§8.3 # 4

(a) A union of open sets is open. So if V' = J 4 Ba With B, open, then V' is
open. For the other direction, we assume that V' is open, then for x € V', there exists
B, (x) C V for some r, > 0. Since B, (x) is a subset of V for all z € V| we have
U,ey Br.(z) € V. On the other hand, for any x € V, we must have z € B, ().
Thus, V € U,y Br. ().

(b) Using the complement argument, we can see that if V' is closed then there is
a collection of B for o € A such that V' =, ., BS.

§8.3 # 5

E is closed iff E° is open. If a ¢ E then x € E°. So there exists £ > 0 such that
B.(z) C E°. Therefore, ||x — al| > & > 0 for all x € E. Hence inf,cp ||z — a]| > 0.

§8.3 # 8

(a) If C'is closed in R™ and C'= C N E (C is a subset of E), then C' is relatively
closed in E. On the other hand, if C is relatively open in E, then there exists a
closed set B such that C' = BN E. Hence C° = B°U E°. For both B¢ and E° are
open, we know that C° is open. So C'is closed.

(b) C is relatively closed iff there exists a closed set B such that C = BN E.
Thus, we have E\ C = EN B¢ So E \ C is relatively open. The proof of the other
direction is similar.

§8.3 # 9

Assume that F is not connected. That is, there exist open sets U and V such
that UNE # 0, VNE#0,UNV =0, and ECUUV. From E = |J,., Fa we
have U N (Upes Ba) = Upea(U N Ey) # 0. Therefore U N E,, # 0 for some oy € A.
Likewise, we can show that V N E,, # () for some as € A. If a; = ap = «, then
E,, is not connected. Then we have a contradiction. The problem is that a; is not
necessarily equal to a,. However, in fact, we want to show that either U N E, # ()
or VN E, #0 for all @« € A. Assume not, namely, U N E, = ) for some o € A and
V N Ey =0 for some o/ € A. Thus, UN(Nyey Lo =0 and VN[, c4 Ea = 0. This
implies that &£ C U UV is not true since (,c 4 Ea # 0. So we must have U N E, # 0
and V N E, # () for some a € A. Additionally, E, C E C U UV. Therefore, E, is

not connected. This is a contradiction.

§8.3 4 10

(i) Any connected set in R is an interval (single point is included). If ) # FE =
MNaca Fao is not connected, then there exists at least one point ¢ in E such that
(a,¢) C E and (¢,b) C E. In other words, (a,c) C E, and (¢,b) C E, for all «.
Hence E, is not connected. This is a contradiction.



EinEy, = {(-1,0
connected.

(z,y) : 2> +y* = 1,y > 0} and Ey = {(z,y) : y = 0}. Then
),(1,0)}. Both E; and E, are connected, but FE; N Es is not

§8.4 4 2

(a) B = {(x,y) :2? + 4> < 1}, E = E, and OF = {(x,y) : 2> + 4y*> = 1}.
(b) E°=0, E=FE, and OF = E.
() B={(z,y) :y > a2’y <1}, E={(z,9) 1y > 2°,0 <y < 1}, OF = {(2,y) :
y=a22-1<zx<1}U{(z,y): 1<z <l,y=1}.

(d) E°=E, E={(z,y) : 2> —y* < 1,—1 <y < 1}, and 9E = {(x,y) : 2® —y* =
L-1<y<1}u{(zy):—vV2<z<V2,y=1}u{(z,y): —V2 <z <2,y =—1}

§8.4 # 3
ACBCB=ACB; ACACB= A"C B".

§8.4 4 7

Suppose that A is not connected. Then there exist two open sets U and V such
that UNA#4D, VNA#£D, UNV =0, and ACUUV. Itisclear that E CUUYV.
Since A C E, wehave UNE # ) and VN E # (. Then both UNE and VNE
are non-empty. For if U N E = () then E C U°. Since U° is closed, we get E C U°,
i.e., UNE = (. This is again a contradiction. Similar proof works for V N E. Now
because UNE # () and VN E # (), E is not connected. This is a contradiction. So
A must be connected.

68.4 # 8 Note that we use the canonical metric in R” here.
(a) @ and R™.

(b) We assume that E is connected. We know that () and E are relatively clopen
sets. Assume that F contains another relatively clopen set, say U. Then E \ U is
relatively open. So E = U UU® and UNU® = (). Thus E is not connected. This is a
contradiction.

On the other hand, if E has only two relatively clopen sets, i.e. () and E, and F is
not connected. Hence, there exist relatively open sets U and V such that £ =U UV
and UNV =(. SoV and U are relatively clopen. This is a contradiction.

(c) If OF =, then E° = E. Hence E is clopen. Hence E and E° are open and
R" = EUE°. Also, E# (), E¢# (), and EN E° = (). So R™ is not connected. This

is a contradiction since R™ is connected.
§8.4 # 10 Answers can be found in the proof of Theorem 10.40.

§8.4 # 11



(a) U is relatively open iff 3 open set Q in R™ such that U = FN. Since U C E°,
we have U = E°NQ, i.e. U is open in R™. Thus, U NOU = ().

(b) If z € UNOE, then x € U and B.(x) N E # (), B.(x) N E° # ) for all r > 0.
From U C E, we know that E¢ C U°. So B,(z) NU® # (. That x € U implies
B,(z) NU # ( for all > 0. Therefore, we have UNIJE = U N IU.



