Advanced Algebra II Homework 2
Yang Ju-Chen
B95201057
2007/03/16

1. Let M be a finitely generated R-module. And ¢ : M — R™ is a surjective homomorphism.
Show that ker(y) is finitely generated.
Proof.

Let the element e; in R™ such that all its components are zeros expect the i-th component
is 1, surjection property of ¢ permit us to choose fixed e € ! ({e;}) for all i, define N =
(€], €, ...,el).

Claim M = N & ker ¢, that is, each element in M can be uniquely written as sum of element

in N and in ker ¢.

[Given any m € M, then we have for some r1,...,7,, € R

n n n
@ (m) = (r1,....mn) = Zriei = ZT’W (62) =¥ <Z 7’&2) 5
=1 =1 =1

som—y i rie; ekerp, N+kero =M If 3" e, € NNkery, then

0,...,0)=¢ (Zmeé) = Zrigp (¢f) = Znei = (ri,., ) = 1 = 0 V1,

i=1 i=1 i=1
so N Nkery = {0} .]

Now let {z1, ...,z } be a generating set of M, say x; = y; +s; for y; € N, s; € ker p. Given
any s =y ., 1x; € ker ¢,

n n n
§= ZTz’ (yi +si) = Znyi + Zrisi € N + ker .
i=1 i=1 i=1

The expression in N and ker ¢ for s is unique, so s = Y\ | 738;, ker o = (s1,...,5p,) . B

2. Let M < R be the nilradical of R. Let S be a multiplicative set of R. Is S~™!91 the nilradical of
STIR?

Proof.
Let the nilradical of S™'R be N, then Vz/s € S™! with z € M, 2™ = 0 for some n € N,
so (z/s)" = 2"/s" = 0in S~IN. Hence S~!19T1 C N.
Given z/s € N, then (z/s)" = 0/1 for some n € N, so 35’ € § »sz" = 0, (s'z)" =0,
sreMm,
so_w € S~
s

s's

Therefore N = S~I0. =

3. Let f: M — N be a R-module homomorphism. Show that f is injective if and only if for every
g,h: L — M such that fg = fh, we have g = h.

Proof.

Suppose f is injective. If f (g (z)) = f (h(z)) for all z € L, then g (x) = h(z) for all z € L,
so g = h.

Suppose that g,h : L — M 5 fg = fh = g = h, then the statement is equivalent to say
fg=0= g =0 because f is a R—module homomorphism. Choose ¢g: L — M, if f () =0 for
x € M, then x = g (z') for some 2’ € L, so f (g (x')) =0, hence z = g (2') = 0, f is injective. m
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4. Fix a linear transformation A : V. — V. We may consider V as a K[t]-module. Keep the
notation as in the note and assume that the minimal polynomial splits as [[(z — A\;)%. Show
that V = @V()\Z)

Proof.

Say the minimal polynomial p (t) = [[(t—X;)* € K [t], thenp (A) =
all v € V, hence V is a torsion K [t] —module. Because p (t) € Ann (v) fo
= p(t)|q (¢t) by theorem in linear algebra, it’s clear that Ann (V) = (p

0= Ann (v) # {0} for
allv e Vandq(A)=0

() = IT((t = A)™).
Claim V=V (t — \;), where

Vit—=XN) = {veV]|({t—N)"ov=0 for some n € N}
= {veV|(A—=NI)"v=0 for some n € N}
= V().

[Define p; (1) = [1;.; (t = A ;)% , then {p; (¢t)} are relatively prime and there exists s; (t) €
Kt] 2> s () pi (t) = 1gpy- leenanyvev,

v=1g [V = Z 51 Di
Since p () € Ann (V)
(t—X)"si(t)pi()v=1s;(t)p(t)v =0,

so s; (t)pi (t)v € V (t — \;). Therefore we have V.=>"V (t — \;).

Let W = (V (t = Aj));; » suppose v € V (t — A;)NW, then for some n; € N, (t — ;)" v =0.
Moreover, v = >_.,;v; for some v; € V (¢t — ;) with (t—);)"™ v; = 0 for some n; € N,
Therefore,

[T¢-x)%v=o.

J#i
Since (t — \;)"™ and [Tz (=2 ;)" are clearly relatively prime, Ja (t),b(t) € K [t] >

a(t)(t—X)" +o@) [ ¢ —-A)" =1k
J#
Hence
v=lgpu=a(t)t—2)"v+b®) [[E-A)"v=0.
j#i
Since i is arbitrary, we complete the proof.| m
5. Let R = K[z,y] and f € R be an irreducible polynomial. Let S = {1, f, f2,...}. Show that S

is a multiplicative set. The localization S~'R is usually denotes R;. And describe SpecR; in
terms of SpecR.

Proof.
S is clearly a multiplicative set and we know that

Spec ST'R = {S 'plp € SpecR, pN S =0} .

If f* € pN S, then prime property implies f € p, and hence S C p. Therefore, either p O S or
pNS =0 for any p €Spec(R). But p D Siff f €p,s0pNS =0iff f¢&p. That is,

Spec ST'R = S7!(SpecR) — {S_1p|f € p} )

where S~! (Spec R) means {S~'p|p € SpecR}. m
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6. Let p < R be a prime ideal. Then R, is a local ring with maximal ideal pR,. Show that Ry /pR,
isomorphic to the field of quotient of R/p.

Proof.
Corollary 1.4.8 says that

Ry/pRy = (p°) 'R/ (0°) " p = 7 (p°) ' R/,

where 7 : R — R/p is the canonical projection. It’s clear that 7 (p©) consists of all nonzero
elements in R/p, so w (p) " R/p is the field of quotient of R/p. m

7. Let M be a finitely generated module over a local ring (R, m). Show that M /mM can be viewed
as K = R/m-module. And show that if dimg (M/mM) =1, then M = Rz for some z € M.

Proof.
Define the operation o : K x M/mM — M/mM by

(r+m)o(m+mM)=rm+mM,
then for any m + mM,n +mM € M/mM and any r + m,s + m € K,

(r+m)o((m+mM)+ (n+mbM)) = (r+m)o((m+n)+mM)

= r(m+n)+mM=rm+rn+mM
rm+mM) + (rn +mM)
r+m)o(m+mM)+ (r+m)o(n+mM),
(r+s) +m)o (m+mM)

(

(
((r+m)+ (s+m))o (m+mM) (
(r+s)ym+mM =rm+ sm+mM
(
(
(

rm 4+ mM) + (sm + mM)
r+m)o(m+mM)+ (s+m)o(m+mM),
r+m)o (sm+ mM)

= rsm+mM = (rs+m)o (m+mM)

= ((r+m)(s+m))o(m+mM),
(I+m)o(m+mM) = Im+mM =m+mb.

(r+m)o((s+m)o(m+mM))

Therefore M /mM is a K—module or a vector space over K.
Now suppose that dimg (M/mM) = 1, that is, 3z = x + mM € M/mM >(z) = M/mM,
then Corollary 1.4.11 implies (x) = M. =

8. *Complete the exercises and incomplete proofs in the note.



