é\ﬂ’OMP Tf)eork/ -

Fonite groups Classical e C-‘rroufs
ond  Their Re.(:resenmﬁows

B)/ Chin—Lung Wang_
T e ¥e

Rasic CTIrou.F 'Theoyy/

Galois T%eol’\/ of polyynsmial equations
Basic RcPresen-&xHon ’ﬂqeoyy

T,
Ir.
TV Representations of Su(2) and SO(3) ek
V. Semi-simple Lie Algebras

.

Furthey A PP( ications



CHAPTER ONE : GROUP THEORY

DERANITION : A 4qrowp G Is & Ser equipped
HA @& ”on(buxu-” SHudure. Such thot

(LYl Zm Lol =2) - ¥ X.Y,ZEG
@) FeeG st Le=x=eX Vxeg
) ¥Yxeq 3 st XX = e = y-ix
The netion of growp usually oceures as
Transfoomations . m geemetry , ov
SYmmeties ?m]secs
Example. : Linear tromsfovmations o RM ¢"
s mah{x groups
Mpo(R) = all nxn real wahxes

plrodaer |

—t .?_.»][5‘ 6 ] _ F,mz-v (-é+2-3']

3 4 'l g 35+ 3LtyE
e~ Tkt matix = [‘ O ’X -1,

O

Fact : A€ Ma(R) is mvertible & @+Aée 0
L (RY=JAeM )| dof Axo} ’ ‘
SLaR)=7 AeM R)| dtA =11} W=
Ol =0n(R) =] A M (R) | APA=Tn}
SO ()= s0w (R) = SL,(R) N OM)
VN=FAcM(C)| AtA=T4}
SO = sLal€)nui) 5 Spn), Loventz grewp . .

L



EKQMF[@ % PEVWA-“'&.HUV\ arcﬂ,u(; 5’{1- o ‘G‘ni"l‘.e set
Symmehic group 8 5

S i | Z 3 ---- n
T (odl) o) «[3) .- ol(n))
S'h s a fnite group with |Sﬂ l—_— n !
Cyc(rc Dec,amPosH—ioh .
Ty Z 3 5 é X
( { ] 4 7 ) = (/_3 5'5"):(*2_6 ).'(f/.'-) ?:7)

3"'6 5 4 8’2 ryrfT'
= (1358)-(26)

Trans posiion :
(i) = swikh {and j . all others are frxed
Sn s generated by transpositions, 9.

(_ 'i, ’l:z ig, 'l:y )=(1;; ‘l..r)'(ﬁ 'l:r—-( ) "'(‘.l 13 )(Z[ t4".)
PARITY := ewven or odd via # of transpositions
Al‘kernoﬂﬂg f_\Y‘cm/P Ah = fjolé Sn l ol Is even }

FACT : Sn (s 3enem’re_d b:1
(12), C13), ---- CI1L)
An is generoted by 3 eycles (‘ijk )
FACT: Eerv-\/ finite group is a subgroup of Sy,
F)C let [Grl=N, then G < Sn via
Any € G acts on "the set G " via 9t =9-h
js a permutation smee  J(h )= Jth ) 2 hi=hy

REMARK : Sa is not abelian for h=23
€r is called abelian if gh=h9 ¥ g,h €q



EKGMF(_Q;i focl?c. "dY‘(S?A/FS, Dihedyal Smu.?g
CYQ!EC group Ch

o finite subgveup of s0(2) " o1
aememed 'ola — |40 Ll
w 27
Rz—n-/h = CaS - Sth %) If e
Sn Z’;T— S -?'F'TI A € ’
. Complex numbers 67'1,7,1“- B [
S
. infegers mod n i Z/nZ, e
. Abstact growp e
G=<z|A"=¢e
Prhed il group Dn : A |
¢ GCOR gem- by Rzﬂ/h and [B!?] P
; reflection
. symmehries of a pecklace T |
. Abshact group SfanhaaN
G=<x,y | 1=|,4y=1 \;/’)
! ;Ln—' g Fj\ ¢ -
teg e /, n votoatoms
¢ |[Dpl= 2N, non - abelian group =—s N ve flechions
if n23

Cn os subgrowp of S,

Cn=<(/23‘~-f’))>
Dn as subgroup of S,

Dn =< (123 n)T1nq)f2 n2)--)



SUBGROUPS |, COSET SPACES AND QUOTIENTE
[et H< G be a Subgroufp
« (left | coset of H is a subset of the form 4/H
FACT : JiHA 2H% ¢ & 49 eH

I H=92H

ch IHN 92H = ¢ Hﬂeh 3rh(=3zhz 'f‘(ﬁf some h{/ hz
0 95791 = h2h ™ ¢ H, But then

.9[{315-{ = H > g”—f: 32_/.—, .
Corollary : I uhique dGOomPQS;.Hby, of G-

G=HU aH U bH U--—- U sH
et G/H denote the coset space §4;H 3
then |G/H | =[&:HT= [a1)|n |
A coset aH s NOT o ﬂrou,f) uhless q &H
FACT ¢ gHI™ s q 5uby‘omp of G , called
A mn‘ju gate Jroup oF. H
© (9371 ) -(9h2971) = 9 hih2 97! ¢ qHg-I
+ (7h 97T = (9T ht 97 = qh-1g
In ovder oy 6/H has a thdunced group structure.
We need Hat gHI- = H V 9e¢
such H is called hormal subgroug of G qu—

We wan+t [oH]-[bH]=CabH]
i€. ahrbhs € ab H

< ahb e abH & hbépH
= bihbeH

< F'HbCH
/\ny Sub@rowp of an abelian -’5"-0“? IS hormerk!

(€L



Y
LT s
LS QdG-J &/H is +he quoﬁ‘enf— growp
has the noduval reduction mop G T
by 9 §= 9 € G/H €. L — L/nZ
GROUD HOMIOMORPHRISM
A mp @ G— e’ is a ho mo mex phism
- @lab)= ¢(a)-®(k) ¥ abel
, 9le)=gle-e) = ¢le)-ele) 3 ¢le)=¢'
. e=9le)=%laat)= Qa)- P(at)
> (o) = ¢(a) ™
Tmage gvoup ImYy < G =75 ¢(a) | at G 3
Kemne! subarowp Ker @ < & = {966 | «(g)=€'§
Ker ¢ is a normsl  subgrowp sMQ |
¢(ghg)=a(8)e(m) @MD" if elh=e’
= ¢(4) «(97') = ¢/
le. J kere¢ 371 C fer ¢ .
THE TSOMORPHISM THEOREMT ¢

¢ : Gfkery = Im¢

]

Example : H<G, [G:H]=2 = HAG
4. Cn<aADn 3 An< Sn

f - Let g&H +hen G=H 1L IH
also G =H L HJ
2 JH=Hg e JHI ' =H .
Warnning : In general, left wsets are quite.
difFerent with right cpsets



EXAMPLES OF NORMAL SUBGROUPS

e Finite abelian group is easy

G L/ptz x Lty x - x Loy
Here pro duct group  GriX Go S deffned lo>/
(91,92) - Chi,hz) = (9, ,9zh2)
e If HIG , then & should be some krnd O]C
twisted product of A&/H and H
Cen-f'evof G : Zler)
Za)={ he G| hg=gh V 9¢ &}
Z(&) is hormal g ZE)I = ZiE) obeOUIS()/
Commutatoy group of G L] = G
[GOrT s tha subgroup of & genernted by all
Comm utotors [94,h7] = qgng—1h—! I‘F"\'“.,-. ' ¥
@*/ IS norma.| stmee [9,hIx = [«?]a(-l, % ho— ]|
FACT : &’ (s the smallest pormal subgroup K
of &G such Ho+ G/ s abelian
Abelans GR35~ ¢ea = gha-h ¢ K
We will see lafer that if G s & P group
Hhat (s, IGI=p" for a prime p , then

Zle) el .



GROUPS ACTINE ON A SET
Let & be a finite group octing on o finite set X

For ze X, Stb@ =] €6 [Jx=%f &
orbit () = &Gx < X

There (s an 1+t 1 ‘Corre.spondenc(; .

é]’/S‘t‘:ab(I) s Orbit(x)= % }l

COH§€C{M€hCeS :

. Class FPoymula : | x| = 2. [G: stab(x)]

Sum over
s . Orbf.{-s
" o
3 e N
T oaetih (][] ] . X=6ay U U&Xy
NN ' | disjont union of’
’ oy bitS
agz

Notice that Stab(9x) = g stab(x) g—I

Application : Any finite group G with
odev P, p a prime., must be abéelian

Ff-‘ Let & acts on X =6 by 3(‘x)=3x3—f
Hen L& l= | Z(6) |+ 2 [G: Stab ()]
X

[ gla)l=] = P*=I1+kP —x—
gl =p > let ZE)=<9>, hg DIE)

then & =7 hids | o< i) s P} abelian —¢—



1L Buwnsides Formulo. -

number of ovbits N = — >, lFfXM)[

Frx(9)= jxeX | Jx=x}

Consider an orbit § aMH point X € O 1S
Counted | Stablx) | times th S yeq | Fix (9) [
So the whole grbit is  ouhted

[&: StabX) ] [Sab )| =& +imes

ﬁppff(a}-icn: Hou many disinct nxhp Coloved

toblecloths are there ff there are 9 colovs

avelioble ?

Er= oydic grovp of oder I
Jenerated by rototion
with angle. 90° = R

X = All q"* cdlored toble.

~ =1 _ clothes

r—'._T,——_.—-

L ]
F R R R |

I
§
$
I
]
i
i
¢

———— o —

LA AR sHinctk ones = N
(the case n=6 ) B ones

=

(—JC n s even

s ( | Fix (e) | + |Fix(R)| + |Frx(R?)| + fﬁx(wl)

In 3enemf :

N N3 =
N I )



Sylaws Theorems
T let [Gl=n=Pm with P,{'m , Hhen
IH<G with [Hl=% (Sl b sueamug
Ir. A”Y p sabgroup of G s wntamed M &
Sy[aw p suloarou.p
OL. Any two Sylow p groups are csnjugate
. et S be tHhe number of Syla\m P—-growfs

then slm and s=1 (med p)
Proof: T. Let X=3ScG [ [SI=PC§, then
(><|=CF;{._" _ _Pem (Pem+ )P‘ff (Pm —pC+1)
— T (P%EI;;;(;TM—FCH) so P/l’(><l

Let (r acts on X by left multiplications.
The cass formula

x| = = [ G stab (S )]
(

= 3 S; st pé| stab(sc) | €M
But Stab(Si) % G (unless m=1)
New use rnduction .

Com“ak\/ (Ca.uclny) ; p“&-l = 3 JEG ofﬂ.vdt‘r p
Let [Gl= P€m | rrim, H o Sylow P group
picR hé€H , hx | then od(h)=p", r<e
Let = pP"™" then od(9) =P

o T:“__‘ A
Nt &
L -



THE THCHNIGUE OF GROUP ACTION) oN SETS
AND  SYLOWS THEOREMS ARE RAS(C TOOLS
TO STUDY THE STRUCTURES OF FANITE GROUPS

DEFINITION = G is stmple if G has ho ventrivial
normal  subgroups

o ,CTI = " P’c‘ primes — G < not 5”’”?.}?,
let- p< 9
Hf/ HZ-, Rilir Hs Sy(aw "B sub gmu/PS

SIp , s=1 (1) = S=I +wless
So the Sylew F qroup H <4 &
o (£ I68I=[5, then G & (5 & C3xX (s
[6= 35 ., 3<5
H = the Sylow & Jgroup G
Rut 515, 3=2( (mad3) = s=1(, 50
K = +he Sylew 3 group 4 G
Q(C&v(\/ 'H’WC(‘ Hf\Kzie-;‘
H- K = &
=> G = HxK = (g xC3
We. list Some move applications
e [G1=7p*1 , F.1 primes = G is not simple
o The only simple groups G with (&l < o
are Cf’ with p prime < b0
We will see later that Agh s simple
Notice Hhar [Agl = 60

« All fnite simple groups are classifred !



CHAPTER TWO : GALOIS THEORY

SOLV INEr PsLrNoMIAL. EQUATIONS BY "

X+ bx+C =o ( Bobylonians  B.C 2 )
2, , b b y# 2
X+2 2xa(z) (L)
b \2 —
(x+2)*= = z,_uc

Assume know how +v sblve X = b24C
then khow how 1o selve X24bx+C =0

X3 +bX*+eX+d =0 ( Ferro , Cardano
ref-‘?(a(ﬁ X by x—_%. , ﬂe/f'

(5110 )

X3+ pX+9 =o0
let X=u+V, ger
U3—+v3+ zav(utv) +plutv )+4 =0

Fow 30v+p=0, ie. y=_L
2u

J

bl3+( BP“ )3_,_ g EFo

3
= U +9.C(3—-—P*—-o

- [T
L w/ NER 7 T

‘S-Ofu-chS :
X= dtp ; xwtpw; K w i+ f

where wW3=|, w= |,




How about X%+ pX* 49X+ 1 =0 ?(Fe,?ﬂf
leF = (x4 ax—+ \)- (X’—Ax-#—)% )
= X*+ Q\——qt-pz—’i) e %\_l’f.__/\@).x—{-r

S A-ar L =p L) X (@p)Ia+reo
ar L 2, 9 —
k=1 A G- RE) =0

Hard 1o pvoceed ... But still can be solved !

ni < : genemr| polynomiol equatt
BE ”%%%l’ {832~18U-66 P sl el
of dggree 7 & Can not be solved by radscals
(ramss did shew +he (1800 7))
FUUDAMENTAL THEOREM OF AL&4EBRA

Bvery f(x) € CLxI has a oot tn G
Tdes of P)[

Get a map rofates n +imes

C S'=izec| 1zl=1 }
ol —— ;f(i-‘)
[£(Z) ]

]C(Z-)= %n—I— d,,,_,;_t"_(—d----
=z (1+0(Z)) o 2" = e'"€




GALOIS GROUP OF AN EQUATION)

[ et f(X)é QIx] be freducible. monic
fix)= (x=ai )--- (x-an) , H€C

No mulEiple rpots smo (jc,f/ )= 1

et K= Q (a1, -, xn) C C be the

number Systep (= freld ) Jererated by al|
rotHonal expressions n o, --., o(n .

e-a]ofg gro(/.,P 6’: ér(K/Q ):: Aw‘:Q (K )

Am"QCK) =7 ¢ kDK st CP/Q= id

andl ¢ preserves (+, - ) }
FACT 2+ & C..Sp  as permutation qrou
of di, -, an

pf: Let fix)=s X+64 2" - 440 G e

(
Hen ¢ f(x) = f{x)
V4

(X=%6)) -~ (X~ ()
Uuniqueness of factovizoton
= e S,

FACT : K is & finite dimensional vector spacé.
over @ and |G| = dl’m@“\’ =:[K:Q]

3 (X—a(( ) <. [ X—aln )

All discussions ave valid when Q is rep(aced sz
k , a Frnite extemsion of @



Methed (l?)(‘rrh‘bg Yoofs ove. bl/ one.
EmmP‘e . )= X3-2 € QIx]

K=Q(3ﬁz ﬂ—;w’-’oﬁ wz)

_,PI\'%-Lj'nj feld Of 2) 00) <

pli iy freld of
X+ 2 X+ 5 =0 / \ X=2 over Q(w)
over Q7)) Q(3R) (w)
LA Splithing fwld

Cor X+X+I==o )
; , over @
o QN2)=Q<Y2, 471, 15 & QLXT/(x2 2

IS o 3-dimensional yector SpacQ oVer Q
Ard [Autq (QPM) | = 3 = deg (x3_2 )

Qw)= alw, w 1> 2 Qrx1/ (xix—+1 )
is 2—dimensional /Q ; {Am-Q(Q(w)) != 9_'—“&6’3 (XEH("H)
FUNDAMENTAL THEOREM OF GALOLS THEORY

K . §e} K
P \V4 A
F jprrnns 6‘{/</F) H i KH = ihyariant

sub freld

.
. I ,
.

QT T ‘éf ki) Q
There is an 1 +p 1 erESfomLWd

, Floy splitting field «—> H4& amd GIF/Q)S &H

—d




SOLVABILITY
Let f(X)é Q[x], Want to selve the wots bﬂ
radicals, may st replaca Q bq a
v otomic extension k:@(cw) where
Cnois the N-th roots of 1 . (e |
Picke N (arqe, and djVis:‘LL( enmgh_

e FACT : The wadical oxtension X—a =o
is Splitting amd thae &Galois growp &
s cyddic. with lﬁ-[/;q
Btf Galois’ theoremn

< e
", (*!Q © ? é’zD novvrod saloamw‘p
e ( . AT
V% - clic
f—— )
i A
oyclobmic R = N abelan

« FACT: &(Q(%)a) = (Z/NL)" is an
obelmn Quoup , T fau, IS a direct sum
of cyelic Jroups
The above diagram is the fi§c1mme+lfy EYeakmj-l
yoots ave the ! pavticles ”

ob‘ajmm ,



Definition : A Finite growp & is solvable
if 3 a sequence of subgroups @i, €ra, -
St GG, - Uie}

and &4‘/&4\_,_, (s an abéelian growp

( equivaent 1o require thot G [, C»qd:‘c)

THEOREM ( Gralsis )
A pelynomial s solvable by radicals if and
onf.»\/ i s Golbis group s Selvable
Task :
I, S“M‘W Hhot 3enem! Po’ﬂhom{a.] c?m;-ioms
of deﬁree 2z 5 (s not selvable

L. Given a Pok[nom:‘af) how to Gleulate
s Gualors group 7

Remarks on latrer development- .

. Galors’ idea can be used +v deal with the
@xplw‘{r solvc\bil:‘-\"y problenmn 'h ODE
£inite greuwp replawd by Lie group

e IF we allow some Speciol valug of thefa functions
then any polynemial can be explr‘cﬂ-&j solved
(ge,omeﬂ-t.; o’f abe lianrn, varetieg )



THROREM = A, Is simple. if nz5

P]C: L@F Ah | > K# fe}
ff K esntaing a 3 wele. , Say (123, Hum
K will contrin all 3eycles -

~1
I 2 3 4 5 - [ 2 34 & o -
(1‘ j.kﬂm---)([zs)('{ )'klrn...) =(d)k)
74 W
Y maoy assuml+s be evem | oaawsigr W2l

(Em) Y .

But smeo An s genersted by 3 edleo
Hvs  will f‘mp(y K=An, S0 An is Sr’mr:(ﬁ_

Claim: Let | w €K has maximal nmmberof
Fixed points , Hhen X s a 3 -y

[f not; then X lovks ke

A x= ([23--) - and MmoVesS say s
ov B a = (12)(34) --- TG oA ([2 210
T,
ol (S= 13L&, A = B B!, then "
m
A.N':((?_u”_)“_ K

oV EXy=(12)(45) - | have o &

et Wy =il | (= Fdﬁ"‘-’:i,"-’ )

V{}é, X)) =4 = Az({ )=+1
Case A. oy(2)=2 , but g moves [, 2,3 4 & —x—
Case 6. 02ll)=[, A2(2) =2  fput 4 moves [, 2,3, ¢

—_—



COVOIquv= Sh is hot Solvalole ;‘F nz5b

S, AN fe} stops |

Remark : 82,335, 34. are selvabig

So & C» not ih‘(eresﬁng
N3 T Az A& (O3 eyelic. |, ok
Se P A4 b K > {e}

A IS

v
P Ve ?.,_ L~ [ — -
vl : O

l
W I
4% 4 4.:

K= f(!z)(su.), (4)(23), (13) (21N} e }'
fhe Kleads 4 growp |

IS & hovmal sufoare—u,f: cff A, th fact

An/K & S; Sdvable .

THEOREM ( Ruffini —Abel - Galois ) (820 ~

The e?ua-!ioy, 3 o X" ag X" 584376, b
for nz5 can not be solved by radicals

over Q (a1, 0y ).
P)C’ /f (=g XV e G WM BT A
= (X—=T)(X-t2) ---( x-tn )
then &) = Symmehic pobqnomml ih & - ti,
ot e(eﬁ)feﬂ (
So e Galois group of the gf;{,'-H-,‘nﬁ Lre(d
R (t) -;tn) over Q(a,--; an ) ¢s §,



lo finish the stovy” of” Galois theovy , we
sheuld ot least give an wncrete  example
whith S not  selvable by radicals

THEOREM: Let f(x) € Q[x]1 be an Mmeducible.

polynemial which has exactly 2 hon-real roots
Th €, 6nd deqf = p s a prime number 2 &

Then the QGalois growp s .SF, Hence. f(x):o

con hot be splved by radicals

EXAMPLE + f{x)= X®—-bx +2
The gvaph of F(X) Is

has W«d—(ﬂ 3 vea| roots
o) (s mrvedudble follows
Frim Eisemsteins carterion

FACT : Let p be & prime G<Sf'
['F (t,2) and 1,2/ ---, f)e_er;‘{h€h €[=Sf>
Pf of the theorem : st By any pepy
Lot Flx)= (X-a1) === (X—op) &€
s [QEND:R 1= deg £ =P

so ()= [Q(x, ;o(r):Qj
= L@ (uieryp) s QL) T LRI R

S0 P!erl Syf&Wé‘l{éqSﬁwderf’.

Tha map ab a -F:\xes all real 100t
and M_(d\ashti& Hao 2o Cf)ﬁ rosts

=% gl = SF s+ T lesks like (1,2) .

END



HON TO DETERMINE. THE SoVARILITY OF A
GIVEN HMTE GROUP EFFECTIVEL~ 2

Reeall the devived growp K =ra,q7] is
the Smallest hermal subaroup K st
G/K s abelian

Let G7=[qq"1, ¢® - [G"a"] etc
Devived nopvia! sevies
&=¢"v ¢' v G2 p G b P G
THEOREM ¢ G- (S Solvable & GR) = fed some k.
i <= GR = tel then G s sdvable
St G‘J“/G-“'H) 's abelian
= Lot G=G, v & v G - v G =e}
Such thot  Gr; [Gria is abelion
G’/é,—( abelian = @ e
&/ar, abelian => @, >& oG
Bl abelian = @3 > af > g¥
= &G >6¥ O
el |
ExmmF.’e : IG(“{::}’" => C:r s solvable,
Pf-’ Had seehn i Z%é:) s nontrivial
G’/Z[C-r) s also a p-growp
By thduction  G/yie) is solvable
G/zl6) v & /gl v - v G /alE) =Fe }
> PO v PG = ZIG&) abelian
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