Advanced Algebra II

TENSOR PRODUCT

In this section, we are going to define an important notion, called
tensor product.

Let’s start by recalling that, in linear algebra, there are various sit-
uation we need to consider bilinear maps. More precisely, let V, W be
vector spaces over a field k. We know that all linear maps from V
to k again form a vector space which is the dual vector space of V.
Moreover, we can consider maps f : V x W — k which is linear with
respect to V' and W. Such maps are called bilinear maps. (One can
even consider multilinear maps). We can characterize them in terms of
basis.

Now in general, we would like to work on modules over rings. Let
M = Mpg be aright R-module and N = g N be aleft R-module. And let
C be an abelian group. We would like to consider maps f : M XN — C
satisfying

flar +az,b) = f(a1,b) + f(az, b)
(1) f(av bl + b2) = f(aa bl) + f(a7 b2)
flar,b) = f(a,rb)

for all a,a;,as € M,b,by,by € N,r € R. A map satisfying equation (1)
is called muddle linear.

Theorem 0.1 ( Existence and universal property of tensor product).
Let R be a ring and M = Mg be a right R-module and N = grN be
a left R-module. There is an abelian group, denoted M ®gr N together
with a middle linear map v : M x N — M ®gr N. Moreover, for any
middle linear map f : M x N — C to an abelian group C, there is a
unique homomorphism f: M ®r N — C such that f1= f.

As an easy exercise of universal property, one can easily see that:
Corollary 0.2. The tensor product is unique up to isomorphism.

Proof. We first construct M @z N. Let F be the free abelian group on
the set M x N. Let K be the subgroup generated by following elements
(for all a,ay,as € M,b,by1,by € N,r € R):

(al + anb) - (alab) - (a'27b);
(a,by + bg) — (a,b1) — (a,by);
(ar,b) — (a,rd).

Let M@grN := F/K. Clearly, elements in M®gN is generated by
cosets (a,b) + K. We denote the coset (a,b) + K by a®b.
Let 2: M x N — M®&gN by 2(a,b) = a®b. It’s clear that ¢ is middle

linear.
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It remains to show that M ®zN has the required universal property.
To see this, let f : M x N — C' be a middle linear map. Naturally,
we consider f : M@rN — C by f(a®b) := f(a,b). ( Or one can say
that f induces a homomorphism f’: F' — C. K is in the kernel, hence
it induces f : F/K — C.) The uniqueness actually follows from the
universal property of free abelian group F'. O

Example 0.3.
Z2®2Z3 - O
L@y iy = Zio.

The notion of tensor product is quite general. The point is that it
makes sense in various setting.

Example 0.4. Let R, S be rings. Let M = Mg be a right R-module
and N = gN be a left R-module. If M = M 1is a left S-module,
then M®@grN is a left S-module naturally. Similarly, if N = Ng, then
M®gN is a right S-module naturally.

Proposition 0.5. Let Mg, M}, be right R-modules and rN, pN" be left
R-modules. And let f : M — M', g : N — N’ be module homomor-
phisms. Then there is a unique group homomorphism fRg: MQrN —
M'@gN'.

Proof. Consider a middle linear map (f,g) : M x N — M'®@rN by
(a,b) — f(a)®g(b). By the universal property, we are done. O

Proposition 0.6. Let R be a ring with identity, then there are R-
module isomorphism MQrR = M and RQrN = N.

Proof. There is anatural map 73 : N — R®rN by j(x) = z®1. It’s clear
that this is an g9t homomorphism. We then construct f: Rx N — N
by f(r,x) = rz. It’s clear that this is middle linear and thus induces a
group homomorphism f : R®zN — N by f(r®@x) = ra. It’s also easy
to see that this is a module homomorphism.

Therefore, it suffices to check that f7 = 1y (which is clear) and
3f = 1pg,n. This mainly due to

O
Theorem 0.7 (Tensor product is right exact). Let Ny ERY VAN N3 —

0 be an exact sequence of left R-module. Then for any right R-module
M, we have

M&pNy 225 M@ pN, 224 M@ pN;s — 0

15 exact.
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Proof. For y € N3, y = g(z) for some z € Ny, thus for x € M,
xRy = (1®g)(x®z). Hence Im(1®g) generate M®gzN3. It follows
that 1®g is surjective.

(1®9)(1af)(z0w) = 2®gf(w) = 2®0 = 0.

Therefore, Im(1®f) C Ker(1®g). There is thus an induced map
a: MRgrNy/Im(1®f) — M®grN;3. It suffices to show that « is an
isomorphism. To this end, we intend to construct the inverse map.
Consider z®y € M®pgN3, there is z € Nj such that g(z) = y. We
define By : M x N3 — M®@rNy/Im(1®f) by Bo(z,y) = x@z. We first
check that this is well-defined. If z, 2’ € Ny such that g(z) = g(2') = v,
then z—2" € Kerg = Imf. Thus thereisw € Nj such that z—z' = f(w).
One verifies that

IRz = 2@(2 + f(w)) = @2 + 2@ f(w)

=1z + (18f)(z@w) = 27"
It’s routine to check that (3, is middle linear, hence it induces [ :
M®grN3 — M®@rN2/Im(1®f). One can check that
af(z®y) = ar®z = x®g(2) = zQy.,

Ba(78%) = Brog(z)) = 782
O

We now concentrate on the case that R is commutative. Let M, N, C
be R-modules. By a bilinear map we mean f : M x N — C such that

f(a’l + az, b) = f(a17b> + f(a27 b)
(2) f(a’v bl + b?) = f(aa bl) + f(a7 b?)

flar,b) = f(a,rb) = rf(a,b)
for all a,ay,a0 € M,b,b1,bo € N,r € R. One can have M®rN as
in the previous construction. Note that M®pzrN is naturally an R-

module. And the unique homomorphism M®rN — C' is an R-module
homomorphism.

Example 0.8. Let V, W be a vector space over k with basis {vy, ..., v, },
{wy,...,wn} respectively. Then VW is a vector space over k with

Exercise 0.9 (base change). Let ¢ : R — S be a homomorphism of
commutative ring with identity. Then S is an R-module. We have

R[x]@RS = S[QZ]

Theorem 0.10. Let R, S be rings and Mg, pNg, sL be modules. Then
there is an isomorphism of abelian groups

Homg(M®gN, L) =2 Homg(M,Homg(N, L)).



We are not going to prove this. The moral for this is that the ”func-
tor” tensor product and the ”functor” Hom are adjoint. We did see
this before in linear algebra:

Example 0.11. Let V be a vector space over k. Then Homy(V®V, k)
represents the bilinear maps to k. It’s adjoint, Homy(V, Homg(V, k)) =
Homy (V, V*), represents the linear maps from V to V*, where V* de-
note the dual vector space of V.



