
Invariance of Plurigenera

Let M be a smooth projective variety over C. The plurigenera

Pm(M) ..= dimH0(M,O(mKM)) (m = 1, 2, ... )

are fundamental birational invariants of M . It was conjectured that the pluregenera are

invariant under smooth projective deformation (although they are not invariant under

nonprojective deformation [Nakamura 1975]). This has been proved by Yum-Tong Siu

in a series of remarkable papers [Siu 1998, 2000, 2005].

In this note, we are going to derive Yum-Tong Siu’s theorem on the deformation

invariance of plurigenera. In the original proof [Siu 2000], the theorem is proved using two

key tools. The first is the global generation of multiplier ideal sheaves [Skoda 1972], and

the second is the L2 extension theorem [Ohsawa-Takegoshi 1987]. We present here the

simplified proof [Păun 2007], which can be made do with only the L2 extension theorem.

1. Introduction and Preliminaries

A family of compact complex manifolds is by definition a holomorphic map X
π−→ S

of complex manifolds that is a proper surjective submersion. Assume that S is connected.

The compact manifolds Xt
..= π−1(t) for t ∈ S, are called deformations of each other.

A family X
π−→ S is said to be projective if there is an embedding X ↪→ P into some

holomorphic projective bundle P over S such that the following diagram commutes:

X ⊂ > P

S
∨
<

In this case, the pull-back of OP (1) gives a π-ample line bundle OX(1) over X, and that

each manifold Xt is projective algebraic by Chow’s theorem.

Theorem. For a projective family X
π−→ S over a connected base, the m-th plurigenus

Pm(Xt) is independent of t (m = 1, 2, ... ).

Since the statement is local, by connecting any two points of S by finitely many coor-

dinate disks, we may assume S = ∆ is the unit disk in C; moreover, we may shrink ∆

if necessary when proving the theorem. It is a known fact (see, e.g., Hartshorne III. 12)

that Pm(Xt) is upper semicontinuous. Thus to prove the constancy of Pm(Xt), it suffices to

prove that every element of H0(Xt,O(mKXt)) extends to an element of H0(X,O(mKX)).



Let X
π−→ ∆ be a projective family, and let L be a holomorphic line bundle over X

with a singular hermitian metric h such that:

(1) the curvature current iΘh(L) ≥ 0;

(2) h |X0
defines a singular hermitian metric on X0.

Then locally we can write ‖ · ‖2
h
a.e.
= | · |2e−ϕ for some psh function ϕ ∈ L1

loc whose restriction

to the central fiber X0 is L1
loc (in the Lebesgue measure of local coordinates of X0), or

equivalently, a global expression ‖ · ‖2
h
a.e.
= ‖ · ‖2

hsm
e−ϕ, where hsm is a smooth hermitian

metric of L and ϕ ∈ L1
loc(X) is a psh function such that ϕ |X0

∈ L1
loc(X0).†

The multiplier ideal sheaf J (h) ⊂ OX is dy definition the ideal sheaf of germs of

holomorphic functions f such that |f |2e−ϕ ∈ L1
loc. Let ω be a smooth hermitian metric on

X. The global sections of O(mKX0 + L |X0
) ⊗ J (h |X0

) are thus the global sections u of

O(mKX0 + L |X0
) such that ∫

X0

‖u ‖2
ω⊗h dVω <∞.

We now come to the main technical tool of the proof, namely the Ohsawa-Takegoshi

extension theorem; the next version was established by Y.-T. Siu in [Siu 2000].

L2 extension theorem.

Let X
π−→ ∆ be a projective family, and let L be a holomorphic line bundle over X with a

singular hermitian metric h = e−ϕ such that (1) and (2) holds.(?) Then every section u of

O(KX0 + L |X0
)⊗J (h |X0

) over X0 extends to a section ũ of O(KX + L)⊗J (h) over X

that satisfies the following L2 estimate:∫
X

‖ ũ ‖2
ω⊗h dVω ≤ C

∫
X0

‖u ‖2
ω⊗h dVω

where C = 8πe
√

2 + 1
e
.

An important point is that the constant C is universal (independent of everything). This

is a key factor in establishing the following statement.

Extension of twisted pluricanonical sections.

Under the same hypothesis (?), every section of O(mKX0 + L |X0
) ⊗ J (h |X0

) over X0

extends to a section of O(mKX + L)⊗ J (h) over X (m = 1, 2, ... ).

Remark that the invariance of plurigenera is obtained by taking (L, h) to be trivial.

† In what follows, we will always fix a smooth hermitian metric for each bundle we consider. For every
tensor product bundle, we then obtain an induced smooth hermitian metric as tensor product. We will
denote these smooth metrics by | · |2, in order to avoid too many suffixes for norms.
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2. Proof

Strategy of the proof.

Let σ be the section to be extended. It suffices to construct a metric H = e−χ for mKX+L
such that e−χ |X0

= |σ|−2, for then∫
X0

|σ|2e−
(m−1)χ+ϕ

m dVω =

∫
X0

|σ|2/me−
ϕ
m dVω

≤ Volω(X0)
m−1
m

(∫
X0

|σ|2e−ϕ dVω
) 1
m
<∞.

and the L2 extension theorem completes the proof. Thus we have substituted the problem
of extending the section σ for the problem of extending the metric |σ|−2. The improvement
is that we can take roots of metrics. Thus we can introduce an auxiliary line bundle A,
and try to extend the metric

|σ q|−2 e−ar

to a metric of

q(mKX + L) + rKX + A

where e−ar is a prescribed metric of rKX + A and 0 ≤ r ≤ m − 1 (for then we may

take root of this extension, and pass to the limit q →∞ to obtain H). Here A is chosen

to be sufficiently ample so that each bundle Fr ..= rKX + A is generated by finitely

many global sections ũ
(r)
1 , ..., ũ

(r)
Nr

. This allows us to prescribe a nice enough metric on Fr:

e−ar ..= 1/
∑

j |ũ
(r)
j |2 (the metric induced by ũ

(r)
1 , ..., ũ

(r)
Nr

) for which we can apply the L2

extension theorem.

The extension process is by induction.‡ We first put Fp = pKX + qL + A for
p = qm+ r, where 0 ≤ r ≤ m− 1 and q ≥ 0, so that the Q - line bundles

1

p
Fp → KX +

1

m
L as p→∞.

For each p ≥ m, we use the sections {ũ(p−1)
j } of Fp−1 to define a metric on Fp, for which

we apply the L2 extension theorem to obtain global sections {ũ(p)
j } of Fp such that

e−ap ..= 1/
∑

j |ũ
(p)
j |2 extends |σ q|−2 e−ar .

We then use {ũ(p)
j } to define a metric on Fp+1 and iterate this procedure. An important

point is that the estimates provided by the L2 extension theorem guarantees that the

family {1
p
ap} (of weight functions of the metrics e−

1
p
ap on 1

p
Fp) is locally bounded above,

so we are able to pass to the limit and obtain the desired metric.

‡ The induction is a so-called “tower” in Siu’s and Păun’s proofs; this extension process corresponds to
the second tower in Siu’s original proof.
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Proof. Let σ be a section of O(mKX0 + L |X0
) ⊗ J (h |X0

) over X0. Assume that σ 6≡ 0.
Let A be a holomorphic line bundle over X such that for every 0 ≤ r ≤ m − 1,

Fr ..= rKX + A is generated by its global sections ũ
(r)
1 , ..., ũ

(r)
Nr
. Such a line bundle exists

by Lemma 0.1. Define Fp inductively by Fp = Fp−1 +KX p 6≡ 0 mod m

Fp = Fp−1 +KX + L p ≡ 0 mod m

We will construct for each p ≥ m, a set of global sections {ũ(p)
1 , ..., ũ

(p)
Np
} of Fp such that

whenever p = qm+ r with 0 ≤ r ≤ m− 1, we have Np = Nr, and

ũ
(p)
j extends σ⊗ q ⊗ ũ

(r)
j

∣∣
X0

for all j.

Denote
u

(r)
j = ũ

(r)
j

∣∣
X0

and u
(p)
j = σ⊗ q ⊗ u

(r)
j .

By induction, we consider the hermitian bundles(
Fp−1,

| · |2∑
j |ũ

(p−1)
j |2

)
, (KX , ω) and (L, h).

These bundles induce a tensor product bundle (Fp, ‖ · ‖2). To apply the L2 extension
theorem, we write

∑
j

‖u(p)
j ‖2 =



∑
j |u

(p)
j |2∑

k |u
(p−1)
k |2

=

∑
j |u

(r)
j |2∑

k |u
(r−1)
k |2

if p = qm+ r with

0 < r ≤ m− 1 ;∑
j |u

(p)
j |2∑

k |u
(p−1)
k |2

e−ϕ =

∑
j |u

(0)
j |2∑

k |u
(m−1)
k |2

|σ |2 e−ϕ if m | p .

The ratios on the right-hand sides are bounded on X0, and since |σ |2 e−ϕ ∈ L1
loc(X0),

there exists a positive constant C1 such that∫
X0

∑
j ‖u

(p)
j ‖2 dVω ≤ C1 for all p ≥ m.

By the L2 extension theorem, each u
(p)
j extends to a section ũ

(p)
j over X; moreover, we

have the following estimates:∫
X

∑
j ‖ ũ

(p)
j ‖2 dVω ≤ 200C1 for all p ≥ m.

The Hölder inequality (Lemma 0.2) then implies that the family {
(∑

j | ũ
(p)
j |2

)1/p } is

bounded in L1 norm on every compact set. By the mean value inequality, the family

{wp ..= 1
p log

∑
j | ũ

(p)
j |2 } of psh functions on X is locally uniformly bounded from above.
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On X0, we have wp → 1
m

log |σ |2 6≡ −∞. Hence there exists a subsequence {wpν} which

converges to some psh function w in L1
loc(X) (Lemma 0.3, 0.4). The metric H ..= e−mw

defined on mKX + L satisfies

iΘH ≥ 0 and H
∣∣
X0

= |σ|−2.

Thus the metric H̃ ..= H
m−1
m h

1
m defined on (m− 1)KX + L satisfies iΘH̃ ≥ 0 and∫

X0

‖σ ‖2
ω⊗H̃ dVω =

∫
X0

‖σ ‖2/m
ω⊗h dVω <∞

by the Hölder inequality. The L2 extension theorem now completes the proof. �

List of lemmas.

Lemma 0.1 (Hartshorne III. 12). Let X
π−→ ∆ be a projective family, and let F be

a holomorphic vector bundle over X. Then for sufficiently large N , F ⊗OX(N) |U is
generated by finitely many global sections, where U is a neighborhood of X0.

Lemma 0.2. Let r ∈ (0,+∞) and r1, ..., rp ∈ (0,+∞] such that

1

r1

+ ...+
1

rp
=

1

r
.

Then for any measurable functions f1, ..., fp,∫ p∏
j=1

|fj| dµ ≤
p∏
j=1

(∫
|fj|rj dµ

)1/rj

unless
∫
|fj|rj dµ = 0 for some j, in which case the right-hand side does not make sense.

Lemma 0.3. Let {uj} be a sequence of psh functions which is locally uniformly bounded
from above on a domain Ω ⊂ Cn. Then either uj → −∞ uniformly on compact sets, or
else there is a subsequence {ujν} which converges in L1

loc(Ω).

Lemma 0.4. Let {uj} be a sequence of locally integrable psh functions on a domain
Ω ⊂ Cn. If uj → T in D ′(Ω), then T is defined by some u ∈ L1

loc(Ω), and uj → u in
L1
loc(Ω); moreover,

u
a.e.
= Reg (u) ..= lim

ε→0
sup
B(z,ε)

u ∈ Psh(Ω).
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Appendix: Psh functions – definition and basic properties.

An upper semicontinuous function u : Ω −→ [−∞,+∞) defined on an open set Ω ⊂ Cn

is said to be plurisubharmonic (psh for short) if for every complex affine line L ⊂ Cn,
u |Ω∩L is subharmonic on Ω ∩ L. This condition is equivalent to the statement that
u satisfies the mean value inequality over circles in Ω :

(1) u(a) ≤ 1

2π

∫ 2π

0

u(a+ eiθξ) dθ

for every a ∈ Ω and ξ ∈ Cn with |ξ| ≤ dist(a, ∂Ω). If u ∈ C 2(Ω), we write L : z = a+ω ξ
as a function of ω ∈ C, so that the subharmonicity of u |Ω∩L is equivalent to

0 ≤ 1

4
∆u |Ω∩L =

∂2u

∂ω∂ω̄
=

∑
1≤j, k≤n

∂2u

∂zj∂z̄k
ξj ξ̄k.

Therefore, u is psh if and only if i∂∂u ≥ 0. A similar statement also holds for v ∈ L1
loc(Ω),

i.e., v is equal to a psh function on Ω a.e. if and only if i∂∂v ≥ 0 in the sense of currents.

We denote the sets of subharmonic functions and psh functions on Ω by Sh(Ω) and

Psh(Ω), respectively. An integration of (1) over ξ ∈ S(0, r) shows that Psh(Ω) ⊂ Sh(Ω).

The following is a short list of basic properties of psh functions.

Proposition 0.5. If {uj} j∈N ⊂ Psh(Ω) and uj ↘ u as j −→∞, then u ∈ Psh(Ω).

Proposition 0.6. Let u1, ..., up ∈ Psh(Ω) and let χ : Rp −→ R be a convex function such
that χ(t1, ..., tp) is nondecreasing in each tj. If χ is extended by continuity into a function
[−∞,+∞)p −→ [−∞,+∞), then

χ(u1, ..., up) ∈ Psh(Ω).

In particular, u1 + ...+ up, max {u1, ..., up}, exp (u1 + ...+ up) ∈ Psh(Ω).

Proposition 0.7. If Ω is connected and u ∈ Psh(Ω), then either u ≡ −∞ or u ∈ L1
loc(Ω).

Let ρ ∈ C∞(Rm) be a radially symmetric function (i.e., ρ(x) depends only on |x | ) such
that

ρ ≥ 0, Supp ρ ∈ B(0, 1) and

∫
Rm

ρ(x) dV = 1.

Then

ρε(x) ..=
1

εm
ρ(
x

ε
) satisfies Supp ρε ∈ B(0, ε) and

∫
Rm

ρε(x) dV = 1.

We call {ρε} a family of smoothing kernels, due to the next proposition:
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Proposition 0.8. Let {ρε} be a family of smoothing kernels. Suppose u ∈ Psh(Ω) is such
that u 6≡ −∞ on each connected component of Ω. Then the convolution u ∗ ρε is smooth
and psh on Ω ε

..= { z ∈ Ω | dist(z, ∂Ω) > ε } and u ∗ ρε ↘ u as ε→ 0.

Proposition 0.9. The convex cone Psh(Ω) ∩ L1
loc(Ω) is closed in the topological vector

space L1
loc(Ω) (Fréchet topology of convergence in L1 norm on every compact subset of Ω),

and it has the property that every bounded subset is relatively compact.

Proposition 0.10. Let {uα}α∈I ⊂ Psh(Ω) be locally uniformly bounded from above, and
let u ..= sup uα be the upper envelope (pointwise supremum). Then the regularized upper
envelope Reg(u) ..= limε→0 supB(z,ε) u is psh and is equal to u almost everywhere.
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