o 3E-2. Prove that a st 4 < B* is not commected ilf we can write A C
FyUFy, where Fy, Fy areclosed. ANFIOF, =@, I0A £, FanAdsa.
Suggestion. Supposc U and Iy disconnect 4 and covsider the sets Fy =
Al \\ U] and FQ =AM \ (,/'2. O

Solution. By definition, A is not conuected if and only if there are open
sets Uy and Us such that

1. Uan-_)nA =0

2. U1 N A is not cmpty
3. Uy A is not empty
4. ACUyul,.

But U and Ua arc open if and only if their comploments £y = A7\ U, and
Fy = \Uj are closed. Using DeMorgan’s Laws. our four conditions translate
to

1. U UM\ A)=Af
2. FR U4 isnot all of M
3. FU 4 is not all of M
4. M\NADF NF,.

-

.-

Since none of the points in A are in M\ A, condition ! is equivalent to el
A € Fy U F. Condition 4 is equivaleut to AN Fy N Fy = §. So, with a bit
more manipulations, our couditions become

1. ACRUF

2. FinA = (M\U)NA = (M\U)NAIN(M\A)) = AT\ (U UM\ A)).
This is not cwmpty since thore are points in U7, N A and these cannot be
in Uy.

3. BNA = (M\Ua)NA = (M\U2)n(M\(M\A)) = M\ (UL (M\ 4)). -
This is not cmpty since there are points in U N A and these camot be
in Us.

4. ANFNE =\

These are exactly the couditions required of the closed sets Fy and Fy in
the problem.
In the converse direction. if we have closed sots Fy and Fy satisfying

ACERHUE,

. Fy N A uot empty
. F, 1 A not empty
CANFE N Fy = @,

= W N e

we can consider the open sets Uy = M\ Fy and Uy = M\ Fy and work
backwards through these manipulations to obtaiu

LN ndA=48

. UM A is not cmpty
. Uan A is not empty
ACU Uiy,

el

s0 that A is not connected. ¢




o 3E-16. Tf:u, — 2 in a norwed space. prove that [|a]] — Jz]]. Ts the
converse true? Use this to prove that {x ¢ R™ | |[#]] € 1} is closed, nsing
SCUONCes.

Sketch. Use the alternative form of the triangle tnequality:

Well = el € |lv=2]|. ¢

Solution. Recall that we have aun alternative form of the triaugle inequal-
ity.

Lemma. Ifv and w are vectors i a norined space V, then | fofl ~ || |||
e —w-

Proof: First we compute el = v —w+wlf < |le—w| + ] w]. So
el = llefl s ile—wi. M

Reversing the roles of v aud w, we tind that [wff = ([w—v+v| <
fu=v]+ e =v~wl|+]|w| So that

fwl =lvl < lv—wl]. (2)

Combining (1) and (2), we findt that | [v |l — || | € |v = w || as claimed.

With this version of the tiangle inequality. the first assertion of the
exercise is almost inunediate. Lot ¢ > 0. Since @, — #, there is an N such
that || a4 — 2 || < £ whenever k 2 N. For such k we have | iz || — |« |l |
[ re —2]) <= So |||l = (|2 as claimed.

The converse is not true. even in one dimmension. Let @y, = (=1)% and & =
1 then |la || = 1 = [| 2| for cach index k. We certainly have || e || — [« ||,
but the points . do not tend to .. Now suppose V is a normed space and
let F={zeV]||x] <1} Ifa e cl(F), then there is a sequence ()T
in F with a — 2. We now know that this implics that ||z || — ||« ]]. But
Fagll €1 for cach k. so we must have ||| €1 also. Thus .+ € F. This
shows that cl(F) T F so that F is closed as claimed. ¢

IA

o 3E-19. Let Vi, € M Dbe open sets such that ¢l(V],) is compact, V,, # &,
amd cl(V,,) € V,,—q. Prove NV, # @.

Sketch. cl(V;,41) €V, C cl(V,,). Use the nested set property. 6}

Solution. Let K, = cl(V,,). we have assumed that the sets N, are cow-
pact. not cmpty, aud that ¢l(Vy,) € V. for cach k. Applying this with
k=41 gives

Kypi =cl(V,41) €V, Cel(V,) = K,

So we have a nested sequence of noneinpty conmpact sets. By thic nested set
property, there must be at least one point xy in the insersection ﬂr K,. For

- - e X1 aned this inters -4
cach n we have xg € K, =1 C V,. Thus 2 € {1 Ve, and this intersection

¢

is not ompty.




o 3E-23. Lot Q denote the rationals in B, Show that both @ aud the
irrationals R\Q are uot connected.

Sketch. @ ¢ ] — . VZ[U|V2,x[; both intervals are open. they are
disjoint. They discounect €. Shmilarly B\Q C ]—o0, 0] U 0. x[ disconnects
R\ Q. &
Solution. To show that @ C R it not connected, recall that V2 is not
rational. The two open half lines U = {z € R |z < 2} and V = {s €
R | > v2} are disjoint. Each intersects Q since 0 € U and 3 € V. Their
anion is R \ {v/2} which contains Q. Thus U and V disconnect Q.

To show that R\ { is not counccted, we do essentially the same thing
hut use a rational point such as 0 as the scparation point. Let U = {u& €
Rir<0land V ={zeR|x >0} Then U and V arc disjoint open half
lines. Fach intersects R \ Q since 2 € U and V2 € V. Their union is
R\ {0} which contains B\ Q. Thus U and V disconnect R\ Q. ¢

o 3E-26. Show that the completencss property of B may be replaced by
the Nested Interval Property: If {F,}3 i3 a sequence of closed bounded

intervals in R such that Fl,p C F, forall n =1.2.3,..., then there is at
least oue point in ()5, F.

Solution. We want to show that the following two assertions are cguiv-
alent: .

Completeness Property:, If {¢,)7 is ¢ monotonically fncreasing sc-
quence bounded above m R. then it converges to some point in R.

Nested Interval Property: If (F,){ is o sequence of closed bounded

mtervels in R such that F,oy € F, for alln=1.2.3...., then therc is at
least one point i 2o, F.

The developtnent of the text starts with the assumption of the complete-
ness property and proves that closed hounded intervals are compact. The
nested interval property as stated then follows from the Nested Set Prop-
erty (Theorewn 3.3.1) which says that the intersection of a uested sequence
of noncipty compact sets is not cipty.

What is needed now is to start with the assminption of the nested interval
property and to show that the completeness property can be proved from
it. So. supposc the nested interval property is true in R and {a,,)7* is an
increasing sequence in R with ¢, € B € R for all n. We want to show that
the a, must converge to a limit in R. The idea is to use the points ., as
the left ends of a nested fanily of intervals. The right cnds, b,,, are to be
sclected so that the lengths of the intervals [a,,. b.] tend to 0. If we can
manage this we will apply the following variation on the nested interval
property.

Lemma. If F, = [a,.b,]. n=1.2.3,... we closed bounded intervals in
R such that Fo4 € F, for cach n und b, = w,, — 0 as n — oo, then there
is exactly one point X in (o, Fu and a, — N and b, — A

Proof: That there is at least oue poiut A in the intersection follows from
the uested interval property. Auy other point g would be excluded from
any of the intervals with b,, — a,, < [A = p]. so there is exactly one poiut in
the interseetion. If ¢ > 0. then there is an index N with by —anv < c. If
n2 N oweliaveany <ay A< b, by . So|A—au| <z, and (b, = A < .
Thus «,, — X and b, — X as claimed.

Returning to our original problemn, we let by = B so that by 2 «,, for all
. The right hand endpoints b, arc produced inductively. Having selocted
If there is a positive integer & with b, — (1/4) 2 @, for all nm, then we
let b, be the smallest such integer and put by = b, — (1/k,,). 1f there is
no such integer. put b, 4 = b,,. This produces a sequence (b, ) such that
Oug1 < by, for each n and b, 2 a,, for all indices n and . We will be able
to use the lomia to conclude that there is a real munber A to which the
points @, converge as soon as we know that b, —a, - 0.




£ by, =u,, dicdd not tend to 0. there would be an £ > 0 such that by, —a,, > =
for all indices m. Focus attention on one of the by, [f i > 1 we would have
thy Sty < by by 50 by =y 2 by~ g, > 2 I < 0o we wounld have

G Sty < by Ky L 50 again by, — ay 2 0y = Gy > 20 80 by ~ & >
for all iudices wm and 7. Fix a positive integer N with 0 < 1/A < =, Then

by — (1N} >z, for all o, s0 1 < k, £ N. This wonld imply that

by = b, — <b, - for cvery index n.

1
k,
This would mean that the paints b, would tend to —oc and in a Anite
mumber of steps would be smaller than ay. Since this is not the case, we
conclnde that b, — «,, — 0. The leugth of our closed intervals tends to 0,
we can apply the lemima to conclude that there is exactly one point in their
____interseetion and that the right ends, ¢, converge to that point.

o 3E-28. Lot A C Al be comected and contain more than one point. Show

that every point of 4 is an accumulation point of A.

Solution. Supposc ¢ and b are different points in A and that « is not an
accumnulation poiut of A. Then there is a radius » > 0 such that D(u,r) N
A={a}. Let U = { € M | d(z.a) < r/3} and V = {& € A | d{x.a) >
2r/3}. Then U aud V' arc open (why?) and disjoint. Neither AN U nor
ANV is eipty sincea ¢ ANV and b€ ANV, But A C U UV since there
are uo poiuts x in A with r/3 < d(z,0) € 2r/3. So the sets U and V would
disconnect 4. Since 4 is connected. this-is not possible. Thus ¢ st be an
accrmlation poiut of A. Sidce o was arbitrary in A assuniing that there
was at least one other poiut In A, this establishes our assertion.

o 3E-31. Supposc A C R" is not compact. Show that there cxists a se=
quence Fy D Fy D Fy--- of closed scts such that Fr. N A # & for all &
and

ﬁ F)[A==2.
k=1

Suggestion. The set A nmst be cither not closed or not hounded or
both. Treat these cases separately. If A is not closed, there mmst be an
accumulation point of A which is not in A. ¢

Solution. If A is uot bounded, let F, = {v € R* | || v || = k}. Since A is
not hounded, Fx N A is not empty. Howoever, ﬂ;‘___l Fr. =¥, s0 (ﬂ;;l FA0A
is cortainly cmpty.

If 4 is not closed, then thicre is a poiut vy € el(A4)\ A. Such a point must
be an accunnlation poiut of A. For k = 1,2,3,4,..., lot Fi. = {v ¢ R* |
l#—wv || £ 1/k}. Then cach F; is closed and cach Fy intersects A since
vg is an accunmlation point of A. We certainly have Fy D F, D % 2 ...
But (=, Fi = {vo} and ¢y is not in 4. So (Mo, Fu) N A = 0.

If A is not compact then it is either not bonnded or not closed or both.
s0 at least oue of the previous paragraphs applios. ¢

o 3E-33. Baire category theorem. A sct S in a metric space is called
nowhere dense if for cach noncmpty open set U, we have cl(S)n U # 1.
or cquivalently, iut{cl($)) = @. Show that R” cannot be written as the
countable union of nowhere dense sets.

.
Sketch. If A,. Ay, Ay.... ave closed nowhere deunse scts. put By, = R*\ 4,
to sce that the assertion is huplied by the following theorem.

Theorem. [f By. B,.... are open dense subsets of R*. then B =), By
is dense in R,




Lot ¢ R mul ¢ > 0 In(luc-rivolv define a nested sequence of closed
disks I}(L,_ 1)) = <t oby
D = B((L'],'l'j) where o1, € By, ||z -2 || <€/3. » < g/3.
and B(a.r) C By
Dy = B(ra,ry) where ag € By, [y = wel] <o /30 1y < /3.
and B(ay, 12} C By

cte.

Check that Dy © By for each k and D(x.¢) 2 l(Dy) 2 Dy 2 ¢l(Dy) 2
Dy 2 .-+ Bxistence of y € (), el{ D) shiows that B is dense in B”. (Wly?)
¢

Solution. To say that a set is “uowhere dense”™ is to say that its closure
has ciupty iuterior.

A s nowhere deuse <= (F open == UNdcl(A) £ U)
= iut{cl(A)) =0

Suppose A is such a set and B is the complement of A. If vy € A, then
every ncighborhood of vy wust intersect B since otherwise vy would be an
interior point of A, and there arc noune. So vy € cl(B). Thus A € cl(B).
Since B € ¢l(B) also, we sce that the whole space is contained in the closure
of B. That is, B is “deuse”. Conversely. if B is dense, then its complemcent
can have no interior. If 4 is closed 50 that A = cl(A), tlns SAYS rlmh Als
nowhicre dense and that B is"open. :

' B '

3E-34. Prave that cach closed sct A € AL is an intersection of a count-"

able family of open sots.
Suggestion. Cousider Uy, = J, ¢4 D(+.1/k). &

Solution. For cach positive integer k, let U = ¢y D(e, 1/k). Since
cach of the disks D(2,1/k) is open, their union Uy is also open. Since
@ € D{x, 1/k), we certainly have A € [, .4 D(e.1/k) = Uy, Since this is
true for cach &, we have A € (N5, Ui On the other hand, if y is in this
intersection and & > 0, then we can find an integer & with 0 < 1/k < ¢
Since y € Uy, there is an o € A with y € D{x. 1/k) € D(x, ). Since this
can be doue for cach ¢ > 0, we have y € cl(4). But since A is closad, we

bave cl(A) = 4, and y € A Thas Mo, Uk € 4. We have inclusion in
both directions, so A = ﬂA U which is the intersection of & countable
colleetion of open sots. ¢

3E-36. Lct A C R” be nucountable. Prove that 4 has an accunmulation
point.

Suggestion. Cousider the scts Ay = AN{w € R* | JJv|| <k}, &

Solution. TFor & =1,2,3,.... lot Ay = An{eeR"||el| €k} Then
A= U:“_ A TE cach of the countably many sets #1, were finite, then
their wnion 4 would be conntable. Siuce it is not, at least one of the sets
A must have infinitely wany points. We can choose a sequence of points
@y, a9 ay. ... in Ay all different. 'his is a bounded sequence in R'. so by the
Bolzano-Weicrstrass property of R”, it must have a subqucn(-o converging
to sore poiut w € R”. (‘The closed bounded set ¢l(Ag) € R" is sequentially
compact.) Points in Ay are in AL s0 there is a sequence of distinet. points
of A converging to w and w nmst be an acenmulation poine of A. ¢




o 3E-40. Let F bhe a nest of compact sets (that is. Fy 4y C ). Furthor-
more, suppose cach Fy is commected. Prove that N7 {F.} s connected.
Give an example to show that compactness is an essential condition and
we cannot just assume that “Fy iy o nest of closed conuected sets.”

Suggestion. Use the Nested Set Property. ¢

Solution. Frow the nested set property. there is at least one point e
i the intersection F = (77, Fi. Suppose {7 and ¥ are opeu sots with
FAlinV=fand FCULLV.

Claim. There 28 an infeger k such that £, CU NV

Proof of ¢laim: For cach k let Cy = F, N (AF\N(LT U V). Then () is a
closed subsct of the compact set Fi, so C). is compact. (Why?) Furthermore
Cirqt € Gy for cach k. (Why?) If cach of the sets ¢ were nonempty, then
by the nested sot property there would be at least oue point y in their
interseetion. But such a point would be in all of the F and so in F. We
would have y € FA U~V which was supposed to be enipty. Thus at least
one of the sets C st he ompty and for that & we have F, CUN V.

Let & be an index with F, € U N V. The point @y must be in oue of the
sets U or V. Say .« € U. Then wn € UNEF. so VN F, must be empty or the
sots {7 and V' would discounect the connceted set Fr. Thus F C F. ¢ U. So
FCUand FNV = 0. The sets U and V' camnot disconnect F. Thus there
can be no pair of open sets which disconnect F and Finust be connected.

For a counterexaumnple in which the sets are closed and connected but not
compact, let Fyy = {(x.y) € B> | x| 2 1or |y] 2 &} for k= 1.2.3..... Each

of these is closed and comected. But their iutersection is {(u.y) € R® |,

|| = 1} which is not conuectesl.




