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1. Black-Scholes Model (1973)

e Asset price process
2

dIn(S;) = (r + Ao —%)dt +odW,

» Risk-neutralized asset price process

dIn(S;) = (r —%)dt + oW

* Pricing formula

For a European call option payoff at time T,

Max(St - K,0)
its time-0 value is by the closed-form solution

C(So; K,T,r,0)
=SoN(d) -Ke "TN(d —o+/T)
where

2
N0+ (r+9 )T
K 2

d=
oT

* Implied Volatility

Find a*(Ki,Tj) to solve
C™ (K;, Tj) = C(Soi Ki Tj.r.0” (Ki, Tj)
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» Implied volatility vs. historical volatility

If the Black-Scholes model works well, the implied
volatility should be roughly the same as the historical
volatility. (March 11, 1998, South China Morning Post;
Historical volatility (250 days) equals 46%.)

[HANG SENG INDEX OPTIONS i ]

Eat. Open
Months Strike Close change Vollt % Vol int. Maonths Strike

Est. Open
Close change Volit % Vot int.

Mar/98 7800 C 3400 +234 G5 a 0 Ma/08 7800 P 9 -6 75 0 3
Mar 7900 C 3310 +233 65 n 0  Mar 900 P 10 -7 74 [ 0
Mar 8000 C 3212 + 2323 (s3] [} o Mar BOOO [ 3d 12 -7 73 o 132
Mar a0 C 3015 231 65 (o] (1 Mar 8200 P 15 -9 7t n 112
Mar 8400 C 2819 + 278 65 [+ 0 Mar 8400 P 9 -12 69 o 339
Mar 8600 [od 2625 +226 65 [ 0 Mar 8600 P 25 -14 68 o] 38
Mar 8800 C 2432 4223 65 iH Mar Bsoo P 32 -17 66 0 1208
Mar o000 C 2240 + 219 65 0 78 Mar 9000 P a0 -21 64 7 9N
Mar 9200 C 2051 + 214 61 [¢] 0 Mar 9200 P 51 —26 62 7 330
Mar 9400 C 1864 +209 61 o 192 Mar 9400 P 64 -31 60 1 581
Mar 9600 C 1681 +203 57 o 100 Mar 9500 P 81 -37 59 2 686
Nar afgnn  C 1501 +195 57 o 250 Mar a800 134 101 -45 57 20 496
Mar 10000 C 1326 +186G 55 0 788 Mar toonn P 126 -54 55 284 1666
Mar 10200 C 157 +176 53 o 379 Mar 10200 P 157 ~64 53 349 911
Mar 10400 C 994 + 164 51 g 992 Mar 10400 P 194 -76 51 56 930
Mar 10600 C BA0 + 151 149 0 834 Mar 10600 P 240 ~B9 50 43 1279
Mar 10800 C 695 +136 4R 0 1011 Mar 10800 P 295 ~104 a8 29 590
Mar 11000 C 6561 + 121 AR 26 717 Mar 11000 P 361 119 46 A2 1084
Mar 11200 C 410 492 A G1 669 Mar 11200 P A44¢ -1AB aa 431 A50
Mar 11400 C 345 + 76 A3 23 1072 Mar 11400 P 545 161 a3 1 169
Mar 11600 C 2G5 161 a3 24 364 Mar 11600 P 665 -179 a3 0 G
Mar 11800 C 198 +Aa8 a2 21 292 Mar 11800 P 798 -192 13 0 5
Mar 12000 C 144 + 3G 42 162 1230 Mar 12000 P 944 204 a2 0 168
Mar 12200 C 101 + 26 a1 a 78 Mar 12200 P 110V -214 a1 0o 100
Mar 12400 C 69 + 18 a0 17 1894 Mar 12400 P 1269 -222 41 0 200
Mar 12600 C a6 +13 40 60 810 Mar 12600 P 1446 227 at g 100
Mar 12800 C 29 +8 a9 3 1660 Mar 12800 P 1629 -232 a1 Qo 475
Mar 13000 C 18 +5 39 2 20N Mar 13000 P 18 -235 a1 0 128
Mar 13200 C 10 +3 an Q 949 Mar 13200 P 2010 -237 33 0 o
Mar 13400 C ] +2 38 [+] 4 Mar 13400 P 2206 -238 33 0 400
Apr/98 9800 C 1636 +173 48 L4} 8] Apr/98 9800 P 226 ~67 48 3 (1]
Apr 10000 C 1479 +164 a7 0 4] Anpr 10000 P 269 ~-76 47 225 256
Apr 10200 C 1328 +4 155 16 (o] 0 Apr 0200 P 318 -85 a7 0 201
Apr 10400 C 1183 +144 a5 (o] 3 Apr 10400 P 373 -96 a0 0o 150
Apr 10600 C 1047 +134 a5 o =3 Apr 10600 P 437 -106 45 o 239
Apr 10800 C Q18 4+ 123 A4 100 102 Apr 10800 P 508 -117 449 o 2
Apr 11000 C 797 +112 43 0 351 Apr 11000 P 587 -128 43 16 10
Apr 11200 C 685 491 az 0 200 Apr 11200 P 675 -—149 a2z [0} Q
Apr 11400 C 592 +80 a2 0 2007 Apr 11400 P 782 ~160 a2 o 1)
Apr 11600 C 508 +70 a2 o 6 Apr 11600 P |98 -170 az 0 6
Apr 11800 C 433 461 a2 0 1200 Apr 11800 P 1023 -179 42 a 0
Apr 12000 C a6 +52 az o 1 Apr 722000 P 1156 -188 a2 () 0
Apr 12200 C 307 +43 At o v Apr 12200 P 1297 -197 a2 [o] o
Apr 121400 C 256 + 36 41 3 400 Apr 12400 P 1446 -204 42 0 [o]
Apr 12600 C 212 + 30 a1 o 301 Apr 12600 P 1602 -210 41 o 0
Apr 12800 C 174 +25 a1 1 300 Apr 12800 P 1764 -21% a1 1] L]
May/98 9600 C 1943 +170 48 0 a May/98 9600 P 313 ~-60 48 o] o
May 9o C VIGO0 4+ 163 a7 0 0 May 9800 P 360 67 as O (o]
May 10000 C 1641 + 156 47 (o] o May 10000 P 411 -74 a7 L¢] o
Mavy 10200 C 1498 + 149 a5 ] [¢] May 10200 P 468 Bl 46 [¢] o
May 10400 C 1361 +1a a5 0 Q May 10400 P 531 -89 a5 0 [v]
May 16600 C 1230 +133 a4 0 o May 10600 P 600 -97 as [o] L]
May 10800 C 1105 + 25 a4 o (13 May 10800 P 675 -105 a4 [+] 0
May 11000 C 987 + 117 43 a o] May 11000 P 797 113 43 Q Q
May 11200 C 875 4+ 96 A2 a 0 May 11200 ¢ 845 134 43 0 0
May 17400 C 782 + R a2z (4] 0 May 11400 P 952 142 42 3] o
May 11600 C 616G -+ BO a2 (4] 25 Mav 600 P 166 150 42 0 L)
May 11800 C 617 + 72 a4z o [e] May 11800 P 1187 -158 42 (o] o
May 12000 C 545 165 a2 50 0 May 12000 P 1315 -165 42 [+ o
May 12200 C A79 +58 a2z o 0 May 12200 P 1449 -172 a2 v (1)
May 12400 C 420 +52 a1 (o] 0 May 12400 P 1590 -178 az 0 Lo
May 12600 C 366 4+ 45 a1 [+] 0 May 12600 P 1736 -185 a2 0 g
May 12800 C 318 140 a1 (4] o May 12800 P 1888 -190 a2 0 a
Jun/98 10000 C 1809 +173 a? [+ 160 Jun/98 10000 P 559 -57 a? n 525
Jun 10200 C 1671 +167 a6 9 300 Jun 10200 P 621 -63 a7 o 470
Jun 10400 C 1539 + 162 a5 0 1840  Jun 10400 P 6589 --68 36 0 200
Jun 10600 C 1411 +155 a5 o 275 Jun 10600 P 761 -15 as o 7%
Jun 10800 C 1289 + 149 a4a 0 3476 Jurny 10800 P 839 -8t a5 0 77
NIvILY 11000 C 1172 +142 43 o 929 Jun 11000 P az22? -88 a4 0 268
Jun 11200 C 1060 +121 a3 o 517 Jun 11200 P 1010 -109 a3 0 20
Jun 11400 C 969 + 115 13 o] 150 Jun 11400 P 1719 -115 43 0 0
Jun 11600 C B8B83 +107 Az aQ 200 hn 11600 1233 123 a3 0] 1
Jun 11800 C 803 +101 a2 o 1 Jun 11800 P 1353 -129 A3 [¢] 0
Jun 12000 C 228 +93 a2 100 165 Jin 12000 P 1478 -137 a3 o 10
Jun 12200 C 659 +87 a2 O 278 Jun 12200 ¢ 1609 -143 43 0 [¢]
Jun 12400 C 596 481 42 [0} 150 Jun 12400 P 1746 —-149 a3 (s} Q
Jun 12600 C 537 +75 az O 20 Jun 12600 P 1B87 -155 43 0 1
Jun 12800 C 483 + 69 az 0 o Jun 12800 P 2033 -161 43 [v] o
Jon 13000 C 433 +63 42 200 500 Jun 13000 P 2183 -167 43 0 21
Sep/a8 10000 C 2161 +172 a3 4] 1] Sep/98 10000 P 7613 -68 44 0 275
Sep 10200 C 2037 +166 A3 0 0 Sep 10200 P 837 ~74 43 (] 1}
Sep 10400 C 1918 +161 13 o 0 Sep 10460 P 918 -79 a3 Q o
Sep 10600 C 1804 +157 a3 o] o Sep 10600 P 1004 -83 a3 Q ]
Sep 10800 C 1694 + 151 4z 0 50 Sep 10BOO P 1094 B9 a3 o 0
Sep 11000 C 1588 + 146 a2 0 200 Sep 11000 F 1188 -94 a3 [e] o
Sep 11200 C 1487 + 140 a4z 0 200 Sep 11200 P 1287 -100 43 o 100
Sep 11400 C 1390 +131 42 [¢] 100 Sep 11400 P 1390 -109 a4z Q9 100
Sep 11600 C 1301 +126 a2 0 o Sen 11600 P 1501 114 a2 o 0
Sep 11800 C 1217 + 12t a2 (4] 0 Sen 11800 P 1817 ~119 42 (4] 0
Sep 12000 C 136 + 115 12 o 645 Sep 12000 P 1736 -125 a2z 0 Q
Sep 12200 C 1060 + 110 42 o] (o] Sen 12200 P 1860 -130 a2 (¢} 0
Sep 12400 C a88 + 105 41 o 150 Sep 12400 P 1988 135 a2 (4} o
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» Volatility Smile

If the Black-Scholes model works well, implied
volatilitya*(Ki,Tj) should be independent of K; and T;. In

reality, a*(Ki,TJ—) varies systematically with K; and T;.

Example 1: FTSE 100 index options

i B April
Implied 1 blied Volatilities of FTSE 100 Index Calls |-«
Volatility Euro style) on March 31, 1995 mMay
018 (Euro style) on Marc , mJune
E September
0.17 + m December

0.16 -

0.15 -

0.14 -

0.13 -

2975 3025 3075 3125 3175 3225 3275 3325
Strike Price

GARCH OPM 5
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8 April
m May

Bl June

September
B December

Implied

Implied Volatilities of FTSE 100 Index Calls

(Euro style) on April 7, 1995

Volatility
0.18 +
0.17

3075 3125 3175 3225 3275 3325 3375

3025

Strike Price

Example 2: Hang Seng index options

8281 6C

Implied
Volatility

Implied Volatilities of HS Index Calls

on Feb 28, 1997

0.25

JC Duan (3/2000)
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Implied
Volatility
0.25

002t

000¥T

009¢T

00vcT

2. GARCH Option Pricing Model (Duan, 1995)
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o Locally risk-neutralized asset price process

2

Ste1 _, _Ota

S
0ta1 = Bo + B0t +Bo0t (& —0-N)°

* Q
gt+1| Ft - N(O,l)

*
In +t041E41

This implies
St =9 exp%r L %05 + gase:D
25 ° & 0 °H
« Option pricing
For a European call option with a payoff at time T:
Max(St — K,0)

its time-0 value is

C(Sg,01; K, T.1, By, B, B, 6+ A) =e”"T E{Max(St —K,0)}

» Forex option pricing under GARCH

Risk-neutralized exchange rate process under Black-

Scholes
2

din(e,) = (r -r; —%)dt +odW,”

GARCH OPM 8
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Garman and Kohlhagen (1983) formula

C(eg; K, T,r,1rf,0)

r

=ege T N(d) —Ke T N(dg —aT)

where
Ine—0+(r —r +02)T
K 7o

d=
oT

Locally risk-neutralized exchange rate process under
GARCH

2
NS+l = p _p, - 9t#

€t
otv1 = fo + B0t + B ot (g —0-N?

*
TO0t+1&+1

* Q
€t+1| Ft ~N (0,1)
Forex option price under GARCH

C(eg,01; K, T,r,11, o, B, B, 6+ ) =~ TER{Max(er -K,0)}

Note:

1. For quanto option pricing under GARCH, please see Duan
and Wei (1999).

2. An arbitrage-free proof of the GARCH option pricing model
can be found in Kallsen and Taqqu (1998). It is accomplished
by using the geometric Brownian motion to connect the
discrete-time GARCH model.

GARCH OPM 9
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3. Numerical methods

» Monte Carlo simulations
1) Standard Monte Carlo simulation

St (i) = Sp expl(r — B)t1Z¢ (i)
Z;(i) = Z_1(i) exp[-0.507 +0&;(i)]

2) Empirical martingale simulation (EMS) (Duan &
Simonato, 1998)

St(1) = Sp expl(r - o)t]Z¢ (1)

= Zea0esI-0507 2060
i gzt_l(i)exp[—O.SUt2 +oi&(i)]
=1

Thus,
L 3 exp[=(r — )11 (i) = S,
Ni=1

GARCH OPM 10
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Worksheet: Standard Monte Carlo Simulation for valuing call option under GARCH

Current stock price = 51
Initial conditional s.d. (annualized) = 0.2
Interest rate (annualized) = 0.05
Number of sample paths = 10
Maturity (days) = 2 Strike price (X) = 50
GARCH parameters:

BetaO = 1E-05

Betal = 0.8

Beta2 = 0.1

Theta = 0.5

Lambda = 0.3

Stationary standard deviations (annualized) implied by the GARCH parameters:

Data generating = 0.2206
Risk neutral = 0.3184
std. normal std. normal

-0.8131 0.7647
-0.5470 0.5537
0.4109 0.0835
0.4370 -0.6313
0.5413 -0.1772
-1.0472 2.4048
0.3697 0.0706
-2.0435 -1.4961
-0.2428 -1.3760
0.3091 0.3845

S(0)  sd(1) S(1)  sd@2) S(2) max(S(2)-X,0)

51 0.200 50.572 0.215 51.012 1.012
51 0.200 50.713 0.207 51.022 1.022
51 0.200 51.224 0.190 51.271 1.271
51 0.200 51.238 0.190 50.921 0.921
51 0.200 51.294 0.190 51.208 1.208
51 0.200 50.448 0.222 51.881 1.881
51 0.200 51.202 0.191 51.243 1.243
51 0.200 49.925 0.261 48.918 0.000
51 0.200 50.875 0.200 50.151 0.151
51 0.200 51.169 0.191 51.371 1.371

Discounted average (or Monte Carlo price) = 1.0079

GARCH OPM 11
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Worksheet: Empirical Martingale Simulation for valuing call option under GARCH

Current stock price =

Initial conditional s.d. (annualized) =

Interest rate (annualized) =
Number of sample paths =

51
0.2
0.05
10
Strike price (X) =

50

Maturity (days) = 2
GARCH parameters:

BetaO = 1E-05
Betal = 0.8
Beta2 = 0.1
Theta = 0.5
Lambda = 0.3

Stationary standard deviations (annualized) implied by the GARCH parameters:

Data generating = 0.2206
Risk neutral = 0.3184
std. normal std. normal
-0.8131 0.7647
-0.5470 0.5537
0.4109 0.0835
0.4370 -0.6313
0.5413 -0.1772
-1.0472 2.4048
0.3697 0.0706
-2.0435 -1.4961
-0.2428 -1.3760
0.3091 0.3845
S(0) sd(1) S(1) S*(1) sd(2) S(2) S*(2) max(S*(2)-X,0)
51 0.200 50.572 50.712 0.215 51.012 51.126 1.126
51 0.200 50.713 50.854 0.207 51.022 51.137 1.137
51 0.200 51.224 51.366 0.190 51.271 51.386 1.386
51 0.200 51.238 51.380 0.190 50.921 51.036 1.036
51 0.200 51.294 51.436 0.190 51.208 51.323 1.323
51 0.200 50.448 50.588 0.222 51.881 51.998 1.998
51 0.200 51.202 51.344 0.191 51.243 51.357 1.357
51 0.200 49.925 50.063 0.261 48.918 49.027 0.000
51 0.200 50.875 51.016 0.200 50.151 50.264 0.264
51 0.200 51.169 51.311 0.191 51.371 51.486 1.486
Average 50.866 50.900
Discounted average (or Monte Carlo price) = 1.1109

GARCH OPM
JC Duan (3/2000)
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A comparison: Black-Scholes option pricing model (batch size =
1000; Sy=100, r=0.1, =0, 0=0.2, T=1 month)

At-the-money European call option price estimate

2.76

2.72

2.68

2.64 Crude

Batch EMS
2.60 1 1 1 1 1 1 1 1 1
1 117 21 31 41 51 61 71 81 91

Standard deviation of the price estimate
(at-the-money European call option; two hundred repetitions)

0.12
Crude
Batch BMS
0.08 -
0.04 !
0.00 1 1 1 1 1 1 1 1 1
1 11 21 31 41 51 61 71 81 091

GARCH OPM 13
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* Markov chain approximation (Duan & Simonato, 1999)

Discretize the underlying asset prices

oy = —~(r —lh*)t +In(Sy)

Gt +1 = |n(ht +1)

where

h" = Fo
2
1=B1 = Bal1+(8+4)7]

Example: m=3, n=3

(p(1), a(1))

(P2 a(1) ¢ \\?:ff 7
(P3). a(2)) gv: 7

\ \\‘\\/ Q:‘,jz/

TN

(P(), 4(2)) \“\ o
\.;‘ *‘ A /!’ ;‘.,/
(@).9@) I
(p(3), 9(2)) /‘»‘f
0»0»'(

(p(1), a(3))
(p(2), a(3))
(P(3). a(3))

(r(1). a(1))
(P(2). a(1))
(P(3). a(1))

(r(1). a(2))
(P(2). a(2))
(P(3). a(2))

(r(1). a(3))
(P(2), a(3))
(P(3). a(3))

GARCH OPM 14
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Transition probability matrix

(1,111 m121) -+ 1€Llm]) w1L2) - wLm,n)
211D TRL21) - w2Lml)  @112) - @Lmn)g
n=0 : : : : : O
aT(m,l;l,l) mmlt21) .- tmliml) fmL1L2) --- 1(1,2;m, n)g
Since
S 1
In ;ﬂ =r- Eht+1 +\he1€t0
t

hi+2 = Bo + Brhi+1 + Bohi+1(Er41 =60 — /\)2

Qi+ 1S @ deterministic function of Q.q, Pe+1, Pt;
that |S, qt+2 = q)( qt+1, pt+11 pt)

(i, j;k,1) =
PrQ{ps OC(K) | py = p(i), g =i} if & (i), p(k), p(i) OD()
0 otherwise

JC Duan (3/2000)



American option prices in the GARCH framework

Price vector

P=[p@ p@ - pm) - p@ p2) - p(m)

American option price computation
V (P.t) =max{g(P,K,t).e "NV (P,t +1)}
where
V (P,t) :American option’s price
K . Strike price

g(P,K,t) : European option’s payoff function
V(P,T)=g(P,K,T)

GARCH OPM 16
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Density of the transition probability matrix (GARCH)

m=101, n=11,

So =50,r =0.05, By =0.0000, B; = 0.8, 8, =0.1,A =0.2

N\

200+

400 ¢

g00

goo

1000 ¢

1] 200 400 GO0 g00 1000
Nz = 27191

GARCH OPM 17
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» Lattice construction (Ritchken & Trevor, 1999)
(The following three figures are taken from Ritchken & Trevor, 1999)

Figure 1: Lattice of State Variables over Three Days*

6.0601

6.9496

6.9382

6.8287

6.9182 -

S —

6.9078 —

6.8868

6.8763

13.48

/ 1348

L

1053.74

1042.7€

1031.90

1021.16

1010.52

- 1000.00

889,50

979.28

969.08

Note: The maximum and minimum conditional volatilities are given in

the boxes. These figures are multiplied by 10°. S,=1000, r=0,

A=0,3,=0.0000065, 3,=0.9,3,=0.04,c=0.

GARCH OPM
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Figure 2: Illustrative Lattice for Three-Period At-the-Money Call Option*

- 1083.74

3190

- 1031.90

1171 31.90

| 12.28: 21.18
i2116| [ 102116
| mezneJ

10.96 12,02 (1057 1052
1202 los2

10.96 | 12.02 10.53 1052

- 1010.52

1052] 625 1086 2,62 | 1060 0.00
10.525_ 525 | 10.13. 4.84 977 - 0.00

.70 000
000 | | s989s9
10.12. 0.00

1344 0.00

0001 - ge0.08
1095 0,00
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Figure 3: Illustration of Lattice Computation*

1142 21.16 - 102116
/ 10.57 | 21.16

Mnext = 10.50
P(1) =04787
g =09765

e 1) =21.16

13461052

Npext = 10.15
! ___Pfo) =00376 =g - 1010.52
1055 10.52 0 ki 11.79 1052 |
10.53 o) =10.52 10.13: 10.52 :
hm = 10-5&
P(-1) = 0.4837
q =0.0478
c*(-1) = 0.00
-~ 1000.00

GARCH OPM 20
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» Analytical approximation (Duan, Gauthier & Simonato,
1999)

For a European call option payoff at time T,
Max (St — K,0)
its time-0 value is by the approximate closed-form solution
Capp =C +K3A3 +(kq —=3)Ay

where
C=5oN(d)-Ke "N -0,.)

d=d+5
So 1 2
In(-)+rT+-0
d = (K) 2 pr
9pr
1 2
-Irm+_o
5= 2 fr
9pr

Ag = %soapT (20, ~@)n(@) -0 N(@)]

Ad :%Soam (@2 ~1-30,, (d ~0p (@) ~05 N(@)]

Note: Ly and Op, are the mean and standard deviation of

. . S .. )
the cumulative return, i.e., InS—T, conditional on time-
0
0 information; k3 and k 4 are the skewness and
kurtosis coefficients of the standardized cumulative
return, conditional on time-0 information.

GARCH OPM 21
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Conditional moments of the cumulative return

Figure 1. Standardized first moment of the cumulative return

(GARCH parameter values : 3, =0.00001, 3, =0.7, 8, = 0.1,A+6 =10,h; = h")

x 10"
1.4 | ‘

— - analytical moment
—— 95% confidence interval
1.3+ — - monte Carlo estimate

1.2+ .

0.9?‘\‘ S o . ) .

08f, [V -

O. 7 1 1 1 1 1
0 50 100 150 200 250 300

Number of Days
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Figure 2 : Standardized second moment of the cumulative
return

(GARCH parameter values : S, =0.00001, 3, =0.7,8, = 0.,A+6 =10,h; =h")

x 10
1.035 ‘ ‘
— - analytical moment
—— 95% confidence interval

— - monte Carlo estimate

1.03+

1.025

1.02

1.015

1.01

1.005

O_ 995 \‘ | | | | |
0 50 100 150 200 250 300

Number of Days
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Figure 3 : Skewness of the standardized cumulative return

(GARCH parameter values : B, =0.00001, 8, =0.7,8, = 0.1,A+6 =10,h; =h")

0.1 ‘ ‘
— - analytical moment
0 —— 95% confidence interval |
— - monte Carlo estimate
-0.1 i
-0.2 .
-0.3 .
-0.4 | P
— i’;;;ff;:ﬁﬁ
T
-0.5+ T = .
x T
0.6 \ // |
‘z oy
0.7} 7 -
\ - , ‘/’/ﬁ
08l ! ey _
0 8 \\\\\7 ,7 ///
v/
W4
_09 vv N I I I I I
0 50 100 150 200 250 300
Number of Days
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Figure 4 : Kurtosis of the standardized cumulative return

(GARCH parameter values : S, =0.00001, 8, =0.7,8, = 0.1,A+6 =10,h; =h")

7 T T
, — - analytical moment
6.5 ‘ —— 95% confidence interval | |
‘ — - monte Carlo estimate
6 |
5.5+ e , i
IV \\
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* Neural network approximation (Hanke, 1997)

Euro Call Option under GARCH

S= 50.5
X= 50
Mat = 25 days
Lambda c-sig/sig S/X  Mat (yrs) sigma beta2 betal r
Inputs 0 1 1.01 0.0685 0.2 0.1 0.8 0.05
Weights 0.214 0.417 1.713 -2.851 -1.799 -0.683 -0.467 -1.011
(layer 1) -0.033 0.161 0.415 0.360 -0.358 0.394 -0.504 -0.244
-0.005 0.452 1.979 0.314 0.077 -0.177 0.005 0.134
-0.502 -0.059 -2.166 -0.796 -0.144 -0.040 0.059 0.213
-0.726 0.097 0.192 1.500 -0.147 -0.275 0.231 -1.078
-0.016  -0.025 3.292 3.340 -0.432 0.022 0.034 0.266
-0.443  -0.093 1.353 0.587 0.071 0.020 0.129 0.170
-0.209 0.041 -14.132 0.345 0.361 -0.040 -0.017 -0.164
-0.087  -0.077 0.316 3.570 -0.994 0.068 -0.062 0.356
0.289 -0.025 3.680 3.649 -0.740 0.034 0.032 0.268
-0.296  -0.165 5.843 -5.310 0.006 -1.393 -0.376 -2.993
0.051 -0.771 2.812 -0.163 0.612 1.049 1.080 -0.197
0.136 0.065 2.504 2733 -1.459 -0.225 -0.255 0.623
0.130 -0.860 -1.722 -0.063 0.206 0.339 1.247  -0.367
0.632 0.022 -14.877 -1.672 -0.158 0.014 -0.008 -0.116
0.034 0.440 -1.198 0.658 1.195 1.419 -0.667 0.044
-0.045 0.751 -1.830 -0.414 -0.589 -0.987 -1.009 0.300
0.420 -0.309 -1.273 4.204 1.422 0.453 0.302 0.631
-0.800 -0.051 3.899 0.316 -1.470 0.150 0.093 0.255
0.372 0.132 -1.663 2.097 1.040 -0.253 -0.155 -0.221
0.159 -0.070 -3.087 2.330 1.479 0.054 0.071 -0.617
-0.034 0.006 6.028 2.103 0.046 -0.045 -0.052 0.183
0.522 -0.050 -2.949 -3.214 0.021 0.036 0.063 0.430
0.623 0.024 -1.092 -1.101 -0.301 -0.332 -0.121 -0.447
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Product Biases tanh(P+B) Weights (layer 2) Product
1.100 -0.236 0.698 0.094 0.066
0.157 -0.895 -0.628 0.003 -0.002
2481 -1.694 0.656 -0.047 -0.031
-2.276 4.288 0.965 -1.717 -1.657
0.468 -0.949 -0.447 0.008 -0.003
3.485 -3.034 0.422 -1.651 -0.697
1.443 -1.464 -0.022 0.683 -0.015
-14.162 13.952  -0.207 0.131 -0.027
0.263 1.526 0.946 0.387 0.366
3.836  -3.283 0.503 1.323 0.666
4784 -6.767 -0.963 0.016 -0.015
3.140 -5.557 -0.984 0.509 -0.501
2.294 -3.253 -0.744 0.185 -0.138
-1.549 1.970 0.398 0.001 0.000
-15.161 15.023  -0.137 -0.120 0.017
-0.876 0.771 -0.104 0.004 0.000
-2.135 4.251 0.971 0.524 0.509
-0.704 1.525 0.675 -0.170 -0.115
3.716  -3.130 0.527 -0.252 -0.133
-1.356  -1.377 -0.992 1.632 -1.619
-2.701 3.921 0.840 0.202 0.169
6.210 -6.547 -0.324 0.126 -0.041
-3.169 5.366 0.976 1.064 1.038
-1.366 1.301 -0.066 -0.328 0.022
Sum -2.1422
Bias (2nd layer) 2.1702
Option price (before adjustment) 0.0280
Option price (after adjustment) | 1.3996|

Note: The above spreadsheet is based on the network constructed by
Hanke with one hidden layer of 24 neurons. This network is
limited to a range of parameters as follows: 0<A<0.001,
0.8<0y/0=1.2, 0.7<S/X<1.3, 1/365<1<30/365, 0.1<0<0.4,

0.5<(,<0.8, 0.1<3,<0.3, 0<r<0.1.
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4. Tackling volatility smile using GARCH
o Put-call parity regression
C(1,X) = P(1,X) =S(r) - Xexp[-Tr( )] + €, X)

This regression can be run for every tto obtain an intercept and
slope. The intercept is S(7) and the slope is -exp[-1r(7)],
which implies r(1).

Constrained put-call parity regression:
Make certain that S(7) is a non-increasing function of .

Let 7; be the smallest maturity and use the following
formulation:

C(t,X) = P(r, X) = S(1q) —a(r) - X exp[-1r(7)] + £(T, X)
fort =1¢,79,---,T,

where

a(r)=0anda(ry) =0
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FTSE 100 index options (Euro-style) on March 26, 1997

Maturity 23 23 51 51 86 86 177 177 268 268

Strike price Call Put Call Put Call Put Call Put Call Put

4125 179.5 115 2175 38.0 2455 58.5 3025 94.5 364 119.5
4175 136.0 17.0 179.0 49.0 209.5 71.0
4225 96.0 27.0 143.0 63.0 1745 855 2355 1245 297 148.5
4275 62.5 43.0 111.0 80.0 142.0 1025
4325 36.0 66.5 83.0 102.0 113.0 123.0 175.0 1615 236.5 184
4375 18.0 98.5 59.0 1275 88.0 147.0
4425 8.0 137.5 40.0 158.5 68.5 177.0 126.0 210.0 183 226.5
4475 3.0 1825 26.0 1935 49.0 207.0

Maturity 23 51 86 177 268
Strike price C-P C-P C-P C-P C-P
4125 168.0 179.5 187.0 208.0 2445
4175 119.0 130.0 138.5
4225 69.0 80.0 89.0 111.0 148.5
4275 195 31.0 39.5
4325  -30.5 -19.0 -10.0 135 52.5
4375  -80.5 -68.5 -59.0
4425 -129.5 -1185 -108.5 -84.0 -43.5
4475 -179.5 -167.5 -158.0
Intercept 4267.3 4272.1 4257.0 4223.8 4204.5
Slope -0.9937 -0.9921 -0.9865 -0.9735 -0.96
R square 1 1 1 1 1
Imp. index  4267.3 4272.1 4257.0 4223.8 4204.5
Int. rate 10.04% 5.65% 5.75% 5.54% 5.56%

Constrained regressions

Imp. index  4269.7 4269.7 4257.0 4223.9 4204.5
Int. rate 9.16% 6.05% 5.75% 5.54% 5.56%
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 FTSE 100 index options

A) Calibrate the GARCH option pricing model using the
market prices of traded options in three steps.

Step 1. Estimate implied interest rates and index values using

the put-call parity regression for March 26, 1997

Implied interest rates:

0.091591 0.060473 0.057472 0.055374 0.055604
Implied index spots:
4269.69  4269.69  4256.98  4223.86  4204.48

Step 2: Compute market implied volatilities for calls

23

Strike Price

4125
4175
4225
4275
4325
4375
4425
4475

0.148192
0.138595
0.129007
0.122565
0.115908
0.110632
0.108071
0.105673

GARCH OPM
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o1

0.167101
0.161283
0.154893
0.149574
0.144424
0.138826
0.134058
0.130516

Maturities

86

0.162538
0.158904
0.153415
0.147791
0.142836
0.138783
0.137396
0.131567

30

177

0.156996

0.150791

0.143619

0.138915

268

0.158193

0.152135

0.146566

0.141300



Step 3: Calibrate the GARCH model to minimize the difference

between the market implied volatility and the model
implied volatility.

Estimated parameter values:
= 0.00000429
0.72507034

Bo
B
B2

0+A =

01

Imp. Risk-Neutral Stationary S.D. = 16.12%

0.07560027
1.35643575

= 0.09889376

Implied volatilities derived from the GARCH option pricing model

23

Strike Price

4125
4175
4225
4275
4325
4375
4425
4475

0.144981
0.139704
0.134155
0.127844
0.121891
0.116696
0.112325
0.108033

o1

0.153777
0.149455
0.145439
0.141323
0.137218
0.133375
0.129775
0.126464

Maturities

86

0.153322
0.150253
0.147458
0.144724
0.142327
0.140043
0.137806
0.135494

Root Mean Squared Error = 0.00643679

GARCH OPM
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177

0.157534
0.155788

268

0.158991
0.157/867

0.154096
0.152474

0.156758
0.155685

0.150752
0.148963

0.154627
0.153705

0.147262
0.145531

0.152766
0.151839




Imp. vol.
0.20

0.18 +

FTSE 100 Index Options on
March 26, 97

Strike Price

B April
E May
OJune
O September
December

4125 4175 4225 4275 4325 4375 4425 4475

0.015

Imp. vol. Diff.

0.010 -

FTSE 100 Index Options on
March 26, 97

B April
| May
OJune
[ September
December

0.000 -
-0.005 A
-0.010 -
-0.015
Strike Price
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B) Out-sample performance on April 2, 1997 (1 week later)

Step 1. Estimate implied interest rates and index values using

the put-call parity regression

Implied interest rates:

0.087787 0.055221 0.053111 0.054358 0.058546
Implied index spots:
4215.80 421580  4204.43  4170.63  4140.97

Step 2: Compute market implied volatilities for calls

16

Strike Price

4075
4125
4175
4225
4275
4325
4375
4425

Step 3: Calibrate the GARCH model to minimize the difference

0.185401
0.171461
0.160283
0.151814
0.142793
0.137634
0.131314
0.130085

44

0.184434
0.177604
0.170957
0.165289
0.158884
0.153740
0.148823
0.143318

Maturities

79

0.176989
0.170641
0.165924
0.160954
0.156038
0.151518
0.147214
0.143092

170

0.164747

0.158433

0.151709

0.144766

261

0.163311

0.157141

0.151619

0.147019

between the market implied volatility and the model
implied volatility.

Pre-set parameter values:
= 0.00000429

0.72507034
= 0.07560027

Bo
B
B2

B+A =

1.35643575

Estimated parameter values:
= 0.16876672

01

Imp. Risk-Neutral Stationary S.D. = 16.12% (unchanged)

GARCH OPM
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Implied volatilities derived from the GARCH option pricing model

16

Strike Price

4075
4125
4175
4225
4275
4325
4375
4425

0.182192
0.175398
0.168165
0.160163
0.152872
0.145817
0.139310
0.134518

44

0.170503
0.165596
0.160894
0.156524
0.152044
0.147760
0.142900
0.138626

Maturities

79

0.164460
0.161139
0.157961
0.155017
0.152459
0.150011
0.147438
0.145090

Root Mean Squared Error = 0.00699941

170

0.163236

261

0.163042

0.161253
0.159455

0.161672
0.160368

0.157713
0.155927

0.159062
0.157798

0.154032
0.152296

0.156564
0.155454

0.150521

0.154428

Imp. vol.

0.20

0.18 -

0.16

0.14 -

0.12 -

4075 4125

FTSE 100 Index Options on
April 2, 97

B April
8 May
OJune
O September
December

4175 4225 4275 4325 4375 4425
Strike Price
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Imp. vol. Diff.
0.015

FTSE 100 Index Options on B A
April 2,97

8 May
OJune
O September

0.010 +

0.005

December

0.000 -

-0.005 —+

-0.010 +

-0.015

Strike Price

C) Out-sample performance on April 9, 1997 (2 weeks later)

Pre-set parameter values:

B, = 0.00000429
B. = 0.72507034
B, = 0.07560027

6+A =  1.35643575

Estimated parameter values:
o; = 0.15313167

Imp. Risk-Neutral Stationary S.D. = 16.12% (unchanged)

Root Mean Squared Error = 0.00697208
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Imp. vol.

0.20

0.18 -

0.16 -

0.14 -

0.12 -

FTSE 100 Index Options on
April 9, 97

Strike Price

B April
8 May
OJune
O September
December

4125 4175 4225 4275 4325 4375 4425 4475

Imp. vol. Diff.
0.015
FTSE 100 quex Options on B A
0.010 - Aprll 9, 97 E May
OJune
0.005 - O September
. B December
0.000 -
4125
-0.005 -
-0.010 -
-0.015
Strike Price
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5. The general properties of the GARCH option
pricing model

o Leptokurtic (fat-tailed) and skewed distributions

Under the data generating probability
1-v?

B(e) =37

>3

268, 3,

Cov(g, Ot4) = _1_[;1 - B,(1+6%)

where

u=p3(3+66% +6*) +2BB,(L +&) + &
V=0,(L+6%) + B

Under the risk-neutralized probability

2 \_ 28+ A)BoBo
1- By — Bo[1+(8 +A)°]

"= B5[3+6(8+A)% +(8 +A)*] +2,B,[1 +(8 +A)°] +B7
V' = Bo[1+(6 +A)?] +5;
Note:

1. 6 is expected to be positive for equity returns
2. A is expected to be positive for equity returns
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Conclusions:

1) Under the data generating probability

. Inz—T Is negatively skewed if 8 >0

0

* In ST is leptokurtic
So
2) Under the risk-neutral probability

. Inz—T is negatively skewed if 6+ A >0
0

. InS—T Is leptokurtic

So

Prediction for implied volatilities (or option prices):
A downward skewed implied volatility smile

* Risk premium and its effect on stationary (long-run)
volatility

Physical long-run volatility:

0:\/ Bo .
1= —B(1+67)

Risk-neutralized long-run volatility:

a*:\/ Bo
2
1= 1 = Bo[1+(6 +A)]

Note: o is greater than o if A and © share the same sign.

Prediction for implied volatilities (option prices):

Implied volatility should be higher than “realized” or
“historical” volatility.
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6. Utilize the volatility smile in applications
 Pricing exotic options

On March 26, 1997, one can price exotic options, say a
lookback call, using the estimated parameter values:

Bo 0.00000429
B. = 0.72507034
B, = 0.07560027
6+A =  1.35643575
o, = 0.09889376

Worksheet: EMS for valuing a lookback call option under GARCH

Current stock price = 51
Initial conditional s.d. (annualized) = 0.0989
Interest rate (annualized) = 0.05
Number of sample paths = 10
Maturity (days) = 2
GARCH parameters: |
BetaO = 4E-06
Betal = 0.7251
Beta2 = 0.0756
Theta = 1.3564
Lambda = 0|

Stationary standard deviations (annualized) implied by the GARCH parameters:

Data generating = 0.1612
Risk neutral = 0.1612
std. normal std. normal

-0.8131 0.7647
-0.5470 0.5537
0.4109 0.0835
0.4370 -0.6313
0.5413 -0.1772
-1.0472 2.4048
0.3697 0.0706
-2.0435 -1.4961
-0.2428 -1.3760
0.3091 0.3845
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S(0) sd(1) S(1) S*(1) sd(2) S(2) S*(2) Min(S*(t)) P
51 0.099 50.792 50.861 0.110 51.023 51.078 50.861 0.216
51 0.099 50.862 50.932 0.106 51.025 51.080 50.932 0.149
51 0.099 51.115 51.185 0.097 51.143 51.198 51.000 0.198
51 0.099 51.122 51.192 0.096 50.966 51.021 51.000 0.021
51 0.099 51.149 51.219 0.096 51.110 51.166 51.000 0.166
51 0.099 50.731 50.800 0.114 51.468 51.523 50.800 0.724
51 0.099 51.104 51.174 0.097 51.129 51.184 51.000 0.184
51 0.099 50.470 50.538 0.131 49.960 50.013 50.013 0.000
51 0.099 50.942 51.012 0.103 50.573 50.627 50.627 0.000
51 0.099 51.088 51.158 0.097 51.194 51.250 51.000 0.250
Average 50.937 50.959
Discounted average (or Monte Carlo price) = 0.1906
Note: P = max[S*(2)-min(S*(t);t=0,1,2),0]
 GARCH delta and vega hedging
Static call option delta (see Duan, 1995):
AC(S, 02, ;T, X, 1, D)
6t — 1 t+11 ’ 1 1
o5t
__—r(T-1)QLD L
=e = B—X St =X}H

Call option veqga:

dC(St,atzﬂ;T, X,r,®)

/\t:

2

where

Gtk =G -1(B1 + Ba(&7 ~6- 1)) and Gg =1

GARCH OPM
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Dvnamic call option delta:

Ba(er —6-A)
St

6? = 5t +2/\t
because

AC(St, 074 T, X, 1, ®) D6 ASH+ AAOT

2
0"(71: +1 gmst
[]

O
DD+ At
O

§§+2/\ ﬁz(fr—e A)%St

» Risk-neutral probabilities

ProfST <} = B2 (X{ST sx})

The risk-neutral probability can be easily evaluated using the
EMS.

One can thus use the estimated GARCH parameter values to
generate a risk-neutral probability distribution. This is a better
approach than other schemes, such as Shimko (1993) and
Rubinstein (1994), for obtaining the risk-neutral probability
distribution.
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7. Option pricing under stochastic volatility

» Data generating system

Divide [0,T] into nT subintervals of length s = E Let
n

&,k =12,---be a sequence of i.i.d. standard normal random
variables.

Ins{™ ~1n S((I?)—l)s =(r+aa{) - 20&2)2)S+0(n)8 Js

o2, -0{D? = os + o2, + B (1+62) -1]s

+0{V2[B, (g —0)? - By 1 +62)Ws

Note that if s = 1, we have the NGARCH(1,1)-mean model.

As n goes to infinity, the approximating model becomes

dInS; =(r + Aoy —%atz)dt + 0 dWy ¢
2 2y _ 2
d()'t = (ﬁo +[ﬁ1 +ﬁ2(1+6 ) 1]O't )jt
~ 20B,0 AWy ¢ ++/2Bo0fdWy ¢

where W and W, are two independent standard Brownian
motions.
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» Locally risk-neutralized pricing system

Denote the risk-neutralized probability law by Q. Let
5; =&, +A+/s, fork =1,2,---. They form a sequence of i.i.d.

standard normal random variables with respect to Q. The
pricing system becomes

s\ - InS((I?)l)S—(r o{M?)s+0{Dey /s
Oy~ = :305+0|£2)2[ﬁ1+ﬁz(1+62)—1]s
0;52)2[,32(8;—9-/\@)2—[32(1+62)]\E

Note that if s = 1, we have the NGARCHY(1,1) option pricing
model.

As n goes to infinity, the approximating model becomes

dins, = (r —%atz)dt + oWy

do? = (B +1By + Bo+62) 1+ 268,210 bt
— 26B,02dWy ¢ +~/2BoadWs ¢

where Wft and WZ*, t are two independent standard Brownian
motions under Q.

Note that this is the pricing result directly deduced from the
GARCH option pricing theory.
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* Numerical performance of the GARCH approximation
Note: The following two tables are taken from Ritchken and

Trevor (1999), “Pricing Options under Generalized
GARCH and Stochastic Volatility Processess.”

Comparison using Monte Carlo simulations

Table &
Generalized GARCH Prices Compared with Bivariate Diffusion Prices*

Option Maturity (Days)

[ 10 25 k1] 18 {L1 201

Generalized GARCH Maodel

i 103 1328 0 2060 2.100 2920 LYTH 1554 3655 4140 4222 5795 3913

2 1306 1.33] 1064 2104 201 2080 1585 3.656 4,140 4223 5795 50014
4 1307 1332 T.066 2106 T0I5 1082 1588 3659 4044 4226 5799 591%
E 1308 1,333 20687 2107 2926 2983 1.590 1661 4.145 4117 5.803 5922

12 .30 1,334 2069 3109 2928 2983 1591 26l 4,144 4227 JRO1 5920
1310 1335 2070 2,110 2929 2047 1503 3664 4146 4.229 5.804 5422

1311 1336 rom 211t 1030 1988 1594 3665 4147 400 3RS 5904

Bivariate Diffusion Model

48 [.313 1333 207z 2937 2989 1594 16bS 4049 413 S804 5,932

* Table & shows the 95% confidence intervals for the prices of al-the-money European call options oblained using
LKL 06K simulations of the peneralized GARCH model and 115 bivanae diffusion lmit. The parametens are the
same 44 those for Table |, excepl that each day 15 partitioned inle m irading periods. (The underlying process i
wed an exact GARCH process Tor m 2 1.) As the number of rading periods increase, the generalized GARCH
madel prices converge to those from the bivariate diffusion model.

GARCH OPM 44
JC Duan (3/2000)



Convergence speed of Ritchken and Trevor’s lattice algorithm

Tahle 7

Convergence of Generalized GARCH Option Prices*

Maturity Trading Periods per Day Diffusion
(Days) (m) Limit
I 2 3 & 5 @y, wy
) {1,589 0,617 (6003 0.508 0.595  0.580, 059
5 (1.909 093 0932 0933 0931  0922,0939
10 1312 1318 1313 1315 L35 L3153, 1338
bl 1857 1859 1 860 1 8600 1860 1854, 1.890
50 1942 2043 2941 2942 2042 2932 2989
100) 4.163 4.165 416 4,164 4163 4149 423]
200 5803 5803 5,893 5.893 593 5804, 5922

GARCH OPM
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* Table 7 shows the convergence of at-the-money European call aption prices as the number of wading
periods per day, m, mcreases, (The other parameters are the same as for Table |, with n=1.) Over each
wading period, the prce can move o one of theee values. The last two columns show 95% confidence
intervals for the true price based on 100,000 simulations of the limiting bivariate diffusion model with
m=A8. The tahle clearly shows fhat for contracts with maturities greater than 20 days, m=1 will suffice fos

the lattice.
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