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INTRODUCTION TO ALGEBRAIC GEOMETRY
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Lecture I. — Elliptic Functions and Cubic Curves

1. Origin from Algebra. We lerned since high school days that if X, Y and Z are the
length of three sides of a right triangle with Z the long one, then (Pythogarus Theorem)

(1.1) X +yv?i=2%

We also learned how to obtain all right triangles with integer side length, that is, integer
solutions of (1.1). The answer is

(1.2) X =u?-2% Y =2w, Z=u’+1?

for all integers u and v.

While it is trivial to check (1.2) gives some solutions of (1.1), it is not completely
obvious why all solutions are given in this way. One way to see this is the following: first
of all, the problem is equivalent to find all rational solutions of

(1.3) ? +y? =1,

which is simply the equation of a circle in the plane. Let P be the point (-1,0) and
@ = (z,y) be another point on the circle. Let t = y/(z + 1) be the slope of the line PQ.
The idea is, since each slope t € (—00,00) corresponds exactly to one point ¢, one should
be able to represent (z,y) in terms of t. To proceed, substitute y by t(z + 1) into (1.3).
After simplification one get

(1.4) 2+ Dz +t2z+ (2 -1)=0.

That is, ((t2 + 1)z + (¢* = 1))(z + 1) = 0. The root z = —1 corresponds to the original
choosen point P and the other root gives the point ¢ in terms of ¢:

t2 -1 2t

1.5 = -
(1.5) T t2+1 y t2+1

Which gives all rational solutions of (1.3) if ¢ run through all rational numbers. Write
= u/v as a ratio of two coprime integers, one easily recover (1.2).

Exercise 1. A conic is a plane curve defined by a ploynomial equation f(z,y) = 0 with
deg f < 2. Show that any conic can parametrized by rational functions in the sense that
there are rational functions z(t) and y(t) such that f(z(t),y(t)) = 0.
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A similar equation had been considered by Fermat 300 years ago:
(1.6) X"+Yr=2" n>3.

Fermat claimed there are no nontrivial integer solutions of it. However, " The Proof” has
only recently been obtained by Andre Wiles which uses almost all essential machinery
in number theory developed during the past 300 years! Instead of dealing with Fermat’s
question, we may consider a (much) simpler problem, the rational parametrization problem
in the sense discussed above: can one find three polynomials X (t), Y (¢) and Z(t¢) such that

(1.7) X+ YY) = Z()", n>3?

Like Fermat’s expectation, the answer is NO. But this time a purely elementary proof is
possible. Later in this lecture we will do this using geometric method. In fact we will deal
with arbitrary polynomials, not just of Fermat’s type.

2. Origin from Analysis. The next example is about indefinite integral which we
learned in Calculus. It is a simple result using change of variables through trigonometric
functions that we may "integrate out”

dz
2.1 -
21 / vVz¢+az+b

for any a and b to get a closed formula in terms of "elementary functions”, that is, in
terms of usual polymomials, z%,a € R, trigonometric functions, exponential functions,
their inverse functions like tan™!, log etc. and all their composition functions.

However, since Newton and Lebnitz created the theory of Calculus in the 17th cen-
tury, it is generally understood that while differentiation of elementary functions is still
elementary, it is definitely not true for indefinite integrals. The first and perhaps the most
famous example studied in mathematical history is the "elliptic integral” by Abel and
Jacobi in the 19th century:

dzr
(2.2) /\/:c3+a:c+b.

The polynomial inside the square root could also be of higher degree. Abel-Jacobi theory
implies that all these indefinite integrals are not expressible by elementary functions. This
will be explained at the end of this lecture.

Exercise 2. Show that the calculation of the circonference of an ellipse can be reduced
to the following integral:

(2.3)

/ dz
VI =21 — kz?)
This is the historical reason for the name ”elliptic integral”.
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3. Basic Complex Analysis. Let U be an open subset of the complex plane C = R?
and f : U — C be a U complex valued function. We wish to study f’s such that it is
holomorphic (= complex differentiable) in the sense that

(3.1) F(2) = lim LEFR) 1)

h—0 h

is well-defined at every point z € U. Write f(z) =: f(z,y) = u(z,y) +iv(z, y) and consider
two special way to make h approaching 0, h = Az and h = iAy. Then (3.1) has an unique

limit implies that u, + v, = %(uy + tvy), which is equivalent to the Cauchy-Riemann
equation:
(3.2) Uz = Uy, Vg = —Uy.

(Geometrically this says that the mapping (z,y) — (u,v) is a conformal mapping.) As in
the multivariable calculus, the line integral fc f(2)dz is defined for a path in U. It satisfies
some nice properties

Cauchy Theorem. Let f be a holomorphic function on U. Then fc f(z)dz =0 for any
contractible closed curve C in U.

Proof. Write C = 9D, then by Green’s formula of line integrals,
/ f(z)dz = / (u + iv)(dr + idy) = / (udz — vdy) + i(vdz + udy)
C o

(3.3) op

= / (—vz — uy)dA +i(ug — vy )dA =0
D

by the Cauchy-Riemann equation (3.2). Q.E.D.

Exercise 3. Deduce from Cauchy’s theorem the following Cauchy integral formula:

)= = [ £24,

2mi Jo z—a

where a is a point inside C. Use this to prove that f is holomorphic if and only if f has a
power series expansion (with nonzero radius of convergence) at every point. (This is the
Taylor expansion).

We also need to consider moromorphic functions f(z) on U. These are functions which
could be locally written as f(z) = g(z)/h(z) where g(z) and h(z) are holomorphic. By
Exercise 3. This is equivalent to say that f(z) has a Laurent series expansion at each point
a€U:

(3.4) f(z)=celz —a)* + cpqr(z —a)t P+, keZ.

The least integer k with cx # 0 is called ord, f, the order of f at a. f is said to have a pole
at a of order |k| if k < 0. Clearly a meromorphic function is holomorphic if and only if
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it has no poles. It is a simple consequence of the existence of Taylor (Laurent) expansion
that the set of zeros and poles is a discrete subset of U (that is, no limit points).
Now a simple compuattion shows that

8 27 2
lz|=r 0

(3.5) 0

_J2m, ifk=-1
10, otherwise.

If we define Res, f, the residue of f at a. to be the coefficient a_; in the Laurent expansion,
then Cauchy’s theorem and (3.5) leads to

Residue Theorem. For a meromorphic function f on U and a closed curve C = 38D Cc U
not passing through poles of f,

(3.6) /C f(z)dz = Z Res, f.

acD

For example, let g be holomorphic and let f = ¢g’/g. using Taylor’s expansion we see
that Res, f = ord,g, hence the so-called "argument principle”:

/ g (z)dz = Z ord,g.
a€D

(3.7) c 9(2)

4. Tori and Weierstrass’ P function. Let A C C be a rank 2 free abelian group
(lattice). Without loss of generality we may assume that A = Z& Z7, 7 a complex number
with Im 7 > 0. we define a compact space X = C/A by identifying z with z + A for all
A € A. It is topologically a torus with one hole in it. But analytically X has a natural one
dimensional complex manifold structure. We would like to study the geometry of X. Let
D be the "fundamental domain”, that is, the parallelogram with vertexes 0, 1, 1 + 7 and
7. It is natural to seek of nonconstant holomorphic functions on X. However, one has

Fact. There is no nonconstant holomorphic functions on a compact complex manifold.

Although we have not yet defined the notion of complex manifold, this fact is just a
simple consequence of the maximal modulus principle. A special proof in the case of torus
X = C/A is that such a function f, bounded since X is compact, can be lifted to be a
bounded holomorphic function on the whole C. Liouville theorem then says that it must
be a constant.

Next we seek of meromorphic function f. Consider the closed curve C = 8(a + D)
for suitable a € C such that all zeros and poles of f are not on C. Then fc f(2)dz =0
because integrals of opposite sides cancel out (f(z + 1) = f(z) = f(z + 7) and the sides
have opposite directions). (3.6) or (3.7) then shows that f can not have only a simple pole.
Thus f must have at least 2 poles or f has exactly one pole with order > 2. By lefting f to
C we may also regard f as a meromorphic function on the whole complex plane C which
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is doubly periodic with periods 1 and 7. In order to construct f with a single double pole
at 0, it is necesarily be of the form (to make it A-periodic):

1 1
(4.1) =+ z:— EEVER

However, (3.8) does not gives a convergent series. To remedy the convergency, Weierstrass
introduced his famous correction terms and get the so-called Weierstrass P function:

(4.2) P(z) = ig + > (ﬁ B /\_1'~’> '

et
<

Up to translation (g(z) := f(z + a)) and addition or multiplication by a constant, this is
the unique function with this property. Following Weierstrass, we will show

Theorem (Weierstrass). The functions P and P’ satisfy a cubic polynomial equation
(4.3) P'(2)* = 4P(2)° - 92P(2) — g,

for certain constant ga, g3 depends only on A.

Proof. P'(z) is a meromorphic function on X with an unighe pole at 0 of order 3. In fact,

/ 1 1 1
(4.4) P(Z)=—2<z—3+ Z m):—QZ(Z——/\)B

AEA-DO AEA

(This time it is a convergent series.) So it is obvious to see that P’(z)? and 4P(z)® are both
meromorphic with same 6 order pole at 0 with the same coefficient. This means that their
difference is meromorphic with only one pole at 0 of order < 5. The actual calculation will
show that there are unexpected cancellations and their difference has only pole of order
< 2 at 0. By adding suitable multiple of P to cancel out the pole of order 2, the only thing
left is a holomorphic function on X, hence a constant. Q.E.D.

Exercise 4. Carry out the details of the above proof. Compute explicitly that

(4.5) g2(A) = 60 Z % and g3(A) =140 Z %.

AEA AEA

The meanning of Weierstrass’ theorem is that while the torus X = C/A is a quite
analytic object, it is in fact "equivalent” to the "plane algebraic curve” defined by the
polynomial equation y? = 423 — goz — g3 with (z,y) € C?, and the equivalence is given by
z — (P(2),P'(z)). However, to make this precise we need to take care several problems.
The most serious one is that (P(z),P’(2)) is not defined at z = 0. Another one is that we
need to show it is a one-one onto map. Both problems could be solved by introducing the
”points at infinity”, that is, we should wrok with ”projective spaces”.
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5. Affine Varieties and Projective Varieties. An affine variety V . C C" is by
definition the common solutions of a set of polynomial equations

(5.1) V={(X1....,Xn) € C* | Fy(X1,..., Xn) =0, i € I}.

Obviously large part of mathematics is concerned with the study of polynomial equations.
However, in many cases we would like to study such solutions of certain restricted type,
like integral solutions or rational solutions etc. In general the problem becomes extremely
difficult and only a small part of it could be studied in detail. This is usually regarded as
"Number Theory” or ”Arithmetic Geometry”. Algebraic Geometry, however, treats this
problem in a different aspect.

Firstly, one consider solutions in algebraically closed field like complex number C.
Then equations like

(5.2) X?2+Y?+22+1=0 and X*+Y?-2%241=0

while define totally different surfaces in R3, do define isomorphic ”complex surfaces” in C3.
For those people wish to study integral solutions, algebraic geometry could be regarded as
the first step (rough study) toward his question.

Secondly, many techniques in Topology or Geometry apply perfectly only for compact
spaces. Affine varieties, however. is never compact. (How to see this?) Thus in algebraic
geometry one wish to study certain compactification instead. A easy way to do this is to
consider projective spaces

(5.3) P":= (C™' - 0)/~ with (zq,...,Tn) ~ (ATq,...,AT,) for A#0.

A point in P™ is thus an equivalence class in C"*! which corresponds to a complex line
passing through 0. It is usually denoted by [z] = (zo : -+ : z,,). Let U;, i =0,...,n, be
the open subset defined by

Ui = {[z] € P" |z # 0} C,

5.4
(5:4) (zg:---:1Zn) (ﬂ, ey x_n> (i-th place omitted).
Ti T

These n+ 1 affine spaces form an open cover of P™ and the complement of each U; is again
a projective space of dimension n— 1, which corresponds to "points at infinity with respect
to U;”, that is, z; = 0.

Remark. Continue this process, we see that there is a decomposition of P™ into affine
spaces:

(55) Pn'—’cnUCn_lLJ"'UCO,
which is very useful in topological considerations.

A projective variety X C P™ is by definition the common solutions of a set of homo-
geneous polynomial equations

(56) X = {(11,‘03--'22:”) GPn|fi(:I,‘0,...,lEn) =OZ€I}

6



It is easy to see that one must consider homogeneous polynomials in order that f(z) =0
will impliy f(Az) = 0 for all A\. Since P™ is compact (why?) and X is a closed subset of
it, we see that all projective varieties are compact spaces.

Let V' C C™ be an affine variety as before. By identifying C™ with Uy, each polynomial

F(Xi,...,Xn) of highest degree d then gives rise to a homogeneous polynomial of degree
din zg,..., I, namely
- - x Tn
(5.7) f(z) = 3F<_1....,—>
o o

In this way we obtain compactification of affine varieties in centain P™ by homogenized
their defining equations.

Exercise 5. Modify the map constrcuted in section 4 by

$:C/A — P?
(5.8) z (1:P(z): P'(2)) ifz#0.
0— (0:1:0)

Show that ¢ is an ismorphism (bi-holomorphic map) between C/A and the projective
variety (cubic curve) defined by z2z¢ = 23 — gaz122 — gaz3.

6. Riemann Surfaces and Algebraic Curves. It is easy to imagine and not hard
to prove that all compact 2 dimensional real orientable surfaces are distinguished by a
single invariant — its genus (number of holes). We define a Riemann surface to be a one
dimensional complex manifold, hence is automatically a real 2 dimensional surface. For
example, C/A has genus one. since any two smooth cubic curves can be connected through
smooth cubic curves, we see that they all have genus one. In fact later we will see that
they are all ismorphic to some tori.

Historically Riemann is the first person to consider abstract spaces (manifolds). He
initiated the study of Riemann surfaces and also higher dimensional real manifold theory
(Riemannian geometry). We first noticed that a meromorphic function f on a complex
manifold X is equivalent to a holomorphic map f : X — P!. If dimX = 1, Riemann
observed the

Fact. Existence of such a map f: X — P! implies that X must be an projective algebraic
curve.

Later he also showed the existence by establishing the nowadays so called "Riemann-
Roch Theorem”. Thus in one dimensional case, compact analytic object (compact Riemann
surfaces) is the same as the algebraic object (non-singular complex projective curve). This
is in general not true in higher dimensions. We will discuss Riemann-Roch in some detail
in next lecture. The proof of the Fact makes use of some elementary field theoretic results,
which will not be given here.
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8. Abel-Jacobi Map. (4 special case )
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