/rh—g:r::

5 Y B
MEHREL (Infinite Series)

Hif
9.1 BT .. e e e e e e e e e e e e e e e 89
9.2 BRI . . . . e e e e e e e e e e e e 94
9.3 FBOEMIE « & v i e e e e e e e e e e e e e e e e e 97
9.4 HBEMIE © & v o i e e e e e e e e e e e e e e e 99
9.5 LBl « v v o o e e e e e e e e e e e e e e e e e e e e e 101
9.6 HREHIE .« .« o v i i e e e 102
9.7 EHRE . . . e e e e e e e e e e e e 102
9.8 BEBERMEIEIIRL . « v v i e e e e e e e e e e e e e e e e e 104
9.9 EREL . ... e e e e e e e e e 106
9.10 B EEIEE . . . . e e e e e e e e e e e 108
9.11 BB EEI . . . . e e e e e 109
9.12 Taylor H#H K Taylor LR . . . . . . . v i it i i e e 109
9.13 FEMEZIER . . . . o e e e e e e e e e e e e e e 113

9.1 ¥ (Sequences)

BOEE

EE 9.1.1. P (sequence) B2—AEREIEREE N F2E#. HEHKEE [, FAEK f(n)
BB a, o BEINES {a1, a0, a3, .. . 1 {an} B {an} o EF a) BEBA(first term), a,, BE

% n A,
[32] —{EEF 7] LA B B o okt e L E
HHHBIF

B 9.1.2. (1) an =7, {a,}={1L,vV2,V3,....v/n,... }o
(2) bn = (_1)n+1%7 {bn} = {17 _%7 %7 _zlp S }°
(3) cn =22, {e}=10,3,%3,... = %
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B9 R EERHE 9.1 #%|

4) dp = (=)™, {dy} = {1, -1, 1,—1,...,(=1)",. ..}

519.1.3. LUREARERNET, B EHEAHE, HARANEE, HiEEAK (recursion formula)
KT —H,

(1) ar=1,a,=a,1+1,

(2) a1 =1, a, =nay,_1

(3) 4B 20 = 1, oy = Ty — (S000T0 ) WBINHE] sing — 22 = 0 KIHR,

COS Ty —2&n

(4) Fibonacci 851: a1 =1, a2 =1, apy1 = ap + ap_q o
R

& 9.1.4. (1) —A&T {a,} HWE Ve >0, IN #5HEE n > N H |a, — L| < €, BIE
{a,} WK (limit) & L. AlfgH lim a, = L 8 “& n — o0, a, — L,

(2) BBRETE, BRIBZET s (converge), FRIFEEHH# (diverge).
(3) & {a,} B—8I. BHE—H M, HEE N, #58 Vn > N = a, > M, i {a,} 55

F&R K (diverges to infinity). &R lim a, = oo, B a, — 00,

(4) HEE—B m, HFEE N, #5 Vn > N = a, <m, Jli§ {a,} B3 ARRK (diverges

to negative infinite), & lim a, = —oo, & a, — —o0,

n—oo

Bl 9.1.5. (1) lim &k = k.

n—oo

(2) llm % == Oo

(3) & r>0,lim & =0,

(4) hHl N = Xo

B 9.1.6. FEwEIN {r"} HyEEE,
B 9.1.7. #F| {1,-1,1,—1,... (=)™, ...} BEH.

(3] —ERL BT RS B E s A MIRA, 41 {1, —2,3,—4,5,—6, ...} B {1,0,2,0,3,0,4, . .
B EIR R AT

ME 9.1.8. % {a,} & {b,} BEMAET, c BEH. A

(1) lim (a, +b,) = lim a, + lim by

n—oo

(2) lim (a, —b,) = lim a, — lim by

n—oo n—oo n—oo

(3) lim c¢-a, =c- lim a,.

n—oo n—oo

(4) lim a,b, = lim a, - lim b,

n—oo n—oo n—oo
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5 I b 0 5 o lim anp
A lm m 2 = =
( ) n—oo " 7& ’ n—00 bn nlgnoo bn °

6) HEpeRHa, >0, lim a2 = <lim an>po(% p <0, RIEK lim a, # 0)

n—oo n—oo

5 9.1.9. KT EMIR:
(1) lim (—-3%)s

n—oo

(2) lim (%=1),

n—o0o n

(3) lim &7

6 o
n—>oon+3

(4) T}Lrgo(n —vn+1vn+3)

EE 9.1.10. (1) 4 {an}, {b,} REEHI BEHAREE N WA n, a, < b, KL, BW
Bz miREELE, Al lim a, < lim b,.

n—o0 n—oo

(2) (ZHRREHE, REEHE, Sandwich Theorem, Squeeze Theorem) 4 {a,}, {b,}, {c.} B
HHET, HHRREE N WFE n, a, < b, < ¢, ¥ BF lim a, = lim ¢, = L,

- n—00 n—00
A lim b,, = Lo

n—oo

#19.1.11. (1) #& lim |a,| =0, 8] lim a, = 0,

(2) %5 |bn| < o, B ¢ — 0, 8l b, — 0,

(3) % lim a, =0, B {b,} BHF, A lim a,b, = 0.
(3] % lim [an| # 0, B (1) FREHKIL.

5 9.1.12. KT & HR:

(1) lim con

n—oo

(2) lim (—1)"

n—oo

3=

I 9.1.13 (BFIHEEREEHE, The continuous function theorem for sequences). 4 {a,}
B—E8Y, B a, — L. & f(x) R@—E&E, £ o, BIEESE, BHE LEE, A f(a,) — f(L)s

3% EEGRERLER. Bl & f(z) = 2], a, = =2, 8 71113010 a, =1, 18 &Lrgo fla,) =0#
f(1).
Bl 9.1.14. KLUTEMHR:

(1) lim /2

n—o0o n

(2) lim 2=

n—oo

(3) lim sin (%)

n—oo
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EE 9.1.15. & f(x) EREEM [no,00) L, B {a,} B—BIIWHE a,

lim f(z) =L = lim a, = L.

(3] M MR RERKAL. I lim sinnm = 0, £ lim sinzm TF7E,

n—oo

Bl 9.1.16. UEEHEKRUTRMmIE:

(1) lim 2z,

(2) lim oo’

n—o0

(3) lim 2,

n—oo

(4) lim (14 2)7,

n—oo

(5) lim ()7,

n—oo

(6) lim zx , (z > 0)s

n—oo

(7) lim 2™ | (|z| < 1),

®) Jing, In.

(9) Jim ¥n.
(10) lim ¥/3n,
(11) Jim 53

(12) lim 2,

n—oo

51 9.1.17. KEIT &R :

(1) lim tenln,

n—oo

(2) lim nsin .

n—oo

(3) nh_flc}o TBIE

(4) lim (In(n+1) —Inn)s,

n—o0o

TP 8RR

& 9.1.18. (1) & a, < ape1 Vn > 1, Bl {a, } BB LAEI],
(2) & ayn < ant1,n, A& {a,} BIFTHEHT] (nondecreasing sequence)o

n—oo

(3) & ap > api1 Vn > 1, Bl {a,} BETHEES,
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(4) # an > anq1, V0, 8T8 {a,} HIFEFHEI] (nondecreasing sequence)s

(5) {a,} BLEABTREES, HHESEPE (monotonic).
(6) BEE N, #5 a, < apy1,Vn > N, JlIfE {a,} B&HEA (ultimately increasing) #7!

E& 9.1.19. (1) & FE M, 15 a, < M,Vn, 8lfE {a,} BA LR (bounded above), H M
5 _ER (upper bound),

(2) F1E&E N, 85 a, > N,Vn, fiE {a,} BATHK (bounded below), H M FBH T (lower
bound)s

(3) {an} BELEAEETH, AIERARES] (bounded sequence),
Bl 9.1.20. DUTRIE T REHS:

(1) {1,2,3,...,n,...}
(){%éi e b
(3) {3,3,3,.. . }o

Het (1) B TR, BELR, (2) B
Bl 9.1.21. {Z} {25} BTREEI,

EIE 9.1.22. (EFHF|EHE monotonic sequence theorem) —{EIE T B HFIL & Fe BE 42
EE LR,

[32] MeEE Y R
(1) AIBERBTIRIRL, I {(—1)" )
(2) AIEERBITILMRL, IO {n}.

Bl 9.1.23. EEEI a1 =1, a,.1 =3 — — 2‘2 lim a,, o

n—oo

Bl 9.1.24. FwET {a,} ZaEE, H

(a) a1 =2, ap1 = 5 (an +6)
(b) ay =10, api1 = % (ay +6)s
(c) a1 =2, any1 = 2(an + 6)s

[EBRE] 9.1.25. Determine whether the sequence converges or diverges. If it converges, find
the limit.

—1 nfl,n
(a) an = S

-1 nn3
(b) an = 555

2n—1)!
(c) an = E2n+1;!’
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(d> (ln = W;

(e) a, =2""cosnm,

(f) a?’b = ifj%)
(8) an = 2%

[EBR&E] 9.1.26. (a) Determine whether the sequence defined as follows is convergent or
divergent: a1 = 1,a,41 =4 — a, forn > 1.

(b) What happens if the first term is a; = 27

[BRE] 9.1.27. Determine whether the sequence is increasing, decreasing, or not monotonic.
Is the sequence bounded?

(a) an = 554,
(b) a, =ne™™,

(¢) ap=n-+2.

9.2 fEEHE (Infinite Series)

Bl o921 mfk1-14+1—-14+1—-1+4---7
[32] Guido Ubaldus H#REFHHE Ti#EE, KB “something has been created out of nothing

”
e}

EE 9.2.2. (1) BE—8I {a,}, Ml a1 +az+ a3+ +a,+ - BE—LFHI (infinite
series), HH a, BEHRBIE n H,

(2) 4 s, = Z ay, AIEF {s,} BEMyFEF| (sequence of partial sums), HH s, BEH
n 1.*‘%}%[]
(3) BB {s,} M, B dim s, = s, Al i a, "k (converges), H s HE 4 #ayF= 5

n=1

B Y an = so EHG {s,) B8, BBHEHE 545 (diverges),
n=1

(4) HiRE i a, Wk, Bl R, = s — s, 185 n KEA (remainder),
n=1

it 9.2.3. (1) H—REIIABREREZEBRE, AReRBHN, EHX G EHREE,
(2) RERFRBEENIET, EfRESHENERL A &P 2=,

Bl 0.2.4. BB S ap HIESARS s, =3 — 027", K ap BH S ano

n=1 n=1

Bl

D FHEE, 94



B9 R EERHE 9.2 HEESRE

Bl 9.2.5. &AT4H (geometric series) i ar™™t Hepr BA, o #£ 0. # |r| < 1, BIHRE

WeghE] 4 % |r] > 1, RIS BEE
Bl 9.2.6. KT FN&HHEHIF,

(1) S

@) &SR

10 20 40
(3) 5—W 420 40, .

(4) Z 22n31—n 7

n=1

(5) H—EREE o AREET. FEREME, KENSERETEEN » 5 (0 <r < 1), KK
ERLGRE LR

(6) TEH/INEL 5.23232323 -+ -

e}

B 9.2.7. K cll, 5 Y (14+¢)" =2,

n=2

B 9.2.8. (W%, telescoping) BEHF] {an), BIBBL 3 (an — ant) WEHIFEREHR
n=1
lim a, 7€, ERCRES, HAOB 0 — lim a, .

Bl 9.2.9. KTFIEHEEIA,

)
(3) 3n243n+1
— (n*+n)* °

E 9.2.10. (1) % S a, Heél, 8l Tim a, — 0,
n=1 n—00

(2) (BEPUTE)  lim 0, FEERFS 0, Bl S 0, B,
n=1

n—oo

) (1) BEE MR BB, B S L,
n=1
(2) B FUAE FIZC P R B, SHSBRM AE AR B .

51 9.2.11. #A=42# (harmonic series) io: L B,
n=1
Bl 9.2.12. PIETT IR EHIBRAEE,
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1) e,

(2) > =,

(3) (-1

@) 3 5 -

Bl 9.2.13. EHH i an(ay # 0) Hegk, B niﬁ H1feT?

RECER
EH 9.2.14. F Y an, S by BICHEE, B
n=1 n=1
(1) i ca, = c i Qno
n=1 n=1

(2) Yo(an+bn) =2 an+ 3 bno
n=1 n=1 n=1

(3) i_ojl(an ) = i_ojl a, — i be

8

5 9.2.15. (1) 3 (anbn) = 3 an Y- by REBEIL. I a, = b, = (1)
n=1 n=1 1

n

2) S ap WAL S by BB B S (an + by) AT
n=1 n=1 n=1

(3) BME S an, 3 by HBBEL S (an + by) FTREKAL BT @, = 1, by — —1, Ve
n=1 n=1 n=1

Bl 9.2.16. 2 TF3I& R B A ST,

(1) 3 Bt

n=1

2) L

) 3 [wm + ] -
IETEREL
EE 9.2.17. H-REMNSHEIRIEATY, MIBZRIEALZE (series with positive terms).

EHE 9.2.18. —{AEERE i an, WREFTEEGAR EREDETIE L5,
n=1
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[EBRE] 9.2.19. Determine whether the series is convergent or divergent. If it is convergent,
find its sum.

(i) Zl(cos 2 — cos m)

[B&E] 9.2.20. Find the values of = for which the series converges. Find the sum of the
series for those values of z.

= r—2)"
(a‘> ZO%’

n=0

(c) ij:o e,

9.3 MEAEME (Integral Test)

EE 9.3.1. (fanFakik, integral test) 4 {a,} B—EERE. & f(2) BERERM [N, )
EHEE. EE ORBEE, B f(n) =a,, Yo > N, Bl 3 a, BEES [ f(x)de F#E
n=1

I 0.3.2. (MAOBMBEZBIBMHEN) B f(o) 2 > | FEEM. ER. FESY, B a, — f(n),
> an BB T s, BIBIIREGH, s BHEEMN, B R, = s — s,, Al
n=1

/ :O flade < < [ " Hayds,
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Bl
Sn +/ fz)dr < s<s, +/ f(z)dz.
n+1 n
B 9.3.3. (1) 4 5 - ML
n=1

(2) 208 S on o grate,
n=1

T 9.3.4. (piad) 3 L MAEFEEES p > 1,

n=1

51 9.3.5. 735K p {E, LT R B

( ) 2::( n—‘,—l) °
B 9.3.6. (a) FUMAT 10 BORIMEEE > L, dfiEteRz,
n=1

(b) HEBRZE/NE 0.0005, HIEMEFHIEE&LH?

[BRE] 9.3.7. Determine whether the series is convergent or divergent.

1
[EBRE] 9.3.8. Find the values of p for which the series is convergent.

- 1
(a) 77;3 nln[ln(lnn)|P?

(b) Z:ln(l + )P,

o0
(BR8] 9.3.9. Estimate ) - correct to three decimal places.
n=1

[B&E] 9.3.10. How many terms of the series Z

sum to within 0.017

w2 would you need to add to find its

1n
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9.4 HEE#E (Comparison Test)
P gk

TR 9.4.1. (HEEME) 4 Y 0, B—TEEEY, A
n=1
(1) BEAERBIRE S o 58 0, < ¢, Yn > N, B S ap Hidke
n=1 n=1

(2) BEEBEOTEERE > d, B8 0, > do, Vo > N, B S a, Bt
n=1 n=1

Bl 9.4.2. P TII& BBE BB

OBSE=F

Inn

8

(2)

o
n

I
—

n

= 1
(3) E 2n244n+3 °
n=1

o

8
3=

(4)

3
Il
i

2 1 1 1 1
(5) 5+§+7+1+m+m+"'+m+"' o

5 9.4.3. FAHF 100 HRYFIKEET i L i fhShEamse
n=1

PR
TR L R
EE 9.4.4. (BPRHEZEHE, Limit Comparison Test) 8 a,, b, > 0, ¥n > N,
(1) % lim 2 =c> 0,80 3 a, 8 3 b, FBEL
=00 Op, n=1 n=1

(2) % lim =0, B S b, Wed, B S an Je8

n—00 Op, n=1 n=1
(3) # lim %:oo,a S b, BEH S a B
n—00 Op n=1 n=1

51 9.4.5. PR T FIEHREEIALBE:

= 2n+1
(1) Z n2+n2n+1 °

(2) = 2n24-3n
— VB+nd °
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= 14nl
4 3 S
n=

6) 7t -

Bl 9.4.6. (1) BEEEY S a, b, BIES S sin(a,) AA?
n=1

n=1
(2) BEERE S ap &S by M, BISE S a,b, A2
n=1 n=1 n=1

[BRE] 9.4.7. Determine whether the series is convergent or divergent.

() 3 i

o0

) S A
) 3

n=

[BRE] 9.4.8. Use the sum of first 10 terms to approximate the sum of the series > \/n}lﬁ

n—oo

Estimate the error.
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9.5 HeflEEgik

9.5 [bHIzE#GE (Ratio Test)

I 9.5.1. (LA, dAlmbert) 4 Y a, B—EEEH, B# lim = = p Al
n=1 n—oo T

(1) £ p< 1B S ay, Hehe
n=1

(2) % p> 15 p BEEK, S a, B
n=1

(3) & p=1, HIEE TR,
B 9.5.2. PUETLAT BB #E:

(1> i n*+3n34+2n2+4n+5 .
n=1

37‘L

(2) i (n®2-2007n2!+100n—-90) Inn

3 )
n=1 n2
- n34+3n—1
@ 5 g
4) X =,
n=1
o) 5
©) 3% -
= 4"nln!
(7) ngl (2n)| 4
®) an { 1o mEm.

Bl 9.5.3. KIEB ¢ RIERM k 218, (08 > 00 jig .
n=1
B 9.5.4. (1) HEAB S 1o, FIF syl BB, RIS |
n=1

(2) K n {8, B s, BEZ/NR0.00005 .

[BR&E] 9.5.5. Determine whether the series is convergence, or divergence.
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9.6 MRAFE

9.6 MRFAFE#EE (Root Test)
T 0.6.1. (IRREME) & S 0, BEEGH, BR lim ya, = p, 8-
n=1 n—00
() Ep< 18IS a, Mk
n=1

(b) % p> 13 p BEEA, B S a, FH.

n=1
(c) #& p=1, BIEE TR,
5 9.6.2. PIETLAT B &8

(3) L5
w s

o n BEH
(5) “”—{ 1 omEm.

[BRE] 9.6.3. Determine whether the series is convergence, or divergence.

(a) 3 (2L,

n=1

(b) 1+ 1),

n=

—_

9.7 REEMREL (Alternating Series)

E&E 9.7.1. #F b, > 0,Vn, 8] > (=1)""1b, 5 > (—1)"b, HE 443 (alternating series).
n=1

n=1

EE 9.7.2. (RHEMHERGE, Leibniz EH ) &38R i (—=1)""by, by, > 0 WRLUT R
n=1

1, RIRHEk.
(a) {b,} TR,
(b) lim b, = 0.
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EE 9.7.3. (RHEEMHEMGETEE) B HEHRE i(—l)”“bn e EEEA R, BHER L,
n=1

AL s, BAGEHERTERERZE R, WE |R,| = |sn — L] < bytio

5l 9.7.4. PR T H IR BREL:

(1) ¥ e,

n=1

(4) n COS N o

27L
n=1

B 9.7.5. % n BHH, by = 11 % n BB, b, = L . HERE S (—1)"b, HIAEDE .

n=1

Bl 9.7.6. L sy i 3 (—1)" - 2, AL,
n=0

CU" R/ NIUE =101,

Bl 9.7.7. fhEt i
n=1

[EBRE] 9.7.8. Test the series for convergence or divergence.

(e) ni(—nw—m — V).

[B’E] 9.7.9. How many terms of the series > (16,13; do we need to add in order to find
n=0

the sum to to the accuracy < 0.0000057
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9.8 #E¥ I s E (Absolute Convergence and Conditional
Convergence)

EE 9.8.1. faE—HH Z an (N—ERIEHEEAH), Al

n=1

(1) & i |la,| Yok, RtE i a, B# ¥kt (absolutely convergent),
n=1 n=1

(2) & i a, W, EIERE L, RIS i a, BRI (conditionally convergent),

n=1 n=1
B 0.8.2. (BENHEME) 5 > |an] W8 B S @ I8
n=1 n=1

51 9.8.3. FIETLAT R BUREE R, BeF ik s AL

Bl 9.8.4. 45 b, BIEEHFI, BUsE 1, PIBTHREK z A RIS

51 9.8.5. EHR#H Z an, RGO, RIREL Z n*a, B
n=1 n=1
fREBIRE. FUET TR BURBEIE. R e

1
(1) 1+24344n
n=1

2) Y (525 — 2)
3) S (-1 (Vat Vi - V)

1-4-7-+(3n—2)
(4) Z 35:7(2n+1)
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e}

(7) 32 n*Vnsin® (7)

n=1

o0

(8) > (1 — cos %)

n=1

o0 _1

(9) 3 et

ny/n
n=1

(10) 3 (~1)" It

n
n=1

(20> Z log’:;:gn!)

n=1

[EBRE] 9.8.6. Determine whether the series is absolutely convergent, conditionally conver-
gence, or divergence.

(a) > (=1)"'o,
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e}

@ 3 e,

n=1 n3-2

(e> Z COS,I(IF) :

. 3. n—11355(2n—1
(F) 1= 5+ 552 — BT 4 (-1

Y

9.9 F#HKE(Power Series)
B

& 9.9.1. i cn (v —a)" ZERNREIBS © — o BFERLE (power series) BLL a B
n=0
s (center) FFEREL, ¢y, c1,Co, ... TBEHREHIAE

Bl 9.9.2. (HFTEB) (1) 3 2"
n=1

[e.e]

(2) X (=3)"z =2

n=0

B 9.9.3. DUT&EES , R EHKHE © E,

i 9.9.4. HRMEZ « 8, FREATLEER—EHE.
W e
T 9.9.5. (1) BHERE i anx™ v = c # 0 M#k , AIEHERNE z, v € (—|d,|]), BEHFHE
n=0
B
(2) HEFE v =d 8, IEERE « , x| > |d], BRI .

EE 9.9.6. S cn(w — a)" FIBHERTIUE B F =ML,

n=1

(a) B R, HBELE {z: |xr —a| > R} BEH, £ {z : |z — a| < R} RABERH . (BFEImE,
r=a+RKzxr=a— R EL—F,
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(b) BBIEFTE « MEBEHKH (R = 00).
(c) BERE z=a W8 (R=0),

EE 9.9.7. L—EHETH R BEIsFE (radius of convergence) , A KEHT « ERERK—EE
[, fElacE B (interval of convergence). 7E (a) FHIUERTGEM: (o — R,a + R).[a — R,a + RJ.
(a—R,a+ R] 8 [a — R,a+ R); £ (b) & R; £ (c) #, KRR {a}. EMEFEHEFT
TE %5 Z K B E 2o

51 9.9.8. RENT AR A sl

(1) ==1+z+2%+--

S~ ()"
(2) Z n+1 °

n=0

e 2)"
(3) 3o Mexa

n=0

[BRE] 9.9.9. Find the radius of convergence and interval of convergence of the series.

2n

(g) 22 ma

- nlz™
(h) 2 s

[E’EE] 9.9.10. If k£ is a positive integer, find the radius of convergence of the series
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#9E EFERE 9.10 FHRBHER

9.10 FEHRFHEER

i

I 9.10.1. ni_ojl co(z — a)" % (a — Roa+ R) bE&—EEH f(x), nijjl do(z — a)" T
(0= 8,0+ 5) tEH—EEE o(x), 5 S (en + do)(z — a)" T RS T
(f+9)@), B i(cn — d,)(z — o)" EREEBHRERHEEEE (f — 9)(2).

- P

[e.o]

EHE 9.10.2. (FHEMSEH, Term-by-term Differentiation Theorem) # > ¢ (x — a)™ 7
n=1
(a —R,a+ R),R >0, ks, AIETE (o — R,a+ R) LEZE—EAHE f(v), HKEKEAMEERS

sy, B
= Z nep(z — a)™*
n=1

WA (o — R,a+ R) LRk .
EE 9.10.3. (FEEAHEE) & f(2) = > enle — )" # (a — Roa+ R) EWst o 8l

n=0
2 e #E (o~ Rya+ R) BIRR, H
= (z—a)"t!
/f( = nz T +C o
[32] R i (T —a), i ne,(x —a)" H i Cn xni:H IR e R AT B
n=1 n=1 n=0
Yo,
B 9.10.4. BHEB > an ZE (~1,1) EEHEM L. RERB S (n+1)a" B Y 2 Fries
n=0 n=0 n=1
I
Bl 9.10.5. JEEH f(v) =2 - L + 2 — .. we(-1,1), BBEEH,
R

EE 9.10.6. 4 Alz) — i iz B Blz) = f; bua™ E |z < R BABEMEK | B o =
Zakbn . B Ecnx # || < R BREE A(z)B(x). B

(Z nT anx = icnx
n=0 n=0 n=0

IR ZE#ES Cauchy Product,
5t 9.10.7. HERHAERERE (long division)
B 9.10.8. FIFIFERBHITRER S, REB = x) )4 ﬁ 2| < 1, BIEHRH,
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B9 R EERHE 9.11 BRERYFEREERIA

9.11 HEMFEREFEI (Representations of Functions as Power
Series)

BI9.11.1. f(x) = - EEM (—1,1) EORBERE S o™, K f/(z) R (x) WHERH, &
n=0

KA,

Bl 9.11.2. JELUF & EBRRERM, LRMAPE,

(1) 755 -

) 5 -

(5) In(1—2) .

(6) In(1+2) -

(7) f(2) =tan'z .

[B®E] 9.11.3. Find a power series representation for the function and determine the
interval of convergence.

() f() = 5%,

(b) f(x) = 5.

() fla) ==,

() f(z) =I5~ ).
(€) fla) = 22 tan~ (%),
() fla) = ()"

(8) f(x) = 5

9.12 Taylor ##H & Taylor ZIH3\ (Taylor Series and Taylor Poly-
nomials)

Taylor ##H &k Taylor ZIEZ
EE 9.12.1. & f(v) £ o BAHBEI (BHREER series expansion), HJ

f(z)=) culz—a),

(n)
@ —a| < R, BIEAES ¢, = L2,
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B9 E MERE 9.12 Taylor ##k Taylor ZHA

TE 0.12.2. £ f(r) E—EEE o ZEMOREETUERERMS | B f(o) E o = a i

=

Taylor # % (Taylor series generated by f at x = a) 2

Z

l’—CL °

# a =0, HIFE Maclaurin 4%,

EE 9.12.3. 4 f(v) E—EEE o ZEENAEEE N BEEH A 0,1 <n <N, n b
) Taylor %78 (Taylor polynomial of order n) &

Pula) = @)+ @@ =)+ -+ LD oy,
Taylor %5
EE 9.12.4. (Taylor E#.) BREEEE o WHERM [ &, f(x) n+ 1 KA, Al Vo € 1,
7%9(a)

f(x) = fla)+ fla)(x —a) + -+

(x —a)" + Ru(x),

n!

Hiht Ry (2) = L@ —g) e 88 a B o 2L

(n+1)!

i 9.12.5. (1) Taylor BEAER f(r) = Pu(z) + Ry(2)o R, (x) 1R n BEERE, B P,(2)
gt f(z)fy REH,

(2) #& Tim. R,(x) = 0,Vo € I , RIf&E f(x) £ © = a B Taylor & Kak® f(x) , WK
fla)= 3 L5 —ay.
n=0

EE 9.12.6. (1) BEEEEHR M , FEERE t M v & o 208, |fO0) < M, Al

z—a|? 1 o
|Ro(z)| < MEZA

(2) #& f(z) W2 Taylor EE WM, HmE (1) 2B&H , Bl Taylor BBUEE] f(z).
ARG

B19.12.7. KTFIKETE © = 0 Z Taylor %K Taylor FE, WFEALTEHEREIE (—R, R)
I, Maclaurin K #E f(z), R BREHEPE .

(1) e

(2) cosz

(3) sinx

(4)

£ 9.12.8. & f(z) = { 2_12 i;g HIEETE n, f™(0) =0, B = = 0 Z Taylor &

5 0o Wl BHERTE o Bk, (BRE » =0 W#E f(x).
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B9 E MERE 9.12 Taylor ##k Taylor ZHA

Bl 9.12.9. # f(x) = sin(2?), K £19(0),
B 9.12.10. KHELUFHEAE v = 0 & Taylor HH .

(1) f(z) = cos2z

(2) f(x) = cosa?

(3) f(x) = cos’a

(4) f(x) = cos (a — 1)

(5) f(z) = 2®sinz

(6) f(x) =%

(7) f(z) = sne

(8) f(x) = gt

(9) f(z) =1n(6 —z — 222) .

1) o) ={ 5 270

L z = 0,
Bl 9.12.11. RELITEHAE 2 = 0 Z Taylor FEHFEERNI=TE .
(1) e*sinz o

(2) tanz .

R

B 9.12.12. K f(z) = (1 +2)" # Maclaurin %, £ k c R,

B kN, BEn> kB k(k—1)-- (k—n+1) =0, #& T(z) REERKE, CRES
HR.

T 9.12.13. (1) # m € Rk BERY, % () = 1,(7) =m, (}) = 2oinht)
MR —"814% (binomial coefficient)o.

[e.e]

(2) # x € (—1,1) B , FIZIREB (binomial series) 5 Y- (7)a" .

k=1

EE 9.12.14. B v € (—1,1) K, ZHEREBMHE (1+2)™, Bl (1+2)" = i (M)z*,m € Rs
k=1

B 9.12.15. FIFHZERE , KUTKEHEAE © = 0 19 Taylor HEL
(1) (1+z2)"t,
(2) (1+2)7,

(3) (1- 2%t
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B9 E MERE 9.12 Taylor ## k Taylor ZH=

(4) sin'z .

Bl 9.12.16. 5k f (v) = 7= HI Maclaurin RERIMHPE,

5l 9.12.17. (1) X f(x) = 2 £ © = 2 # Taylor HH WRKH » FHKHE f(x).
(2) 3k e #£ & = 2 19 Taylor B8

(3) # f (z) = sina BRKLL T BHULE Taylor H% .

(4) R /z £ © = 4 # Taylor HH.

[B®] 9.12.18. Find the Maclaurin series for f(z). Also find the associated radius of
convergence.

(a) flz)=(1—-2)72
(b) f(z) = cos 3z,

(c) flz) =2,

(d) flz) =BT,

(e) flz) =e"+2e7",
() () =2 In(1 + 7).
(8) flz) = F=,

(a) flz) =2 —a%a=—2
(b) f(z)=Inz,a=

(c) f(a) =sinz,a=%
(d) f(z) = /T,a=16

[EBRE] 9.12.20. Find the first three nonzero terms in the Maclaurin series for the function

T

(@) y= 50
(b) y =¢e"In(1 + ).

[B®E] 9.12.21. Find the Taylor polynomial T3(x) for the function f centered at the
number a.

(a) f(x) =cosz,a= 7.

(b) f(z) =tan"'x,a = 1.
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89 E EERE

9.13 FEHRBIEM

9.13 FEREZFER (Applications of Power Series)
fhEraRE

5l 9.13.1. FIAHREK e ZMH, HHEE < 5.

B1 9.13.2. (a) FIFIE a = 8 9= Taylor SR f (2) = Vo
(b) 7 <z <9 YRR,

KA

51 9.13.3. (a) X tan~!z Z Maclaurin H#.

(b) B o] < 1B, tan—' & SR Taylor S8 .

(c) HH Leibniz Az %zl—%—k%—%%—---—i—é;ﬁ)—k--- 0

(d) FIF 5 =tan™'§ + tan™' § f&Et 7o
&

1) m=48tan™" % + 32tan™! 5—17 —20tan~! ﬁ o

(
(2) 7 7 K/NERE L, BRTEAREESRE, 2016 £ Peter Trueb (Bt A) HEHAREE (Alexan-

der J. Yee, ##) WEXGTER 22,459,157,718,361 fiL,
Bl 9.13.4. (1) K&K f;o na" ZFl,
(2) KB S+ 55+ 3555+ 30+ ZF
(3) B f;OQ— Z Al

S A
Bl 9.13.5. (a) ¥ [ lrde BEBE.

(b) 3t [ hrda KEHER] 1077,

Bl 9.13.6. (a) ¥ [ sinz’de REEHRK
(b) f&3t [ sina2de BEE < L .

il 9.13.7. (a) K [e " dr BIREET,
(b) 3K [ e~ da ¥5HEE] 0.001 ,

RAGR
51 9.13.8. FIRFEHRBEK T IR,
(1) lim 22
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B9 R EERHE 9.13 FEHREZIER

2 hm sinx—tanx
( ) x—0 z? °

(3) lirn(sin12x B m%) °

x—0

(4) lim £=1=%

z—0

. e?*—1) In(1+42a3
(5) lim o

20
Euler2A=

EE 9.13.9. YEE 0 c R, E%E € = cosf +isinb .
£t 9.13.10. (1) Euler AR '™ =

(2) & acC, BFEE [e“dr = Le* + C R,
5] 9.13.11. K [ e cosbadx o

[EBRE] 9.13.12. How many terms of the Maclaurin series for In(1 + z) do you need to use
to estimate In 1.4 to within 0.0017

[BRE] 9.13.13. Use a power series to approximate the definite integral to six decimal
places.

(a) 0 (1 + 24)dz,
(b) 0 'z tan~1(3z)dx.

(BR8] 9.13.14. Find the sum of the series.

(@) > %,

o0

(b) > n(n—1)z", |z| < 1.

n=2

[EBRE] 9.13.15. Find the sum of the series.
( 1 n 2n

(a) E Gt

o) -1

() 3+5+35+5%+--

[BRE] 9.13.16. Use series to evaluate the limit.

. sinz—z+izd
(a> llm SmMmxr—ax 6$ 7

z—0 o
(b) lim tane=s
x—0 x

WES#HE, 114



