Chapter 6

Principle of Data Reduction

6.1 Introduction

An experimenter uses the information in a sample X7, ..., X, to make inferences about an unknown
parameter 6. If the sample size n is large, then the observed sample z1,...,x, is a long list of
numbers that may be hard to interpret. Any statistic, 7'(X), defines a form of data reduction or
data summary. For example, the sample mean, the sample variance, the largest observation, and
the smallest observation are four statistics that might be used to summarize some key features of
the sample.

The statistic summarizes the data in that, rather than reporting the entire sample x, it reports
only that T'(x) = t. For example, two samples x and y will be treated as equal, if T'(x) = T(y)
is satisfied. The advantages and consequences of this type of data reduction are the topics of this
chapter.

We study three principles of data reduction.

1. The Sufficiency Principle promotes a method of data reduction that does not discard

information about 6 while achieving some summarization of the data.

2. The Likelihood Principle describes a function of the parameter determined by the observed

sample, that contains all the information about # that is available from the sample.

3. The Equivariance Principle prescribes yet another method of data reduction that still

preserves some important features of the model.
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6.2 The Sufficiency Principle

Sufficiency Principle: If T(X) is a sufficient statistic for §, then any inference about 6 should
depend on the sample X only through the value T'(X). That is, if  and y are two sample points
such that T'(x) = T'(y), then the inference about 6 should be the same whether X =z orY =y

is observed.

6.2.1 Sufficient Statistics

Definition 6.2.1 A statistic T(X) is a sufficient statistic for 0 if the conditional distribution of

the sample X given the value of T(X) does not depend on 6.

To use this definition to verify that a statistic T'(X) is a sufficient statistic for 6, we must verify
that P(X = «|T'(X) = T'(x)) does not depend on §. Since {X = x} is a subset of {T(X) = T'(x)},
Py(X =xand T(X) =T(x))

B(T(X) = T(x))
_ P(X=2) _ plalp
By(T(X) =T(x)) q(T(x))[6)’

where p(x|0) is the joint pmf/pdf of the sample X and ¢(¢|0) is the pmf/pdf of T'(X). Thus, T'(X)

Py(X = x|T(X) = T(x)) =

is a sufficient statistic for 0 if and only if, for every ax, the above ratio is constant as a function of

6.

Theorem 6.2.1 If p(x|0) is the joint pdf or pmf of X and q(t|0) is the pdf or pmf of T(X), then
T(X) is a sufficient statistic for 0 if, for every x in the sample space, the ratio p(x|0)/q(T(x)|6)

is constant as a function of 0.

Example 6.2.1 (Binomial sufficient statistic) Let Xi,...,X,, be iid Bernoulli random vari-
ables with parameter 6, 0 < 0 < 1. Then T(X) = X1 +---+ X, is a sufficient statistic for 6. Note
that T(X) counts the number of X;’s that equal 1, so T(X) ~ Bi(n,0). The ratio of pmfs is thus

p(lo) _ T16%(1—6)
o(T(x)0) (7)1 —0)
B 02%(1 — Q)Z(l—mi)
= e oy
1 1

SO )

Since this ratio does not depend on 0, by Theorem 6.2.1, T(x) is a sufficient statistic for 6.

1—x;

(define t =31 | ;)

n—t




6.2. THE SUFFICIENCY PRINCIPLE 13

Example 6.2.2 (Normal sufficient statistic) Let X1, ..., X,, be iid N(u,0?), where o2 is known.

We wish to show that the sample mean, T(X) = X, is a sufficient statistic for .

n

@) = [[2r0®) " exp(—(x; — 1)*/(20%))
i=1

= (210%) P exp{~[Y_(xi —2)* +n(z — u)’]/(20%)}

i=1

Recall that the sample mean X ~ N(u,c?/n). Thus, the ratio of pdf is

p(ld)  (@ro?) " exp{— [V, (xi — 2)* + n(z@ — 1)*)/(20%)}

q(T(x))|0) (2w /n) =12 exp{—n(z — p)?/(20%)}

= 0~ Y2(270%) = (" D/2 expf Zn:(xi - 2)*/(20%)},
i=1

which does not depend on . By Theorem 6.2.1, the sample mean is a sufficient statistic for .

Example 6.2.3 (Sufficient order statistics) Let Xy,...,X,, be iid from a pdf f, where we are
unable to specify any more information about the pdf. It then follows that
Ty fx (), ifa <...<uazy,

IX 1y Xy (@) =
0 otherwise

where (x(1),..., %) is the order statistic. By Theorem 6.2.1, the order statistic is a sufficient

statistic.

Of course, this is not much of a reduction, but we should not expect more with so little
information about the density f. However, even if we specify more about the density, we still
may not be able to get much of a sufficient reduction. For example, suppose that f is the Cauchy

pdf f(z]0) = W(xlfep or the logistic pdf f(z|0) = o—(z—0)

ez It turns out that outside of the

exponential family of distributions, it is rare to have a sufficient statistic of smaller dimension than
the size of the sample, so in many cases it will turn out that the order statistics are the best that

we can do.

Theorem 6.2.2 (Factorization Theorem) Let f(x|0) denote the joint pdf or pmf of a sample
X. A statistic T(X) is a sufficient statistic for 6 if and only if there exist functions g(t|0) and

h(z) such that, for all sample points © and all parameter points 0,

f(x]0) = g(T()|0)h(z). (6.1)
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PROOF: We give the proof only for discrete distributions. Suppose T'(X) is a sufficient statistic.
Choose g(t|0) = Py(T'(X) =t) and h(x) = P(X = «|T(X) = T(x)). Because T'(X) is sufficient,
the conditional probability h(x) does not depend on 6. Thus,
f(@]f) = Fy(X =)

=X =xand T'(X) =T(x))

= B(T(X) = T(x))P(X = a|T(X) = T(x))

= 9(T(x)|0)h(z)
So factorization (6.1) has been exhibited. Also, the last two lines above imply that g(7'(x)|0) is
the pmf of T'(X).

Now assume the factorization (6.1) exists. Let q(t|0) be the pmf of T'(X). Define Apg) = {y :

T(y) =T(x)}. Then

(density transformation)

= S0y, 9T W) ()

— ( (x)|0) ( ) Since isaCODS ant on

T T@0) g b T tnt on Ara)
h(x)

T Y M)

Since the ratio does not depend on €, by Theorem 6.2.1, T'(X) is a sufficient statistic for 6. O

To use the Factorization Theorem to find a sufficient statistic, we factor the joint pdf of the
sample into two parts. One part does not depend on 6 and it constitutes the h(x) function. The
other part depends on #, and usually it depends on the sample & only through some function T'(x)

and this function is a sufficient statistic for 6.

Example 6.2.4 (Normal sufficient statistic) Let X1, ..., X}, be iid N(u, 0?), where o2 is known.
The pdf can be factored as

f(@|u) = (2m0®) "2 exp{~ Z /(20%)} exp{—n(z — p)*/(20%)}.

We can define
9(t0) = exp{—n(t — n)*/(20%)}
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by defining T'(x) = Z, and
() = (2r0%) " exp{— 3 (os — 3)2/(20)).
=1
Thus, by the Factorization Theorem, T(X) = X is a sufficient statistic for .

Example 6.2.5 (Uniform sufficient statistic) Let X1, ..., X, be iid observations from the dis-
crete uniform distribution on 1,...,60. That is, the unknown parameter, 8, is a positive integer and
the pmf of X; is

r=12,...,0

S

f(z]0) =

0 otherwise.

Thus, the joint pmf of X1,..., X, is

0" x;€{l,....0} fori=1,...,n
f(x]0) =

0 otherwise.

Let I4(x) be the indicator function of the set A; that is, it is equal to 1 if x € A and equal to
0 otherwise. Let N = {1,2,...} be the set of positive integers and let Ny = {1,2,...,0}. Then the

joint pmf of X1,..., X, is
F@l) =] 0 In, (i) = 07" ][ Ins-
i=1 i=1

Defining T'(x) = max; x;, we see that

n

[1 v, = (] v (@) In, (T ().
=1

i=1
Thus we have the factorization

n

F([8) = 07" In, (T(@)) (] ] In (i)

i=1

By the factorization theorem, T(X) = max; X; is a sufficient statistic for 0.

Example 6.2.6 (Normal sufficient statistic, both parameters unknown) Assume that X1,..., X,
are iid N(p,0?), and that both u and o are unknown so the parameter vector is @ = (u,0?). Let

Ti(z) =z and To(z) = s> = > 1 | (z; — )% /(n — 1).

f(@]6) =(2r0®) " exp{~[Y_(z; — 2)* + n(z — p)*]/(20°)}

=1

= (210%) " exp{—(n(t1 — u)> + (n — 1)t2)/(20%)}.
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Let h(z) = 1. By the factorization theorem, T(X) = (T1(X), To(X)) = (X, S?) is a sufficient

statistic for (u,c?).
The results can be generalized to the exponential family of distributions.

Theorem 6.2.3 Let X1,...,X, be iid observations from a pdf or pmf f(x|0) that belongs to an

exponential family given by

k
f(x10) = h(z)e(8) exp{) _ wi(O)t;(x)}
=1

where @ = (01,...,04), d < k. Then

n

T(X) = (O t(X)), - Y k(X))
j=1

j=1

s a sufficient statistic for 6.

6.2.2 Minimal Sufficient Statistics
In any problem, there are many sufficient statistics. For example,
1. It is always true that the complete sample, X, is a sufficient statistic.
2. Any one-to-one function of a sufficient statistic is also a sufficient statistic.

Recall that the purpose of a sufficient statistic is to achieve data reduction without loss of infor-
mation about the parameter 6; thus, a statistic that achieves the most data reduction while still

retaining all the information about 6 might be considered preferable.

Definition 6.2.2 A sufficient statistic T(X) is called a minimal sufficient statistic if, for any
other sufficient statistic T'(X), T(x) is a function of T'(x).

To say that T'(x) is a function of 7"(x) simply means that if 7'(x) = T'(y), then T'(x) = T(y).
Let T = {t: t =T(x) for some € X'} be the image of X under T'(x). Then Tz partitions the
sample space into sets A;,t € 7, defined by Ay = {x : T'(x) = t}. If {By : t € T'} are the partition
sets for T'(x) and {A; : t € T} are the partition sets for T'(x), then Definition 6.2.2 states that
every By is a subset of some A;. Thus, the partition associates with a minimal sufficient statistic,
is the coarsest possible partition for a sufficient statistic, and a minimal sufficient statistic achieves

the greatest possible data reduction for a sufficient statistic.
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Example 6.2.7 (Two Normal sufficient statistics) Suppose that X1,..., X, are observations
from N(u,c?) with o® known. We know that T(X) = X is a sufficient statistic for u. The
factorization theorem shows that T'(X) = (X, S?) is also a sufficient statistic for u. T(X) can be
written as a function of T'(X) by defining the function r(a,b) = a. Then T(x) = & = r(z,5?) =
r(T'(x)).

Theorem 6.2.4 let f(x|6) be the pmf or pdf of a sample X . Suppose there exists a function T(x)
such that, for every two sample points x and y, the ratio f(x|0)/f(y|0) is a constant as a function

of 0 if and only if T(x) = T(y). Then T(x) is a minimal sufficient statistic for 0.

PRrROOF: To simply the proof, we assume f(x|f) > 0 for all z € X and 0. First we show that T'(X)
is a sufficient statistic. Let 7 = {t : t = T(x) for some x € X'} be the image of X under T'(x).
Define the partition sets induced by T'(x) as A; = {x : T'(x) = t}. For each A, choose and fix one
element x; € A;. For any @ € T, Tp(g) is the fixed element that is in the same set, A¢, as x. Since
x and Ty (g) are in the same set A;, T(z) = T(xp(z)) and, hence, f(z|0)/f(z1.|0) is constant as
a function of §. Thus, we can define a function on X by h(z) = f(x|0)/f(x7.|0) and h does not
depend on 6. Define a function on 7 by ¢(t|0) = f(x¢|0). Then it can be seen that

f(@r.|0) f(x]0)

f(@re|0)

and, by the factorization theorem, 7T'(X) is a sufficient statistic for 6.

f(x|0) =

= 9(T'(x)|0)h(z)

Now to show that TX is minimal, let 7/(X) be any other sufficient statistic. By the factoriza-
tion theorem, there exist function ¢’ and A’ such that f(x|0) = ¢ (T'(x)|0)h'(x). Let  and y be

any two sample points with 77(x) = T'(y). Then
f(xl0) _ g (T"(x)|O)h'(z) _ H(x)

flo) — g (Tl (y) — 1(y)
Since this ratio does not depend on 6, the assumptions of the theorem imply that T'(x) = T'(y).

Thus, T'(x) is a function of T’(x) and T'(z) is minimal. ]

Example 6.2.8 (Normal minimal sufficient statistic) Let X1,..., X, be iid N(u,c?), both i
and o unknown. Let © and y denote two sample points, and let (Z,5%) and (7, S:,2J) be the sample
means and variances corresponding to the x and y samples, respectively. Then the ratio of densities

18
f(xlp, o?)

f(ylp, o?) = EXP{[—H(:ZQ _ §)2 +2nu(z —y) — (n — 1)(8’?6 . 8:%/)]/(202)}'
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This ratio will be constant as a function of u and o if and only T = § and s% = szy. Thus, by

Theorem 6.2.4, (X, S?) is a minimal sufficient statistic for (iu,o?).

Example 6.2.9 (Uniform minimal sufficient statistic) Suppose Xi,..., X, are iid uniform

observations on the interval (6,0 + 1), —oo < 6 < oco. Then the joint pdf of X is

1 O6<x;<0+1,i=1,...,n,
f(=]0) =
0 otherwise,
which can be written as
1 max;z; — 1 <6 < min; z;

f(x|0) =

0 otherwise

Thus, for two sample points © and y, the numerator and denominator of the ratio f(x|0)/f(y|0)
will be positive for the same values of 6 if and only if min; x; = min; y; and max; r; = max; y;.

Thus, we have that T(X) = (X(1), X(n)) is a minimal sufficient statistic.

This example shows the dimension of a minimal sufficient statistic may not match the dimension
of the parameter. A minimal sufficient statistic is not unique. Any one-to-one function of a minimal
sufficient statistic is also a minimal sufficient statistic. For example, T"(X) = (X(,y — X(1), (X(n) +
X(1))/2) is also a minimal sufficient statistic in Example 6.2.9, and T"(X) = (37, X3, >0, X7?)

is also a minimal sufficient statistic in Example 6.2.8.

6.2.3 Ancillary Statistics

Definition 6.2.3 A statistic S(X) whose distribution does not depend on the parameter 6 is called

an ancillary statistic.

Alone, an ancillary statistic contains no information about 8. An ancillary statistic is an obser-
vation on a random variable whose distribution is fixed and known, unrelated to . Paradoxically, an
ancillary statistic, when used in conjunction with other statistics, sometimes does contain valuable

information for inferences about 6.

Example 6.2.10 (Uniform ancillary statistic) Let Xi,...,X,, be iid uniform observations on

the interval (0,0 + 1), —oo < 8 < co. The range statistic R = Xny) — X(1) s an ancillary statistic.
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Recall that the cdf of each X; is

0 <46
Fzld)=S2r—-0 06<x<0+1
1 0+1<uz.

Thus, the joint pdf of X(1y and Xy, is

n(n - 1)(x(n) - I(l))n_2 0 < 1) < Zp) < 0+1
9(z @y, T |0) =
0 otherwise
Making the transformation R = X,y — X1y and M = (X(y + X(1))/2, we see the joint pdf of R
and M is

nn—1)r"2 0<r<l,0+r/2<m<0+1-r/2
h(r,m|0) =

0 otherwise

Thus, the pdf for R is
0+1—r/2
h(r|0) = / n(n—1)r"2dm =n(n —1)r""2(1-7r), 0<r<I1.
0+r/2
This is a beta pdf with « =n—1 and 8 = 2. Thus, the distribution of R does not depend on 0, and

R is ancillary.

Example 6.2.11 (Location and scale family ancillary statistic) Let Xi,..., X, be iid ob-
servations from a location family with cdf F(x —0), —oo < 6 < co. Show that the range statistic
R = X, — X(1) is an ancillary statistic.

Let X1,...,X, be iid observations from a scale family with cdf F(z/o),0c > 0. Show that
any statistic that depends on the sample only through the n — 1 values X1/Xn, ..., Xpn—1/Xn is an

ancillary statistic.

6.2.4 Sufficient, Ancillary, and Complete Statistics

A minimal sufficient statistic is a statistic that has achieved the maximal amount of data reduction
possible while still retaining all the information about the parameter 6. Intuitively, a minimal
sufficient statistic eliminates all the extraneous information in the sample, retaining only that piece

with information about . Since the distribution of an ancillary statistic does not depend on 6, it
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might be suspected that a minimal sufficient statistic is unrelated to an ancillary statistic. However,
this is not necessarily the case. Recall Example 6.2.9 in which X;,..., X,, were iid obs from a
uniform(6, 6 + 1) distribution. We have pointed out that the statistic (X, — X(1), (X(n) + X(1))/2)
is a minimal sufficient statistic, and in Example 6.2.10 we showed that X(,) — X(1) is an ancillary
statistic. Thus, in this case, the ancillary statistic is an important component of the minimal
sufficient statistic. Certainly, the ancillary statistic and the minimal sufficient statistic are not
independent.

The following example shows that an ancillary statistic can sometimes give important informa-

tion for inference about 6.

Example 6.2.12 (Ancillary precision) Let X1 and Xo be iid obs from the discrete distribution
that satisfies

P(X=0)=P(X=0+1)=P(0+2)=1/3,

where 0, the unknown parameter, is any integer. It can be shown with an argument similar to that
in Ezample 6.2.9 that (R, M), where R = X,y — X1y and M = (X(,y + X(1))/2, is a minimal
sufficient statistic. To see how R might give information about 0, consider a sample point (r,m),
where m is an integer. First we consider only m, 0 must be one of three values, either 6 = m
or @ = m—1o0r 0 =m— 2. With only the information that M = m, all three 0 values are
possible values. But now suppose we get the information that R = 2. Then it must be the case
that X1y = m — 1 and X(3y = m + 1, and the only possible value for 6 is 6 = m — 1. Thus, the
knowledge of the value of the ancillary statistic R has increased our knowledge about 6. Of course,

the knowledge of R alone would give us no information about 6.

For many important situations, however, our intuition that a minimal sufficient statistic is
independent of any ancillary statistic is correct. A description of situations in which this occurs

relies on the next definition.

Definition 6.2.4 Let f(t|0) be a family of pdfs or pmfs for a statistic T(X). The family of
probability distributions is called complete if Egg(T) = 0 for all 8 implies Py(g(T) = 0) =1 for all

0. Equivalently, T(X) is called a complete statistic.
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Example 6.2.13 (Binomial complete sufficient statistic) Suppose that T has a binomial (n,p)
distribution, 0 < p < 1. Let g be a function such that E,g(T) = 0. Then

0= Byg(T) =t§;g<T> (o= o0 (]) L)

t=0
forallp, 0 <p<1. Letr =p/(1 —p), 0 <r < oco. The last expression is a polynomial of degree
n in r, where the coefficient of v is g(t) (?) For the polynomial to be 0 for all r, each coefficient
must be 0. Thus, g(t) =0 fort=0,1,...,n. Since T takes on the values 0,1 ..., n with probability
1, this yields that Py(g(T) = 0) =1 for all p. Hence, T is a complete statistic.

Example 6.2.14 Let X;,...,X,, be iid uniform (0,0) observations, 0 < 6 < oo. Show that
T(X) = max; X; is a complete statistic.
Using an argument similar to that used in one of previous examples, we can see that T(X) =
max; X; is a sufficient statistic and the pdf of T(X) is
nt" o 0<t< 0
f(t10) =
0 otherwise.
Suppose g(t) is a function satisfying Egg(T) = 0 for all . Since Fgg(T) is a constant of 6, its

derivative with respect to 0 is 0. Thus we have that

0= g (T) = d/e (t)nt"1o~"dt
—a Y T ), Y
Lod

0 d 0
_ n—1 —n n—1
(6 )dﬂ/o ng(t)t dt—l—(—d‘ge )/0 ng(t)t" " dt
= 0""ng(0)0" " 40

0~ 'ng(0)

Since 0~tn # 0, it must be g(§) = 0. This is true for every 0 > 0, hence, T is a complete statistic.

Theorem 6.2.5 (Basu’s Theorem) If T'(X) is a complete and minimal sufficient statistic, then

T(X) is independent of every ancillary statistic.

PROOF: We give the proof only for discrete distributions. Let S(X) be any ancillary statistic.
Then P(S(X) = s) does not depend on 6 since S(X) is ancillary. Also the conditional probability,

P(S(X) = s|T(X) =t) = P(X € {z: S(z) = s}|T(X) = 1),
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does not depend on 6 because T'(X) is a sufficient statistic (recall the definition!). Thus, to show
that S(X) and T(X) are independent, it suffices to show that

PS(X)=s|T(X)=t)=P(S(X)=25s) (6.2)
for all possible values t € 7. Now,

P(S( = P(S(X) = s|T(X) = t)P(T(X) = ¢).
teT

Furthermore, since ), .+ Pp(T(X) =t) = 1, we can write

P(s( =" P(S(X) = ) Py(T(X) = 1)

teT

Therefore, if we define the statistic
g(t) = P(S(X) = s|T(X) = t) — P(S(X) = s),
the above two equations show that

Eag(T) = 3~ g(0)Py(T(X) =) = 0
teT

for all 6. Since T'(X) is a complete statistic, this implies that g(¢) = 0 for all possible values t € 7.
Hence, (6.2) is verified. [

It should be noted that the “minimality” of the sufficient statistic was not used in the proof
of Basu’s theorem. Indeed, the theorem is true with this word omitted, because a fundamental

property of a complete statistic is that it is minimal.

Theorem 6.2.6 (Complete statistics in the exponential family) Let Xi,..., X,, be iid ob-

servations from an exponential family with pdf or pmf of the form
f(x]0) = h(z)c(0) exp ( Zw]

where @ = (01,02, ...,0k). Then the statistic

= O t(X),> (X)) k(X
i=1 i=1 =1

is complete if {w1(0),...,w(0)): @ € O} contains an open set in RF.
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Example 6.2.15 (Using Basu’s theorem) Let X1,...,X,, be iid exponential observations with

parameter 0. Consider computing the expected value of

Xn

X)=——"
X =%,

We first note that the exponential distributions form a scale parameter family and thus g(X) is an
ancillary statistic. The exponential distributions also form an exponential family with t(x) = x and

so, by Theorem 6.2.6,

is a complete statistic and by, Theorem 6.2.3, T(X) is a sufficient statistic. Hence, by Basu’s
theorem, T'(X) and g(X) are independent. Thus we have

0 = EgXn = EgT(X)g(X) = (EgT(X))(Epg(X)) = nfEyg(X).

Hence, for any 0, Egg(X) = 1/n.

6.3 The likelihood Principle

6.3.1 The likelihood function

Definition 6.3.1 Let f(x|0) denote the joint pdf or pmf of the sample X = (X1,...,Xy). Then,
given that X = x is observed, the function of 6 defined by

L(0lx) = f(x|0)
1s called the likelihood function.

This definition almost seems to be defining the likelihood function to be the same as the pdf
or pmf. The only distinction between these two functions is which variable is considered fixed and
which is varying. When we consider the pdf or pmf f(x|f), we are considering 6 as fixed and x
as the variable; when we consider the likelihood function L(6|x), we are considering x to be the
observed sample point and 6 to be varying over all possible parameter values. If we compare the

likelihood function at two parameter points and find that

L(Ql\x) > L(Hg]w),
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then the sample we actually observed is more likely to have occurred if 6§ = 6y than if 8 = 605,
which can be interpreted as saying that 61 is a more plausible value for the true value of 8 than is
0. We carefully use the word “plausible” rather than “probable” because we often think of # as a
fixed value. Furthermore, although f(x|f), as a function of x, is a pdf, there is no guarantee that
L(0|x), as a function of 0, is a pdf.

LIKELTHOOD PRINCIPLE: If  and y are two sample points such that L(f|x) is propor-

tional to L(f|y), that is, there exists a constant C(x,y) such that
L(0|z) = C(=,y)L(0]y)

for all 0, then the conclusions drawn from @ and y should be identical.

Note that C'(x,y) may be different for different (x,y) pairs but C(z,y) does not depend on 6.

6.4 The Equivariance Principle

The first type of equivariance might be called measurement equivariance. It prescribes that the
inference made should not depend on the measurement scale that is used.

The second type of equivariance, actually an invariance, might be called formal invariance. It
states that if two inference problems have the same formal structure in terms of the mathematical
model used, then the same inference procedure should be used in both problems. The elements of
the model that must be the same are: O, the parameter space; {f(x|f) : 6 € O}, the set of pdfs or
pmfs for the sample; and the set of allowable inferences and consequences of wrong inferences.

For example, © may be © = {# : § > 0} in two problems. But in one problem # may be the
average price of a dozen eggs and in another problem 6 may refer to the average height of giraffes.
Yet, formal invariance equates these two parameter spaces since they both refer to the same set of
real numbers.

Equivariance Principle: If Y = g(X) is a change of measurement scale such that the model
for Y has the same formal structure as the model for X, then an inference procedure should be

both measurement equivariant and formally equivariant.

Example 6.4.1 (Binomial equivariance) Let X ~ Bionmial(n,p) with known n and p. Let
T(z) be the estimate of p that is used when X = x is observed. Rather than using the number of

successes, X, to make an inference about p, we could use the number of failures, Y =n — X. We
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can see that Y ~ Binomial(n,q = 1 —p). Let T*(y) be the estimate of q that is used when 'Y =y
is observed, so that 1 — T*(y) is the estimate of p when Y = y is observed. If x successes are
observed, then the estimate of p is T'(x). But if there are x successes, then there are n — x failures
and 1 — T*(n — x) is also an estimate of p. Measurement equivariance requires that these two
estimates be equal, that is, T'(z) =1 —T"(n —x), since the change from X to'Y is just a change in
measurement scale. Furthermore, the formal structures of the inference problems based on X and
Y are the same. X andY both have binomial(n,0) distributions, 0 < 0 < 1. So formal invariance
requires that T'(z) = T*(z) for all z =0,...,n. Thus, measurement and formal invariance together
require that

Tx)=1-T"(n—z)=1-T(n —x).

If we consider only estimators satisfying the above equality, then we have greatly reduced and sim-
plified the set of estimators we are wiling to consider. Whereas the specification of an arbitray
estimator requires the specification of T(0),...,T(n), the specification of an estimator satisfying
the above equality requires the specification only of T'(0),...,T([n/2]), where [n/2] is the greatest
integer not larger than n/2. This is the type of data reduction that is always achieved by the equiv-
ariance principle. The inference to be made for some sample points determines the inference to be

made for other sample points.



