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Abstract

For given positive integerg > k, anL(j, k)-labeling of a graplG is a functionf : V(G) —
{0,1,2,...} such that|f(u) — f(v)] > j whendg(u,v) = 1 and|f(u) — f(v)| > k when
dg(u,v) = 2. ThelL(j, k)-labeling numben j (G) of G is defined as the minimum such that
there is anL (j, k)-labeling f of G with f(V(G)) € {0,1,2, ..., m}. For a graphG of maximum
degreeA > 1litis the case thatj x(G) > j + (A — Dk. The purpose of this paper is to study the
structures of graph& with maximum degreed > 1 andj k(G) = j + (A — Dk.
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1. Introduction

The problem of vertex labeling with a condition at distance two, proposed by Griggs
and Robertg§16], arose from a variation of the channel assignment problem introduced
by Hale[10]. Suppose a number of transmitters are given. We must assign a channel to
each of the given transmitters such that the interference is avoided. In order to reduce the
interference, any two “close” transmitters must receive channels atdeqsirt, and any
two “very close” transmitters must receive channels at I¢agtart, wherg > k are two
given positive integers. One can construct an interference graph for this problem so that
the transmitters are the vertices and there is an edge joining two “very close” transmitters.
Two transmitters are defined as “close” if the corresponding vertices are of distance two.

Then, for a given grapks, anL(j, k)-labeling is defined as a functiori : V(G) —
{0,1,2,...} such that f (u) — f(v)| > j whendg(u,v) = 1 and|f(u) — f(v)| > k
whendg (u, v) = 2, wheredg(u, v), the distance ofi andwv, is the minimum length of a
path betweem andv. TheL(j, k)-labeling number A x(G) of G is the smallest number
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m such thaiG has anL (j, k)-labeling with no label greater than. A 1 \-labeling of G
is anL (j, k)-labeling using labels not greater thajk(G).

TheL(j, k)-labeling problem, in particular thie(2, 1) case, has been extensively stud-
ied during the past decadpl {9, 11-20]. Among the results, we are most interested in
those on exact values, which are very often for trees. For instance, it was sh¢@jn in
that theis 1-number of any tre€l is equal to its maximum degred, implying that
Lj,j(T) = jA. Forj = 2 andk = 1, Griggs and Yelfi9] proved the following result by
means of a first-fit (greedy) algorithm: for any tféevith maximum vertex degred > 1,

A+1=<i1(M=A+2

This result gives rise to the question of classifying those treeswiiliT) = A+ 1 or
alternativelyA + 2. Although Griggs and Yeh conjectured that the classification problem
is NP-complete, Chang and K{®] presented a polynomial-time classification algorithm.

The same procedure was also carried out forltlig 1)-labelings. It was proved by
Chang et al[1] that for any tree of maximum degreg

A+j—-1<xrj1(T) <minfA+2j —2,2A+ ] —2}.

Moreover, the lower bound and the upper bounds are both attainable. They also gave a
polynomial-time algorithm for determinirig 1(T) of a treeT.

We now consider the lower bound on the above two cases for general ggaphd
general positive integefjis> k.

Proposition 1. For any positive integers j > k and any graph G of maximum degree
A > 1, wehaveijk(G) > j + (A — k. Moreover, if j > k and the equality holds, then
for any 1j k-labeling of G each major vertex (i.e. a vertex of degree A) must be labeled O
(or j + (A —1)k) anditsneighborsmust belabeled j +ik (orik)fori =0,1,..., A—1.

We call a graptG of maximum degreed > 1 with 1j k(G) = j + (A — Dk aijk-
minimal graph. It is clear thatK; 4 is Aj x-minimal for all A > 1 andj > k; see[5].
While determiningj x(G) for a graph is in general not an easy job, the aim of this paper
is to study the structures af x-minimal graphs.

2. Ajk-minimal graphs

We first study the structures af k-minimal graphs.

Notice that whether a graph lg x-minimal or not depends on the values joaindk.
As an example, ford > 1 consider thelouble star D o which is obtained from two stars
K1 A by identifying a leaf of one star with a leaf of the other skg. 1shows the double
starDg.

By Proposition 1if D4 is Aj k-minimal then one of the two major vertices is labeled
by 0 and its neighbors by, j+k, ..., j +(A—21)k, and the other is labeled Gy (A —1)k

and its neighbors by, &, . .., (A—21)k. Hence, the only common neighbor of the two major
vertices is labeled by + i’k = i”k for some 0< i’,i” < A — 1. This is possible if and
only if j = ik for some integer ki < A — 1. In conclusionD 4 is Aj k-minimal if and

onlyif j =ik forsomeinteger ki < A — 1.
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Fig. 1. The double staDg.

For some cases)j x-minimality does imply otherip q-minimality. Consider the
following result in[5].

Lemma 2. Thefollowing aretruefor any graph G.

(1) Acj,ck(G) = cijk for all positive integersc and j > k.
(2) Ajk(G) < Apq(G) for all positiveintegers j > k and p > g satisfying j < p and
k<gqg.

We then have

Theorem 3. Suppose G isa graph of maximumdegree A > 1; and j > kand p > q are
positive integers satisfying p = [qj/k]. If G isAj k-minimal, then G isAp g-minimal.

Proof. According toLemma 2 we have
k)\p,q(G) = )\kp,kq < )»qj,qk = q)‘j,k = Q(J + (A - 1)k)~

Hence,Apq(G) < qj/k + (A — g implying Apq(G) < p + (4 — Dg and so
Xp,q(G) = p+ (A — 1a. This completes the proof of the theorent.]

As seen above, not only is determiniagk(G) hard, but also deciding wheth& is
Xj k-minimal may be not easy as it depends on both the structuGeasfd the values of
andk. In the rest of the paper, we restrict our attention to graphs thatggeminimal for
all p>g.

We then have the following theorem.

Theorem 4. Suppose G is a graph of maximum degree A > 1 and j > k are positive
integers satisfying j > Ak. Then the following statements are equivalent.

(1) GisAjk-minimal.
(2) G hasa 1jk-labeling g such that any vertex v in G, g(v) isof theforma, j + b,k

witha, € {0,1} and b, € {0,1,..., A — 1}. Moreover, the following statements
hold.

(D1) Ifdg(u,v) =1, thena, # a,.1fa, =0anda, = 1, thenb, < b,.
(D2) If dg(u, v) = 2,thenay = a, and by # b,.

(3) GisAip,g-minimal for all positive integers p > q.
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Proof. (1) = (2). Choose a j k-labeling f of G.

For every vertexv in G, we may write f (v) = a,j + b,k + r,, wherea,, b,, r,
are non-negative integers satisfying® b,k +r, < j and 0 < r, < k. Since
Ljk(G) =]+ (A —-Dkandj > Ak, we havea, = 0 or 1.

For the case whera, = 1, it is clear that 0< b, < A — 1. For the case where
a, = 0, choose a vertex adjacent ta. As f (v) = b,k +r, < j, it must be the case that
f(v) < f(u)andsof(v) < f(u)—j < (A - Dkimplyingb, < A — 1. If suchu does
not exist, then we may assume tHat) = 0. In any case, we havefhb, < A — 1.

Now, consider the functiog on V (G) defined byg(v) = a,j + byk for all verticesv
in G. We shall check thag is anL(j, k)-labeling of G as desired.

Supposeu andv are adjacent irG. As |f(u) — f(v)| > j > Ak, it must be the
case thah, # a, for otherwise|f (u) — f(v)| = |[(auk +ry) — (@k +r1y)| < Ak is
impossible. Without loss of generality, we may assumedhat 0 anda, = 1. In this case,
f(u) < f(v) and so in factf (u) < f(v) — j implyingby < b,. Theng(u) < g(v) + j.

Next, supposég (u, v) = 2. Choose a vertex adjacent to both andv. Thena, # a,
anda,, # a, implying thata, = a,. So, we hav& < | f (u)— f (v)| = |byk+ry—byk—ry|
which impliesby # b,. Then|g(u) — g(v)| > k.

(2) = (3). Define a labelingh : V(G) — {0,1,2,...} by h(v) = a,p + b,q
for all verticesv in G. If dg(u,v) = 1, then (D1) implieslh(u) — h(v)| > p; if
dg(u,v) = 2, then (D2) impliegh(u) — h(v)] > q. Hence,h is an L(p, q)-labeling
of G with max,ev)h(v) < p+ (A — Dg. Thus,G is Ap g-minimal.

(3) = (1). This follows by takingp = j andq =k. O

Corollary 5. If Gisa i k-minimal graph of maximumdegree A > 1and j > Ak, then
G isbipartite.

Proof. Notice that inTheorem 4every vertex has a label of the foamj + b,k uniquely.
According to condition (D1)a, # a, wheneveuv is an edge. Thus; is a bipartite graph
with a bipartition ofV(G) into A={v:a, =0}andB ={v:a, =1}. O

Itis desirable to design an efficient algorithm to decide whether a gragfyigminimal
for all positive integerg > g. We are only able to do this for trees. This will be discussed
in the next section.

3. Aj.k-minimal trees

We now turn our attention to the case where the graph is a tree. For this case, an
alternative statement dtheorem 4s as follows.

For any positive integer\, a A-sequence is a sequencéhg, b, ..., by) of integers
satisfying (S1) to (S4).

(S1) bg = 0.

(S2) 0<by <A —1foralli.

(S3) bj > bj_1 andb; > bj4 for all oddi.
(S4) by £ bjo foralli.
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We now defin€l 4 as the infinite tree (except that is K2) whose vertex set consisting all
A-sequences and a vertéy, b, . . ., by) is adjacent to another vertéso, c, . . ., Cy) if
and only ifjm — n| = 1 andb; = ¢; for 0 <i < min{m, n}. Now, we have

Theorem 6. Suppose T is a tree of maximum degree A > 1 and j > k are positive
integers satisfying j > Ak. Then, T isij x-minimal if and only if T isa subtreeof Tx.

Proof. (=) By Theorem 4T has axj k-labelingg such that any vertex is labeled by
gv) = a,j + byk wherea, € {0,1} andb, € {0,1,..., A — 1} satisfying conditions
(D1) and (D2) inTheorem 4We may viewT as a tree rooted at a major vertgx Without
loss of generality, we may assurgévg) = 0 by theProposition 1For any vertex in T,
there is a unique path fromp to v, denoted byP : vg, v1, ..., vm. According to (D1) and
(D2), (byy, by, . .., byy) is @aA-sequence. Then there is a one-to-one function (i)
to V(T a) mappingv to the correspondingl-sequencéb,,, by,, . ... by,). It is clear that
this mapping is edge-preserving. Herlicés a subtree of 4.

(<) According toProposition 14 k(T) > j+ (A —1)k. SinceT is a subtree of 4, it
suffices to give am (], k)-labeling of T whose span i + (A — 1)k. Defin f as follows:
for any vertex(bo, b1, ..., bm) In Tx, let

j +bmk, if misodd

f(bo. by, ..., bm) = {bmk, if mis even.

By conditions (S1) to (S4) for the definition of&sequence, it is straightforward to check
that f isanL(j, k)-labeling ofTo. O

Note that we may determine whether a tfeeof maximum degreed > 1 is Apg-
minimal for all positive integerg > g or not by just checking whether it jsy 1-minimal.
This can be done by findirngy 1(T) using the algorithm described[if]. We are expecting
a simpler algorithm from just checking whetheiis a subtree of 4.
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