7(i)YES

Suppose {xn} be a Cauchy sequence , then it is obviously a bounded sequence.

Thus there exist real number a<b such that the set {xn∣n=1,2,…} contains in [a,b].

Let I0=[a,b] , since [a,(a+b)/2]∪[(a+b)/2,b]= [a,b] , at least one of them contain xn for infinitely many n. Call it I1.Choose n1≧1 such that xn1 belongs to I1 . Repeat the process, we can find Ik ,k=2,3,... such that for each Ik contains infinitely many xn and for some xnk belongs to Ik which contains Ik+1 with Ik =[ak,bk] satisfying bk-ak=(b-a)/2k ,so we have a1≦a2≦…< b and -b1≦-b2≦….<-a , so by (C1) ,there exist x and y such that an→x and bn→y as n→∞.But bn-an=(b-a)/2n →0 as n→∞ , so x=y.

Claim1: xnk converge to x as n→∞.

Since xnk belongs to Ik , we have∣xnk - ak∣≦(b-a)/2k

Hence ∣xnk - x∣≦∣xnk - ak∣+∣ak - x∣≦(b-a)/2k +∣ak - x∣→0 as k→∞

Claim2: xn converge to x as n→∞

Since {xn} be a Cauchy sequence , ginven ε>0, there is a natural number n0 such that
∣xn – xm∣<ε/2 as n,m≧n0 .But n1<n2<…< nk <…are all natural numbers , thus { nk∣k=1,2,…} is unbounded ,so there is a natural number k0 such that nk > n0 as k>k0 .

Hence we have

∣xn – x∣≦∣xn - xnk∣+∣xnk - x∣<ε/2+∣xnk - x∣ as n> n0 and k>k0
Take k→∞ ,we obtain ∣xn – x∣≦ε/2<ε.

We complete the proof.

 (ii)YES

   Suppose {xn} be a monotone increasing and bounded above sequence.We claim {xn} be a Cauchy sequence . If not, there existsε0 >0 , such that for each natural number k ,there exist mk >k ,

∣xk – xmk∣≧ε0 .

Hence as k=1, we have ∣x1– xm1∣≧ε0 ,as k= m1 ,we have ∣xm1– xm2∣≧ε0

.Repeat the process,we have xmk–x1=( xmk–x m,(k-1)) +…+ (xm1–x1)+( xm2–x m1)

                             =∣x m,(k-1)– xmk∣+…+∣x1– xm1∣≧kε0
Since there exists M such that x1≦xmk≦M for all natural number k,so we have M–x1≧kε0 for all k.

We get controdiction!! Hence {xn} is convergent by (C2).

8(i) NO

Let f:(0,2)→R, f(x)=f(1) for all x in (0,2) , then f is continuous function on (0,2) and obviously      f -1((f(1),∞)) is empty ,thus it does not contain any open interval.

(ii)YES

 <pf>

Because 
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,so there existsδ,0<δ<1 such that 
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This implies 
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 as 0<h<δ

In particular, we have f(x)>f(1) as 1+δ/2 < x <1+δ

(NOTICE:1<1+h<1+δ<2)

Thus, we have (1+δ/2 ,1+δ) contain in f -1((f(1),∞))

P.S:f(1)>0 can be omitted.
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