INVARIANCE OF QUANTUM RINGS
UNDER ORDINARY FLOPS: I1

YUAN-PIN LEE, HUI-WEN LIN, AND CHIN-LUNG WANG

ABSTRACT. This is the second of a sequence of papers proving the quan-
tum invariance for ordinary flops over an arbitrary smooth base. In this
paper, we complete the proof of the invariance of the big quantum rings
under ordinary flops of splitting type.

To achieve that, several new ingredients are introduced. One is a
quantum Leray—Hirsch theorem for the local model (a certain toric bundle)
which extends the quantum 2 module of Dubrovin connection on the
base by a Picard—Fuchs system of the toric fibers.

Nonsplit flops as well as further applications of the quantum Leray-
Hirsch theorem will be discussed in subsequent papers. In particular, a
quantum splitting principle is developed in Part III [7] which reduces the
general ordinary flops to the split case solved here.
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0.1. Overview. This paper continues our study on quantum invariance of
genus zero Gromov—Witten theory, up to analytic continuations along the
Ké&hler moduli spaces, under ordinary flops over a non-trivial base. The
quantum invariance via analytic continuations plays important role in the
study of various Calabi-Yau compactifications in string theory. It is also
a potential tool in comparing various birational minimal models in higher
dimensional algebraic geometry. We refer the readers to [8] and Part I of
this series [10] for a general introduction.
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In Part I, we had determined the defect of the cup product under the canon-
ical correspondence (I-§1) and show that it is corrected by the small quan-
tum product attached to the extremal ray (I-§2). We then perform vari-
ous reductions to the local models (I-§3 and 4). The most important con-
sequence of this reduction is that we may assume our ordinary flops are
between two toric fibrations over the same smooth base.

In this paper, we study the local models via various techniques and com-
plete the proof of quantum invariance of Gromov-Witten theory in genus
zero under ordinary flops of splitting type. This is, as far as we know, the
first result on the quantum invariance under the K-equivalence (crepant
transformation) [15, 16] where the local structure of the exceptional loci
can not be deformed to any explicit (e.g. toric) geometry and the analytic
continuation is nontrivial. This is also the first result for which the analytic
continuation is established with nontrivial Birkhoff factorization.

Several new ingredients are introduced in the course of the proof. One
main technical ingredient is the quantum Leray—Hirsch theorem for the local
model, which is related to the canonical lifting of the quantum 2 mod-
ule from the base to the total space of a (toric) bundle. The techniques
developed in this paper are applicable to more general cases and will be
discussed in subsequent papers.

Conventions. This paper is strongly correlated with [10], which will be re-
ferred to as “Part I” throughout the paper. All conventions and notations
there carry over to this paper (Part II).

0.2. Outline of the contents.

0.2.1. On the splitting assumption. Recall that the local geometry of an or-
dinary P’ flop f : X --» X’ (Part I §1.1). The local geometry of the f-
exceptional loci Z C X and Z' C X' is encoded in a triple (S, F, F’), where
S is a smooth variety and F, F’ are two rank r + 1 vector bundles over S.
In Part I, we reduce the proof of the invariance of big quantum ring of any
ordinary flop to that of its local model. Therefore, we may assume that

X=E=P;(0(-1)@F & 0),
X' =E =Py(0(-1)@F® 0),

where Z = Ps(F) and Z' = Ps(F’) are projective bundles. In particular, X
and X’ are toric bundles over the smooth base S. Moreover, it is equivalent
to proving the type I quasi-linearity property, namely the invariance for one
pointed descendent fiber series of the form

<{1/ ttty i_.nflr Tkﬂ§>,

where f; € H(S) and ¢ is the common infinity divisor of X and X'.
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To proceed, recall that the descendent GW invariants are encoded by
their generating function, i.e. the so called (big) ] function: For T € H(X),

X

XT,Zfl =1 T ﬁT <TH,T,...,T>

I ) +z+5§yn! \z(z - o)

The determination of | usually relies on the existence of C* actions. Cer-
tain localization data Ig coming from the stable map moduli are of hyper-
geometric type. For “good” cases, say c;(X) is semipositive and H(X) is
generated by H?, I(t) = ¥ IgqP determines J(7) on the small parameter
space H® @ H? through the “classical” mirror transform T = t(t). For a
simple flop, X = X, is indeed semi-Fano toric and the classical Mirror
Theorem (of Lian-Liu-Yau and Givental) is sufficient [8]. (It turns out that
T=tand I = Jon H'® H?)

For general base S with given QH(S), the determination of QH(P) for a
projective bundle P — S is far more involved. To allow fiberwise localization
to determine the structure of GW invariants of Xj,., the bundles F and F’
are then assumed to be split bundles.

In this paper (Part II), we only consider ordinary flops of splitting type,
namely F = @]_, L; and F' = @]_, L! for some line bundles L; and L} on S.

0,n+1,B

0.2.2. Birkhoff factorization and generalized mirror transformation. The split-
ting assumption allows one to apply the C* localizations along the fibers
of the toric bundle X — S. Using this and other sophisticated technical
tools, J. Brown (and A. Givental) [1] proved that the hypergeometric modifi-
cation
I*(D,t,z,z7!) := %qﬁ€?+(D'ﬁ)Ig/s(Z,Z_l)lp*]gs(IT,Z_l)

lies in Givental’s Lagrangian cone generated by JX(t,z71). Here D = t'h +
t2¢,F € H(S), Bs = B, and the explicit form of Ié(/s is given in §2.2.

Based on Brown’s theorem, we prove the following theorem. (See §1 for
notations on higher derivatives 0*¢’s.)

Theorem 0.1 (BF/GMT). There is a unique matrix factorization
0*1(z,z7 1) =zV]J(z 1) B(2),
called the Birkhoff factorization (BF) of I, valid along T = 7(D, f,q).

BF can be stated in another way. There is a recursively defined polyno-
mial differential operator P(z,q;9) = 1+ O(z) in !, #* and f such that
J(z™') = P(z,4;0)I(z,z7 ).

In other words, P removes the z-polynomial part of I in the NE(X)-adic
topology. In this form, the generalized mirror transform (GMT)

©(D,}q) =D+F+ Y qP14(D,F)
B#0
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is the coefficient of z=!in | = PI.

0.2.3. Hypergeometric modification and & modules. In principle, knowing BE,
GMT and GW invariants on S allows us to calculate all ¢ = 0 invariants
on X and X’ by reconstruction. These data are in turn encoded in the I-
functions. One might be tempted to prove the .7 -invariance by comparing
IX and IX. While they are rather symmetric-looking, the defect of cup
product implies .Z X # X and the comparison via tracking the defects of
ring isomorphism becomes hopelessly complicated. This can be overcome
by studying a more “intrinsic” object: the cyclic Z module .#; = 2], where
2 denotes the ring of differential operators on H with suitable coefficients.

It is well known by the topological recursion relations (TRR) that (zd,,])
forms a fundamental solution matrix of the Dubrovin connection: Namely we
have the quantum differential equations (QDE)

20,20, ] = Zézv(t) 20x],
K
where C;v(t) =Y, g’“afw,Fo(t) are the structural constants of *;. This im-
plies that .# is a holonomic 9 module of length N = dim H. For I we
consider a similar ¥ module .#; = 1. The BF/GMT theorem furnishes a
change of basis which implies that ./ is also holonomic of length N.

The idea is to go backward: To find .# first and then transform it to ..
We do not have similar QDE since I does not have enough variables. In-
stead we construct higher order Picard—Fuchs equations L,I = 0,J,I = 0in
divisor variables, with the nice property that “up to analytic continuations”
they generate .7 -invariant ideals:

Z(0F,0%) =@y, 0X).

0.2.4. Quantum Leray—Hirsch and the conclusion of the proof. Now we want
to determine .#;. While the derivatives along the fiber directions are de-
termined by the Picard-Fuchs equations, we need to find the derivatives
along the base direction. Write f = Y_FT;. This is achieved by lifting the
QDE on QH(S), namely

20;20;]° = ; C_ffj(f) z0kJ®,

to a differential system on H(X). A key concept needed for such a lifting is

the I-minimal lift of a curve class Bs € NE(S) to B5 € NE(X). Various lifts

of curve classes are discussed in Section 2. See in particular Definition 2.7.
Using Picard-Fuchs and the lifted QDE, we show that .. x = .# x .

Theorem 0.2 (Quantum Leray-Hirsch).
(1) (I-Lifting) The quantum differential equation on QH(S) can be lifted to
H(X) as
1 Iy = —
20; 20,1 = k% qﬁse(D‘ﬁs)ij/ﬁs(t) zakDﬁg (2)1,
PS
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where Dy (z) is an operator depending only on BL. Any other lifting is
related to it modulo the Picard—Fuchs system.

(2) Together with the Picard—Fuchs U, and U, they determine a first order
matrix system under the naive quantization 0*¢ (Definition 3.7) of canon-
ical basis (Notations 3.1) Te's of H(X):

20,(07°1) = (0*°I)C,(z,9), where t* = t, t? or F..

(3) The system has the property that for any fixed Bs € NE(S), the coeffi-
cients are formal functions in t and polynomial functions in q“’etz, qgetl
and £(q'e""). Here the basic rational function

(0.1) f(q) :==q/(1—(—=1)""q)

is the “origin of analytic continuation” satisfying £(q) + (g~ ') = (—=1)".
(4) The system is F-invariant.

The final step is to go from .#; to .#;. From the perspective of ¥ mod-
ules, the BF can be considered as a gauge transformation. The defining prop-
erty (0°¢I) = (zV])B of B can be rephrased as

20,(zV]) = (zV])C,
such that
(0.2) C, = (—20,B + BC,)B™!

is independent of z.

This formulation has the advantage that all objects in (0.2) are expected to
be % -invariant (while I and | are not). It is therefore easier to first establish
the % -invariance of C,’s and use it to derive the .#-invariance of BF and
GMT. As a consequence, this allows to deduce the type I quasi-linearity
(Proposition 1.11), and hence the invariance of big quantum rings for local
models.

Theorem 0.3 (Quantum invariance). For ordinary flops of splitting type, the
big quantum cohomology ring is invariant up to analytic continuations.

By the reduction procedure in Part I, this is equivalent to the quasi-
linearity property of the local models. This completes the outline.

Remark 0.4. Results in this paper had been announced, in increasing degree
of generalities, by the authors in various conferences during 2008-2012; see
e.g. [13,17, 9, 14] where more example-studies can be found. Examples on
quantum Leray-Hirsch are included in §4. The complete proofs of Theorem
0.2 and 0.3 were achieved in mid-2011.

It might seem possible to prove Theorem 0.3 directly from comparisons
of J-functions and Birkhoff factorizations on X and X’. Indeed, we were
able to carry this out for various special cases. Mysterious regularization
phenomenon appears during such a direct approach. In the Appendix we
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explain how regularization of certain rational functions leads to the begin-
ning steps of analytic continuations in our context. However the combi-
natorial complexity becomes intractable (to us) in the general case. Some
examples can be found in the proceedings articles referred above.

In Part III [7], the final part of this series, we will develop a quantum
splitting principle to remove the splitting assumption in Theorem 0.3. This
then completes our study on the quantum invariance under ordinary flops.

0.3. Acknowledgements. Y.-P. L. is partially supported by the NSF; H.-
W. L. is partially supported by the NSC; C.-L. W. is partially supported
by the NSC and the Ministry of Education. We are particularly grateful
to Taida Institute of Mathematical Sciences (TIMS) for its steady support
which makes this long-term collaborative project possible.

1. BIRKHOFF FACTORIZATION

In this section, a general framework for calculating the | function for a
split toric bundle is discussed. It relies on a given (partial) section I of the
Lagrangian cone generated by J. The process to go from I to | is introduced
in a constructive manner, and Theorem 0.1 will be proved (= Proposition
1.6 + Theorem 1.10).

1.1. Lagrangian cone and the | function. We start with Givental’s sym-
plectic space reformulation of Gromov-Witten theory arising from the dila-
ton, string, and topological recursion relation. The main references for this
section are [3, 2], with supplements and clarification from [11, 6]. In the
following, the underlying ground ring is the Novikov ring

R = C[NE(X)].
All the complicated issues on completion are deferred to [11].

Let H := H(X), H := Hz,z '], H4 = H[z] and H_ := z 'H[z!].
Let 1 € H be the identity. One can identify H as T*H and this gives a
canonical symplectic structure and a vector bundle structure on H.

Let

q(z) =YY qiTz" € Hy
1 k=0

be a general point, where {T},} form a basis of H. In the Gromov-Witten
context, the natural coordinates on H are t(z) = q(z) + 1z (dilaton shift),
with t(y) = ¥« t; T~ serving as the general descendent insertion. Let
Fy(t) be the generating function of genus zero descendent Gromov-Witten
invariants on X. Since F is a function on H, the one form dF, gives a
sectionof 7w : H — H.

Givental’s Lagrangian cone L is defined as the graph of dFy, which is con-
sidered as a section of 7. By construction it is a Lagrangian subspace. The
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existence of C* action on £ is due to the dilaton equation Y q}9/9q} Fy =
2Fy. Thus L is a cone with vertex q = 0 (c.f. [3, 6]).
Let =), T, € H. Define the (big) J-function to be

(1.1)

B TH
_ T q
]X T,Zl =14+ -+ E —T, <,T,---,T>
( ) z n! F\z(z - ¢) 0n+1,6

B 2T
T B - TH
= ez + Z i'e%+(T1'ﬁ) TH <, Ty, ,T2> ,
BH0,1,u n. Z(Z - llj) 0n+1,8

where in the second expression T = 7, + ©» with 7 € H2. The equality
follows from the divisor equation for descendent invariants. Furthermore,
the string equation for | says that we can take out the fundamental class 1

from the variable T to get an overall factor ¢™'/% in front of (1.1).
The | function can be considered as a map from H to zH_. Let Ly = T¢L
be the tangent space of L at f € L. Let T € H be embedded into H . via

H%—lz+HCH+.

Denote by Lt = L7 4r,(r))- Here we list the basic structural results from [3]:

(i) zLC Landso L/zL = Hy,/zH+ = H hasrank N := dim H.
(ii) LN L = zL, considered as subspaces inside H.

(iii) The subspace L of H is the tangent space at every f € zL C L.
Moreover, Tf = L implies that f € zL. zL is considered as the ruling
of the cone.

(iv) The intersection of £ and the affine space —1z + zH _ is parameter-
ized by its image —1z + H = H > 7 via the projection by 7.

—zJ(t,—z 7Y = —1z+ 1+ 0(1/2)

is the function of T whose graph is the intersection.

(v) The set of all directional derivatives zd, ] = T;, + O(1/z) spans an N
dimensional subspace of L, namely L NzH _, such that its projection
to L/zL is an isomorphism.

Note that we have used the convention of the | function which differs
from that of some more recent papers [3, 2] by a factor z.

Lemma 1.1. zV] = (20,]") forms a matrix whose column vectors z0, ] (T) gen-
erates the tangent space L of the Lagrangian cone L as an R{z}-module. Here

a =Y qPag(z) € R{z} if a(z) € C[z].
Proof. Apply (v) to L/zL and multiply z* to get zL/zF1L. O

We see that the germ of £ is determined by an N-dimensional submani-
fold. In this sense, z] generates L. Indeed, all discussions are applicable to
the Gromov-Witten context only as formal germs around the neighborhood
of q = —1z.
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1.2. Generalized mirror transform for toric bundles. Let p : X — Sbea
smooth fiber bundle such that H(X) is generated by H(S) and fiber divisors
D;’s as an algebra, such that there is no linear relation among D;’s and
H?(S). An example of X is a toric bundle over S. Assume that H(X) is a
free module over H(S) with finite generators {D° := [; D{ }cca.

Let f := Y}, PT; be a general cohomology class in H(S), which is iden-
tified with p*H(S). Similarly denote D = Y_#'D; the general fiber divisor.
Elements in H(X) can be written as linear combinations of {T(;,) = TsD}.
Denote the T; directional derivative on H(S) by d7, = 9, and denote the

multiple derivative
99 = o [T 0%

i
Note, however, most of the time z will appear with derivative. For the
notational convenience, denote the index (s, e) by e. We then denote

(1.2) o = 0709 1= 295 [ 29 = zIIT1a(52).

As usual, the T, directional derivative on H(X) is denoted by de = 9r,.
This is a special choice of basis T}, (and 9,) of H(X), which is denoted by

Te = T(s,e) = TsDe,' ec AT,

The two operators 0° and zd. are by definition very different, nevertheless
they are closely related in the study of quantum cohomology as we will see
below.

Assuming that p : X — S is a toric bundle of the split type, i.e. toric
quotient of a split vector bundle over S. Let J*(,z71) be the ] function on
S. The hypergeometric modification of J° by the p-fibration takes the form

— _ D _ -
(1.3) IX(£D,z,z ) = ) qﬁezHD'ﬂ)Ié{/S(z,z g (E 27
BENE(X)
with the relative factor Ig/ S whose explicit form for X = E — S will be

given in Section 2.2.

The major difficulty which makes X being deviated from JX lies in the
fact that in general positive z powers may occur in IX. Nevertheless for
each B € NE(X), the power of z in If;/s(z,z*l) is bounded above by a
constant depending only on . Thus we may study IX in the space H :=
Hl[z,z"'] over R.

Notice that the I function is defined only in the subspace

(1.4) f:=f+D e H(S)®PCD; C H(X).

We will use the following theorem by J. Brown (and A. Givental):

Theorem 1.2 ([1] Theorem 1). (—z)IX(f, —z) lies in the Lagrangian cone L of
X.
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Definition 1.3 (GMT). For each £, zI(#) lies in L; of L. The correspondence
F—1(f) e HX)®R
is called the generalized mirror transformation (c.f. [2, 3]).

Remark 1.4. In general 7(f) may be outside the submodule of the Novikov
ring R generated by H(S) @ @; CD,;. This is in contrast to the (classical) mir-
ror transformation where T is a transformation within (H°(X) & H?(X))g
(small parameter space).

To make use of Theorem 1.2, we start by outlining the idea behind the
following discussions. By the properties of £, Theorem 1.2 implies that I
can be obtained from ] by applying certain differential operator in zd.’s
to it, with coefficients being series in z. However, what we need is the
reverse direction, namely to obtain | from I, which amounts to removing
the positive z powers from I. Note that, the I function has variables only in
the subspace H(S) @ @, CD;. Thus a priori the reverse direction does not
seem to be possible.

The key idea below is to replace derivatives in the missing directions
by higher order differentiations in the fiber divisor variables t’s, a pro-
cess similar to transforming a first order ODE system to higher order scaler
equation. This is possible since H(X) is generated by D;’s as an algebra
over H(S).

Lemma 1.5. z01] = [ and zo11 = 1.

Proof. The first one is the string equation. For the second one, by definition
I=Y, qﬁeD/”(D'ﬁ)Ié{/S]gs (f), where Ié(/s depends only on z. The differen-
tiation with respect to t° (dual coordinate of 1) only applies to | ES (t). Hence
the string equation on | gs (f) concludes the proof. O
Proposition 1.6. (1) The GMT: T = t(f) satisfies T(f,q = 0) = L.

(2) Under the basis { Te }ecp+, there exists an invertible N x N matrix-valued
formal series B(T,z), which is free from cohomology classes, such that

(1.5) (azef(f,z,z—l)) - (zv](r,z—l)) B(1,z),
where (0°°I) is the N x N matrix with 9°¢1 as column vectors.

Proof. By Theorem 1.2, zI € £, hence zd] € TL = L. Then z(z0)I € zL C L
and so zd(z0)I lies again in L. Inductively, 9*¢I lies in L. The factoriza-
tion (9*¢I) = (zV])B(z) then follows from Lemma 1.1. Also Lemma 1.5
says that the I (resp. ]) function appears as the first column vector of (9*¢I)
(resp. (zV])). By the R{z} module structure it is clear that B does not in-
volve any cohomology classes.

By the definitions of ], I and 9*¢ (c.f. (1.1), (1.3), (1.2)), it is clear that

(1.6) oeel/? = Teel/?, 20ee!/?* = Tee'/*
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(t € H(X)). Hence modulo Novikov variables 921 (f) = Tee!/? and 20 J (T) =
Tee™/?
To prove (1), modulo all 7%’s we have
el/z = Y Ben (z)TeeT(f)/Z.
ecAt
Thus o
e(t—r(t))/z = ZBe,l (Z)Te,
e

which forces that T(f) = f (and Be1(z) = 671,1).
To prove (2), notice that by (1) and (1.6), B(7,z) = Inxn when modulo
Novikov variables, so in particular B is invertible. Notice that in getting

(1.5) we do not need to worry about the sign on “—z” since it appears in
both [ and J.

Definition 1.7 (BF). The left-hand side of (1.5) involves z and z~!, while the
right-hand side is the product of a function of z and a function of z~!. Such
a matrix factorization process is termed the Birkhoff factorization.

Besides its existence and uniqueness, for actual computations it will be
important to know how to calculate 7(f) directly or inductively.

Proposition 1.8. There are scalar-valued formal series Ce(f,z) such that
(1.7) J(t,z7Y) = Y Celf,z)0%I(F,z,z71),
ecAT

where Ce = 01,1 modulo Novikov variables.
In particular T(f) =t + - - - is determined by the 1/z coefficients of the RHS.

Proof. Proposition 1.6 implies that

zV] = (0*I) B~ L.
Take the first column vector in the LHS, which is zV;] = ] by Lemma
1.5, one gets expression (1.7) by defining C. to be the corresponding e-th
entry of the first column vector of B~1. Modulo qﬁ’s, B~1 = Iy«y, hence
Ce = (STe,l- O

Definition 1.9. A differential operator P is of degree AT if P = Y ocp+ Ced™®
for some Ce. Namely, its components are multi-derivatives indexed by A™.

Theorem 1.10 (BF/GMT). There is a unique, recursively determined, scalar-
valued degree A differential operator
P(z) =1+ Z q‘BPﬁ(ti, P, 2;20,i,205),
BENE(X)\{0}
with each Py being polynomial in z, such that P(z)I(f,z,z7') =14 O(1/z).
Moreover,
J(x(B),z7") = P(2)I(},z,z71),
with T(F) being determined by the 1/z coefficient of the right-hand side.
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Proof. The operator P(z) is constructed by induction on 8 € NE(X). We set
Pg = 1 for B = 0. Suppose that Py has been constructed for all B’ < g in

NE(X). We set P_g(z) = ¥ g5 " Py Let
(1.8) Ay =2MgF Y f(HF)Te
ecAt
be the top z-power term in Pg(z)I. If k; < 0 then we are done. Other-

wise we will remove it by introducing “certain Pg”. Consider the “naive
quantization”

(1.9) Ay =2MgP Y fe(H, F)o*
ecAT
In the expression
(Pop(z) — A1)I = Pp(z)] — Aql,
the target term A; is removed since
Ail(g =0) = Arel/* = Arel/* = Ay + A10(1/2).
All the newly created terms either have smaller z-power or have curve de-
gree /" with B’ > B in NE(X). Thus we may keep on removing the new
top z-power term A, which has k» < k;. Since the process will stop in no
more than k; steps, we simply define Pg by
PP =~ ) A

1<j<k

By induction we get P(z) = Ygeng(x) 4° Pg, which is clearly of degree A™.

Now we prove the uniqueness of P(z). Suppose that P;(z) and P»(z) are
two such operators. The difference §(z) = P;(z) — P2(z) satisfies

6(z)I =:Y_qPogl = O(1/z).
p
Clearly ép = 0. If 65 # 0 for some f, then B can be chosen so that g = 0
forall B’ < B. Let the highest non-zero z-power term of g be z* Y, 0p k0.
Then )
e B17£0

Here R denotes the remaining terms in J. Note that terms in RI either do
not contribute to gf or have z-power smaller than k. Thus the only gf term
is

qﬁZk Zéﬁ,k,eTeef/z.
e

This is impossible since k > 0 and {T.} is a basis. Thus 6 = 0.
Finally, by Lemma 1.1 B, and so does B~, has entries in R{z}. Thus
Proposition 1.8 provides an operator which satisfies the required proper-

ties. By the uniqueness it must coincide with the effectively constructed
P(z). O
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1.3. Reduction to special BF/GMT.

Proposition 1.11. Let f : X --» X' be the projective local model of an ordinary
flop with graph correspondence . Suppose there are formal liftings T, T’ of f
in H(X) ® R and H(X") ® R respectively, with T(t),T'(f) = f when modulo
Novikov variables in NE(S), and with Zt(t) = /(). Then

F(x)c =T (T (H)& = F](Bs=] (0.0

and consequently QH (X) and QH(X') are analytic continuations to each other
under 7.

Proof. By induction on the weight w := (Bs,d2) € W, suppose that for all
w’ < w we have invariance of any n-point function (except that if g = 0
then n > 3). Here we would like to recall that W := (NE(E)/ ~) C
NE(S) & Z is the quotient Mori cone.

By the definition of J in (1.1), for any 2 € H(X) we may pick up the fiber
series over w from the &az~¥*2) component of the assumed .%-invariance:

(1.10) F (T, pkEa)X = (v pfE Fa)X.

Write T(f) = Y gew To(f)g®. The fiber series is decomposed into sum of
subseries in g’ of the form

(T (F), T, (D), ¢ Ea) g

Since Y@, + w" = w, any @; # 0 term leads to w” < w, whose fiber series
is of the form Y; g;(q", F)hi(q") with g; from [Ty, (f) and k; a fiber series
over w”. The g; is #-invariant by assumption and h; is .#-invariant by
induction, thus the sum of products is also .#-invariant.

From (1.10) and 1(f) = £, the remaining fiber series with all @; = 0
satisfies

F (1 y'eays = (1 p'eFa),

which holds for any 7, k and a.

Now by Part I Theorem 4.2 (divisorial reconstruction and WDVV reduc-
tion) this implies the .#-invariance of all fiber series over w. U

Later we will see that for the GMT () and 7’'(f), the lifting condition
7(f) = f modulo NE(S)\ {0} (instead of modulo NE(X)\{0}) and the iden-
tity ZJ(t(#)).¢ = J'(t'(f)).¢" holds for split ordinary flops.

2. HYPERGEOMETRIC MODIFICATION

From now on we work with a split local P" flop f : X --» X’ with bundle
data (S, F, F'), where

r r
F=@L; and F =L
i=0 i=0
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We study the explicit formula of the hypergeometric modification I* and
X' associated to the double projective bundles X — S and X’ — S, espe-
cially the symmetry property between them.

In order to get a better sense of the factor [X/% it is necessary to have
a precise description of the Mori cone first. We then describe the Picard-
Fuchs equations associated to the I function.

2.1. The minimal lift of curve classes and .7 -effective cone. Let C be an
irreducible projective curve with ¢ : V. = @j_, 0(p;) — C a split bundle.
Denote by y = max p; and ¢ : P(V) — C the associated projective bundle.
Leth = C](ﬁp(v) (1)),

b=¢*[Cl.H, = H =W +c; (V)" !
be the canonical lift of the base curve, and ¢ be the fiber curve class.
Lemma 2.1. NE(P(V)) is generated by ¢ and b — ul.

Proof. Consider V! = 0(—u) @ V.= ¢ @& N. Then N is a semi-negative
bundle and NE(P(V)) = NE(P(V")) is generated by ¢ and the zero section
b’ of N — P!. In this case ' is also the canonical lift b’ = h'"" + ¢1 (V/)h/"~ L.
From the Euler sequence we know that ' = h + up. Hence

v

V' =(h+up) + Y (i —wp(h+pup) ™

i=1

=W +ruph™ '+ Y (i — p)ph’™!
i=1
=W +c (V) — uph™™!
=b—ul.
O

Lety : V =@j_,L; — Sbeasplitbundle with ¢ : P = P(V) — S. Since
P, : NE(P) — NE(S) is surjective, for each fs € NE(S) represented by a
curve C = ) ;n,Cj, the determination of ¥, 1(Bs) corresponds to the deter-
mination of NE(P(Vc,)) for all j. Therefore by Lemma 2.1, the minimal lift
with respect to this curve decomposition is given by

‘Bp = ZHJ(JJ*[C]]HY - ‘ucjg) = :BS - ]’[ﬁsgl
J

with pc, = max;(C;.L;) and p = ppg := Y;njlc;. As before we identify
the canonical lift p* Bs.H, with Bs. Thus the crucial part is to determine the
case of primitive classes. The general case follows from the primitive case
by additivity. When there are more than one way to decompose into prim-
itive classes, the minimal lift is obtained by taking the minimal one. Notice
that further decomposition leads to smaller (or equal) lift. Also there could
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be more than one minimal lifts coming from different (non-comparable)
primitive decompositions.

Now we apply the above results to study the effective and .7 -effective
curve classes under local split ordinary flop f : X --» X' of type (S, F, F').
Fixing a primitive curve class Bs € NE(S), we define

pii= (Bs-Li),  wi:= (Bs.Lp).
Let 4 = max y; and ' = max /. Then by working on an irreducible repre-
sentation curve C of Bs, we get by Lemma 2.1

NE(Z)ﬁS = (ﬁs — M) +Z>0l = Bz + Z>ot,
NE<Z/)[35 = (ﬁs — ‘u'E') +ZZO£/ = ﬁz/ =+ Zzogl.
Now we consider the further lift of the primitive element Sz (resp. f7/)

to X. The bundle N @ & is of splitting type with Chern roots —h + L! and
0,i=0,...,7r. On Bz they take values

(2.1) p+u, (i=0,...,r) and O.
To determine the minimal lift of 87 in X, we separate it into two cases:
Case (1): u + p' > 0. The largest number in (2.1) is y + p/ and
NE(X)p, = (Bz — (1 + 1)) + Z>07-
Case (2): pt + ' < 0. The largest number in (2.1) is 0 and
NE(X)g, = Bz +Z>07.
To summarize, we have
Lemma 2.2. Given a primitive class Bs € NE(S), B = Bs+dl+dyy € NE(X)
if and only if
(2.2) d>—yu and dy > —v,
where v = max{u + p’,0}.

Remark 2.3. For the general case fs = Y;n[Cj], the constants y, v are re-
placed by

U= :u,BS = an‘ucj, V= Vﬁs = ZTZ] l’I’laX{]/le + “MC]/,O}
] ]
Thus a geometric minimal lift B¥ € NE(X) for Bs € NE(S), with respect to the
given primitive decomposition, is
Bs = Bs —pl —vy.
(If pc, + y/cj >0forallj, thenv =pu+p'.)
The geometric minimal lifts describe NE(X). We will however only need

a “generic lifting” (I-minimal lift in Definition 2.7) in the study of GW in-
variants.

Definition 2.4. A class p € Nj(X) is F-effective if B € NE(X) and Zp €
NE(X').
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Proposition 2.5. Let Bs € NE(S) be primitive. A class p € NE(X) over Bg is
F -effective if and only if

(2.3) d+u>0 and dy—d+y >0.

Proof. Let B = Bs + dl +dyy, then Fp = Bs —dl' +da(y' + V') = Bs +

(dy —d)l' 4+ dyy =: Bs +d'l' + d)y'. Tt is clear that B is .7 -effective implies

both inequalities. Conversely, the two inequalities imply that
dy>d—p' > —(u+p')>—

hence € NE(X). Similarly B € NE(X'). O

2.2. Symmetry for I. For F = @]_,L;, F' = @/_, L., the Chern polynomi-
als for F and N @ & take the form

fp:Hai = H(h+Li)/ fN@ﬁ:br+1Hbz‘ = (:H((:—h—FL:)
For B = Bs+dl + dyy, we set y; := (L;i.Bs), pi := (Ll.Bs). Then for i =
0,...,7,(ai.p) =d+ui, (bi.p) =dy —d + p}, and (b,+1.p) = dp. Let

(2.4) /\5 = (Cl(X/S)‘B) = (Cl(F) + Cl(F/)).‘BS + (T + Z)dz.
The relative I factor is given by
(2.5)

s 1 TO+5) H T(1+%) T(1+%)

P T+ & 4 dy) g T+ L+ pi+d) T(1+ % 4+ dy — d)
and the hypergeometric modification of p : X — S'is

- _ D -
(2.6) [=1(D,Ezz )= Y gPe:tDP IX/Sjgs(t),
BENE(X)

where D = ') + t2¢ is the fiber divisor and f € H(S).
In more explicit terms, for a split projective bundle ¢ : P = P(V) — S,
the relative I factor is

! 1
P/S . _
(2.7) Iﬁ = ZI:% 0L ,
= II (h+L;+mz)

m=1

where the product in m € Z is directed in the sense that

(2.8) H H H

m=—0o0 m=—00
Thus for each i with B.(h + L;) < —1, the corresponding subfactor is un-
derstood as in the numerator which must contain the factor k + L; corre-
sponding to m = 0. In general I is viewed as a cohomology valued Laurent
series in z~!. By the dimension constraint it in fact has only finite terms.

Remark 2.6. The relative factor comes from the equivariant Euler class of
H°(C, Tps|c) — H'(C, Tp/s|c) at the moduli point [C = P! — X].
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Definition 2.7 (I-minimal lift). Introduce
‘ués = mlax{ﬁs.Li}, ygs = mlax{lBs.Lg}
and
vés = max{yés + y’ﬁIS,O} > 0.
Define the [-minimal lift of Bs to be
Bs := Bs — pup,L — v,y € NE(X)

where s € NE(X) is the canonical lift such that h.s = 0 = ¢.Bs.

Clearly, BL is an effective class in NE(X), as yés < pps and vés < g,
When the inequality is strict, the I-minimal lift is more effective than any

geometric minimal lift. Nevertheless it is uniquely defined and we will
show that it encodes the information of the hypergeometric modification.

Definition 2.8. Define f to be I-¢ffective, denoted g € NE!(X), if
d>—pp and dy > —vp.

Itis called .7 [-effective if B is [-effective and .% B is I'-effective. By the same
proof of Proposition 2.5, this is equivalent to

d+pp, >0 and dy—d+pj, > 0.

Lemma 2.9 (Vanishing lemma). If . € NE(S) but B ¢ NE(P) then Ig/s =

0. In fact the vanishing statement holds for any p = Bs + dl withd < —yés.

Proof. Wehave B.(h+L;) =d+pu; < d—+ V/és < O for all i. This implies that

I g /S = 0 since it contains the Chern polynomial factor [T;(k + L;) = 0 in

the numerator. O
Now Ié(/s = Ig/slé(/z is given by
! 1 r 1 1
(2.9) lj!): ﬁﬂi q ,B~bz' ﬁ-C = A'BB[;C[;
T (@i +mz) 77 TT (b +mz) T (& + mz)
m=1 m=1 m=1

Although (2.9) makes sense for any f € N;(X), we have

Lemma 2.10. Ig/s is non-trivial only if B € NE'(X).

Proof. Indeed, if Bs € NE(S) but B ¢ NE!(X) then either d < —yés and

Ag = 0by Lemma 2.9, or d > —yés and we must have d, < —vés < 0and

all factors in B appear in the numerator:
dy —d+ pi < dy + pp, + pp, < do+vg <0.
In particular BgCg contains the Chern polynomial fygs = 0. U
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Remark 2.11. In view of Lemma 2.2, B € NE!(X) is the “effective condition
for B as if it is a primitive class”. One way to think about this is that the
localization calculation of the I factor is performed on the main component
of the stable map moduli where 8 is represented by a smooth rational curve.

As far as [ is concerned, the I-effective class plays the role of effective
classes. However one needs to be careful that the converse of Lemma 2.10
is not true: If B is [-effective, it is still possible to have I é(/ S =0.

The expression (2.9) agrees with (2.5) by taking out the z factor with m.
The total factor is clearly

Z_(Z;:O ai+2;ié bl)l3 — Z_Cl(X/S)'ﬁ.

Similarly for g/ € NE(X'), IX/5 = 12/51X/% is given by

B B
2 - 1 - 1 1 . A/ B/ /
(2.10) qﬂ [T5 7 =t Al B Cp.
I (@) +mz) T TT (b 4+ mz) 1 (& + mz)
m=1 m=1 m=1

Herea, =h'+ L) = Zbjand b =’ —h' + L; = Za;.

By the invariance of the Poincaré pairing, (B.a;) = d + p; = (FB.b;) and
(B.bi) = dy —d+ ) = (FPB.a)), and it is clear that all the linear subfactors
in Ig/ 5 and Iﬁﬁ/ 3 correspond perfectly under Ag — B'zg Bg = Alzg and
Cﬁ — C,/g-‘ﬁ-

However, since the cup product is not preserved under .#, in general
Flg # I}ﬁ. Clearly, any direct comparison of Ig and I'; p (without analytic
continuations) can make sense only if B is .# I-effective. This is the case
for (B.a;)’s (resp. (B.b;)’s) not all negative. Namely Ag and Bg both contain
factors in the denominator.

Lemma 2.12 (Naive quasi-linearity). (1) Flgg = I}ﬁ.é’ :
(2) Ifdy := B.g < 0 then Flg = I(,%-
The expressions in (1) or (2) are nontrivial only if B is .F I-effective.
Proof. (1) follows from the facts that f : X --» X’ is an isomorphism over

the infinity divisors E = E. For (2), notice that since d, < 0 the factor
Cp contains ¢ in the numerator corresponding to m = 0. Similarly CQ]ﬁ

contains ¢’ in the numerator. Hence (2) follows from the same reason as in
(1). The last statement follows from Lemma 2.10. 0

2.3. Picard-Fuchs system. Now we return to the BF/GMT constructed in
Theorem 1.10 and multiply it by the infinity divisor g:

J¥(x(B)).& = P(2)I*(F)-.

By Proposition 1.11 and Lemma 2.12, we need to show the .#-invariance
for P(z) and 7(f) in order to establish the general analytic continuation.
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The very first evidence for this is that, as in the case of classical hyper-
geometric series, IX (resp. IX') is a solution to certain Picard—Fuchs system
which turns out to be .% -compatible:

Proposition 2.13 (Picard-Fuchs system on X). [,I% = 0 and O,IX = 0,
where

r T T
Oy =[] 204 — gle' ]‘[zab]., 0, = zoz Hzab]. —gTe’.
j=0 j=0 j=0

Recall that 1, #2 are the dual coordinates of 1, ¢ respectively. Here we use
9, to denote the directional derivative in v. Thus if v = Y v'T; € H? then

ay - Z Uiati.

Proof. By extracting all the divisor variables D = t'h + t2¢ and f; € H?(S)
from IX (where f = F; + f), we get
X = Z qﬁe Z +(D+t1).ﬁlé(/sjgs(t2)‘
BENE(X)
It is clear that zd, produce the factor v + z(v.B) for v € H2. From (2.9),
[ z0,, modifies the AgBgCp factor to
r 1 r
I1 pa—1 BgCp = Ap—¢Bp¢ [ [(bj+2(B — £).b))Cp—
j=0 j=0
I (aj+mz)

m=1
(since B.aj —1 = (B—4{).aj, (B—¥).bj=p.bj+1and (B —1).5 = B.0).
Clearly it equals the corresponding term from qgetl [T 20,1 Xunless B — ¢
is not effective. But in that case the term is itself zero since Ag_, = 0 by
Lemma 2.9.
The proof for (I, IX = 0 is similar and is thus omitted. D

Similarly IX' is a solution to

r r r
o ZI *tl o ! t2+f1
Dg/ = ]1—%28% —qe ]1_!):28%{, |:|,y/ = Zagl ;l—!):zab; — q’y e P

where the dual coordinates of i’ and ¢’ are —t! and t? + # (since .7 (t'h +
#5) = (@ W)+ 87 = (W + (B 1 0)0).
Proposition 2.14.
F(0F,0F) = @af,0x).

Proof. It is clear that

FU, = —q_ﬁleﬂDg/,
and .

ED,Y = zag/ Hzaaj _ q'y’+£’et2 — ZaC’DE’ + qéfeftl D'y/‘
j=0
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O

Namely, the Picard—Fuchs system on X and X' are indeed equivalent
under .#. Moreover, both I = X and I' = IX' satisfy this system, but in
different coordinate charts “|¢‘| < 1”7 and “|g‘| > 1” (of the K&hler moduli)
respectively.

We do not expect I and I’ to be the same solution under analytic contin-
uations in general. In fact, they are not in some examples. We know this
is not true for | and ]’ since the general descendent invariants are not .7 -
invariant. Nevertheless it turns out that P(z) and 7(f) are correct objects to
admit .#-invariance.

Lemma 2.15. Modulo qfs, Bs € NE(S) and -y, we have P(z) = 1 and t(f) = L.

Proof. One simply notices that in the proof of Theorem 1.10 to construct
P(z), the induction can be performed on [f] = (Bs,d2) € W, as in Part
I Section 3.2, by removing the whole series in g° with the same top non-
negative z power once a time. For the initial step [8] = 0 and J*([8] =0) =
e’z from (2.9) we have extremal ray contributions:

[g—o = /*(1+0(1/2'*1)).

As there is no non-negative z powers besides 1, also later inductive steps
will create only higher order g!f!’s with respect to W, hence the result fol-
lows. 4

Remark 2.16. By the virtual dimension count and (1.1), | is weighted ho-
mogeneous of degree 0 in the following weights | - |: We set |T},| to be its

Chow degree, |t| = 1 — [Ty, |4f| = (c1(X).B) and |¢| = |z| = 1. This
is usually expressed as: The Frobenius manifold (QH(X), %) is conformal
with respect to the Euler vector field

E=)Y (1—|Tu)t"d, +c1(X) € I(TH).

For the hypergeometric modification I, the base J° has degree 0 with |gPs| =
(c1(S).Bs). But when Bg is viewed as an object in X the weight increases by
(c1(X/S).Bs). This cancels with the weight of the factor IX/°gP=Fs, which
is
— Cl(X/S),B + Cl(X).,B - Cl(X).ﬁs

= c1(5)-p —c1(X)-Bs

= —C1 (X/S),Bs
Hence I is also homogeneous of degree 0.

3. EXTENSION OF QUANTUM ¥ MODULES VIA QUANTUM LERAY-HIRSCH

In this section we will complete the proof of the main theorem (Theorem
0.3) on invariance of quantum rings under ordinary flops of splitting type.
Proposition 2.14 guarantees the .7 -invariance of the Picard-Fuchs systems
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(in the fiber directions). In order to construct the ¥ module .#; = 21, we
will need to find the derivatives in the general base directions. This will be
accomplished by a lifting of the QDE on the base S. Putting these together,
we will show that they generate enough (correct) equations for .#X. This
is referred as the quantum Leray—Hirsch theorem, which is the content of
Theorem 0.2 (= Theorem 3.6 + Theorem 3.8 + Theorem 3.10).

To obtain the (true) quantum Z-module .#, IX (on a sufficiently large Zariski
closed subset given by the image of 7(f)), we apply the Birkhoff factoriza-
tion on .#{. We specifically choose a way to perform BF such that the
Z -invariance can be checked more naturally.

Before proceeding to the first step, let us lay out the notations and con-
ventions for this section.

Notations 3.1. We use B € NE(S), € H(S) etc. to denote objects in S.
When they are viewed as objects in X, B means the canonical lift, f means
the pullback p* : H(S) — H(X).

For a basis {T;} of H(S), denote f = Y_F'T; a general element in H(S).
When T; is considered as an element in H(X), we sometimes abuse the
notation by setting T; := T;.

Given a basis { T;} of H(S), we use the following canonical basis for H(X):

{Te=THe"|0<I<r,0<m<r+1}.

A general element in H(X) is denoted t = Y t*Te. The index set of the
canonical basis is denoted A™.

By abusing the notations, if Te = T; (i.e. | = m = 0), we set t* = H=F.
Similarly we set t¢ = t! for Te = h, and t* = t? for T. = &. That is, we
reserve the index 0, 1 and 2 for 1, i and ¢ respectively.

On H(X') the canonical basis is chosen to be

{Te:=FTe =Ti(&" - 1)'¢™}
so that it shares the same coordinate system as H(X):

t=) tTes Ft=) t°FT. =) t°T..
e e e

3.1. I-lifting of the Dubrovin connection. Let the quantum differential
equation of QH(S) be given by

20,20; ]S ZC q) zoJ° ().

If we write C(F ( q) = ZCZ] ﬁ( f) P, then the effect on the B-components
reads as

‘ S
Zaiza]]‘B Z Cl] ,Bl Zak]lBi‘B
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Now we lift the equation to X. In the following, for a curve class €
NE(S), its [-minimal lift in NE(X) is denoted by B!. We compute

20iz0;1 = Y _gPe=+(P: 5)Ig/szaizaj]§
p

D1 (D.B) 1X/S ~k S
(3.1 = ) e PG 2 g,
kB.B1
_k%qﬁleDﬁlck Zak§qﬁ_ﬁ{ez D.(p- /31 IX/S]'B 5
1

The terms in last sum are non-trivial only if B — B € NE(S). However,
in this presentation it is not a priori guaranteed that g — B! is I-effective.
(Hence, there might be some vanishing terms in the presentation.)

In order to obtain the RHS as an operator acting on I, we will seek to
“transform” terms of the form ez tD-(F=P1)] é(/ ST g_ 3 to those of the form
ez +D-(B=B1) I )X/ S, IE Bpy This can be achieved by differentiation the RHS ju-

diciously and w111 be explained below.
As a first step, we will show that If;/s = 0if p— B! ¢ NEI(X) and

B — B1 € NE(S).
Definition 3.2. For any one cycle p € A;(X), effective or not, we define

ni(B) := —p.(h + L),

ni(B) := —p.(§ —h+Lj),

n:‘+1(ﬁ) = —p.C,
where 0 <i <.
Lemma 3.3. For B € NE(S), the I-minimal lift B! € NE(X) satisfies n;(B') >
0, nl(B!) > 0 for all i.
Proof. During the proof, the superscript I is omitted for simplicity.
By definition,
n; = —ﬁl.(]’l—FLi) =u—u; >0.
Similarly for 0 <i <,
nj=—B.({—h+ Lj) = max{p+p',0} -y — i

If u+u' > 0, we have

np=p" —p; = 0.
Otherwise if y + p' < 0, then we get
(32) mp=0—(p+p) = —(p+p)>0

Finally for the compactification factor &, we get

My = —p1.& = max{p +',0} > 0.
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Let B, B’ € A1(X) be (not necessarily effective) one cycles. By definition
of I-function, the B factor corresponding to h + L; is

1

B-(h+L;) ’
IT (h+Li+mz)

m=1

Al‘,ﬁ =

which depends only on the intersection number. Suppose that
li = ‘B,(l’l —+ Ll) — ‘B(h + LZ) >0,

we have
B'.(h+L;)
(3.3) Aig=Aip [T (h+Li+mz).
m=p.(h+L;)+1

We say that A; 5 is a product of A; g with a (cohomology-valued) factor of
length I;. The factors corresponding to ¢ — 1 + L} and ¢ behave similarly.

Lemma 3.4. Let B € NE(X) and B — B! be an I-effective class. Ig/s is the

product of I;(_/E{ with a factor which is a product of length n;(B}), n'(BL), and
n,_,(BY) corresponding to h + L;, ¢ — h + L!, and & respectively.

If B — Bl is not I-effective, the conclusion holds in the sense that g/ 5 =0.

Proof. Set ' = B — B! in (3.3), the length is
(B' = B)-(h+Li) = =pi.(h+ Li) = ni(B).-

The argument for { — h + L} and ¢ are similar.

If B — B! is not I-effective, formally I ;;_/ E, = 0 contains either the Chern
1

polynomial fr or fyee in its numerator. Notice that (3.3) holds formally.
This proves the lemma. 4

our next step is to show that the factors in (3.3) can be obtained by intro-
ducing certain differential operators acting on I.

Definition 3.5. An one cycle B € A;(X) is called admissible if n;(g) > 0,
ni(B) > 0,and n; ;(B) > 0. For admissible  we define differential opera-
tors

N r ni(B)—1
D‘B = H (Zah-‘rLi - mz)/
i=0 m=0
rni(p)-1
Df = (29¢pi1g — m2),
i=0 m=0
”;+1(.B)_1
Dg = (z0g — mz),
m=0
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Now we are ready to lift the quantum differential equations for J° to
equations for IX.

Theorem 3.6 (I-lifting of QDE). The Dubrovin connection on QH(S) can be
lifted to H(X) as

(3.4) 20;z0;1 = kXﬁ;qﬁ PP’ Cl /3( f) 20k Dg. (2)1
where B* € A1(X) is any admissible lift of B, which in particular implies the
well-definedness of the operators Dyg.(z).

Furthermore, one can always choose B* to be effective. An example of an effective
lift is the I-minimal lift B* = B!, which is the only admissible lift if and only if
p+u >0

In general, all liftings are related to each other modulo the Picard—Fuchs system
generated by Uy and [,,.

Proof. We apply the calculation in (3.1) with B! being replaced by a general
admissible lift ;. For f = f; + f, with ; being the divisor part,

D R* —
Zﬁ:qﬁ Bi p2+D.(B- /slng/s]gigl(t)

+(D )7X/S _
—ZD;;* ()gfFie" = HOHD 1555, (B) = D (2)L.

Now we prove the last statement. Any two (admissible) lifts differ by
some al + by. Say, B’ = B’ + al + b7y. Then we have

ni(B") = ni(B') —a,
(3.5) ni(B") = ni(f") + (a —b),
m 1 (B”) = np 1 (B) —b.
Then it is elementary to see that we may connect g’ to " by adding or

subtracting £ or 7y once a time, with all the intermediate steps ,B; being ad-
missible. For example, if a > 0, b > 0 and a —b > 0, then we start by
adding ¢ up to j = a — b times. Then we iterate the process: Adding <y fol-
lowed by adding ¢, up to b times. Thus we only have to consider the two
cases (1) B’ =B/ +Lor (2) B" =B + .

For case (1), we get from (3.5) with (a,b) = (1,0) that n;(p’) > 1 for all
i. This implies that D% 5 = DE‘,Jr D4 where D§! = [Tj—0 294 comes from the
product of m = 0 terms. Since [J,I = 0, we compute

Dy (z)I = Dg,Dg,D§+q”ef qzabjz.

£

Now we move g'et to the left hand side of all operators by noticing

zopet = e (20 + 2)
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in the operator sense. Then (notice that DS g = Dg, n /)
1
Dg(z)I =g'e Dg,j,,Dg,Dg‘%Hzabjl =q'e" Dgi(2)],
j=0

which is the desired factor for g”.

The proof for case (2) is entirely similar, with [1,I = 0 being used instead,
and is thus omitted.

The uniqueness statement for y + y' > 0 follows from (3.5) and the ob-
servation: 1;(B!) = u — p; and n!(B') = ' — u!, both attain 0 somewhere
and there is no room to move around. The proof is complete. U

Notice that the liftings of QDE may not be unique. We will see the im-
portance of such a freedom when we discuss the .#-invariance property.

3.2. Quantum Leray-Hirsch.

Definition 3.7. Let Te = T;h'&™ be an element in the canonical basis of H(X).
The naive quantization of T, is defined as (c.f. (1.2) and (1.9))

Te := 07 = 205 (20, )" (z0,)™.

Theorem 3.8 (Quantum Leray-Hirsch). The I-lifting (3.4) of quantum differ-
ential equations on S and the Picard—Fuchs equations determine a first order ma-
trix system under the naive quantization 0*¢ of canonical basis Te's of H(X):

20,4(0%¢I) = (0*°I)Ca(z,9), " e {t', 1, F}.
This system has the property that for any fixed B € NE(S), the coefficients

are formal functions in t and polynomial functions in q%tz, qgetl and the basic
rational function £(q’e'" ), defined in (0.1).

We start with an overview of the general ideas involved in the proof.
The Picard-Fuchs system generated by [], and [J, is a perturbation of the
Picard-Fuchs (hypergeometric) system associated to the (toric) fiber by op-
erators in base divisors. The fiberwise toric case is a GKZ system, which
by the theorem of Gelfand-Kapranov—-Zelevinsky is a holonomic system
of rank (r + 1)(r + 2), the dimension of cohomology space of a fiber. It is
also known that the GKZ system admits a Grobner basis reduction to the
holonomic system.

We apply this result in the following manner: We will construct a &
module with basis 0*¢, e € A™. We apply operators zd,1, z0. and first order
operators zd;’s to this selected basis. Notice that

O, = (1 ( )r+1qfetl)(za )r+1 o

The Grobner basis reduction allows one to reduce the differentiation order
in z0p and zdp. to smaller one. In the process higher order differentiation in
z0;’s will be introduced. Using the I-lifting, the differentiation in the base
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direction with order higher than one can be reduced to one by introducing
more terms with strictly larger effective classes in NE(S). A refinement of
these observations will lead to a proof, which is presented below.

Remark 3.9. In fact, neither the Grobner basis nor the GKZ theorem will be
needed, due to the simple feature of the Picard—Fuchs system we have for
split ordinary flops.

Proof. Consider first the case of simple P’ flops (S = pt). In this special case
the Grobner basis is already at hand. The naive quantization of canonical
cohomology basis gives

o2(i]) .= (zatl)i(zatz)f, 0<i<r, 0<j<r+1.
Then further differentiation in the ' direction leads to
20, 2i) — gz(i+1,)).
It is clear that we only need to deal with the boundary case i = r, when the
RHS goes beyond the standard basis.
Case (i,j) = (r,0). The equation [, = (29, )1 — gle!' (202 — z0,)" ! =
0 modulo I leads to

0t r+1
1 qe r+1 k r+1—k
(3.6) (zop) ™t = = k;Ck (z0p)"(—zdp) ,

which solves the case.

Case (i,j) = (r,> 1). For j > 1, notice that [J, = 2d,2(29;2 — 20 ) ™! —
g7e’” = 0 modulo I. Hence

(200) t1(20,2)) = gle' (20,2)] (202 — 200 )"+
(3.7) = glet (z3p) g6
= glet' g7e! (20 + z)/ 1.

This in particular solves the other cases1 < j <r+1.

Similarly differentiation in the #* direction:

29p ) = gt

And we only need to deal with the boundary case j = r + 1.

Case (i,j) = (0,7 +1). First of all, (], I = 0 leads to

(Zatz)r—s—z
= _(_1)r+1(zatl)r+1zat2 _ Z C£+1(Zat2)k+1(_Zatl)ﬂrlfk _|_qryet2
(3.8) =
v
r 1 2 r+1—kr z(r+1—
= (1—(=1)"*g%" )g7e" — Y (—1)! kCrHigelrl—kisl),
k=1

which solves the case.
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Case (i,j) = (> 1,7 +1). By further differentiating t' on (3.8) and on
(3.7), we get
(Zatl)i@atz)r+2
= (23p)'q"e"” — (—1)"" (29p)'qe" g7e"

o Z (_1)r+l—kC£+l (Zatl)r+l+(i—k) (Zatz)k+1
k=1

(3.9) = Ve (z0p)  — (—=1)"1glet g6t (20, + z)'

r

r+1—k ~r+1z(r+i+1—kk+1

_ Z (—1) Cr 94( )
k=i+1

1
—gle! qre™ Y (1) RO (20 +2) K (20 + 2)F.
k=1
This in particular solves the remaining cases 1 <i <'r.

An important observation of the above calculation of the matrix C;(z,q),
Ca(z,q) is that C; is constant in z when modulo 7. Moreover §27 appears
onlyind, = 1.

Now we consider the case with base S. The Picard—Fuchs equations are

T r
1
Oy = [T20n41, — q"¢ HzarjchrL;/
i=0 =0
(3.10) = !
2
O, = zéggzag_h%} —qe".
Recall that for a basis element T, = Tshi(_fj in its canonical presentation
(0<i<r0<j<r+1), weassociated its naive quantization
(3.11) Te = 0% = 205 (20,1) (20’

The above calculations (3.6) — (3.9) need to be corrected by adding more
differential symbols which may consist of higher derivatives in base divi-
sors zaL].’s and ZBL; ’s instead of a single zdz. Thus they are not yet in the

desired form (3.11). The I-lifting (3.4) helps to reduce higher derivatives
in base to the first order ones. Although new derivatives Ds's may appear
during this reduction, it is crucial to notice that they all come with non-

trivial classes qu’s.
With these preparations, we will prove the theorem by constructing

Cop(2) = ) Cap(2) g’
BB
for any fixed B € NE(S).
For B = 0, the [-lifting (3.4) introduces no further derivatives: Dz_o(z) =
Id. Thus higher order differentiations on #*’s can all be reduced to the first
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order. Notice that in (3.10) all the corrected terms have (zd,1)(zd)/ in the
canonical range, hence (3.6) — (3.9) plus (3.4) lead to the desired matrix
G, ;B=0 (Z) .

Given B € NE(S), to determine the coefficient C, 5 from calculating
29,(9%¢), it is enough to consider the restriction of (3.4) to the finite sum
over B’ < B. We repeatedly apply the following two constructions:

(i) The double derivative in base can be reduced to single derivative by
(3.4). If a new non-trivial derivative D Bl (z) is introduced then we get a new

higher order term with respect to NE(S) since the factor qB{ is added, thus
such processes will produce classes with image outside NE_g(S) in finite
steps. In fact the only term in (3.4) not increasing the order in NE(S) is
given by
=k
C a j? BZO Zak.
This is precisely the structural constant of cup product on H(S), which is
non-zero only if

deg T, + deg T; = deg T;.
Hence deg Ty > deg T,, with equality holds only if T; = 1, which may oc-
cur only for the first step. Any further reduction of base double derivatives
z0zd into a single derivative zd,, must then increase the cohomology de-
gree deg T, > deg Ty, if the order in NE(S) is not increased. It is clear the
process stops in finite steps.

(ii) Each time we have terms not in the reduced form (3.11) we perform
the Picard-Fuchs reduction (3.6) — (3.9) with correction terms. After the
first step in simplifying z0,1 (0*¢) and z02 (0%¢), in all the remaining steps we
face such a situation only when we have non-trivial terms D Bl (z) from con-
struction (i). As before this produces classes with image outside NE_g(S)
in finite steps.

Combining (i) and (ii) we obtain C,5 in finite steps. It is clearly polyno-
mial in z, g7e"’, "' and f(g'e!") since this holds for each steps. O
Theorem 3.10 (Naturality). The system is .F-invariant. That is, FC,(f) =
Ch(Fh).

Proof. We have seen the .7 -invariance of the Picard-Fuchs systems. It re-
mains to show the .7 -invariance of the I-lifting of the base Dubrovin con-

nection, up to modifications by [, and [J,,.
By (3.4), the simplest situation to achieve such an invariance is the case

that Zp! = B!, since then FDp(z) = D’B,, (z) as well.
Indeed, when u + u’ > 0 for a curve class 8, we do have

FB =F(B—ul—(p+u)y)
=B+ul —(p+p ) +9)
=B—pl —(u+u)y =p".
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It remains to analyze the case y + i’ < 0 for B. In this case,

FB B =Prpl —(B—pt) = (u+ ) =—ot,
where § := —(u + p') > 0is the finite gap. Thus

yqlgliéé _ [,]‘BI/
and this suggests that we should try to decrease B! by / for J times.
In other words, we should expect to have another valid lifting:

gl _ gl__ = —
(3.12) zaizaﬂ:gqﬁ oteD-(P ‘%)Cf.‘jﬁ(t)zakDﬁz,M(z)l.

This is easy to check: Notice that n;(B! — 6¢) = n;(B!) +6 > 0. ni(Bl — 6) =
n!(B!) — 6, which is also n/(B + p'f) = y’ — u! > 0 (c.f. the gap in (3.2)).

n,,; > 0is unchanged. Thus, the operator Dgi_g is well defined, though

B! — 8¢ may not be effective. By Theorem 3.6, (3.12) is also a lift and the
theorem is proved. O

3.3. Reduction to the canonical form: The final proof. We will construct
a gauge transformation B to eliminate all the z dependence of C,. The final
system is then equivalent to the Dubrovin connection on QH(X). Such
a procedure is well known in small quantum cohomology of Fano type
examples or in the context of abstract quantum cohomology. (See e.g. [4]
and references therein.) Here we will also need to take into account the role
played by the generalized mirror transformation (GMT) 7 (f).

In fact B is nothing more than the Birkhoff factorization introduced be-
fore:

(3.13) 1) = (zV])(7)B(7)

valid at the generalized mirror point T = 7(f). Thus B exists uniquely via
an inductive procedure. However the analytic (formal) dependence of B is
not manifest if one proceeds in this direction, as the procedure involves |
and I, for neither the analytic dependence holds. Therefore, it is not clear
how to prove .#B = B’ up to analytic continuations.

In this subsection we will proceed in a slightly different, but ultimately
equivalent, way. Namely we study instead the gauge transformation B
directly from the differential system

(3.14) 29,(9%¢1) = (3°1)C,.

Even though the solutions I are not .#-invariant, the system is .#-invariant
by Theorem 3.10. This system can be analyzed inductively with respect to
the partial ordering of the Mori cone on the base NE(S).

Substituting (3.13) into (3.14), we get z9,(V])B + z(V])d,B = (V])BC,,
hence

(3.15) 20,(V]) = (V])(=29,B + BC,)B~! =: (V])C,.
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We note the subtlety in the meaning of C,(f). Let T = ¥ 1#T,. Then the
QDE reads as

20, (V)(7) = (V) (1) Cu(7),
where C,, (1) is the structure matrix of quantum multiplication at the point
T € H(X). Then

oTH ~ oTH
20,(V]) = ¥ 5204 (V]) = (V) L. Cu 5
U M

hence

(3.16) Culf) = L Culx() 57 (D).

In particular, C,is independent of z.
With this understood, (3.15) in fact is equivalent to

(3.17) Ca = BoCupB, !
(By! := (B71)p) and the cancellation equation
(3.18) 20,B = BC, — BoCy0B, 'B,

where the subscript 0 stands for the coefficients of z° in the z expansion.

Our plan is to analyze B = B(z) with respect to the weight w := (B,dz) €
W, which carries a natural partial ordering. The initial conditionis B, o,0) =
Id: Since we have seen that for w = (0,0), C, has only z constant terms
Cus(00),0 z0. The total z constant terms in (3.18) are trivially compatible. They
are —ByC,,0 on both sides.

Now we perform the induction on W. Suppose that B, satisfies .# By, =
B!, for all w’ < w. Then

(3.19) 20,By = Z Bwl Ca;wz - E Bw1,0ca;w2,0B;3l,OBw4'

w1+wr=w W1 +wWr+w3+ws=w
Write Cyp = Y1 Ca 2 and By, = 17y By, 7). Then (3.19) implies that
n(w) = max(n(w') + m(w —w')) — 1.
w' <w

Notice that on the RHS all the B terms have strictly smaller degree than w
except

BCa:(00) — Cas(0,0)Bw + Buw,0Cas(0,0) — Cas(0,0) B
which has maximal z degree < n(w). Moreover, by descending induction
on the z degree, to determine B,,; we need only B,y with w' < w or B,
with j/ > j, which are all .#-invariant by induction. Hence the difference
satisfies

0a(F By,j — B;,,j) = 0.

The functions involved are all formal in f and analytic in t1, 12, and without
constant term (B;,_ ) = Id). Hence #B,,; = BQU’]-.
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To summarize, we have proved that forany f = f+ D € H(S) ® Ch® C¢,
FB(t(t)) = B (T'()).
In particular, by (3.17) this implies that the .#-invariance of C,(f). In more
explicit terms, we have the .#-invariance of
qf ati(f)
n! ot?

(3.20) ¢, =y

n>0,u

(T, Ty, T, T(F)")p

for arbitrary (basis elements) T, T* € H(X).

The very special case T, = 1 leads to non-trivial invariants only for 3-
point classical invariant (n = 0) and p = 0, and also # = x. Since « is
arbitrary, we have thus proved the .%-invariance of d,7. Then

0, (F1—1)=F9,T—09,7 =0.
Again since () = f for (B,d2) = (0,0), this proves
Fr="1.
Remark 3.11. C, is the derivative of the 2-point (Green) function at 7(f):

K J K
Cm/ - w«TUlT >> (T)

Now we may finish the proof of the quantum invariance (Theorem 0.3).

Proof. Since we have established the analytic continuation of B (hence P)
and 7, by Proposition 1.11 (reduction to special BF/GMT with ¢ class) and
Lemma 2.12 (naive quasi-linearity with ¢ class) the invariance of quantum
ring is proved. O

Remark 3.12. We sketch an alternative shortcut to the proof to minimize the
usage of extremal functions and completely get rid of the quasi-linearity
reduction.

Indeed, by degeneration reduction (Part I §3), the quantum invariance
problem is reduced to local models for descendent invariants of special
type. Part I Theorem 4.2 then eliminates the necessity of using ¢ classes
and we only need to prove the invariance of quantum ring for local models.

Now for split flops, the Birkhoff factorization matrix B(z) exists uniquely.
Then quantum Leray-Hirsch theorem (Theorem 3.8) produces the matrix
Ca(z) which satisfies the analytic continuation property. The analytic con-
tinuation of B(z) is then deduced from it. In particular, (3.17) gives the
analytic continuation of C,(f), namely (3.20), and then of 7(f).

Now we apply the reduction method used in the proof of Proposition 1.11,
with the role of special insertion tal being replaced by 3 primary insertions
Ta, Ty, T* with T, € H(S) and Ty, T* € H(X) being arbitrary. We can do so
because dt/0dt? = T, + - - -. Notice that since n > 3, the divisor reconstruc-
tion we need can all be performed within primary invariants.
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Namely, using Part I Equation (2.1) for & and ¢, we may reconstruct any
n > 3 point primary invariants by the the one with only two general in-
sertions not from H(S). As in Step 2 of the proof of Part I Theorem 4.4,
the moving of ¢ class will always be .#-compatible, while the moving of
h class to an insertion t;i" may generate topological defect. The key point
is that this defect can be canceled out by the extremal quantum corrections
from some diagonal splitting term. (In fact this is the building block of our
determination of the extremal invariants in Part I §2.)

This leads to a logically shorter and more conceptual proof of the quan-
tum invariance theorem.

We present the complete argument for at least two reasons. Firstly, the
quantum correction part (extremal case) works for non-split flops as well.
Secondly, the BF/GMT algorithm, together with the divisorial reconstruc-
tion, provides an effective method to determine all genus zero descendent
(not just primary) invariants for any split toric bundles.

4. EXAMPLES ON QUANTUM LERAY-HIRSCH

4.1. The toy example. We consider the Hirzebruch surface X = >_; which
is the P! bundle over P! associated to the vector bundle & @ ¢'(1). The GW
theory on X can be easily determined by the classical method. However,
we will apply quantum Leray-Hirsch to it and compare with the result
obtained by the classical method.

Write H(S) = H(P') = C[p]/(p?). By the Leray-Hirsch theorem, H =
H(X) = H(S)[h]/(h(h + p)) has rank N = 4. Consider the basis {T; | 1 <
i<4} given in the following order

1, h, p, hp.
The dual basis {T'} is easily seen to be given by
hp, p, h+p, 1.

We denote by g = g'e!, § = q"¢!, where b = [S] = [P!]. The Picard-Fuchs

operator is
O = (201) (204+p) — 4.
It leads to

(4.1) (204)* = q — (203,) (29))-

Since H(S) = H°(S) & H?(S) = C1 & Cp consists of the small parame-
ters only, the small and big quantum rings coincide. It is easy to compute
its QDE:

0 7
z0,(201,20p) = (201,20)) <1 g) .

Since b! = b — ¢, we get Dyi(z) = zd;. We get the lifting of the QDE to be

(4.2) (zE)p)2 = Gq ! zay,
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By (4.1) and (4.2), we calculate the matrix Cs of the action of zdw = zd,
or zdp on Tj as zouT; = ¥y Cfaj(z)Tk modulo IX. Then

0 q 0 -4
|1 0 0 zgg!
=10 0 o g |’

0 -1 1 gq!

00 O© g
c.o_ |00 g —zq97
P=11 0 0 0

01 0 —gg!
Here notice that the index k (respectively j) corresponds to the row (respec-
tively column) index.
We solve B from C;, and C, by the recursive equation (3.19): B4 =

—qq7",
0
1
0
0

Looking at the first column vector, it implies that in | = PI, one needs no
Birkhoff factorization (P(z) = 1) and the mirror transformations reduces to
identity 7(f) = f. The full matrix system requires basis in all directions
which uses the full matrix B and non-trivial Birkhoff factorization is re-
quired.

B=1I4—4q 'ess, B! = I4+ 49 ers.

From this we get Cu from (3.17): Cp = BoCiaoB, 1 which is a minor
adjustment of the matrix Cy.

BN
o= =
|
— o o
N
o O© O

O, OO OOk O

=
co= o
—
O OX

o

By setting f = 0, we get ¢ = g and § = ¢°. Thus we can read out the
corresponding 3-point invariants from the above tables. For example, we
look at the entries at (2, 3).

6%3 - <T2’ T3’ T2> = <I’l, p, P> = _qigth

(4.3) ~ B
Cos = (T, T5,T%) = (p,p,p) =q 4"
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By classical method, we can write down the I-function: For p = d/ + sb,

dl sb
I:é( - s d 21 d+s - O(Ziz)'
[1(p +mz)2T1(h+ mz) T[] (h+ p + mz)
1 1 1

This implies that J* = I*. Also we find that I = O(z"°) except s = 1,
d = —1,and in that csae the coefficient of z=2 is h. It tells us that (p) = g~ ‘4"
and (h) = —q~‘q". (Here we have used h*> = —hp.) By the divisor axiom,

(h,p,p) = ondp(p) = —quqh. Similarly, (p, p, p) = 6p0,(p) = q%qb. These
results coincide with (4.3).

Remark 4.1. Notice that we state and prove the quantum Leray—-Hirsch the-
orem (Theorem 3.8) for certain double projective bundles (of splitting type)
in order to apply it to the analytic continuation problem under flops. The
same proof shows that it holds true for projective bundles, and more gen-
erally for iterated projective bundles (of splitting type).

4.2. An example with non-trivial BF/GMT. Consider P! flop f : X --» X’
with bundle data

(S,F,FY=(PL,o® 0,09 0(1)).
Write H(S) = C[p]/(p?) with Chern polynomials

fe(h) =1, fneo(E) :=E(E—h)(E—h+p).

Then H = H(X) = H(S)[h,¢]/(fr, fNee) has dimension N = 12 with a
basis {T; | 0 <i < 11} being

1, h, & p, h&, hp, &, &p, he?, hép, Ep, hép.

Denote by g1 = g'e”, g2 = qVe’’, § = g%, where b = [S] = [P!], and
f = £(g1). The Picard-Fuchs operators are

O = (201)* — 1205 1 20z 1,
Dy = Zaé Zag_h Zag_h_H, — 2.
They lead to
(4.4) (z0n)* = £(20¢)* — £20, 20}, + £ 20, 20z — 2£20), z0¢
(4.5) (20¢)° = q2(1 — q1) — 20, (29¢)* + 229y, (29¢)? + 20, 20y, 20
Asbefore H(S) = H%(S) & H?(S) = C1 & Cp has only small parameters
with its QDE be given by

0 7
20,(201,20,) = (201,20)) <1 g) .

The real difference from the previous ((0,0), (0, —1)) case starts with the
lifting of this QDE. Now b! = b — v, we get D}, = zd; z0z_j, and the lifting
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becomes
(4.6) (20,)* = Gq, ' 20z 20z .

By (4.4), (4.5) and (4.6), following the steps in the proof of Theorem 3.8
we calculate C, in z9,Tj = ¥ C’gj(z)Tk modulo IX. This is a lengthy yet
straightforward calculation. For simplicity set ¢* = g, ' be the chosen
admissible lift and set g = £(9%), A = 92 — 9192, S = g2 + q192. We get

[ mg2  fqoq* 20102 T
1
q192
q192 241492
—2f 1 zfq*
£ 1
Cl - f _qu* ’
f 9192
1
f(g*—2) 1
f(1—4q%)
- 1 -
[ Az zAg 2241028
A zAg
1 241492 —q28 201928
g192 A(l1+g) zq192(1 + 2g)
1 g —qq*(1+g)
_ A(l+g)
G = 1 —zzg ’
1 122+ g)
1 2 zg —z2g
1 1 2zg
-1 1 —2zg
L —1 2+¢g —2zg
and C3 =
[ —m929" AT zqaqt zZ(q1g29" — Ag)  —Z2q1428
Ag* Ag* —zAg
N9 (S—q1929%)g —201028
1 91929 q1qzq*2— Ag —2zq1028
—q° zq* —2°g (A+91929")8
1 —Ag
q —zq" z’g 1929
1 —41928
q q —zq*  z(q" —2)g z°g
1 q* —2zg
1 —g* 2zg
L 1 —q (7" -2)g 2zg |
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The appearance of f and g demonstrates the analytic dependence on the
parameters and explains the validity of analytic continuations. It is now
possible to solve the gauge transform B inductively on w = (B,dz). The
formulas are complicate and the details are thus omitted.

Remark 4.2. These examples were reported in [14].

APPENDIX A. BF/GMT AND REGULARIZATION

We consider a local split P” flop f : X --» X’ over a general base S and
perform the BF/GMT algorithm in §1 simultaneously on X and X'. Mys-
terious cancellation arisen from the Birkhoff factorization, which is called
regularization here, leads to the first step of analytic continuation by trans-
forming a rational function into its polynomial part in a canonical fashion.
(See Proposition A.6.)

This result might lead one to believe that it is possible to prove the main
results of this paper without the quantum Leray-Hirsch theorem. How-
ever, a closer look of the proof reveals the increasing complexity of the
combinatorics and shows the limitation of this approach beyond the first
step. In fact, quantum Leray-Hirsch implicitly implies the existence of all
higher order regularization. A direct proof along the line presented here
seems, however, a rather non-trivial combinatorial task.

A.1. The fundamental rational functions Q and Wpg, 4,. We start by recall-
ing some basic set-up from §2.

Consider a local split P’ flop f : X --» X' with structure data (S, F, F'),
where F = @/_,L; and F' = @]_, L} are sum of line bundles. Denote by
a; = Cl(Li) +h, bi = Cl(L;) + C — h. For :B = ‘BS +dl + dz’)’, Hi = Li~,BS/
ui = Li.Bs. Thus a;.p = d+ p; and b;.p = dp —d + p!. Also recall that

ul = max; p;, w'! = max; p}, and v! = max{p! + p'!,0}. Let

)\ﬁ = Cl(X/S)‘B
= (14 ) Bs+ (r+2)da =) (i + pj) + (r +2)da,

which depends only on (Bs,d2). Then the hypergeometric modification
takes the form

_ _ a2 At +dy 12 S T
I=I(t, 1 zz ") =002y Pt +aE XS (F)

(A1)

BENE(X)
with relative factor
sy T+ o T+ r(1+%) ‘
B T+ 4dy) g LA+ 2 +d+u) T+ % +dy —d + )

The case d, < 0 leads to a ¢ factor and then F1;, = Iéz which contains
only .7 I-effective range (by Lemma 2.12). In particular the BF and GMT are
all .#-compatible. So let d, > 0. In this case, it is then clear that the factor

r(1+ g)/F(l + g + dy) contains ¢ except for the ¢-constant term 1/ (dp)!.
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Thus this factor needs no treatment and will be ignored in the following discussion.
In other words, I é(/ 5 will be used as if this factor is 1. For the same reason

(of the appearance of ¢ factor) that BF is needed only if Ag < 0.
Recall the rule for the directed product: for any n € Z,
I'(1+A) 1 I'(1+A)

A2 = .
(A2) 1+ A+n+x) im1(A+j+x)T(1+A+x)

Definition A.1. Given (Bs,da), with dy > —v!, the cohomology-valued funda-
mental rational function Q(X) in X = (xo, ..., Xr, Yo, - .., Yr) is defined by
! 1
Q(¥) = Qper(¥) =] —
0TI (% 4+ ) T (4 — )

Its one variable (diagonal) version Q(x) is given by setting all x; = x = y;.
By abusing notations, we write X = x for this specialization.

In terms of Q, with (A.2) understood, the product in Ié(/ S is then the

specialization of

o TA+%)  T(A+Y)

- - = Q(J_C’)I*g
i:or(1+%+xi)l—'(1+%—yi) !

(A.3) Q(%)

at X = d. However, cancelations have to be understood on the RHS of (A.3)
for certain ¥ = d € Z: When x = d € NN, it is clear that I;, contains the
factor

r+1 . bz
(A4) o =1

However, for those i with d, — d + y; > 0 (which exists when § is .#1I-
effective), it is understood that the factor b;/z cancels with the same term
appeared in the denominator of Q(d). To make sense of the cancelation of
bi, we may temporarily treat the classes a;, b; as formal variables.

For those i with d + u; < 0, the factor a;/z appears in the numerator.
This is not the case for at least one i (since B is effective, or otherwise the
factor [T;_,a; = 0 appears). Thus the leading terms take the form

cd) T ai T Q+
d+11<0 % dy—dtpi<0 ©

in its 1/z expansion. The leading expression changes as d varying among
the integer values. This motivates the following

Definition A.2. Given (Bg,d2), aclass p = Bs+dl +dry € NE(X), as well
as d, is said to be in the unstable range if B is F I-effective (d < dy + p'!).
Otherwise it is in the stable range (d > dy + u'!).
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In view of (A.3) and (A.4), the leading z order of I é(/ S which admits in-

finite series in d is at z~*~(+1), Any ZF with k > —Ag — (r + 1) supports
only finite number of d’s and all of them are within the unstable range. For
this reason, we consider the shifted expression

(A.5) Wir+1](%,z,z71) := 27Q(#) Iy

to locate the first infinite series in the z° (constant) level.

By viewing 1/z = Ax; = Ay;, W[r + 1] is the multivariate extension in
multi-directions a4;’s and —b;’s of the similar expression W(X) defined by
setting 1/z = 0in W[r + 1] as

(A.6) W(Z) =2 (Q(X)Ix) |, .

Notice that W(x) has poles at some x = d if and only if non-trivial positive
z power survives in W[r + 1](d). By our construction, d must lie in the
unstable range.

Remark A.3. This extension is unique under the normalization that Iz, = 1
at ¥ = 0. Indeed, I;(z7! = 0) = 1/TT_oT(1 + x)I(1 — x) = (SmEx)r+1,

The naive extension givesonly 1/ [T;_,T'(1+a;/z+ x)T'(1 + b;/z — x). The
extra factor [T_oT'(1+a;/z)T(1 4 b;/z) is needed to recover Iy.

For x = d € N, applying the Taylor series for log(1 =+ t) to each a; or b;
separately and then take a product, we get

_ ! H]——d—H( +])
i=0 Hj:l(% +7)
(_1)(d—1)(r+1)® +1

- P TS P —exp ) ﬁ( 1) ZakH be{Hék—)l)
1

k>1

Here H Z i~ is the k-th harmonic series.
Slmllarly in the stable range,

r 1T ' d+1( +7)
Q)L =2
" g H;l1 <&+])

C)
= Wﬁs,dz (d)zrri:ll exp Z K=k ( Z d+y Zbk d2 i 1)

where

(d) = (—1)Eold—tuy—n 7 @ = (A2 1) —1)!

i=0 (d + Vl')l
is the fundamental rational function studied in [13, 17]. Here for r even a sign
twisting (—1)? is understood.

For a general d (say in the unstable range), the expansion in 1/z depends
only on the length data d + p; and dp — d + ! of the curve class . Let I and

Wis d,
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J be the index set with length < 0 and let I, J° be the complementary sets
respectively. Then

HzeIH] ;4,+d+1( +]) HZEIH] Wi+dy— d+1( +])
i+d g td .
Hielfn?:1 (a; +7) I—Le]cH]HJF v (z +7)
(1) Ty ) -0+ b

Q(d) 1y =

2| I|+|]]
Hiel(_d_l/‘i_l)!nze](d_dz pi—1)! PZ
[Ticye(d + pi)! Hze]f(dZ_d+V k>1 kz =3
k
( Za d+;4 Zb ;t+d2
ielc 16]C
kpy(k) kg
—Zain Zb d dz - 1)

iel ie]

This awful looking expression is in fact very simple in nature. It is a
product of 2(r + 1) series with each one belongs to two types, namely with
negative or non-negative length data.

A.2. Regularization of rational functions. The key observation is that the
whole situation can be considered as a product of r 4 1 series by pairing
(L;, L}) together. As in the Calabi-Yau P! flops case (c.f. the proof of Lemma
3.15in [17]), any factor of the form (for x a large integer)

(x—p' 1)
(x+p)!

defines a rational function which has at most simple poles. (Here we take
for example p = p; and p' = p} + d>.)

Let u > —y’ (otherwise it is a polynomial and we take Taylor series),
then the Laurent series at x = d € [—u, /| N Z is given by

1 1 L | 1
H]H—_y( x—j) x_djyédl;;[—yj_d<1_ (X—d)/(]'—d))'

Taking products over (L;, L!) shows that the most singular term is actually
the product of the simple pole from each i. It remains to take into account
of the harmonic series and figure out the correspondences between them at
poles. Substitute x —d = Ax by 1/z, the above expression splits at j = d
and becomes (again using Taylor series of log(1 + t))

1 (- g (k)
z(p+d)(—d+w)! pzkzk< d+V+H'd>

k>1

Notice the formal correspondence with a; = 1, b; = —1 up to a sign.
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The expansion of W[r + 1] in 1/z is the Laurent expansion of W(X) at
X = x. The unstable range contains all possible poles of W(x). The constant
term at x = d is the regular part Reg W(d). In the stable range,

W(d) = RegW(d)

— (_1) )(r+1) r+1 1
i on;‘l LG+ T ™G~ a)

which by definition coincides with ©,11Wg, 4, (d).

By the same process, the Taylor expansion at x = d gives back to Q(d) I
with a; = 1, b; = —1. Notice that this does not recover Q(d)I;; completely
since the process does depend on the presentation of the rational expres-
sion. Nevertheless, the above discussions lead to

Lemma A.4. In the full range of d, the series expansion

r+1Q Z sz

k<r+1

and the Laurent expansion of W, 4, (x) in 1/z, denoted by Yy, wiz¥, at x = d
are compatible in the sense that

(A7) wi(d) = Wi(d)|g=1,5,=—1
Here is a basic fact concerning polynomial parts of a rational function:

Lemma A.5. Let F(x) be a rational function with poles at e;’s and with polyno-
mial part P(x). Then

P(e) = Reg F(e) — ) Pri, F(
ej#e

Proof. Let nj = ordy—,F(x). By division and taking partial fractions, we

have
R(x)

F(x) = P(x) + W =P(x)+ ;Pring(x)

Ife ¢ {¢;}, then Reg F(e) = F(e) and the lemma holds. If e = ¢; for some i,
then

F(x) = Pri.F(x) + <P(x) + ZPrie/F(x)>
j#i
and the lemma again holds. 0

Combining both lemmas leads to results on the first stable series Wy (d).
For ease of notations, denote by

A= A(q/ Z) — Zf)‘ﬁf(r+1)q.35qd27
the basic factor centered at the first stable series (A3 = c1(X/S).p).
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Proposition A.6. Given (Bs,d) with ¢1(X/S).p < —(r + 1), so that the first
stable series is located at non-negative z degree, the “partial Birkhoff factorization”
up to the first stable series

P(z)[:=1-A ) Zq* Wi (e)1
r+1>k>1;e

leads to polynomial values Pg4,(d)q" at order z=1(X/S)B=(r+1) iy the stable
range. This also holds for general d if we consider FP;(z)IX — Pj(z)IX. In
particular, this leads to analytic continuations of Py(z)I up to z=¢1(X/8)=(r+1),

The compatibility of partial BF operators % Py (z) = P{(z) always holds even
for ¢1(X/S).p > —(r+1). In that case F Py (z)1X — P} (z)IX' = 0 for all non-
negative z degree terms lying over (Bg, ds).

Proof. For 1 < k < r + 1, a target term with an additional zk power lies in
AW, zFg°* and takes the form

Ac’}](e)alb]qud

with |I| +|J| = r+1—k < r. In particular there is a corresponding .#-
compatible term on the X' side given by (.# A)c’}](e)b}%qu_gel.

For a divisor D, the naive quantization has the effect D =2zdp =D+
z8p, where 8p is the number operator which acts on gf by ép qf = (D.B) qP.

Then in the partial BF procedure (c.f. Theorem 1.10)
I—A Y cf(e)2q [ T(ai +260,) T 1(b; + 205 1,
ke,L,] icl jel

the first term a;b; in the product cancels the target term.
Modulo higher Bs and d>7, we only need to consider extremal contribu-
tion Ys-1 Lsr g7 to the product (g := q°). The highest z degree comes from

R —1)@-Hir+h)@,
— Ac’f](E)ZkJ“( +1 k)q H%Hcsbj Z ( )d7+1zr+1 qu

d>1
_ k (—pevy
= —(—1)‘”1‘101](5)@#1;75/ "
_1\(d—e=1)(r+1)
— (—1)Ack (=1 d
(-1) ACI](€)®r+1d2§Ll (d —e)F q-

By construction, we have for each fixed k and unstable e that
(A8) Y (=)Viey(e) = Wile)la=1p,-—1 = wi(e).
[I|+|]|=r+1—k

If d is in the stable range, then summing all the unstable terms with pos-
itive z power gives rise to the principal part of Wg, 4,(d). Thus the result
follows by a careful check on the signs. (Namely Z, graded if r is even.)
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If d is in the unstable range, then there are two places in the proof of
polynomiality which need to be modified.

Firstly, Wo(d) is related to Reg Wpg, 4,(d) if we setay; = 1, b; = —1. Alter-
natively, as d makes sense on both X and X’ sides, we have also the relation
on topological defect

(A9) FWo(d) — Wy(d) = (—=1)"""Reg W, 4,(d) O 1,

where @, ; = [T_ob; = [Ti—o(c1(L;) + &' — K’). (This follows from Part I.
Indeed it is clear that the difference is a scalar multiple of @, ; since it is in
the kernel of the multiplication map by ¢’.)

Secondly, the shifting of k-th order pole by e only works for those e < d.
Those poles at e with e > d are missing from the formula on the X side.
Thus to receive a complete correction of the principal part from all e # d
we need (and only need) to consider .Z Py (z) IX/S — P! (z)1X/5.

For the last statement, notice that f(q) + f(g~!) = (—1)" is formally
equivalent to the vanishing of the Euler series E(q) := Yz g% = 0. Hence
Y Ppoa,(d)q" = Ppoa,(9d/dq)E(q) = 0.

deZ
The proof is complete. O

A.3. A remark on higher regularization. Next we move to the Birkhoff
factorization up to the second stable series. This step is needed only if

—e1(X/8).B—(r+1) >1.

Harmonic series appears naturally and the expected regularization into
polynomials becomes much more tricky. An simple useful fact is that the
difference of two harmonic series is a rational function.

Let A; = ¢1(L;) and /\; = cl(L;). Denote by e an index in the unstable

range, then the partial BF with one more order reads as

P(2)[:=1-A Y ZF¢Wil(e)l

r+1>k>1;e
(A.10) —A Y 4Py ()0 1]
d:stable
—A Y ¢ (Wo(d) - ZPrie(d)@M)I
d:unstable e<d

where ©,11 = [Tj_o bj = [Tj—o((Aj + A7) + & —a;) and

T r
Ory1 =] [ 29, - (1) T Tz0
j=0 j=0

(since [Ta; = 0, the corresponding quantization product is removed). By
the construction, the first stable series vanishes automatically.
Now we investigate the second stable series, namely the

Azl = g M) g fs oy



42 Y.-P. LEE, H.-W. LIN, AND C.-L. WANG

degree terms. They all contain the factor (—1)@~1D(+1@, | hence we may
remove ¢ from the remaining classes.

The main terms come from the first two series in (A.10). The terms from
I are degree A terms multiplied by the following harmonic series

- Z”inﬂh - Zbin—l—m—dz
=hY (—Haypy +Hao1—a,) — Y (Ai+A))Ha o
+ Y Ai(Hg = Hayp) + Y AM(Hi — Hyo_yr—gy) — Y Ai/d.

The terms from the second series form a sum over k, e, which has two
parts: One with (zJ)" on the second extremal series, which is

Y (-1) mc’f](e)Az’l@,H
multiplied by

=Y aiHy =) biHy 1= —(r+1)h/d =Y (A\i+A))Hy1 — ) Ai/d,

and another one with one less differentiation (z6;)"~! on the top extremal
term, which receives a factor
Yai—Y bi)/d=(r+1—Kh/d+Y_A;/d=)Y A/
iel ief i€l ief
For each (k, e), we find correction factor
kh kh . e
( S s after shifted by g ),

hence it gives rise to derivative of (d — e) .

In the stable range, the first corresponding terms then lead to derivative,
denoted by * here, of the rational function. Since f* — Y. ¢* = (f — Y g)°,
they combine to the polynomial

(A.11) hPS, 4, (d),

which is expected for the purpose of analytic continuations.
Similarly, by shifting H;_,_1 to H;_q which is only up to a rational func-
tion in d, the second corresponding terms combine to

(A.12) —(c1 + ¢1)Ppga, (d) Hy-1.

This is unfortunately the trouble term, due to the appearance of H;_;.
Finally, the last terms combine to

_Clpﬁsldz (d) /d.

For unstable range, as in the proof of Proposition A.6, it is expected that
similar calculation holds if we consider .7 P, (z) IX/S — Pj(2)1X'/S.

Combining the third series in (A.10) and the one on the X’ side does pro-
duce correction terms, via harmonic convolution, to cancel out the bad term
(A.12). The actual calculation is however getting more and more involved.
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Simple examples such that the higher regularization is explicitly carried
out can be found in [9]. But the elementary method used there (harmonic
convolution etc.) does not seem to apply to the general case. This was
one of the major motivations for us to develop the quantum Leray-Hirsch
theorem during the early stage of this project after [8].
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