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1. Let M be a �nitely generated R-module. And ' : M ! Rn is a surjective homomorphism.
Show that ker(') is �nitely generated.

Proof.
Let the element ei in Rn such that all its components are zeros expect the i-th component

is 1; surjection property of ' permit us to choose �xed e0i 2 '�1 (feig) for all i; de�ne N =
he01; e02; :::; e0ni :
Claim M = N � ker'; that is, each element in M can be uniquely written as sum of element
in N and in ker':

dGiven any m 2M; then we have for some r1; :::; rn 2 R

' (m) = (r1; :::; rn) =
nX
i=1

riei =
nX
i=1

ri'
�
e0i
�
= '

 
nX
i=1

rie
0
i

!
;

so m�
Pn
i=1 rie

0
i 2 ker'; N + ker' =M: If

Pn
i=1 rie

0
i 2 N \ ker'; then

(0; :::; 0) = '

 
nX
i=1

rie
0
i

!
=

nX
i=1

ri'
�
e0i
�
=

nX
i=1

riei = (r1; :::; rn)) ri = 0 8i;

so N \ ker' = f0g :c
Now let fx1; :::; xmg be a generating set ofM; say xi = yi+si for yi 2 N; si 2 ker'. Given

any s =
Pn
i=1 rixi 2 ker';

s =
nX
i=1

ri (yi + si) =
nX
i=1

riyi +
nX
i=1

risi 2 N + ker':

The expression in N and ker' for s is unique, so s =
Pn
i=1 risi; ker' = hs1; :::; smi :

2. Let NCR be the nilradical of R. Let S be a multiplicative set of R. Is S�1N the nilradical of
S�1R?

Proof.
Let the nilradical of S�1R be N; then 8x=s 2 S�1N with x 2 N; xn = 0 for some n 2 N;

so (x=s)n = xn=sn = 0 in S�1N: Hence S�1N � N:
Given x=s 2 N; then (x=s)n = 0=1 for some n 2 N; so 9s0 2 S � s0xn = 0; (s0x)n = 0;

s0x 2 N;
s0x

s0s
=
x

s
2 S�1N:

Therefore N = S�1N:

3. Let f :M ! N be a R-module homomorphism. Show that f is injective if and only if for every
g; h : L!M such that fg = fh, we have g = h.

Proof.
Suppose f is injective. If f (g (x)) = f (h (x)) for all x 2 L; then g (x) = h (x) for all x 2 L;

so g = h:
Suppose that g; h : L ! M � fg = fh ) g = h, then the statement is equivalent to say

fg = 0 ) g = 0 because f is a R�module homomorphism. Choose g : L�M; if f (x) = 0 for
x 2M; then x = g (x0) for some x0 2 L; so f (g (x0)) = 0; hence x = g (x0) = 0; f is injective.
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4. Fix a linear transformation A : V ! V . We may consider V as a K[t]-module. Keep the
notation as in the note and assume that the minimal polynomial splits as

Q
(x � �i)ai . Show

that V = �V (�i).
Proof.

Say the minimal polynomial p (t) =
Q
(t��i)ai 2 K [t] ; then p (A) = 0) Ann (v) 6= f0g for

all v 2 V; hence V is a torsionK [t]�module. Because p (t) 2 Ann (v) for all v 2 V and q (A) = 0
) p (t) jq (t) by theorem in linear algebra, it�s clear that Ann (V ) = (p (t)) =

Q
((t� �i)ai) :

Claim V =
L
V (t� �i) ; where

V (t� �i) = fv 2 V j (t� �i)n � v = 0 for some n 2 Ng
= fv 2 V j (A� �iI)n v = 0 for some n 2 Ng
= V (�i) :

dDe�ne pi (t) =
Q
j 6=i (t� �j)

aj ; then fpi (t)g are relatively prime and there exists si (t) 2
K [t] �

P
si (t) pi (t) = 1K[t]: Given any v 2 V;

v = 1K[t]v =
X

si (t) pi (t) v:

Since p (t) 2 Ann (V ) ;
(t� �i)ai si (t) pi (t) v = si (t) p (t) v = 0;

so si (t) pi (t) v 2 V (t� �i) : Therefore we have V =
P
V (t� �i) :

LetW = hV (t� �j)ij 6=i ; suppose v 2 V (t� �i)\W; then for some ni 2 N, (t� �i)
ni v = 0:

Moreover, v =
P
j 6=i vj for some vj 2 V (t� �j) with (t� �j)nj vj = 0 for some nj 2 N:

Therefore, 0@Y
j 6=i
(t� �j)nj

1A v = 0:
Since (t� �i)ni and

Q
j 6=i (t� �j)

nj are clearly relatively prime, 9a (t) ; b (t) 2 K [t] �

a (t) (t� �i)ni + b (t)
Y
j 6=i
(t� �j)nj = 1K[t]:

Hence
v = 1K[t]v = a (t) (t� �i)ni v + b (t)

Y
j 6=i
(t� �j)nj v = 0:

Since i is arbitrary, we complete the proof.c

5. Let R = K[x; y] and f 2 R be an irreducible polynomial. Let S = f1; f; f2; :::g. Show that S
is a multiplicative set. The localization S�1R is usually denotes Rf . And describe SpecRf in
terms of SpecR.

Proof.
S is clearly a multiplicative set and we know that

SpecS�1R =
�
S�1pjp 2 SpecR; p \ S = ;

	
:

If fn 2 p \ S; then prime property implies f 2 p; and hence S � p: Therefore, either p � S or
p \ S = ; for any p 2Spec (R) : But p � S i¤ f 2 p; so p \ S = ; i¤ f =2 p: That is,

SpecS�1R = S�1 (SpecR)�
�
S�1pjf 2 p

	
;

where S�1 (SpecR) means
�
S�1pjp 2 SpecR

	
:
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6. Let pCR be a prime ideal. Then Rp is a local ring with maximal ideal pRp. Show that Rp=pRp
isomorphic to the �eld of quotient of R=p.

Proof.
Corollary 1.4.8 says that

Rp=pRp = (p
c)�1R= (pc)�1 p �= � (pc)�1R=p;

where � : R ! R=p is the canonical projection. It�s clear that � (pc) consists of all nonzero
elements in R=p; so � (pc)�1R=p is the �eld of quotient of R=p:

7. LetM be a �nitely generated module over a local ring (R;m). Show thatM=mM can be viewed
as K � R=m-module. And show that if dimK (M=mM) = 1, then M = Rx for some x 2M .
Proof.

De�ne the operation � : K �M=mM !M=mM by

(r +m) � (m+mM) = rm+mM;

then for any m+mM;n+mM 2M=mM and any r +m; s+m 2 K;

(r +m) � ((m+mM) + (n+mM)) = (r +m) � ((m+ n) +mM)
= r (m+ n) +mM = rm+ rn+mM

= (rm+mM) + (rn+mM)

= (r +m) � (m+mM) + (r +m) � (n+mM) ;
((r +m) + (s+m)) � (m+mM) = ((r + s) +m) � (m+mM)

= (r + s)m+mM = rm+ sm+mM

= (rm+mM) + (sm+mM)

= (r +m) � (m+mM) + (s+m) � (m+mM) ;
(r +m) � ((s+m) � (m+mM)) = (r +m) � (sm+mM)

= rsm+mM = (rs+m) � (m+mM)
= ((r +m) (s+m)) � (m+mM) ;

(1 +m) � (m+mM) = 1m+mM = m+mM:

Therefore M=mM is a K�module or a vector space over K.
Now suppose that dimK (M=mM) = 1; that is, 9�x � x + mM 2 M=mM � h�xi = M=mM;

then Corollary 1.4.11 implies hxi =M:

8. *Complete the exercises and incomplete proofs in the note.
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