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#1. Flips for 3-folds
and 4-folds (Oxford
Lecture Series in
Mathematics and Its
Applications)
[Hardcover]

Alessio Corti (Editor)
e Hardcover: 184
pages

* Publisher: Oxford
University Press, USA
(August 23, 2007)

* Language: English
* ISBN-10:
0198570619

* ISBN-13:
978-0198570615
$99.00

#2. Methods of
Algebraic Geometry in
Control Theory:
Multivariable Linear
Systems and Projective
Algebraic Geometry
Part 11 [Hardcover]
Peter Falb

$109.00

» Hardcover: 404
pages

» Publisher:
Birkhduser Boston ; 1
edition (February 1,
2000)

* Language: English
* ISBN-10:
0817641130

* ISBN-13:
978-0817641139

6,500

6,500

6,500

b
=
v

o

THEF 2 A
Al

T %% ¥ % 15000
A A 8000

23,000

23,000

23,000

"

29,500

29,500

EA:

% C006

PSR D

PR g

¢ A L 0 9OWRAOL02043

==




S SRR A BB AL ALY

(—)i}:ﬁg_’l]é’\ﬁ*r?ﬁ%J‘FPzJ‘rnW*;aglji"

(=) et g e WA |2 5@1”%&‘?F'w+?"%§iﬁf"’f¥%°

(Z) 277 ~BEp2degr2 B FRBiEsgmEr2L [0 L 2 (7%
FRg) ARARGER AT RV ARARAED 2L RTES (R

http://webl.nsc.gov.tw/public/Data/02912191571.pdf) -

(z) ’%—:J—:-Mrynji ;r; 7 BELIAOM, FapREwmko

(1) 3Aa &7t -

51E EIpH - T oA

¢ ?ﬁ‘ it B4 %F{: *
MR NRE AR NR A T
5 op o w FoRoE B EL NS S5
(e k ~Fy ~vBAL)
A F A TR 2011 B et 2012 R
2+ Princeton +~ & Kollar %32
Rt 100, 000|°
AR 14 p
57 % 100000
A 0
= En 100, 000
EH:S
¢ Eﬁ‘ it B4 ;;3 34
TR R L IR AR 2N IR TR
g p ¥ 9 ST R K-SRI S
(oo HFHR-~FL v HAE)
A AR 2012 B st 2013 F iR
AL 100. 000 2 (¥ Utah += # Hacon ##%
’ “14 p
i 5% % 100000
AL 0
= 3t 100, 000
% 3#
2 ;ﬁ— A B4 %% *
% C007 PEAEAL Fi 2 g ¢ ;%‘uil%ién%ﬁ 99WFA0102043 ¥ 2 F 5 17



N BRRREHERL Y

(-)Ep 2Py AR ghmgy o

(Z) LSRN EFEIERL BT FREF ~ T2y 8

() dheat? A0z & BB IS EHEhbY 28 207 ( e ER PR
BB A2 AR A E SH R DI A R L L SR Tl TR
#H)o

(z) A&7 e

51 #
N BRI E R AT
B 20 I 100, 000 =
FE37>t 2011 & % /48 B Oberwolfach %+ ¢ &
For Ry 12 p
e 5 3 5100000
1.

Oberwolfach Conference-Komplex Geometrie, Germany 08/2008

2. Analytic and algebraic aspects of the MMP and higher dimensional

classification, Grenoble, France 11/2008

3. Classification of Algebraic Varieties, Schiermonnikoog,

Netherlands 05/2009 (proceeding to appear)

4. Arithmetic Geometry and Moduli Spaces in Algebraic Geometry,

TR Hangzhou, China 08/2009

ey gsﬁiﬁiFraicGeometry(anarietiesandManifolds,FudanUniV” China
/

6. bth Pacific Rim Conference on Mathematics, Stanford, USA 06/2010

7. International Congress of Chinese Mathematicians, Beijing, China

12/2010 (proceeding to appear)

52 #
DR PEEIERATY
#44 A X0z £ % 100, 000 ~
FR373 2012 & v jL % B 5~*c Western Algebraic Geometry Symposium
o 14 p
T e 55 9 100000
1. Oberwolfach Conference-Komplex Geometrie, Germany 08/2008

2. Analytic and algebraic aspects of the MMP and higher dimensional
classification, Grenoble, France 11/2008

3. Classification of Algebraic Varieties, Schiermonnikoog,
Netherlands 05/2009 (proceeding to appear)

4. Arithmetic Geometry and Moduli Spaces in Algebraic Geometry,
ITZ #E %2 % % 35| Hangzhou, China 08/2009

5. Algebraic Geometry on Varieties and Manifolds, Fudan Univ., China
05/2010

6. bth Pacific Rim Conference on Mathematics, Stanford, USA 06/2010
7. International Congress of Chinese Mathematicians, Beijing, China
12/2010 (proceeding to appear)

22

¥ 3£

# C008 e T = 2R Fit

#

iy YGRS SEl ¢ 99WRA0102043 £ 2 F ¥ 1

il




EEEESSEFRS

#0414 A3 E 4 100, 000 & % =
Fp37 2014 & 6 7 w4172 B %4 Complex Algebraic Geometry #p R 2 €
R T 14 p

TS F 5100000

2 A

1. Oberwolfach Conference-Komplex Geometrie, Germany 08/2008

2. Analytic and algebraic aspects of the MMP and higher dimensional
classification, Grenoble, France 11/2008

3. Classification of Algebraic Varieties,
Netherlands 05/2009 (proceeding to appear)

4. Arithmetic Geometry and Moduli Spaces in Algebraic Geometry,
Hangzhou, China 08/2009

5. Algebraic Geometry on Varieties and Manifolds, Fudan Univ., China
05/2010

6. bth Pacific Rim Conference on Mathematics, Stanford, USA 06/2010
7. International Congress of Chinese Mathematicians, Beijing, China
12/2010 (proceeding to appear)

Schiermonnikoog,

% 4 #
R BERENERE Y
#44 A =0 ¢ & 3f 100, 000 ~
Fpe7t 2014 & 8 * wjigEr B %4 ICM %2 Satellite Conference in
3w Algebraic Geometry

— n

e 2% 5100000

Tz Ewmy gAY

. Oberwolfach Conference-Komplex Geometrie, Germany 08/2008

2. Analytic and algebraic aspects of the MMP and higher dimensional
classification, Grenoble, France 11/2008

3. Classification of Algebraic Varieties,
Netherlands 05/2009 (proceeding to appear)

4. Arithmetic Geometry and Moduli Spaces in Algebraic Geometry,
Hangzhou, China 08/2009

5. Algebraic Geometry on Varieties and Manifolds, Fudan Univ., China
05/2010

6. bth Pacific Rim Conference on Mathematics, Stanford, USA 06/2010
7. International Congress of Chinese Mathematicians, Beijing, China
12/2010 (proceeding to appear)

Schiermonnikoog,

# C008

o SRR

Pl
s

%

>

o YGRS SEl ¢ 99WRA0102043 £ 2 F ¥ 2




Lo PRV R ERER A R R R i X AR P TR
(=) %P 2R (T FFHPN)

WAPEY CAPRFEFENR AR R )R EAME BT 2R F
- EAPF YA AR AR A A ER M A R F YA
Pk AT R T R 2R e o EAPF YA AT BN F A
H R e % = & AP F A 493t extremal neighborhood * e 5 387 & > L Hp g -
H ARG Alip i ALz § UL o T Fw & AU TR R A ke B i
DA AROET RS PR o

|+
o

R

# CO011



Lo IV RV E R AP R R R P XA R TR -
(Z)#FEHL - (TFFHUN)

In this project, we propose to study various aspects circling around higher dimensional
minimal model program and its birational geometry.

In the first year, we will mainly study the classification problem of elementary maps of
birational maps in minimal model program. In the second year, we will study quotient
terminal singularities in dimension 4 and higher. We shall try to work on local invariants on
extremal neighborhood in higher dimensional settings. This is considered to be helpful to the
problem of existence and termination of flips. In the fourth year, we will seek for various
applications on explicit birational geometry of minimal varieties of the theory we developed
in the past three years.
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1. Birational Geometry of threefolds.

Given a variety of general type, it is natural and important to ask when the pluricanonical map is
birational. This was previously known only for curves and surfaces to be 3-canonical and 5-canonical
respectively. Only quite recently, Hacon and McKernan show that there exist a constant ¢,, depending
only on dimension », such that the m-th canonical map is birational for m greater than ¢, This leads to

the boundedness for varieties of general type. However, their result is non-explicit.

The standard approach uses natural geometric fibration such as Albanese map or canonical map.
Therefore the remaining difficult cases are the varieties with small birational invariants that there is no
natural fibration structure and their minimal model is singular. In my series of joint work with Meng
Chen (cf. [1,2,5]) we obtained a breakthrough on threefolds of general type by the study of three
dimensional terminal singularities. We introduced a notion called “packing of baskets of singularities”
(cf. [5]). We also introduce a canonical sequence of prime packings, which is some sort of
approximation of baskets of singularities. The theory of basket we developed led to many important
effective results for threefolds of general type. For example, we prove that
Theorem
Let X be a complex projective threefold of general type, then
P;>>0,

Py>1
the canonical volume Vol> 1/2660

m-th canonical map is birational for m >73.

AN owh o~

The worst known example is the following:
Example

Let X=Xy be a general hypersurface of degree 46 in the weighted projective space P(4,5,6,7,23).
Then Vol=1/420 and 26-th canonical map is not birational.

One sees that the bound we obtained is not only the first explicit bound ever but also not too far
from being sharp. We would like to mention that the techniques also applicable to Fano threefolds (cf.
[2]) and other threefolds, for example, weighted complete intersections. In fact, we have the following
result for Fanos.

Theorem
Let X be a complex projective weak Q-Fano threefold, then
1 Ps>0,
2 P>l
3 the canonical volume Vol> 1/330, which is sharp due to the following example.
Example

Let X=Xss be a general hypersurface of degree 66 in the weighted projective space P(1,5,6,22,33).

Then —K’=1/330.



With the better understand of three dimensional singularities, we the turn our attention to the
singularities in birational maps in minimal model program. In [6], we prove that flips and divisorial
contraction to a curve can be decomposed into simpler elementary maps by an inductive argument
using partial resolution of singularities on extremal rays.

2. Varieties with Kodaira dimension zero.

The classification theory of varieties usually reduced to the study of varieties of the following three
types: varieties of general type, varieties with Kodaira dimension zero and varieties with negative
Kodaira dimension. For varieties with Kodara dimension zero, it is conjecture by Ueno that they are
decomposed into product of abelian varieties and Calabi-Yau up to etale and birational morphisms. In
[4], we gave a partial answer to Ueno’s conjecture. In fact, in our recent preprint, we proved the second
statement of Ueno’s conjecture. We also have some application to the famous litaks’s Conjecture Cnm.
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The most challenging problems in algebraic geometry are the existence of minimal model program and the
birational geometry of such minimal models. In the case of dimension less than two, then all of these
problems are well-known. During the year of 80s and early 90s, various results along this direction are
obtained. First of all, by Mori’s work (cf. [M082]), it is known that one needs to allow at least terminal
singularities in order for minimal model program to work. Reid and Mori classified three dimensional
terminal singularities as isolated cyclic quotient of compound DuVal singularities (cf. [Mo85, YPG]). Mori
then studied extremal neighborhood extensively, and showed that the flip of a small extremal contraction
always exists in dimension three (cf. [M088, KM92]). Together with Shokurov’s work on termination of flips,
this proved the existence of minimal model in dimension three.

This approach turns out to be extremely difficult in higher dimension in many aspects. First of all, there is
no known classification for terminal singularities in dimension four or higher. In fact, it’s known that the
embedded dimension of four dimension terminal singularities could be arbitrarily large. Therefore, it is
difficult to classify singularities as in three-dimensional case. On the other hand, the termination of flips
relies on associating to individual singularities invariants, which is also difficult in higher dimensions.

The recent break rough of Birkar, Cascini, Hacon and McKernan [BCHM] and some of the subsequent
works proceed in a different approach. The new approach is an inductive approach that reduces the existence
of minimal model into a non-vanishing theorem. By using this approach, they successfully showed the
existence of minimal model for varieties of log general type. Even though the existence of minimal model is
quite promising, very little is known about explicit birational geometry of minimal models even in dimension
three. For example, the classification of divisorial contractions to a point is classified by Hayakawa (cf. [Hal,
Hall]) and Kawakita (cf. [Kk01], [Kk05]) only quite recently. However, there is almost no result for
divisorial contraction to a curve in dimension three. It is tempting to understand the birational maps
explicitly.

Moreover, given a three dimensional terminal singularities, there is a deformation into terminal quotient
singularities. The collection of these quotient singularities is called the “basket of singularities”. In [YPG],
Reid derived a singular Riemann-Roch formula that the contribution of terminal singularities can be
computed by its basket. By using this formula and introduced the concept of “packing of baskets”, we are
able to derive many useful inequalities among Euler characteristics. These lead to various effective results of
birational geometry of threefolds (cf. [CC1, CC2]). It is then interesting to see whether the singularities
between elementary birational in minimal model program are connected by packing of baskets. By the
classification of Kawakita and Hayakawa, the singularities between divisorial contraction to a point are
connected by a packing. As a by product, we proved a factorization theorem for flips and divisorial
contractions to a curve in [CH].

% C012 X6 F % 1F
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In this project, we propose to study various aspects circling around higher dimensional minimal model
program and its birational geometry.

Year One:

In the first year, we will mainly study the classification problem of elementary maps of birational maps in
minimal model program. It is known that most of the divisorial contraction to a point can be realized by
certain weighted blowup. One might wonder whether all divisorial contractions to a point can be realized by
weighted blowups or not. Once we have a better understanding of these maps, we are able to have explicit
description of flips, flops and divisorial contraction to a curve in dimension three. An explicit description of
these maps might leads to various applications in birational geometry of threefolds.

However, the difficulty is that a weighted blowup depends on embedding of a singularity and also on the
choice of weights. Unfortunately, there is no canonical choice of coordinates and neither is canonical choice
of weights. A possible way to attack the problem is to study the exceptional divisor and singularities on the
exceptional divisor. The exceptional divisor itself is a singular Del Pezzo surface. There are too many Del
Pezzo surfaces to be completely classified. We expect that one can at least study Del Pezzo surfaces with
given anticanonical volume. This will provide certain information of the exceptional divisor, and hopefully to
the weights if it is a weighted blowup.

We will study resolution of Gorenstein terminal singularities in dimension three as well. We expect that
there exists a canonical way to construct a canonical sequence of partial resolution such that each map allows
us to play the “two-rays game”. This will lead to a factorization of birational maps with only Gorenstein
terminal singularities, and hopefully to a factorization of flop as well. We would like to remark that there is a
recent result of Kawamata showing the any two birational minimal models are connected by a sequence of
flops. Moreover, the quantum cohomology between simple flop can be computed due to the seminar article
of Lee, Lin and Wang (cf. [LLW]). Therefore, it would be very interesting to factorize flops into elementary
maps and simple flops.



Year Two:

It is essential to study singularities in minimal model program. In the second year, we will study quotient
terminal singularities in dimension 4 and higher. This type of singularities can be considered as toric
singularities and hence are considered to be relatively easy than terminal singularities in general. We are
interesting in the singular Riemann-Roch formula that taking the contribution of quotient terminal
singularities. We hope that there is a generalized notion of “baskets of singularities” such that there is an
explicit form of Riemann-Roch formula. This formula will be extremely useful for various effective and
boundedness problem as we did in dimension three. In particular, one can expect to classified quasi-smooth
weighted complete intersections in dimension four and higher. This work will be a starting point to provide
many examples in higher dimensions.

The difficulty is that singular locus might be of positive dimension. Even though we start with an isolated
point, a partial resolution might create a variety with non-isolated singularities. Therefore, it seems that the
geometry of the locus must come into play. Moreover, even we have a toric description of a quotient
singularity; one can expect to have a resolution by appropriate subdivision of cones. However, there is no
canonical way to subdivide a cone and the combinatorics involved could be very complicated. In general, the
combinatorics of cones and lattices in dimension four and higher are a lot complicated than those of
dimension three or less.

A possible solution is to consider resolution, i.e. subdivision of cones, guided by Euler characteristics.
Recall that in the lower dimension case, we always have that Euler characteristic increased for each map of
the resolution. In other words, the Poincare series increased in some suitable sense. Therefore, one can try to
pick a subdivision among all subdivisions with largest Poincare series. This might provide a better way to
study the quotient terminal singularities.

Another possible way-out is the choice of weights. Notice that a subdivision of cones corresponds to a
weighted blowup. In the case of dimension three, there is a unique choice of weight such that the weighted
blowup is an extremal extraction. Now we have many different choices of weight in higher dimensions.

We have one more remark. In dimension three, given a singularity P in X of index r, there is a canonical
cover Y-> X such that the preimage of P consists of a sinple point Q, which is Gorenstein. In other words,
being Gorenstein is the same as having index one in dimension three. However, this is no longer the case in
dimension four. Take a quotient singularity 1/5(1,4,2,3) for example, one imagines that it has index 5 but it is
Gorenstein. Therefore, being Gorenstein seems not to be a good notion in higher dimension.



Year Three:

In the third year, we will turn our attention to minimal model program in dimension four or higher. The
classification of Mori and Kollar on extremal neighborhood depends on the careful studies of local invariants
on extremal neighborhood. We shall try to work on this in higher dimensional settings. The main tasks are to
formulate a partial ordering on the set of local invariants and to find a partial resolution of extremal
neighborhood into an extremal neighborhood with controllable singularities. This is considered to be helpful
to the problem of existence and termination of flips as what we have done in [CH].

The difficulty is that so far we don’t have good description of the terminal singularities that might involve
in a given extremal neighborhood. Therefore, one can not expect to have a complete classification of
extremal neighborhood according the type of singularities contained in it (cf. [M088], [KM92]). An even
more serious problem is that in the situation of dimension 4 or higher, the singular locus might be positive
dimensional. Could it happen that the whole extremal curve is contained in the singular locus? Or can one
deform the extremal curve into another one which contained only isolated points?

A possible solution is instead of classifying extremal neighborhood by the type of singularities contained
in it, one might be able to classify local invariants. One needs to study the extremal contraction when local
invariants are trivial, as people did in threefolds. If all these can be worked out, is there a reasonable way to
discuss the possible derived flip and divisorial contractions? A positive answer to the above question will be
very useful to the existence and terminal of flips. We hope to at least work this out in dimension four by our
explicit understanding of threefolds.

Year Four:

In the fourth year, we will seek for various applications on explicit birational geometry of minimal
varieties of the theory we developed in the past three years. The first type of question is the effectiveness of
pluricanonical maps. Recall in the case of surfaces, a beautiful theorem of classical Italian school asserts that
Theorem

Let X be a complex algebraic surface , then
k=-c0 iff P1,=0,

k=0 iff P1,=1,

k=1 iff P;,=2 and K*=0

k=2 iff P;,=2 and K*>0

In general with intermediate Kodaira dimension, there is a theoretic bound thanks to the result of
Fujino-Mori. Together with Kawamata’s result on threefold with k=0, Viehweg and Zhang’s result on
threefolds with k=2 and our previous result on threefolds of general type, the remaining non-explicit case is
the case when k=1. By using the technique of explicit birational geometry, one expects to have a similar
unified result for threefolds and even fourfolds as in the two-dimensional case.



Another possible application is some explicit aspects of Fano-type varieties. For example, it is known
that weak Q-Fano threefold is bounded. It is known that the lower bound of anticanonical volume is 1/330,
which is sharp. The known example with highest anticanonical volume is 72. However, it is not known
whether 72 is optimal or not. We expect that our explicit description of birational map will be helpful to
determine the upper bound of anticanonical volume. We hope that our work in the first three years will
make it possible to study Fano 4-folds. .
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1. Birational Geometry of threefolds.

Given a variety of general type, it is natural and important to ask when the pluricanonical map is
birational. This was previously known only for curves and surfaces to be 3-canonical and 5-canonical
respectively. Only quite recently, Hacon and McKernan show that there exist a constant c,,, depending
only on dimension n, such that the m-th canonical map is birational for m greater than c, This leads to
the boundedness for varieties of general type. However, their result is non-explicit.

The standard approach uses natural geometric fibration such as Albanese map or canonical map.
Therefore the remaining difficult cases are the varieties with small birational invariants that there is no

natural fibration structure and their minimal model is singular. In my series of joint work with Meng

canonical map is birational for m >73.

Chen (cf. [1,2,5]) we obtained a breakthrough on threefolds of general type by the study of three
approximation of baskets of singularities. The theory of basket we developed led to many important

dimensional terminal singularities. We introduced a notion called ““packing of baskets of singularities™
(cf. [5]). We also introduce a canonical sequence of prime packings, which is some sort of

effective results for threefolds of general type. For example, we prove that P;,>0, P,s>1 and m-th
We would like to mentioned that the techniques also applicable to Fano threefolds (cf. [2]) and
other threefolds, for example, weighted complete intersections.

using partial resolution of singularities on extremal rays.

With the better understand of three dimensional singularities, we the turn our attention to the
singularities in birational maps in minimal model program. In [6], we prove that flips and divisorial

contraction to a curve can be decomposed into simpler elementary maps by an inductive argument
2. Varieties with Kodaira dimension zero.

The classification theory of varieties usually reduced to the study of varieties of the following

three types: varieties of general type, varieties with Kodaira dimension zero and varieties with negative
Kodaira dimension. For varieties with Kodara dimension zero, it is conjecture by Ueno that they are

decomposed into product of abelian varieties and Calabi-Yau up to etale and birational morphisms. In
[4], we gave a partial answer to Ueno’s conjecture. In fact, in our recent preprint, we proved the second

statement of Ueno’s conjecture together with some application to the famous litaks’s Conjecture Cnm.
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In thisthree-years project, we are going to investigate birational classification theory of
algebraic varieties. It will consist of the following three related subprojects. 1. Structure of
varieties with k=0. 2. Algebraic fiber spaces. 3. Geometry of space of arcs and singularities.
We hope that people will better understanding of birational classification theory once we

succeed in this project.
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The classification of algebraic varieties is one of the main theme in algebraic geometry. Our research
was mainly around the birational classification problem. From litaka’s point of view, the building blocks
of varieties consists of the following three categories: varieties of general type, varieties with k=0, and

varieties with k=-o0.

Varieties of general type.

It’s well-known that mKx defines a birational map for m sufficiently large. It’s natural to ask whether
one can determine m effectively. For dim X =1,2, these bounds are known to be 3 and 5 respectively.
There is a recent work by Hacon and McKernan asserts that there is a theoretical bound m(n) depends on
dim X =n. However, the number m(n) is far from being optimal in any way. On my joint work with
Meng Chen and DeQi Zhang, we obtained that 5K is birational for minimal Gorenstein threefolds with
at worst canonical singularities. This bound is optimal. In a joint previous joint work with Hacon, we
show that 7Kx is birational for irregular threefolds. Our method can also be applied to certain higher

dimensional irregular varieties.

Vareities with k=0.

In a series of joint work with Hacon, we first characterize abelian varieties as the varieties with P,=1 and
g= dim X. And then we can also characterize varieties with g= dim X and Py, is small. Basically, these
are going to be certain covering over abelian varieties. We can completely describe varieties with P; <4

and q= dim X.

Miscellaneous Results.

We have the following results which are also related to classification theory.

1. Irregularity of image of litaka fibration.

litaka fibration is obtained by pluricanonical maps. In general, there is no good control of the
geometry of its image except dimension. We can determine the irregularity of the image via the
cohomological support loci of the original variety.

2. Effective non-vanishing on surface.

It’s a conjecture by Kawamata that if D is nef and D-K is nef and big. Then D is effective. We
prove a non-vanishing theorem for Q-divisors on surface.

3. Strictly nef divisors.

A strictly nef divisor is a divisor such that C.D > 0 for all curves C. A conjecture of Serrano asserts
that K+tD is ample for t>dimX+1. In a joint work with Peternell and Campana, we verified this

conjecture for threefolds unless one exception.
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ON PROJECTIVE THREEFOLDS OF GENERAL TYPE
JUNGKAI A. CHEN AND MENG CHEN

ABSTRACT. Let Y be a complex nonsingular projective 3-fold of
general type. We show that Pi3(Y) > 1, Poy(Y) > 2, the canonical
volume Vol(Y') > 1/2660 and that the pluri-canonical map ¢,, is
birational for all m > 77. Details will appear in [2].

1. Introduction and known results

Let Y be a non-singular complex projective variety of dimension n.
It is said to be of general type if the pluricanonical map @y, := @y |
corresponding to the linear system |m Ky | is birational into a projective
space for all m > 0. It is thus natural and important to ask whether
one can find a practical constant ¢(n) so that ¢, is birational for all
m > c(n) and for all varieties of general type of dimension n.

When dimY = 1, it was classically known that |mKy| gives an
embedding of Y into a projective space if m > 3. When dimY = 2,
Bombieri’s theorem [1] says that ¢,, gives a birational map onto the
image for m > 5. When dimY > 3, a recent remarkable result of
Hacon and M°Kernan [7], Takayama [16] and Tsuji [17] affirms the
existence of ¢(n). However no explicit numerical bound of ¢(3) was
known. Kollar [11] studied both irregular 3-folds and 3-folds with P, >
2 for a certain positive integer k and found a constant ¢(3) for those
3-folds. Kollar’s results have been considerably improved respectively
in [5] and [4] where nearly sharp ¢(3) were found. For regular 3-folds
of general type, Luo [13] has proved some partial bounds for ¢(3).

We are interested in finding a concrete ¢(3) for all 3-folds of general
type. A possible approach is to use the cohomological method via
vanishing theorems. This requires estimates on the positivity of the
canonical divisor which is usually measured in terms of the singularities
of any minimal model and the canonical volume

|
Vol(Y) := limsup(—— dime H°(Y, Oy (mKy))).

{mez+} M"

Lower bounds for the canonical volume are useful in producing lower
bounds for the plurigenus P,,(Y) := dim¢ H°(Y, mKy). The volume

The first author was partially supported by TIMS, NCTS/TPE and National
Science Council of Taiwan. The second author was supported by both the Pro-
gram for New Century Excellent Talents in University (#NCET-05-0358) and the
National Outstanding Young Scientist Foundation (#10625103).
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In the coming three years, we plan to investigate more on the birational classification theory. This is
going to contain many related subprojects:

-1

In this first year, we are going to study the following topics:

1. Structure of varieties with k=0.
A conjecture of Ueno asserts that varieties with k=0 will splits into product of abelian varieties and
Calabi-Yau varieties after finite etale coverings and birational morphisms. We have some partial
result toward this direction. We hope that we can have some more progress on this using the new
technique of multiplier ideals and some new results on algebraic fiber spaces.

2. Algebraic fiber spaces.
There are various situation that we are led to the study of algebraic fiber spaces. For example, litaka
fibration, Albanese morphism, and Mori fibration. It worth to have a more systematical study of
algebraic fiber spaces. It’s well-known that the push-forward of relative canonical sheaves is
semipositive in some sense. However, in the application we are considering, we need a more precise
measurement of positivity of relative canonical sheaves.

3. Geoemtry of space of arcs and singularities.
We expect that many more geometric properties can be decoded from the geometry of space of arcs.
To be more precise, we hope to consider a “change of variable formula” for finite morphisms. And
we expect to have a reintepretaion of Fulton’s connectedness theorem. All this is going to be relative
with Carrel’s conjecture concerning varieties whose cotangent bundle has global sections.

In the second year, we are going to study a conjecture of Miles Reid which says that $P_{-2}(X)>03$
for almost all $\bQ$-Fano 3-folds. There are already several known examples with $P_{-2}=0% by
lano-Fletcher and Altinok and Reid. Another question that we are interested in is the boundedness of
$\bQ$-Fano 3-folds, which is equivalent to the boundedness of the anti-canonical volume $-K"3_X$.
Kawamata first showed the
boundedness of $-K”3$ for terminal $\bQ$-Fano 3-folds with Picard
number 1. Koll\'ar, Miyaoka, Mori and Takagi then gave the boundedness for all canonical $\bQ$-Fano
3-folds.

In the third year, we are going to do the same.





