1,2.
Note that v; = v, =0 on ;. We now plug in these solutions into the
identity (2.3) and write ¢y = g1 — ¢». This gives

<(Aff|_ /\2,F)Ul> U2>

= qov1U3 dx
7
= qx) dPTPIX(L+ ) (1 + ) + & CPHPIX(L + wDH{L + wlY
Q
1
— PP (1 + wy)(1 )= DX (1 + w1 +w5) do
= @)+ dr+ @) f(x, wi, wy, wwb)de
Q D Q
— ) g(pwpz‘?-‘x + ci(Pitp2)x I:dlx’
Q
(3.1)
where

f = e**(wy + w5 + ww3) + eizq(w{:'+ wi* widl)
_ 6i(01qp2)-x(w1|:|+ w7 + wll%la) - 6i(p1+p§—_%‘X(w1 + EF*_ wl@
The first term on th(le:right hand side of (3.1) is equal to

. Qo) * dz = Fgo(€)

because ¢, is even in x,. For the second term, we use the estimate

lwillz + [lwitfs + @22 + [[wiff, < O~
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to obtain
QOf(x7w17w27wHH5dx&_ CHqOHQT_l- (32)
Q

As for the last term on the right hand side of (3.1), we first observe
that

(o1 + p)-z = (71 + PO T = &7 + 2761 F, = €7 2™ 27|¢ Ty

and
(pi* po) - = (71 + P T = &1 + 276 F = €7 2" 27,
where 9= (&, -+, &n—1) and 2= (x1,- -+, xn—1). Therefore, we can
write ]
Qo()e' X da = Fao (€7 27¢T)
as well as |:T

) o)/ PIHP> dy = Fo(eh—27(¢T).

The Sobolev embedding and the assumptions on ¢; ensure that ¢, €
C%Q) for « = s — 2 and therefore ¢, satisfies the assumption of

Lemma[Z2 Applying Lemma [2.1] to ¢, yields that for ¢ < ¢q
[Fao(€527|ET)| + | Fao(€' —27[¢ )| < Clexp(—me*(1+47%)[EF) +£%).

(3.3)
Finally, we estimate the boundary integral
ﬁz(l/\l,r —Nar)vs - vy dUH
r
< e = Aarlldonlly g g llvzlly g o (3.4)

< A = Aol divr |l @)l|v2 |l o)
< Oexp([ED)A — Nz

Combining (31), 32), (83), and (3.4) leads to the inequality

Fao©)] < CLexp(€n) A — Aol exp(-me’(L+4r) | )+ <+ 2

(3.5)
for all £ € R" and ¢ < ¢y, where C' only depends on a priori data on
the potentials.

Next we would like to estimate the norm of ¢, in 4. As usual, other
estimates of ¢q in more regular norms can be obtained by interpolation.
To begin, we set Zgr = {£ € R" : |&| < R and € < R}. Note that
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B(,R) ¢ Zr C B(0,cR) for some ¢ > 0. Now we use the a priori

assumption on potentials and (3.5) and calculate
1 1

ol < 1Fa@PE+[ERT e+ |Fa@Pa+ g7 de
=

< [ Fa@P@+[E*) T d¢+ CR™

Zr

< C{R"exp(cR7)| A1 — No||1# R"e** + R"r 2 + R
-

+ exp(—2me® (1 + 47%)|¢1?) detén
—R BYO0,R)
(3.6)

here BXxz" R) denotes the ball in R"~! with center z"and radius R >
0. For the second term on the right hand side of (3.6), we choose
e =(1+4r%)"Y* with 7 > 7, > 1 and integrate

4 1
exp(—2me?(1 + 472)|¢H?) deHde,
-R Bﬁ)
=2R exp(—2m(1 +47%)2|£1%) d¢"
'%?O’R@ (3.7)
=2R 2 exp(—27((1 + 47)Y4)?) dr dw '
sn—2 ¢ ljoL

< CR(L + 47%)~ (=174 u"2exp(—2mu?) du
0

< CRr— (=172,

Plugging (3.7) into (3.8) with the choice of ¢ = (1+472)~/* we get for
R>1
lgolly—1 < C{R"exp(cR7)||A; — Ao|24 R"7™% + Rr—""D/2 + p72}

< C{R"exp(cR7)||AL — N\o||2 R % + R7?},
(3.8)

where @ = min{«, (n — 1)/2}.
Observing from ([@.8), we now choose 7 such that R"7~% = R™2,
namely, 7 = R("2/G_ Substituting such 7 back to (3.8) yields

laollfi— < C{RM exp(cR"& )|\ = Ao[i# B2} (3.9)
Finally, we choose a suitable R so that

RMexp(cR"& )|\, — Ao||2= B2,
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e, R = EL)g IASEAY| ﬁfor some 0 < v = v(n,@). Thus, we obtain
from (3.9) that

a1 — @2lln-1@) < CE]OQ 1N — /\2||§y. (3.10)

The derivation of (3.10) is legitimate under the assumption that 7 is
large. To make sure that it is true, we need to take R su ciently large,
i.e. R > R, for some large Ry. Consequently, there exists § > 0 such
that if ||A; — As|| < ¢ then (3I0) holds. For [|A; — As||= 9, (310)
is automatically true with a suitable constant C' when we take into
account the a priori bound (L.2).

The estimate (L.3) is now an easy consequence of the interpola-
tion theorem. Precisely, let ¢ > 0 such that s = § + 2e. Using
that [H*(Q), H"(Q)]g = HY(Q) with ¢t = (1 — B)ty + [t1 (see e.g.
[Tr95, Theorem 1 in 4.3.1]) and the Sobolev embedding theorem, we
get g1 — ol < Ol —aellyyg+0< Cllai—all G g — a2, - Setting
to = —1and t; = s we end up with

s+1—0C1

a1 — @2|Le) < Cllqr — ngHij @

which yields the desired estimate (L.3) with o = v
We now turn to case (b). With a suitable translation and rotation,
it su ces toassume a = (0,---,0,R) and 0 ¢ Q. As in [Is07], we shall

use Kelvin’s transform:

[ 1L 1L
y= 2h r and z= 2f Y. (3.11)

|z] |y

Let 10
2

i) = ﬁ u(@(v)).
then % 3 )

T Aiu(y) = Dxu(z).

Denote by Q the transformed domain of Q. In view of this transform,
"o now becomes To € {yn = 2R} and T is transformed to T and

r= 8Qﬁ{yn > 2R}. On the other hand, if u(x) satisfies Au—q(z)u =0
in Q, then w satisfies

AT -Fi=0 in Q (3.12)

where 10
- 2R
qy) = Wl q(z(y)).
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Therefore, for (3.12) we can define the partial Dirichlet-to-Neumann
map A, ¢ acting boundary functions with homogeneous data on .

We now want to find the relation between A, and /\q,F. It is easy

to see that for f,g € H)*(I)

</\q.Ff7 g) = (vu : VE'FQU@) dl’,
Q

where u solves
Au—qgu=0 in Q,

u=f on Jr
and v € H'(Q) with v|sq = ¢. Defining
C_1 C_1
& Lb R b
f = T ~fa g = T .9,
| 3% || 0%
and % m
o(y) = Wl v(z(y)).
Then we have f,5 € H,”*(T) and
</\q,Ff7 g> = <7\q,f‘f7 §>7
in particular,
((Nqur = Ao f.9) = (Ag 7 = Ny 21,9 (3.13)

With the assumption 0 ¢ Q, the change of coordinates = — y by (3.11)

is a di eomorphism from Q onto Q. Note that (R/|y|)"? is a positive
smooth function on 9Q. Recall a fundamental fact from Functional

Analysis:
1 1

Ny — N\
|<( q1,I" %,F)fa g>| : f, ge Hol/g(r)
1 lzrz oy 9 ez

H/\QLF - /\Q2,F|| T Sup

o (3.14)
The same formula holds for |[Ag 7 — A4, [l On the other hand, it

is not di cult to check that ||fHH1/2 and Hf||Hl/2(F Hg||H1/2(F) and
||g||H1/2 (i are equivalent, namely, there exists C' depending on 0Q such
that

1
alf e <||f||Hl/2 < Ol Fllygorzry

1
oy < 19l gy < Cllgllyor

(3.15)
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Putting together (3.13), (3.14), and (3.15) leads to
IRt — Ryl o€ ClAgr — Agurllic (3.16)

with C only depending on 0Q.

With all the preparations described above, we use case (a) for the
domain Q with the partial Dirichlet-to-Neumann map 7\q’f. Therefore,
we immediately obtain the estimate:

131 = @2l L) < 0509 [A A ﬁ
Finally, rewinding ¢ and using (3.16) yields the estimate (L.3).

4. Stability estimate for the conductivity

We aim to prove Corollary[L.Zin this section. We recall the following
well-known relation: let ¢ = 9\%’ then

_ _ 1 _
N (f) = v 2 e\ r (VP 0 f) + 5(7 LoNIrf.
In view of the a priori assumption (I.5), we have that

Mgt — Ner)() =7 e Nyu r = No) (20 f)

where 72| == 47 2|1 = 45 ?|r, which implies

IAqrr = Agarlles CllAy r = Ay, rllo (4.1)

Voo
for some C' = C'(IV) > 0. Hereafter, we set ¢; = 3«%’, j =12 The
regularity assumption (1.4) and Sobolev’s embedding theorem imply
that ¢, o € C'(Q). Using this and (I.5), we conclude that §, — ¢
satisfies the assumptions of Lemma [2.2 with o = 1. Therefore, Theo-
rem [L.I] and (4.I) imply that

g1 — Q2H|_°°(Q) < CEOQ 1A, —Ayor|| Ecl (4.2)

where C' depend on Q, N,n,s and o; depend on n,s. Next, we recall
from [AI88,, (26) on page 168] that

11 = ellie@ < Cllan — @2l g (4.3)

for some 0 < o, < 1, where C' = C'(N,Q) and g, = 03(n, s). Finally,
putting together (4.2) and (4.3) yields (L&) with ¢ = 0,0, and the
proof of Corollary [1.2] is complete.
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