Advanced Algebra II Homework 4
Yang Ju-Chen
B95201057
2007/04/13

1. * Complete the exercises and incomplete proofs in the note.

2. Let M be a Noetherian R-module, and let a << M be the annihilator of M. Prove that M is a
Noetherian R/a-module. How about if we replace Noetherian by Artinian?

Proof.

Consider N be any R/a—submodule of M, then for any r € R, n € N,rn = (r +a)n € N,
so N is a R—submodule of M too. Therefore, the ACC or DCC on set of all R/a—submodules
of M follows from the ACC or DCC on set of all R—submodules of M, hence M is a Noetherian
(Artinian) R/a-module if M is Noetherian (Artinian) R-module. m

3. * Let R be a Noetherian local ring and M be a finitely generated R-module. Show that M is
free if and only if M is flat.

Proof.

(<) Apply my proof of problem 3 in Homework 3, then we are done.

(=) Suppose M is free, then M has basis {x1,...,z,}, so given any a < R, each element of
a ® M has the form ;' | a; ® z; for a; € a. Let ¢ : a® M — aM given by a ® x — az, then

we have
n n
%) <Zai®xi) :Zam:o;»ai:ow
i=1

=1

because {x;} is basis of M, so ¢ is injective and of course surjective. It’s clear that the sequence
0—=aM=Za@M-M=RM
is exact, so M is flat. m

4. Let R be an Noetherian ring, and q be a p-primary ideal. Show that there exists n > 1 such
that p™ C q.
Is it still true if R is not necessarily Noetherian?
Proof.
Since R is Noetherian, p is finitely generated, say by {1, ...,z }, then

riep=+/q=3Im; eN oz cq.

Let n =my + .-+ my, given any x = ) _, H?leij € p”, write p;; = Zle rijix;, then

n k
' ® ®
v=> II ram =30 > rhigel ol

i j=11=1 i p1t+tpp=n

If ; < my for all [, then >, ¢; =n < )", m; = n, a contradiction. Therefore 31 5¢; > my, and

Yr o P my  my
:Ijl —a:l a:l cq,

hence all the summand rc’pl__@k:nfl xpteq,zeq, p” Cq.

If R is not Noetherian, then the statement may not hold. Consider R = K [z1, 2, 3, ...] be
the polynomial ring with infinite indeterminates over a field K, then clearly p = (z1, z3, ..., Top 41, ...
is prime and q = (xl,xg, ,x%ﬁﬂ, ) is p—primary, but (m%nﬂ)n ep” —qforalln,sop™ < q
forall n. m



5. Let f : A — B be a homomorphism between local rings (A, m4), (B, mp). We say that f is
local if f~'(mp) = my. If we start with a homomorphism f : A — B of rings. For any
q € Spec(B), we have p = f~1(q) € Spec(A). Show that the induced map A, — By is local.

Proof.
Let p = f~1(q), then given ab € p,

flab)=f(a)f(b)€g=f(a)Eq or f(b)Eq=ac f ' (q)=p or be f ' (q)=p,

so p € Spec (4). B
The induced map f : A, — By is defined by

(T f(x) x
- = =€ A,.
/ (s) f(s) vs <
It’s easy to verify that f is well-defined because s ¢ p = f~1(q) = f(s) ¢ q. Now we shall
prove that f~1 (mp,) = my,.
Given © cf! (mBq) for z € A, s € p°, we have
s

F(%) = TO) g, = @) a =Ty eq, o5 €0 58 (F(@) s — £ (5)9) = 0.
that is,

" f(x)=5"f(s)yeq=f(x)eq -5, " €q° q€&Spec(B).
Hence o € f1(q) =p,s0 = € (p9) ' p=my,.

Conversely, given e my, forz € p = f1(q), s € p¢, then f(x) € q and f(s) € q°, so
s

clearly f(%) = ‘;Eg (@) 'q= mp,. W

6. Let K be an algebraically closed field. Consider the ring homomorphism f: A = K[z] — B =
K|z,y]/(y? — x) which sends f(z) = .

(a) Show that B is integral over A.
(b) For each prime ideal p € Spec(A), determine the prime ideals of B lying over p.

(¢c) Show that for each prime ideal q € Spec(B), lying over p, we have a local homomor-
phism (Ap, my) — (By, mq). Moreover, a K-vector space homomorphism f; : my/(m,)? —

mg/(mq)?.

(d) Show that for q # 0, all the above vector space my/(my)?, my/(mg)? has dimension 1. And
also determine when f; is not isomorphism.

Proof.

f actually maps x to T =z + (y2 — x) . Since f is injective, A can be embedded in B and
moreover, we can admit the convention: denote x,y instead of Z, ¥ in B, then B becomes the
ring K [z,y] providing = = 3.

(a) yin B satisfies the monic polynomial z2—x € A [z] by definition, so y is integral over A, A [y]
is a finitely generated A—module by Proposition 1.7.1 (2). u € B= A[y] = Alu] C A[y],
so Proposition 1.7.1(3) implies u is integral over A for all w € B. B is integral over A.

(b) Since A = K [z] is a PID, nonzero prime elements coincide with irreducible elements; since
K is algebraic closed, irreducible polynomials are those linear factors, hence

Spec (A) = {A(x —u)|u e K} U{0}.
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Note that B = K [z,y] = K [y*,y] = K [y], so
Spec (B) ={B(y —v)|ve K} U{0}.

If y — v|g (z), then
y+v=—(y=2)lg((-9°) =9 (s> = 9@,
so y2 — v2|g (). Therefore, given p = A (z — u) € Spec (4),
B(y+vu)na=A4(y - (Va)*) = A - u),

so B (y £ y/u) are lying over p. If p = 0, then the only choice is q = 0.

(c) Consider 14 in problem 5, then 1, (q) = g N A = p, so we have a local homomorphism
(Ap,mp) — (By, my) defined by natural inclusion ¢.
my/(my)? and mq/(mg)? are A,/my,—module and By/mg—module respectively. Let QF (R)
denote the quotient field of some ring R, and let ¢ = B(y—v), p = A (x — 1)2). By
problem 6 of Homework 2,

Ap/mp = QF (A/p) = QF (K [z] /K [2] (x —u)) = QF (K [u]) = QF (K) = K,
where the map is given by

g(2) g (v*)
hz) T™ T R )

Similarly, By/mg = K with the map given by

for g(z) € A, h(z) € A—p.

%mﬁ% forg=B(r—v), p) € B, by € B—q

Hence both my,/(my)? and my/(mg)? are K-vector space.
Let fq:mp/(my)? — my/(mq)? defined by

fq (§+(mp)2> = (g) +(my)? forpep, s€A—p.

102 4 (mp)2 = 4 (m)? for g/ € p and /€ A —p, then

/ /

” (E) —¢ <p) = <p — p) € ((mp)?) = (¢ (my))” C (mg)?,

50 @ (g) +(mg)? = ¢ (g) + (mg)2. f, is well-defined. Given r = igzg € K for
g(z) € A, h(z) € A—p, then
(e em)) = g (5 o m) (o)) = s (G o)
- 18- (1 ) 2 0?)
- G () = (B )

so fq is clearly a K —vector space homomorphism.
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(d) Suppose that q = B (y —v), p = A (z —v?), and then
m, = (A- p) LA (z— 1)2) = (z— 1)2) ((A —p)! A) =(z— v2) Ap,
mg = B-a) ' Bly-v)=@-v)(B-0"B)=(y-v)5,
(my)? = (z— v2)2 Ay, (mg)? = (y —v)° B,
Therefore,

mp/ (mp)? = (z—v?) Ay/ (x_”2)2Ap = (z—v?) (4/ (z — %) Ap)
= (a: — v2) (Ap/my) =2 K (x — v2) .

Similarly, mq/ (mo,)2 >~ K (y — v), hence both m,/(my)? and mg/(mg)? have dimension 1.

L g(v?)
Given r = )

wee) = a (5 ) ) =i (S5 )

2 _ 2 2 v) g (y?
= v h(y)zf(y ) +(y—v)mg = <(y+h()3/g)(y)+mq> e

v v 7.12
= (W) (y—v)=2rv(y—v),

so fq isn’t an isomorphism if and only if v = 0, i.e. ¢ = By.

€ K for g(x) € A, h(x) € A—p, then

n
7. Consider B = K|z,y]/(zy — 1).

(a) Let A; be the subring generated by x, show that B is not integral over A;.
(b) Let As be the subring generated by z + y, show that B is integral over As.
(c¢) Show that dim K[z,y]/(zy — 1) = 1.

Proof.

Use the same convention as previous problem: we shall consider B as the rings K [z, y]
under the assumption zy = 1. Note that here we mean A; = K [z] and As = K [z + y| instead
of Z[z] and Z [z + y], where Z is the subring of B generated by 1x.

(a) Suppose B is integral over Aj, then y is also integral over it, say y satisfies f(z) =
2™+ Z?i_ol gi () 2" € Ay [z] with g; (x) € Ay = K [z], then

m—1 m—1 m—1
0=y + Y gi(@)y =0=y"a"+ Y gi(@)ya™ =1+ gi(z)a"".
=0 =0 i=0

This says x satisfies a nonzero polynomial over K, a clear contradiction.

(b) Note that

-z ty) +l=a> -2 —ay+1=0,

so x satisfies a polynomial 22 — (z + y) 2+ 1 € As [2] . y also satisfies the same polynomial,
hence both x and y are integral over As. In particular, y are integral over As[z], so
Ag [z,y] = K [x,y] = B is integral over Aj.
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(c) Because B is integral over Ay, we have dim B = dim Ay by Going-Up theorem. That As
is PID implies that

Spec (Ag) = {Aaf (z +y) |f : irreducible polynomial over K.} U {0},
so dim Ay = 1 because each Asf (x + y) € Spec (Az) is maximal.

8. Let R be a local Noetherian domain of dim R = 1. Show that R is integrally closed if and only
if the maximal ideal is principal and every nonzero ideal is of the form m”.

Proof.

(<) Suppose m is principle and every ideal is of the form m”, then R is a PID and hence a
UFD, so R is integrally closed.

(=) We first prove that

Lemma 1 Let A be a Noetherian ring and N be a nonzero A—module, then 3z € N — {0} >
(0:x) € Spec(A).

Notation 2 Let A be a ring and I < A, J C A. Let N be a A-module and Ny < N and
N1 C N. Define

(I:J)={acAlaJ CI}, (No:Ni)={aec AlaN1 C Np}.

It’s easy to check that (I : J) and (Ny : Np) are ideals in A.

Proof of Lemma 1.
Apply Zorn’s lemma on the set {(0:y)|y #0 € N} to get a maximal element (0: ). If
bce (0:x) but b¢ (0:x), then cbx = 0 and bx # 0. Therefore,

(0:2)C(0:bx)#AA=(0:2)=(0:bx),

the implication holds from maximality of (0: z). In particular, ¢ € (0:bx) = (0: z), hence
(0:z)is prime. m

R isn’t a field because dim R # 0, so 3z # 0 is a nonunit of R. Consider R/Rx as
R/Rx—module, then Ja + Rx # Rx 5 (Rx:a+ Rx) € Spec(R/Rx). If R/Rz is a domain,
then Rz # 0 € Spec (R), so m = Rx because dim R = 1 implies there is unique nonzero prime
ideal in R. Suppose R/Rx isn’t a domain, then {0} ¢ Spec (R/Rz). Since the canonical pro-
jection m : R — Rux is surjective, 77! (Rz : a + Rx) # 0 € Spec (R) . Again, dim R = 1 implies
m =71 (Rz:a+ Rz). Note that

r € (Rrx:a)erac€Rrsn(r)(a+ Rr)=(r+ Rz)(a+ Rx) = Rx
& 7w(r)e(Rr:a+Rx) s ren ' (Rx:a+ Rx),

so (Rr:a) = 7' (Rx:a+ Rz) = m. Now letKEQF(R),ifg = b € R, then a = bz and
x

cancellation rule in domain R implies
m = (Rx : bz) = (R : b) = R, contradiction!

Wﬂm@%eK—Ram%qubwu:mxmy

Claim 3 Zm ¢ m.
x



Lemma 4 Let A be a ring and N be a finitely generated A—module. If y in another extension
ring of A satisfies the property: when N is assigned to be A [y] —module, Annyp,) N = 0, then
y is integral over A.

Proof of Lemma 4.
Let N = Zé:l Ax;, when consider it as A [y] —module we can write yz; = Zi:l a;jx; for
each j and some a;; € A. Therefore, rewrite it in matrix form, we get

(yL —aig]) | = | =0.
z

Left multiply above formula by adjoint matrix of yI; — [a;;], we get

T
det (yIl — [aij]) =0=det (y[l — [aij]) z; = 0 Vi = det (y[l — [aij]) S AnnA[y] N =0,

7
so det (yI; — [ai;]) = 0, y is integral over A. m

Proof of Claim 3. a
Now suppose that —m C m, then m can be assigned to be R {

anyf(%)eR[%} and any m # 0 € m,

a
7} —module. Moreover, for
T

f(%)m:()eK;»f(%):o.

Therefore, Anngjg/,ym = 0. ¢ e QF (R) is integral over an integrally closed ring R, hence
x

a . . ..
— € R, which is a contradiction. m
T

a
Because m contains all the ideals in the local ring R, the only possibility is —m = R =
x

am = Rx = Im € m sx = am. Again, by cancellation in domain R,
m= (aRm:a) = (Rm:1r) = Rm.

Now given any I <t R but I ¢ Spec (R), then R/I isn’t a domain, that is, {0} ¢ Spec (R/I).
But the canonical projection 7 is surjective, 7 (m) € Spec (R/I), and any other J € Spec (R/I)
implies some I’ € Spec (R) s> (I') = J. Therefore, dim R/I = 0 and R/I is of course Noetherian,
by Theorem 1.6.15 R/I is Artinian. Now consider the decreasing sequence

7 (m) 271'(1‘[12) 271'(1‘[13) D
we have 7 (m") = 7 (m"*!) for some n € N. Note that
T(m") == (m"'H) =7 (Rm”“) =n(Rm")m (Rm) =m(m") 7 (m).

Since R/I is Noetherian, 7 (m”") is finitely generated R/I—module, then we conclude that
m (m™) = 0 by Nakayaka lemma, that is, [ = m". ®



