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CRAPTER 1L .
REPRESENTATION  THERY™ of FINITE  GRAUPS

REPRESENTATIONS
V  frnite dan vector S(Daco /C
P+ G — G&L(V) group homomm'lohism

IS caolled a representotion of G
G -Thvariant Thney product ; let G- be frnite

(U, w)> = Zjécr<f’(3)v, f’(ﬁ)w>
Z (P9, P9 w Y= (v, wd ¥ 96 G
So m fact, p. G—»U(n), n=dim\/

Basic. construcHons
G acts on Vi, Vo then
T acts on VidlVa ¢ PO A

j(’”:, Vz ) = ( 9, 31}2)
G ¢dhfs on Vi |, Pa P,
| J(v@va)= Ju ® Jo,
Basic  examples | -
T. 1 -dimensional rer;y’n P: G— Slz f/f(’f}
trivial repr’™ f G — i1}
II. Permutation rePr’n . Let G octs on X ,
> Gacts on ™ by permuting basis .

Reqular repr'™  freq @  the case X=& .
N rﬁ'



TRREDUCIBLE REPRESENTATIONS
P: G — GL{V) is irreducible :‘]C

+the Oh[Y G - invariant subsFacp IS Voy {O},
This Is €quivalent o VxVe V.
as  repr’" s of &G

Pf CIf WCV is G-Tthy  then W'L s also G=inv

Complete reducillity

Every vepr™™ is a direct sum of
‘rreducible reprS
@ Ay

V=V%"e 1,°" e - o
PROBLEMLS
T. Describle all the Trreduci ble rg!,r’"s of &

I. and 'H‘!C d«(r'CC/" sum &WMFOSF'HOV\ 0F an}/
YE’,F)"” /' fogether with mu(-&t‘f:lr’c{‘f*fes

M. Generolized Clebsch — Gordan Problem

Decempose Ve W hto frreducibles
Sym(V)
A (V) -
(may assume that /', W are rrred,uable>
Trivial case — Abelian groups
Cr obelian = all jrred. reFr"‘;s are 1-dim‘|

Pf‘- 9/')—-=h3 => P(9),e(h) € GL(Vv) are
- simuHanususly  diagonalizable



SCHURS LEMMA
—  The key fo the study of rirred. repr"’s

let T :Vi— V2 be a &G-linear map
of two irred. vepr”s of & . then
e Vix Ve as G repr"s and T=AL  A¢C
. or /f Vi 6 Va2 then T =0
Pf: Sine ker T, ImT are all G—-iny -
So T Fo => &\
New let \ be an eigenvalue of T
then ker(F-AIbo , => T-XI =90
Main consequences

Grven an\/ [inear op H V‘__, V=
= - is G —lineay
T = Tl e fa(9) " H i (9) I hea

(smce LM TAM)=T > THh = fAWMT )
o V£V = T=o

=Va=V = T=5T(HI,

rﬁeca;ll Lthot
Tr [

An Qnz "7

and Tr(AB)=Tr(BA ),
Hence that T (S7AS ) = Tr(A) |
Now Tr(T) =717 Zigeq Tr(PaTHE@)) = Tr(H)
T AIn S A=t THH).

-




Explicit matrix form
Let f(9)= A'=[A;J-(q)] 5 H=[Hi ]
fn_(‘i = B =[8i(9)], s unitory
s fa)= Et <[Bjr ()] , then

\ —t
O = Té—’l‘ %G— BCS HSt A-tJ‘ = O H O\th‘h"aYy

| 7 . _ . .
= | T&T 3266_ 55;(3)1‘5\-(:)[3)—0 ivd Srl,tf)‘

In the ase V,=Va =Y , for any H

—Tr(H)L = —é‘r‘ 2 Asi(9) Hst Atj(9)
= ———Z () A (9) =0 if =)
& Jear J OFY sxT
l A s (DA =1
& % A (3 /:\j (9) 5

Inner product on C 'S
Let ¢ ,1YP two functons G— C
o WY e I
(@) = 7e JZee ¢(9) $(3)

(Ajj, Brg ) =0
(Aij, Ake) = Sik 54

the orthogonality of itred. repr™"s
How to moke use ofF i+ 7

>



CHARACTERS

P:G—> GL(V)

Xf’: Tref : G— ¢ ckamcfero{f
Naive. point of yiean |

Tr(A) does not determine A | but-

Tr(A), TW(A%), Tr(A3), --- does |

Ard now Xf ‘I‘S N fu/v\ch(}n on Gr
Actual reason

Orthogenaliby = fou tred . characters

© (Xf’l)ny):O i Py == {2
(X, X)=4 for (somorphic ivred, YeFr’"s
Consequences '
e T an irreducible de Coimposi+oin
vc Vlfba-: & Vz@az o - o Vebqk
9 = (XP Xi) where X = char of Vi,

e Hente +wo rePYesemizLHms are (sOmovfhuc
= +hey have the <ame chavacte Y

e In genero.| (Xf,?(()=_§;| 4, € N
and (D (S Trreducible < (Xr,Xf)’;] ‘

s Xf— A X+ e+ sk X

o S |&I<vo ) Ha numbeyr o-f— Wed
chovacters are fnite . Call them
Xi ;s X o Will shew  Haof

h= # of wsnjugacy dasses of G ‘(S 32 ;(eary



EAAMPLERY

G=2S5: 3 cony classes [17,C02)30(123)]
L—=dim| repy’’s
Thvial  repy —s ClL 0,0 ) =%,
Alternating repy —s ((,—1, | ) =X, ,
H(‘c)her dm| repy"s Y
F&YYYIU"KHUM Vcrk — (3,1/,0 ) =X
Sz acts o $ e, e,, 653 — C?3
hot trreducible smcg

(X/X)c 3% 3.1+ Z‘O-z /2
/Sg/ = Z "_“Z,AF‘

G&eme+wca[/(7 :

cC3=vey , V 2—dimenson .
U s the mvaviant (e

- e{+fz‘+e3
=3 XV“_‘ Xe3 — Xy = (3.1,0)—Ct,0,1)

- (2,0,—1)

Chavacter Table : )
f 3 2

| Sz | 1 (127  (23)
Hivial U | I !

/ That s all.
a(fevmﬁhﬂ U ’ —I ‘ Since. h< 3

Gondovd) V| 2 0 =l 2=
b i see next page

I+ is easy ‘o JecomPose V&n :
Solve (ngn = a Xy + b XU/ + C Xv



- DECOMPGSITION OF THE, REGULAR REPRESENTATION
Ke call fmj : C:r—% Gl - P Ce

e O
S(ACL\ ‘H’\(Xf" e(h)€3= ehj ‘3

STMLQ &‘oﬁm\o\l of P(h) =0 ¥ hx ¢. So

V'@-U)'-'—“fé'l

ra(h)= 0 hx |
CO.V‘S‘?C] uence s
Fvery Trred. repyr™™ \f IS tentained n Freﬁ
wWith VN(A('&IF[\CA'{’Q! — d"MVI : | p H€hce

o

; CLGT= nVi+ - +nV, '
030 nt= e and ThomX (D=0, 3%

ﬁ=wx)§%Gmm-ﬁ@mm

= dimVi . [
In foctr, drm\/,'=n.’ ’(Grl . ( Harder 4o prove )
CLASS FUNCTION]S
+:G—C s a cdass function Iif
F(h3h )= f(9) Va.heda
Let H be the spaw of class functions
THEGREM : Xy ,---, Xp form on orthonomal

basis of T . In parkicular, h= # of tan jugacy
classes of Cr.

——

(4
A~
‘



EXAMPLE : G =S¢

# tn Conjdasy | 6 g 6 3

| Se | 1 G2y (123) (23l (203k)
trivial T b | | |
N T R N B ‘
St v 003 L0 - ~
Ve U = V/ 3 ! O l — |
anknown W I 2 0 =1 0z

Vi Xet = (#,2,1,0,0)
Xy = X — Xy = (3cls0,—,~1 )
’V'/: Trred ® 1-dim’l must be Crred
because Xpep. = Xp, - K
and loUJ fhe rtered wuterion (p,e)=1
W: |Sul= 24 = |2+ >+ 37437+ (27
W is T prinaple determined by the
Coythogenality relationn, but ...
Heve (s the F!atﬂ 4+ usk Y'@Su(q\f mlor"’ .
(to get o formulo not related o it | )

. n,-)(;(g)zo g= I

e.9. for (122034, qet”
o= ol g3+ 3.0+ 2 X (1)

= X (f2eml)= 2



CHAPTER 1V

FLEMENTARY REPRESENTATON THEORY
- OF &sMPACT LIE GRQUPS

LTE GROUPS

A Lie growp G s « growp such that-
G 8 o dfferentiable manRld amd the
pacduy map (9.h)F— dh

GXxG— G

and  the nhverse VY)ObF G— G 3(—-j3-l
are oll ¢ mapping s
Matitx Jreups

Gl (R), On(R), SLn (R), So(n)

Gln(Cc), Un), SLn(c).su(n)
are all Lie groups

THEOREM (Ado)
Every Compact ) growp can be realized
as clised subgimup of Matrix growps O(n)

|te algebvo. (of matrnix qveups )
et G= On)
Telr = fangent spaca of G at e=Th
A€ Te G (s given bﬂ A Ccurve
&t (H,)—> on) , st A=a"(0), a(o)=Tn
re. ) alt) = Tn



5> od)TR(E) + () a(t) =0
> AV I+ T AT =0
So Lie(G)=F =3AeMa(R)| AA =0}
with [A,B7:= AB—BA |
Fov SO(n), dets(t)=1 => TrA=0

Lie (su(n)) = §AeMmnle)| At+tA=0 TrA=o0 |

Left &G mvariant mekic. on Compatt group
let A,B ¢ TeCr

(AUB Y= "Tr (’B—tA ) = Fucdidean metiic,
Cr thvovr an - in "1

{IA IR Y =T\*(Et )=Tr(“g"fA Y= CABY

= Riemannian metic on G
= Left tnvavient measure (Haayv measure )
(% %) SG'. dg C""fér)-—qu

Play'qu ‘role as tm the Enite greup case.
awmﬁe ocven G-

Repre semtott ons of G-
IS a tontinucus growp héWsmmcwf;l/M‘gm
PG — GL(V)

V oo fnite dim’l v, /€ may assume tn U(N)
by using G-tV thner product

(owY = [ (v, 3w 49



deuv/s lemma

Complete mwulartﬁy = 0K, with the
Chalraders same provf
Ovrthogonal e‘-h,i relatcon "

rredydibilrty orterion

ﬁedw(&k repre semtodion ? %0 —dim<|

All rtrveducdible representotion 7 oo ~many
Formol araleque —— fetev ~Wey| Thm
as gemeralized Fourtey omaHS(S

Explicit construcron
Cr= sU(2)
Vo = triotal vepy™ on €
Vi = stand avd y-eI;yfh an @2
Let Vp = Sym (Vi) = ¢
Move exp(rcfﬁ,\,‘ :
Vn = homoojen%us ‘ao%homio\(s of ciecj A
‘n twe Vartables Z, Zz
={gr, ET R, o, 2 2T, R )

for Pe C[%(,:Ezljgr-(‘\ Z ), Z_::(‘E\/Z?_)
C

(3P)(2) := P(£9 )= P(aZ+cZ2, bF+dZ2)
THEOREM : Vi are all tredudble Yef)r’".s,.
And eAery trreducible (unifory ) re(;v’” of
SU[) (s c‘SOmathic fo one of the Un



pf: Vi is tredudble
Encugh to shews tad- iff A -V —h
'S SU2) equivariont-, then A = AT
et Pz, z2) = z2fg Mk s< k< h

(o]

LA
T Ja= (o ot \ & S0(2) , them
S Pe = a** ™ P, also

o (APR) = AduPe = A ak g = a* (AR )

Oick A st sz‘h,oskﬁﬂ all dstncat
o = AP = ¢tk fr eke

Ne wed o shan Hiat Co=C = - =C,
T v, .= [ st —smt )
e ( St st € Su(2) t€|R

AP = A(Z st + %2 smt )"

= Z’K C?,\ coshtism"Rt. A B

= S Ch Gashtosm" kT Ck Pi
G A= Sk Ch cosht. sm™Mt - anPr
S C=Cn VR, dsne

ClAIM . Xn At dharackey of Vi are

Un]WL‘d demse Th the 5pack of class

{:U\noﬂm\s onn SU(=2) .
/\h\,! slement of SUR) (s tonjugate to

e'c o
o e) = ( ~<‘t\

6 €




Moreoren ,  els) ujugote to e(t)
& ¢= 1t (med 2T
So f-f «j:“. 3()(‘2)-——9 C 'S a c(aSS FUMCJT‘OH

> fee : R—>C
[s on evem Pe\ﬂ\odA\C EM««OHOF] , Pew‘od = 21T
Tn +ha Same WY
C® class fmckion 4> even 2T-bericdic fanction
_ <= _iln—2k)T
Xho e(t) - Z E,
k=0
(—_—: 8+n4't+ C(h—-{)«ft' e—"‘t 4 ._.+€—n£t)
But- this t‘th‘es Hhat
Xoe€lE), -~ Knee(t) genevate tha same $pacQ
as |, cost, ws(et) |--- oSt
whhch have +he de/y\sity pmpon‘zé ‘abj
classical Fouriey cma(ﬂg(-g' )
Now wWe ave almat dene .
Lot Y be the charadtey sf W which

s frredu uble and %_)é Vin Vn
then (X, Xy y=0

X7 =1
st Yn Jomtade an wmcwmba demse

Subs&m& . RE.D,

>



EXAMPLE @ G = S0(3)
There (s a double coverma mae

- SUR)= SPct)f—r——» S0(3 )

1
horm = [ elements ™ A (C\mﬁ?m“msv

ToFcCecﬁiQAHA,) cthis is Jus 3 IRP 3
via T(4)) = Jvg

Ey Veewing g3 — R (@ Ri® Rk < i

Ker M= {T,-T} ¢ SU2), Se

There s o |—I| oa\'reg{;cmdemceg
rred | S6(2) rred. SU(2)
ref)v’“s —> repr™s  st.
~T acks Hroall (j y,

So 38:!‘ Wh «—s Van  dim Wh = 2n+ |

Geemettical . vealization of Wn -
Sphevical Harmenics
PQ, = (pX V.3S. of homoOJehe/oocS Fo(ﬂhom-‘alg
| X, X2y X3 ( funcrions on R-”)

A:L«.—F[O\ce on R3
= 22 2 2

= ~+
axll ?Xz). -+ sta

o i= 1 F€ef | Af=0 } harmenic paly)
of &e3r€£ = Q.
Hy. YSZ called spherical harmonics




St A Lemmoudes with SO(3) adion
on R> = Hgc Py is s0(3) mvariant
~ THEGREN : HlL = Wy

NoH Qirst thot the dimemnsin s coveCt :
dim ty = 20+ s '§

"
f“’“zki ’5“‘( Fr(x2,X3 )
Aﬁ’ 0 @‘j‘h_y_———(lﬂ D{ﬁ %6moq.rf_

ax2t IX;
So §—é HQ (S unfqueh\ determined b\{q -(PL;‘,{'F(
SO dim My = Q-+ ()+ 0L = 24+ [
‘8 . A,@)o\ deq ¢~

The vestis a chavader amputation
Usmq tHha map T sY(2)—s SO(3)

Clebsch— Godan Fvmalon @ Tn sU(2) case

1
Vik @ Vo, = 6%20 Vk—t—Q-—QJ‘ g=wmin(k, L)

Pf‘ "-Oh(«/{ nead 4o dhack i+ for characteors
Sine +hat On("ﬂ &ep%ds sh e(t) . SO

reduce 4o ¢ -
2.
- _ k+(-—2) ~20
DIE S e B TP
A,=0 {?—o 7—0 (=0
Hen use St (e, 2) |

,\nwhseam"
(let A<k) H( - -

(’k/"ﬁ_f UQ,'"«Q) Q. E. D .




CRAPTER T
SEMI-SIMPLE LIE ALGEBRAS

Lie Algebra -
A Lie olgebra Is & vectoy space ?g with a
bilineavy map [, 1 4% §—s g st
[XY T =—-1Y, X1 skey-cymmetnc
[ X, IMZTI+ Y5 02X+ [Z,[X,Y]]=0
(Toenkr Ce‘.em-{,!-\i )
EXamples
T. Abelian Lie algebra : [X, ¥ J=0 Y XY
e 6::(&3 with cress produds
[v, w ] 1= VX &

( 05‘1‘7’ the Teek: 0d is brue 7 W

. Mabix algebra @ §=Mn (R )= End (R")
[A,B J= AB—BA \ ~

Homomerphism Mvwee ©
A Lce o\fﬁebw\ Homomovfh.sm P : j—ﬂﬁ
'S & [thear mapping of vector spaces st

Q([x N1 = L[ex),ely)]
%epresenhh‘on

1S S‘mr(y o lte aﬁebm Homomovﬂmsm
© a matrix algebln of ssme vectr spacq

¢:4—> End(V)



Relations between Lie groups and Lie olgebmas

Let P Gr"—”\H be a hGMOMOVFhKM of’
- Lre groups. [ For ,Snmp!:‘dm, ansider &,H
5% LUk greup s of pPrasX S\f‘c.'uugzs )
then the differentiol of £ Thduces

which s 7 fadr o e c\(jebm bomomm’Fhfsm
[XYT = TeeX ter ] why 72

MoveoveV, if Cr i1s simply tennecred and
tohnecred , then there s & (— | uweg‘mndeme

of

Lie /“wj \ // ™ Crrmap \
HGW\thchlM(m i‘<——> HMOMG\’PV)FIW\ \%
G—H ) e —h /
The p\fcroF uses the so cak(eo\ |

Campbel( ~Hausdorff Formula
(The bmﬁ (x AT fe@:’"\!?}

(¥ - X X X x
€ ==Q”m(€"€”ehe“

n——)OG

Where ¢ s the EX‘%’thhh‘&( map T, G — Cr
TeGr=9 1. &“1

| A
Ve \“\Gl\exP pAsLtA T % 3

C?““‘( ~ e 4




Bxample @ G=0(n) > 5 + S5 =T,
g= o) > A A‘C+A=c>

£ At=—A, then At @A—GAtéA A-T.

Consequances of the (—I owvesp _

I, [ e Su‘OSV‘O‘u./FS ave |—l C«WYGS'?UV\iaVH’
to e subalgebras I

. the (ase that f?-.cr—-aH:&L_(\/'l
shews Hhat e Jrewp represemfatrons
are |—I covvesp. to Lie ql«jehm

represemtations fy : § — §= End(V7)
This gives the basic reason to snside v
the (€osier, [mealized ) e algebix
MOST IMPORTANT : Aclj‘orh‘r représentation
Ad s G — &LIG) by 9k so) o f=s  AS-A
MDA = JAT™ [9a17) %= 9 tat gt
d . é —> Ehd(g) 'S 3€V€h L‘aj ‘f‘C\‘thﬁ dhc]ferenﬁ‘a(
lef 3t : (—1,1) — &, 9(0)=TIn, 3/(0) =X

[30AIET) < 90 A3 A Oy
— XA /\Xf— [X/A] btﬂ )

€ ad (X )Y =XY-YX =[XY]

Can check divectly od (s a [-le alg. homorndr/)h;s‘m

e. aA([XI xzﬂ—[ad Xi,ad Xz} Jatsbs

(

C é(.ém‘("lcd



Kepresentattons ot sh(€)

slo(C) = % [ > -'L:{—jﬁMl(C) l&\—i—i'—:o }

s 3—dimenmsionaol | Ms o basis
R IS PR TR

with pro #/LMX twhle |
Ay X = 22X, [HXYI=-2Y", [x,\(JQH]

Lef Vbe a Tinthe dimensioral  vreduable .Q‘\L)X X
representatrion of sla () Y=

o Consider Hoacts on V= B Vo, a6

€& Vg & HV) =KD

. Lunk at how X, v aus on Vo . Stnw H has
Hie pewey that can d\‘ﬁ oat the (6carion “X " -

Turndamertal Calewlation, V € Vx

T @@U_@ﬁ(xwﬁl

e ' —> Vo+2 |

i

L HX (V)= [H,X W)+ X#v)
Ff = oX (V) + X(&V)= (at2) XV .

Sl\h«”O\Y'l\/ § Y: Vo — Vo—2 TI

N |

TV trvedadble D all d €, occur are different
by 2k, kL
X X< |

X
2 e 2 Vo Ua = Ve (e C)
H

=



Claim : Let vEVn , then (v, Y (), Yv), )=V
sn@ \/ ¢s Trred . or\[Aj need to ckedk that
IYR(} kzo s stablized by sh(c)

Strblized by Y — —H»rvra\(

Stablized by H —s frivial

Stobttzed L;3 X @ PRTof all , v =0 R

, Ve Ve O
XYW = [XYIVv+y ¢
= HV<=nv % k
XYV) = [XNYT Yy + X (xv)
— H{V)+Y (V)
= ("2 v —+ ’h®
> XYMCU')«;[r]—i—(h-—l)—f-(h—L(-)+--'+(h—‘2m‘f‘2)]YT\7)

ie. [ XY"?vvsrr\(h—Mﬂ)Y"‘"'(v)“!
’ : oK .

Moveover, pick Smallest m st Y™ (v) =0
then = n—m+| =0 ‘€. M= n+t| so N& N

Vip Vel .. = ° V.
(onsequences Sty ua oy,
1. d'imVo(f"l,Voc, A=—N, -N+2 ,~--, h-2 , N
L. dim V= n—+1, Call it VO ‘ \X
Coh struction H‘{ | }\_b

Let V = standard repr™ — Cx-® Cy =V, @\,
v(n) P = Fym"(V)

H acts on ¢+ as der'vations , hence
H (Y"_k)"‘) — - = (-2k) XN vk . done



chresamah‘ons of slz(C), o even more .
Hows 1o gerera(ize  H, X, Y pair insh(c)

Root systerm N 0\d7o:m‘~ repr’”

@{@i«l Lo

N ﬁ'ﬂf . ch < %mcm@
abelinn w—: Als . decemposition o

( Coptan Suic. alg. ) {7 Y& iay;
— A "CLM}
e {xe H%t =R
for Hé 6 , Y€ T Rost system

[H)Y-] = od H (Y) = «(H)Y
For o finite dim’l repr™ of sls(c), V

= 62 /i weight et,wmfosmon
wyt N action

Fundamental (alenlatioms
For root system: ad(9x): Gg— Gu~f
Foy (&qht sSystem :

X€ ﬁa( : VF——;’ V"<“‘F

Pf: HE(@Y=[H, XI@) + XH©)
x(H) X () + X RH)I(@ )
(o(—f-/s)(/"f)*@ :
KOO{' CI,QWY)FOSH—;"OA : R’—_R—f- UR~—
{—t:a}hesf' W&‘c)hf-' Vectoy @ U € \/ ,'{-’ \/ i:—reJ.

\/ = @m_ £ Vu

I



In shic) wse
M spans the maximal abelian subalgebiar

N fad, the eiden -deown,>651+mn of2
ad(H) on 9 =5 ) gives

%@@(fm ®7, )
A 2 2
A X v
becapse [H,H]=o0, [H X’:{ ‘:2>< (M T =2
Ih 5[3((1") case.

4 = 73@(6933)

*ER. |
3_—d4m 6 ~¢|w\

a| b O
6’; [ o A, O ] a 4+G=+G3 =0
f 0 0 Q}
0 gF = Ciby L (»}/(Litl+ly=0)
wheye Lo is the [hea functional [“'qlq Iz———} a;
S
Tn dmw(‘qﬂ pittures may/ rdentiRy
0% with §) ViG mner prodmes
[ R= Thi-kj %]} c 9 |
I ‘ : idmlxé \._;i “'j_-“"
f ﬁLl*Lj (]:flj E,,“[ :‘ ]

?-F-. C[éa\r[\/ L:"-L]' has Tr=0 o\h(\/ F[QL‘O ’55 o
New Let D be a ‘Li&jcmo\l moddy 1S the 1,y ) =|
then [DiM 1= XM = {m‘«7 ove entry o Mk |



S[:((C\ : . R 4 ¥
—a 0 X %

with (H)=2 5 Gy=CX ,9-4 =CY
sls(€): Root system ™ ’j*‘ = R

Vb Thagins as &
‘ -
‘ ) (¢ R LK;’
/‘/ ~ / prapk i
\
/ %\\ | hot L(

/ 0 we Wwan¥
acHoN Ls/ LC—LJ' . }
cLFfECJ.'!'on L‘S“L-l

Ll'“Lz

-La—L\\ -— chogse a Ea&h‘ve regon
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