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• History of Fwbenius Manifolds
-

i

~ 1980
,

Saito 's singularity Theory
~ 1990 , Vafa 's Quantum Cohomology ( A - model 1

"

Moduli
"

of C-Y Holds ( B.  model )

(1) ( 19941 Dubrovin : Geofof ZD TFT ( textbook 1

I
PDE : WDVVeqns

(2) ( 1998 ) Manin : Fwbenius Manifolds , Quantum Cohomology and Moduli Space

( Gwmov -
Witten Theory )

(3) ( 2004 ) Hartling : Fwbenius Manifold & Moduli Space fur Singularity .

MainQuestio= : Analytic Continuation  of Fwbenius Mfds ?

Compact Example ? ( Compaocitication ? ? )

Definition

of
Fwbenius Manifold :@

-

M : C
°

. mfd g : TMXTM - IR
"

metric
"

( not necessarily positive def ,  only

require non . deg . )

commutative
A  multiplication Str :  o : TM×TM - TM .

In any local word I x
'

, ... , X
"

l , the basis { Jj :=÷xgl on TM lu
,

We denote  The  Str crust , Jjo 2k = CFk 2m
. They satisfy :

( 1 ) g 13 flat i. e , Riemlg )  to
.

Therefore , 7- flat word ,
Lt

'

' ... it
"

1

sit , 9abi=g(2a ,
2b ) are constants

(2) Ze : M →  TM :  identity 1 unity section . st .  eoX=X
.

HXETM
T

global section

(3) GIXOY , Z ) = SIX , YOZ ) Define cc X. Y ,Z ) :=9( XOY ,
Z ) :  totally symmetric

totally Lo , } )  - tensor

→ 2 ;
 o2j  

= glkcije Jk Cijl : symmetric  wire .  iijik .

(4) V :L - C connection  Wirth g

Nxc
) ( Yiz , W ) EPYC ) ( X , Ziwl

Regard PC :C 0,4 ) - tensor Then above  identity :  totally symmetric !

→ This  is the associatively of  0

(5) 7e=o

Rink : Later , we  will introduce  the Euler  vf . E



In flat word ,
Hillel we  may assume  that e= 2¥

,

=(4) becomes : |2aCb_cd=2b_Cqcd_ Calculus ( ! ) implies i

I ( Ioc , ) fcn f- It '
, ... ,  -01 st .

Cabo  =g?[§µ-yqt

→ The function F determines  everything on The Fwb .  mfd i

Metric i gl .

,
. 1 - gleo .

,

. ) =  c ( e
,

.

,
. ) ⇒ Gab = Iffy

Str  const .
of multiplicative Str : Ckij  = gklg.fi#yq  → Cikj : function  of F

.

Associativity of  0 : ( Ji ;Jj ) ° Jk = Jio ( 2jo 21<1

11

Kfj2eo2k ) 2i . ( Cjtkael
"

"

£ Cijcek as 2 ciecglk as ( Witten - Dijgraaf - Verhhde - Verlihde )
lis lis

Edicts -  ( i )

WDVV eqn

III
"

IIIIEimm.int#es
Issue: WDVV eqn  only time  in flat wwd .

Cotati Find a  word ,
- free  expression forWDVVEI"

The  existence  of potential F  ⇒

ICE-f.fr
o=÷eb| Cpdacpef - Cpdfcpae ) - tffftp.cpab.cdpbcpae/+Cpae(

3k¥ . 2k¥ )

+ c :flY!a÷
. total . epaulet . Ethanol ;t÷Y÷al - campsite

-
fare

2Eb )
⇒ ( cpda ¥5 + cpdiscfeta ) - ( cdp.tt#+cdpt2claeb- ) + ( deg ¥; -

tangled
Claim : 137 holds in general wwdi system ( Xi ) ( } )

Exert : (a) Verity the claim

( b ) (Heveling . Manin ) . ( 3 ) is the  word .  expression  of  The following :

KY . Z e PCTM )
, hx . ,

LZI,  = Xohylzl + Lx l ZIOY



Still anotherform  of WDVV :

y
X 'T extends to  rf .

Li  TM → TM llil ) - Tensor  ie ,  a  vector - valued 1- form .

Torsionof L : TLCXIY ) := [ LX , LY ] - L 1 [ LXIY ] ) - L 1 [ x. LY ]|+L2[ KY ]

Hantjes tensor : HLCKYI :-. TLILXILYI - LTL ( LKY ) - LTLCX .LY ) +

,
for XIY : vectors L

'  

TLLKY )

Now , for XETM , Lxl 'll = XOY ⇒ Lx : TM → TM X :  u f.

Exerts : HL× to ←→ WDVV eqn .

Example from Singularity Theory I Saito ) :

Surface Singularity : flxiyiz ) =

xIy2tp(
2-1=0  in

�1�

3

pA ) = Z5ta=3Z3tA±Z2ta±Zta± : deformation  of A4 -

Sing .

-

rytmodwloiratpaaornaumuepteroAn sing : xtytznt '=o

As -

sing .

←
dim ,cA=4 iso .  sing .

A  =QKXIYIZD/ ( fx , fy ,fz ) = �1� [ Z ]/( I 'cz ) ) I 'lZ1=5Z4t 3A } Z2t2azZt a ,

complete  intersection

PLZ ) , qcz ) EA
. plz ) 0912-1  =p ( z ) . qizl ( mod I'LZ ) )

The METI is given by Gwthendieuk 's  residue :

RmIi 0 - dimtcomplete  intersection A= KKZI . . .iZmD/l fi , . . ,fm1 finite - di n 't k - Us
.

( say k - ¢ )I : A  → K  tree map
ydfin

. . .  ndtm ) c- &
.YEA

,

IC 41 := Resfm=o Resfm ,=o
- -  '  '  '  '  ' Resfeo ( FTIFN

It B a  trace i.  c . gcaib ) := Icab )  is non . degi
- Pldj ) 9141

Exert : (a) Show That glpizhqizsl = IT II
( b ) The metric  is flat in R4 take K - IR ) ,

with

ds2= daodaz + daidaz - 3pA } daadas - st azdaj
to  = Ao - ¥ Azaz Write down :The flat Wd '

| , ,= a , .÷aj £u°¥s=CFj÷tk
tz  = Az

11

tge A }
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• WDVV with Euler  vector field i

n

f- It ) = Flt
'

, . .  . .

,  tnl : potential Capr = 2£ prf T= [ tie
;

2=1

1) 7 xp
:= Cup is a  constant ,  non . deg .  matrix ( metric )

C Ip = 7
"

Ceap :

"

Str  const .

"

21 Associatively : ea . ep = C%Hler B a  ring At
,

with unity e
,

Then led.ep ) . er  = ex . ( ep . erl ⇒ § Cases Csf = § Calscpsr → WDVV eqn

3) Additional
"

quasi - homogeneity property
"

:

require : deglt) = I
, deg I e. 1=0 ( so , deglt

'

1=1 )

t=t' eit  that . . . .  +  then

Notation : da := deglt
'

1 9ai= degledj = I - da

Recall ; F :  weighted homogeneous  of degf  =D
# means :

F ( cd 't , ,
cd2tz ,  . .  . .

,
cdntnl =  Cdffct ,

,
fce �1�

*

|
↳§=£dlf¥

,
Eh , = § datba

,
2am IT

,

)
The  case :

we only care about Bnp
,

F
,

we  require  only
: e=¥ . EHl=daT£2a

|£
" "

Lef  = dff  + Aapt 'tf + Bat 't C - * '

) £EeI[genteel
,

for  some  wrist . df , Adp ,
Ba

,
C

, with Euler  vf ,

EH)  =§g ( 9 ftp.rd/2as.T . Lee  = - d. e
-

(
Quasi - homogeneity property-nLemmal_

: KEY )&p = 1 df - di )9xp i. e .

E  is an  infinitesimal conformal tmnsfi

Wint .
The flat metric < i ) = ( Map )

Rink :  conformal transfi  in Euclidean  space : h=2; conformal Transf ,
iff holomaphiz

h >/3iwuformal is generated by :  isomethy , dilation ,  inversion . ( Lionville
,  cf ,

Dubrovm , Fomenko , Nouikov UOLI )

pfi Apply 2p2a2 , to C * I and do  the wmmutator  with E
.

2p2a2EF= df 2p2x2f  = dfY&p
observe : 2. EF  = [ 21 ,

E ] Ft EZF  = did ,
ft E 2. F ⇒ 2p2£2EF=di7apt2p2aE2iF

Jp2aE2 , f= 2ps ( [ 2£
. E) + Eda ) 2iF  = 2p ( 99 2p2 , f) + 2pE2£2iF

⇒ dfrlap = diyxp +997Pa  + Efs 7Pa



Cd :  If 4 , ,
= Mleiilil =  0

,  and Q= ( 9fs ) has  simple  eigenualues ,
then

by a linear change  of word , , we  may assume : Map ) =

( I .

. .f ) ,
and then

Flt ) =  Itt 'I2tntIt§nt 't at " "

+ fltz , ... .tw )

Also , for d ,==l , 91=0 , qn :=d
, df  =  ztdn  = ltdat dnti - a  =3 - d

→ %  a  + 9 one , ,  - a  =  2- ( da  + dcnti ,  . a ) =  2- ( 2 - d ) =D
.

pf : Lei ill > =o  ⇒ Can  choose  eigenvector  en of Q sit . ( e , .eu >  =1

Now
,  on  span Seiienlt

, can  use Q - eigenvector  to get (A) . ( Check I

Rink : In general ,  if Q is diagonal izable
,  Then EHI can be  transf . ( by a

linear  transf .
1 to :

Ect ) = §dat&2&  + [7 r22a
12162=0 }

. Example :

1 ,  n=2
,

WDVV B empty , Scaling conditions ⇒

I ) Flt , ,Tz ) = lztitz +  tzk
, k=[d1 dtl

, 2,3
,

D= deglezs.

iii Fltiitz ) =  ftp.tzttz2 logtz  ,
D= - I

iiil Fltntz ) =  Itptz  + lugtz ,
d =3

iv ) FH , ,tu ) =  Ititz  + e£ "

,
D= lirto

V ) Flt , ,Tz ) =  ftp.tz ,
del ,

r=o .

2
, n=3 , Fit )  =  It its +  It , tit fltzits )

WDVV ⇒ flxiy ) satisfies f×2×y = fyyy t fxxxfxyy
pf :  multiplicative  table :  4=l , ez , e3 ( Yap ) =/

,

,

1

)
e } = Fzz , 7

"
e } + fzss )

"

e ,  + Fussy
"

e
,

=  es + f××× ez  + fxxye ,

es . ez= Fzs , ez + Fsss e2  + Fs33e| = fxxyez  + fxyyel
e5= Fzz ,

ezt F 33202  t Fzzzei a fxyyezt fyyyei

Associating ( WDVV ) :(ez .  ez ) . e } =  ezlez . e } )

⇒ ejtfxxxez . eztftxyez = ftxyeftfxyyea
⇒ Westsidez  + fyyye ,  + fxtxfhxyeztfttxftyyei  =fxx\yez t (Rft #tfxyf )ez+t2××ye ,



( Check )

Scaling conditions : ( al ( I - f) xfxt ( I - d) Yfy = ( 3- d) f of

#
,z , }

.

Cb ) d=l : lzxfxtrfy =2f
( c ) d=2 :  rfx - yfy = f

( d ) d =3 : lzxfx +  zyfy =  const .

idea_i Use  the first integral of EHI ,
will do  case ( d ) :

Question : Find a good ,
word

, system ,

vf .  on  the I Ky ) - plane . ( zx ,  2y ) i.  e ,

{
X 's

 I×

y
'=  ay

⇒ |×=c,ez±
Y= Cze

"

Define 5=7×4 B a const ,  along any integral curve .

We  set 5=4×-4 t=x

gx=ty=sE4
Change  of Variable : ftfcxiy )  =3¥ .TT +2¥ . }Iu=f×+4t3sfy

=  I ( Ix2×t2y2y ) f  ⇒ staff = ( ⇒ ft=2÷ ⇒ fezclogtiocs )

⇒ flxiy )=2cl°gx+ 011×14 ) - L * * 1

Thm_ iflky ) satisfies flixy = fyyytfxxxfxyy can be  Transformed into

ODE  of  ¢e¢lZ ) via L**1

4
" '  

= 400412+32  c¢" + 11202-0114 "t 7842-2 @
" 2+16 czd "f16oz2¢ 'd " 't 1922301,"4

"

This B a  special case .  of Pain level  It ( as  well as all other n -3 cases )

• Card .

- free form  of Euler  v. f. : EEPLTMII

- THE ) =0 ( This make  sense  since Map B flat )

- Q - OE is a covariant  const
.  operator  ⇒ Eigen values of Q are

const
, fans on M

,
sit

,

Meta:c :
Lee = - e

herfap =D Map for some  unst .
D

.
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• Symmetry of WDVV :

Type I : Legendre - Type Transformation Sa 17<=1 , . . .in ) : Courd
,  change

th £ '

sit , Lal Ir = 2r2xFHi

( b ) Fpiwtt ) = FµrH )

( c ) ftp.  = Yap
( i )

2a=s÷I=2j[÷a÷÷p

=gBr2aa<
jrfctsttfp

=7
"Farr Jp = Ffa Jp

Cd : If 2x .  is invertible .  then ?a=2x. In
.

In particular , 2<=2×2^2 ⇒ 2x=e
.

pf :

22.2¥
= FLA Ip ' 2k . Let Gx be  the  inverse  matrix for 2z . :

GIs,
FI,

2x = 24
"

GXI
,

Fla Ip - 2x = Jai 2k
.

RMII : Sx 's commute fur different K 's
.

S
,

=  identity .

So ,
at the end

,

we  need eo  renumbering the  indices to  switch K c- 1
.

(2) 2£Fµv=7PrFaxr2^p Fair =9Pr Faxr fair = Ffa Fair
11

F£µv

⇒ Under  t
'

→  It
, Far  = Ffa f§µnj

13 )

Preserving
WDVV eqn

:

Iggy fi×kfµg,g 
=type F

" "

Feig ⇒ WDVV in original word .  system .

II; IIR IIR EE'a

Examples : ln=2 , del ,  r=2 ) F  =  Itt
' )2t2+ et Yap =/ T! /

7<=2 ,
Sa :  I '=  ta = Faz  = et

'

check  that ; ELE
'

, .i2j =  IF
' #It 's LE 't

f2=  I ,
= F ,z=  t

'

Uogf
'

- E)

, Then switch 1← ' 2
.

Elf 'iE2j= 's FZIF 's
'

e  ICE 
92 ( 1. get 3121

→ The case D= -1 ,

Rink : If 9x
,

= .

. "
.  =9xs , then fc=Ld .  . .  . . ,

Cst
.  can consider

Sc :  I .
= §

,

ci2&Jx ; FHI =) So  is a  transf '  if Ci2x
,

. B invertible
,



Type 2 : The Inversion I

I
'

= 's two Ed=¥I for a # 1.  n  In

.tn/ffYpIyEyHlf4'
- that 'l=einif+ ÷  # tie

It B conformal : okpdfddff = Tqn'T 72ps dttdets

Effect on Euler  vuf .

( Dubnvm Lemma B. 1 ) .

Exercise : 542 ;¢ ) acts on  solh of WDVV eqns with d=l
.

t
'

- t 't  I ok § ,

tat
.  

t
"

→ t%tn+d ) x±lin

qn -
( At "tbY( ctntd )

• 1- dimll affine  connection  
' - real lcpx

D#i This B given by a function  ret )  = title ) sit .  on k - form R•£ :

fdtke Rok , Of dtkt ' :=(f¥ - Kmt , f) dekt '
- ( * I

In  E : fltsdtk  
= ( fit ) (

dt1dF1k1dFk-i.fTF1dEk-HIe.triEiF1dEkH-ldfedalfTEKEIlkl-krrhfTFllfElY-dHfEtfiEtktEyaEElktlEjktis_feYdekalFelYtii4dE1dI-TransformatinruleirLEl-YfI-C@d2Igfddg-CtxiMiie.g.E

.EE#adI=Eibd=e*aediE=-KTtdj3

⇒ FLE ) = ( Cttdprlt ) +2C ( Cttd )

No local inv .

: Locally , May solve :  w=¢df sit .
0w=o  i. e. ¢

'

- 84=0

Then we  set : w=¢dt= :d× × : flat parameter

Notice  that LH ) reads as : of dtkt '
= dkadqlfofkjdzktt



Def :(Projective Structure )

1- dim 't attire connection  wl Mobins Transformation as symmetries
B called a projective  Str ,

Prof : 4) Rdt
'

.

. quadrate differential
, R=£T - IT is an inv .

under Mobius transf . ( cheek )

(2) t can be reduced to 0 by Mobius transf ,

# R=o

pf of ( 21 : ( ⇒ ) trivial C ⇐ ) reo  ⇒ day- I r2=o
I2dy÷=dt ⇒ 2 fdtf = T - To  ⇒ - 2 f- =  T - To ⇒ r=  ⇒

.

Now
,

set I :=  #
,

⇒ FLEI = -21T - To ) + LLT - To )=0
a

Rmk_i Recall That moduli of flat connection < → { rep . of  Ti ( Xix ) t

⇒ No local MV .

EXamp1e_ : L = - doxt
,

+ Ulx ) on D= S
'

or ICP
'

Ly ,=Lyz=o Set T=  ¥11 -

projective Str .
!

( Ioc . ) as  our  new local

word ,

The  non . trivial attire connection is defined sit ,
X= flat word

,

⇒ Rdt
'

=  zudx . l Check )

g
fixed k

Exercise i plr.rs .  . . . ) : poly . sit , pdtk is in .  under Mobius  transf frr

any attire to
, then pe QI Ri VR ,

ON ii. . . ,
1

,
where Q B a grd homogeneous 0k

has degree

CHAZY Eqn : 3d Fwbemus Chart with D= 93=1 ,
r=o

. E = t '2
, +  It 222

to
'

Ask for Solis  of WDVV
, periodic in t3 . period =L , analytir Hit it 3) = 10,0 ,  in

F hit 'it4 = }EY2t3t I eilltl
'

. ¥5'rlt3 ) , rtl=n§ anq
"

.q=e2 'T 't

WDVV
eqn becomes : 8

"
= brr

'

- 9 r
' '

1 of .
1.13 Cbi )

Exert :  rule  Ijl ( 1 - 249-7292-9693 . . .  . e.)Trettin



d=l , Sllzilc ) acts  on the ODE !  ⇒ Fits into  the theory of
affine connections

Eqns from QIR , OR ,
... .0kR1=o R= drlde - IV set u=I #

2

,

R=dr/dI - IV where w=dx

Set U= 's ¥2 ,
where W=d× ,0w=o

7w=o

L= - ftp.ucxl ⇒yilx ) , yzlx ) normalize Yi , Yz by 1¥,Yy}| =/

t.br/y.~sr=dYh=#l
'

since he . www..gl.

Leo
,

R=o

k=1 ,
71=0 ⇒ r

"

. 3rr' + r3=o

k=2 ,
82ft  cN=o for some C

IF

y
' "

- brr "t9r '
2

+ ( c . 121 ( r
'

- It "F=o CHZ gives Chazy eqn !

In terms  of  u , the eqn  d u "t2cu2=o

Observation :

p '2=4p3 - gzp - g } ⇒ 2ps "p
' =L'2p2p

'
- gap

'

=) p
"  =6p

'
- 92/2

Thus
, 92=0 , 93=1 U=±oPol× ) Poieqni - an - harmonize elliptic function .

← malize

ODI Lame'

eqn y
' '

t ( Apt B) p=o

y
"

+  I polx )y=o
Let t=l - ppcxi , we get

:

tcttlddtte +1ft- f) date * =o
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ZD Topological field Theory ( Atiyah 's  axioms )

1
, Space  of local physical States A  i. e. dine A  =n  < is

2.

St
[

,
J{ I :-) Vee A ( s , as ,

:= ¢ ,  if 22=4
, [ :  connected

T

cpt ,  oriented surface ,  if C i has  orientation
|

,
# Ai , Ai=| Aa* induced from E

.

if J{ acid . ...
 I C k

i  ' F  not ,

Ci  as
'

⇒ K¥1,¥ YE, as 1 eAlqyz ,
= A

*

a A*oA=Hom ( ADA i A)a-
Also ,  we  require The  assignment  is a  Top .  in .  i.  e . They are  the same

under Aomeo
.

÷
) normalization : DID
it

, id eA* @ A

2) multiplication : Vs
, # sz

=  vs
,

�1� Vsz

} , factorization :

j(¥#yYing ¥¥" S

T

Vs ,  C- A • A*o . .
" . Then Vs = contraction  of  vs ,  along The

# • Genus g ,
s - pt wrrelator

: cut
.

vgis :=  

rnof
HQ.PE#M*genus=g

@ sat
symmetric function

•  ⇐  v  of a)Da e. A*•A*oA=HomlAoA
,

At gives  the alge . Str .a-
genus  0

•

y := V of III. e A*bA* i.  e , y= Von symmetnl pairing

. e :=  v  of  a  cap ( disk ) g§n  e A

Thai lciyie ) gives A  a Fwbenius age ,
Str ( primary chiral fields of  the

theory )



pf : Associating :(L*p)*r =L * ( p*r ) x. p , re A.

a

Ml
a

1¥€
.

.tn#.r- e¥n↳r
g=o

Unity : Cut and glue  a disk  = do nothing

Non . degeneracy of y :

Let F :=  v  of (f=§ Then  observe  that Dy¥=%
⇒ n5=id AI¥ ¥1

⇒ y ;  invertible

Fwbenius Property :

ykxpirl = Vo
, } Hip , r ) via g$[YpIp 4mL;.hr

.

Rink : This use  only The genus 0 part
!



Actual Physics consideration :

QFT on D -din 't mfd [

Data : • A family of local fields ¢& ( x )  XEE

• A Lagrangian L =L ( 4,10 :$
,

"

... . )

→ S[ ¢ ] = |zL( 4,41, ... .
) : action

~ involves  metric Gijcx )

. Quantization via Faymann 's path integrals :

partition function : 2 = f - { ( ¢ ]
£ [ d¢ ] e

f :-.
The  spare of t

(
an fields

) "

measure

"

- sc ¢ ]

Correlation functions : ( 4dL x ) , ¢piy ) , ...  . 7g := ) [ d¢]4&( x ) dpcy ) ... . .

E

s

The  classical they is conformal if fS=o
, for  any 8Sij  = Egij

topological if 85=0 ffgij
TQFT :  The  correlation function depends  only on  the topo .  on {

, not on

it
XIY ,  . . .< da ,¢p , " -7g

←

genus

Now , for  a TFT arising from TAFT ( or  a TCFT
.  if  integrable  over  all wnf .

May consider  deformations preserving the  top . ihv .
Li → [ + Ettha

.

classes  of

⇒ Moduli space L local 1
E)

Method : QFT with nilpotent symmetry Q : H - H ←

Some
Hilbert  space of

chtarge 62=0 States

Observables '
'

=  operator  on H which commutes  with Q i. e
.

{ Q
, 41=0

5

Q - cohomology on  all operators : 22 - bracket

By 22 - graded Tawbi  identity : | Q
, Said }1±|Q,{10,011+-101.541}=0

⇒ { a. s a. 0111=0 °

Define : A  = kerclfimce ( The
primary States fields )

'

: Q is a symmetry ⇒ ( { 0,4 } ,
4

, .dz
, ... .

1=0

LAI If for any primary field ,
¢a=$£l× )

,
we  may solve :



dolalx ) = IQ , di "cx ) } dots "cxi= | a ,
414×11

+ I
1- form 2- form

Then dx ( claw
,

$ .ply ) , ... . .
7 = ( { Q

, ¢al " I
, dply ) ... ...

)

⇒ All wrrelaltms are Topo.

- in
.

Fact : We can do H ) for zd N=2 Super symmetry QFT by
'  '

Twisting
"

{ a
, f. di

"

} = fla , di "l=fdda=o ⇒

F-observable
1- cycle

| a , Is 482
'

} = f. dda
" '

=o ( Assume 22=41

.

observable

Thin ( Dijkgraaf - Verhnde - Verbihde
,

1991 )

i ) L - [ ltl : - L - I
,

I '4I "

preserve  top .  mv ,

2) The family of primary chiral algebra At satisfies WDVV eqn

Rmk_ : This B the origin of WDVV .

A  new  axiom to TFT ( Dubrow ) :

The above
" canonical moduli space

"

of  a TCFT is a Fwbenirsmfd

Rink : Cewtti - Vafa 1991 : Top - anti  

top fusion :  ttteqn  as  additional Str

Examples 1
.

o - model A ( Gnmov . Witten )

2
, o - model B ( Calabi - Yau Moduli )

3 , Landau - Ginzburg model ( Singularity Theory )



( hazy Eqn : WDVV fur  n=3 , d=l .  analytic at ( o
,  o ,  is )

Geometric Realization :  no Universal turns

L = { The lattice 22 =L CCI }

L = ZW ,  + Zwz = ZZWT ZZW
'

⇒ dine L =2
.

all - M

if f
dinette }

.

LEL ZEQIL

( w ,  W
'

) EL

Invariant elliptic function  on M : fcz ;w,w'
) = flztznwt  27mW

'
; wow

'

)

= flz ; C w 'tdw
,

awtbw ) ( Iba ) C- SLC 2 ; 2)

Weierstrass p - fon :

e# PEPI Ziwiw
'

) =z÷ + a{× ( ftp.T/a=2mw+znw '

( p
'12=463 - Jzb - 93 921W ,w

' ) = 60£ ,
Tat gscwiw

'

) = 140£
,

sat

Fwbenius - bitickelberger :

Euler vf .

:  w÷w + W £ ,  t Z÷z i.e. f :  in .  elliptic  ⇒ Ef  mv
.

 elliptn
( tautological  one )

Weierstrass } - fon : JLZ ;  w
,

w
'
) = } + a§g× ( ⇒ + at +af ) 13 not elliptic

y
'

=
- p 1

] ( Zt

Zmwutznw
'

; W
,

W
'

)
11

→
} ( Ziw, W

'

) +zmz +  2h12 "

qsi - period T y . y ( w ) I islwl

The 2nd Euler v.fi
behaves  well under slla ; 21

y±wt n' Eu,  + Jfz lakil



° Possible Topic for Report :

Y . Manin : Quantum Cohomology / Gwmov - Witten Theory
C. Herding : Saito 's Singularity Theory
S , Bariannikou , M .

Koutsevich :  In - Variation  of Hodge Str 1 Calabi - Yan Moduli

Sabbah : Isomonodwmio Deformation  of ODE

•  Isomonodromic Deformation  as Fwbenius Mfds :

"

moduli space  of ODE over IP
' "

Riemann - Hilbert Problem

For  our purpose ,  we  consider  only the  simplest  case  with one

reg and one  irreg . sing ,  on ZEIP
'

,
Birkhoff  normal form

14=0
,

where A=a±z - U - ÷zV , U.VE Mnllc )

~  reg ,
at Z=o

,  ivreg ,  at w=  ÷z=o
Assume  That U has distinct  eigenualues U~ /

"

j
'

.

. }
.

)
" it 'tj

In fact ,  may assume  that U B
"

regular
"

i.  e . ( min - poly =  char
. poly ) Eun .(

Only one Jordan block for  each eigeuvalues
)

V : skew - symmetry
The general thm of Romunodromr deformation

⇒ The space  of all Bomonodnmi deformation has word , luii .
. . .ua/=diagU

,
Called The space Mln ) → V=Vcu )

Thin : A Fwb
.  mfd Str  on MLA ) B defined by : di :=s÷i

11 Tri . 2j  = Sij Zj  i.  e . 2i :  idempotent
21 ( . 7 j= §e

,

Yiluldui )
2

,
where Y= / ftp.Y

,

) is an  eigenvector of Kut

3) e= [ 2 ;
its

4) E. = ,§
,

uidi

→ This gives MCA ) a semi - simple Fnb .  mfd Str
.

Different  eigenvectors gives Legendre - Type transf .



.

Two gradients associated to Fwb .  mfd :

- Dubronh connection :  ZECI
, FZUV :=0uv+ zuiv ( D 1)

Lemmas : FZ is flat for  all z <⇒ .  is associative  and I potential

pf : flat H [ 83,85 ]=o FIFE 2r = El qsr+  zcperae )

= Fat ( z . C{r2q ) = z ( 22 Cfr ) 3 + Z2C£eCfr2s
⇒ [ FI , Fy ] ( 2,1=0  iff z ( aacper - 2pm ) 2{ + ZYC!eCpT -Chick )

2r=oH a Cpi - 2pct,
=o

→ potential|c!e↳i
- Chica,

⇒ → wbvv
. Mxp

'

We need to ask for The differentiation  in z
.

direction ti E

( DH

Z2zbnt-ZETHCraltlsp-QISrm.ws
ODE ! l fixed t )

flatness of lD1 ) # compatibility of  the linear Obei 2a5p=ZCIph}r
( ⇒ In linear - ihdlp .  Sol 'n

,

New Euler v. f. : E = Z÷z - E

So , Z2z§= Les = Led } + dies = ZEHI C Patti Spt QI Sa
,

Q=VE

1 D2 ) ⇒ 2zS£= Ertscfalticsp +  ¥Qa÷
u V

- Intersection form  on T*M 1 Saito )

first
,

.  
.

 - TM @ TM → TM induces multiplication Str on T*M
.

1 Wi ,
Wz )

*
it LE ( w

,
.  WZ )

Exner: ( Eiuivl = ( u ,  v ) on TM - >  non . deg .  near  t
'

- axis when t

' '
'

original flat  metric
small

Lemmas i In flat word , define MY := ( dxi
,

Tlkdxil
*

= - gispsikg
Then Pdf = ( dze

'
- 9p)tf

,

Crd :-. Carp yet on TM

pf :LCalculation )
,

pry : a (1)
*

→ gii ,
�2�

:C
. 7*-9 's forms  a flat pencil i.  e .

( i ) his ==giJ+ xyij is flat ft

( z ) PM =poise

txpzoik



,
no  nilpotenteleuent

Now
,

let M be  s.si Fwbenius  mfd ie . TTM 13 S.s ,

for  a generic
pt .

TEM ( ⇒ ⇒  ei  at . ei .ej= Sijej )

Maina :( Canonical word .
) :

In  a hbd of Ss . point  TEM
,

In ! .  . . . ,
Un 9. T ,

2i . 2j= Sijdj , 2ii=s÷,

Pf :
I  v. f .

V
, .  . . . ,

Un  in  a  nbd of  T sit
,Vi

. Vj = Sij Vi

( Smooth )

Claim : [ VI. Vj ]=o

tfiij
a

curvature  op .

pf : Let [ VI. Vj ] :={ fits Vk Now
,

REO for  the Dubwun connection

FZ

Write FY
; Vj - { Aif Vk FI ; Vj

 = Or ;Vj+zVi . Vj  = Mftktzsijrj
⇒ o=R( vi. ujsvk = [ Fti

, FIJ ] VK - Fc
vi.  up

VK

z
'

. uoetfi  o=§ ( pjlksie + Pilksjk - Polk Sje - Pjlksik - fijfe¢/Ve
Take l=K .  ⇒ fijk =o a

Pwp_i Near  a semi - simple pt .
tem ,  all roots of

# ) detlgtfpctt- uy 't 1=0 are simple . and gives canonical word .

4

( , ,* <
,

y
* luil

Conversely ,  if HT has simple roots near to M , then t B a s.s.pt .

and The roots Lui ) are Canonical word .

pf : l⇒ ) In canonical word , given  in the main lemma
,

⇒

dui . dni = YI

duifij
( ( a ; , g- > = < e , 2i .2j > = C ei , Sijei > = tliiluifij )

.

; e  = [ di

E=§ni2; ( After a  shift ) Exes : show  that E=EluieciJ2i

Using the axiom : Leo  = . ( 1.50 b )

⇒ giJ(u1= uittilisij or ( 1.9 ) LEF  = dff  + l quadratic )

( gis = ( dui , dust
't

= Leldui.du5l=

Lelyiiduigij
) = ni hi

'

Sy
'

)

Then  # ) becomes ¥
,

lui - a) =O ⇒ Roots u=ui it
. ... ,n .

1 ⇐ 1 Consider U= 1 Vitti ) :
 matrix  of E .  on IIM

By exercise C E. v.  WJ = < v.  w , ⇒ Up = g
"

Yep



The char . poly .
 of U coincide with LAI

.

If E. has simple  eigenvalues ( ⇒ to  is s.s.ie . diagonalizablel
⇒ Any other V . also has diagonal ization ⇒ V° is  as

.
but it  may not

have simpleroots ⇒ TEM semi . simples .

a



Record : Sis . frob .  mfd - canonical word , iii. .  . .
. ,

U
"

Lh )
( U )

canonical word ,  are  orthogonal ⇒ dfi = ,¥
,
Niiufu- duiodu ; ds ; - ¥

,

Yiicuiduixodni
T

intersection original
e=§e,2i ,

where 2ie÷ui form flat  metric

# inil'lu
) = ( 2 ; ,2i > = ( e. 2i , ai 7 = ( e. 2i - 2i ?  = ( fz ,

,2i 7 Edt, 12
,-1=2 ; ( 't

, )

c * 1 : dti . Ytjdti ( Iu ,
v > =n!j" vi. Ht, , ( v )

→ We find that  the  the  metric Ylii' is derivative  of  The function  t
,

Therefore , ti  B a local function
, serving as  the

"

metric potential
"

We denote  t , by P .

Flatness of ds ! in canonical word .

 - = Davboux - Egorotf System

Pikj  =

'zgkl(2igje+dygie - aegij ) gii = -1
For  its

'

, Piji =lipif  =zej

Pit
2Pi

i=I , Piii  =  t l ' # = jlk ikti )

Det : Rotation wetf . Vij  = k¥"
=  Ii : symmetry in  iij

Prop :

In
) Zktij  = YIKVKJ for  i.  jik distinct

} flatness of dss
2) I 2kVij=oK=1

31 ¥
,

uK2kl rij ) = - rij } flatness  of  e

Pf : o=Rijk# 7i7j2k=7j0i2klitj 1

for K±ij , get : Oil 's k¥2 ;
 +  IBM 2k ) = Oj ( 5¥52 .tt#2k )

Claim : Expand this , we get 4+1 :  Iagijkeglegpik +  Egbe - Fti )

In fact ,
( I ) are  the same  as C * )

,

b) comes from  the case k=itj

See  the pic ,



There  B aneasy to get ( 21 :

Lennox :  ep :
 = ⇐

,

Pik =o

#
Q B flat

Pf : Tie  = oilait ,¥,2j ) = FE
,

Piijdi  
= ,§,

slip 2i=§
,

¥
,

ai  ⇒

( ⇒ eei=o a

→ §
,

Pijk =  0 - direct  to get ( 21 .

RMI :

| Zkrij = Tiktkj i. jik  .

 - distinct
Darboux - Egoroff System

£
,

2k tij  

=o

does NOT need the flatness  of e .

• Scaling structure : 2- d

Recall : Euler  v. f .
E  B a  v. f . Sa . LEG = DG , D"e¢ ( d ,=i )

.

LE 0=0

⇒ degyi ;
 = - d , deglrij ) = - 1

, degltie - dtl = deg ( p )

In particular ,  1 c ) Pe
,

ukgkyij  = - yij rij  = 4dL
Fjj

Cost : Darboux system  B the compatibility eqns of  the linear system
on 4=ftyYnYu

,

) Linear system |Eh4i=hk4k
(

Hilary
,cy=[ he ,o]yL 2k4 ;

 =o

K=1

P=l8ij ) Ek =Ekk=fff¥fo)k
connection  B.

Regard [ P
,

Ek ] as connection form
, compatible  eqn  ←> flat

14 ⇒ airij
 + tjrij  = - §µ2xrij  

¥
,

- ¥ . ,jtikFk

13 ) Ui 2 ; Vij  + ujtjrij  = - tij -

¥,g .

uktiktkj

Cramers
'

rule  ⇒ aiuj = ¥ .
( ¥g.

lui - uklrikrkj - rij )

Write Vcul := [ Pcu ) , U ] , where V= (
" "

 
"

i.
 an

) = § UKEK

Vij  = 1 ui - ui ) rij ,
→ skew  symm .



Lemmas : Darboux System <⇒ 1*1 : 2kV = [ 1 P , Ek ]
,

V ] ( Lax Pair )
=

f< =L , ... ,  h .

Lax Pair : T¥=[ Pi V ] ⇒ Eigen value  of V are const
.  in  t

.

Then 2kV = [ [ Piek ]
,

V ] → V : parallel

Cod :  1 1 V acts on soin space  of  the linear system
2) Eigen values of V are mdep . of  a ,

3) A  Sol 'n  4 with V4=µ4 a 41cal =cM4l ul ,

pf : 1 ) 2kV 41=1[ Piek ]V - VEP , EK ] ) 4 + VCE ,
17k ]4 = [ 17 , Ek ](V4 )

2) donne
(

'

i V

NB
parallel under  this connection )

3) 2 uk2k4= Euk [ Piek ) 4 = [ P , U ]4 = VY
1<=1 K= ,

Now , VY = El41=µ4 ⇒ Y B homogeneous  of weight µ .  a

Exercise : Supply The detail pfs of prop . 3.5 and 3.6 .

Cdi ( s .s , Fnbenius mfd modulo generalized Legendre Type Trans :/ )

I

( Solis  of HI with diagrnalizable Vcu ' )

Adding the spectral parameter Z
,

let A =g±z - U - zlvcul

Prof : Darboux system
( Equivalently ,

# I ) B the compatibility eqn for

( Iu , {
2kt '

 =tikYk
and HIY 14=0 ,  where  now 4 =/

" in"

§g2k4i=Z4i Yncuzi
)

proof  is straightforward ,

Rmlt : These are Dubroun connection I
,

I  via 4 :'( a ,z)=z£" Little
ink

It : flat word , for Dubrovm connection ( cf. ( 3.31 , exi 3.1 )



Recalls : 14=0
,

A = ÷z - Ucul - z÷ Vcul Birkhott Normal Form

ODE  on P
'

Ucul  =

(
n'

i.
,

.

,

)
uitui Vcui= ( Plul , Ucui ] Plul - lnj )

analytic  Continuation
When Z=o  ⇒ reg . singular pt . @ to : fund

.  soin

Monodromy matrix Mo
, eigenvalue Mo=( µ , ... . ,µn1 §0f matrix

i→ determine  The local Str  of ODE ( e.g.  if µitµj ( mod 2) const .  word .  tausf
.

ii

Z=a z=wt ¥ =2yWz . Tfn =±z,
÷ = - W

?

# monodromy matrix

A  ~ , ftw +  Fla Ulu )  +  £ VC a ) Poincare ' rank  r :=h - 1

Th

h > 2 : y
'

't d- = alwwnlny acwl : holo
.  in W  or  asymptotic  expansion  of  some how ,

ten  f  in  W .

y=y
'

in e
"

d

When n=1
, y=  cexp ( Jay dw )

Al W 't  

Aotoyw
. c- .  - + anyway +  rcw , µctghoh

'  on A

y
=  c  exp ( ¥5 Gi .to# ,

+ Ah-1108 W )
.  exp ( frcmdw ) acw )  = aotacwtazutt .  - - .

h. z formal
power  series

= C c W ) Wan ' '

exp 1¥, went ) a is asymp .  to f
to

- if hm lwiklf - §
.

aiwieo
cexp(frcw )dw ) irreg . part w→ .

Mr

f K  =  Oil ,  2 ,  . . .
.

→ We  can  inductively solve
How  to generalize  this to  n - dim 't ?

ai , tralli .

→ diagonal ize

• Block - diagonal ization Process :

Set y=pZ p=n×n ,
detpcoi  to Gauge  tmusf

.

y
'  

=p 'Z+pZ
'

= ALYNLPZ  ⇒ Z '=blwwhLz ,
where pb :=ap - whp '

Expect ' Ip sit
, b is diagonal

Set p=fE Pjwi
, b=g§objwJ ( Let  the given acwi = § ajwi )

Then pobo - aopo  =o

L Al Pkbo - Aopk  =g§Io ( Akjpj - Pjbkj ) - ( k - ht 't PK
. hit

,

tth Z 1



Assume That ao has 2 sets  of eigenvalues
{ Xii . . . , Xp } 7 Xi

it fiij
p { Xptii . . ,

Xn } 7 Xy

May assume Ao=
| go

"

q°g , )
( via  a linear  change Io )

n - p

Now , we may set po=Id , ,
Then botao

→ ( * ,
'

: [ Pk
,

ao ] = - bk  + Hk ( k > 1 )

.

: h > 1

,
Hk depsonly on pj , bj  with jck .

Ansett : Set bk =

( big
'

by , ) pk=/p0g,PY )
1 k > 1 ) Po - / Iok )

Then HI
'

becomes :

Hawaii's
"

'if=f" II.
"

"

III ,
.l

.

: ay
,

ao
"

has no common  eigenuames
⇒ pie and pet are uniquely solved LEX

.
I

bit . HI
'

bii=Hk
"

Thai the formal fund , Sol 'n matrix Yf= Eo ( exp ( Acwll
,  is given by :

h - 1

I. IfsYswilexpt
I binge .  ⇐ + bmwgw )

, ,
K=l

a

~

CCW ) \ /
r

diagonal matrix
111/1 R

holo . Question : How large could R be
" 11 €7 fund ,

solh matrix sih Yf - y in R ?

y in R ( Tn  the sense after  taking away The

factor ekwl )



Now , for  another F in A , { : = T'T B a const ,  in RNT
⇒ { =wli→m

.

expl - ACW ) ) ( It OLW ' ) exp ( Acwi ) R wnst .

⇒ { ij
 = ftp.explkwljj - Alwlii ) ( Sijt 0cm ) ⇒ Sii  =1 Hi

To get Said , , we must have that : ficj ,

R > l := { WI Relxi - Xjlwth
" '

= 01 r==h - ii. Xj  

ieigenvawe of  ao

It I ,

422 : for E small ,
Releislli . xjlwth

. "

>  o )

⇒ Sij  =o ( Let w→o  in eielxi . xj , with
.  '  '

or
e-

 is
( Xi - x

,
. 1Wh " '

7  2r  rays l 's for  any fixed icj with C * 1
, ,

4+12

" Stokes rays Rij
"

.  . . . . , Rift
'

Def : R is a Stokes sector  if R contains exactly one Stokes ray
11

{ We �1� / arg 1 w ) c- ( 01,0211
,

for each icj

Exercise : R =L ( 0-8
,

Ot # ) with f small is a Stokes sector
,

and others are rj  =  expl Emi ) R j=l . . . ,sr Run :=R
,

Ri , ... ,
Rzr :  open cover of  nhd of  0

Rinrj wntaihs no  rays  ⇒ Sj :  = yjlyje,
B triangular  after reordering

( Yj : fund .  solin  on Rj ) of indices

Def i Sj ( j=ln . ,
zrl are  called the Stokes matrices T = Si .  . .  . ,

Ssr :

( usual ) monodnony

( local ) Stokes Phenomenon Sph = { bone . .br ,
So

, ... ,
Ssr }

Exercise Two ( local ) ODE  are equiv .  iff Sph are  The same
,

( Hint :
 y

'
= Ay , y '= If Let giw ) - Fyi

'

on Ri
, analytr anti g to

Rzi . . . . , Rzr
,

and prove hounded ness  on Bo× )



Stokes Str  in our Special case :

L=dIz - A ( z )
,

Acz , = U + 01 Yz ) H ) : Atc .zl=ACz1

( In our case , A=Ucuit¥ Vcu ' # )  # V B skew - symmel .

Exercise :C Bikhoftl Any Luieh LAI - wnditim can be  transformed
to normal form 1=aaz - ( Ucmtz Vcui ) loc ,

near  •
, via

gauge transf . glzl  = It OC Yz ) with gizsgtc . z1=Id
.

Lemont : H ) # constancyof inner product of  in Z
,

4 '=AY YEAY ( 4. Y > ' - =  49 . zieiz ,

Then ( 4,9 >
'

=  H 'T.z , y ( z , ) '= - Y #C- 2) AT.zielzi  +4T - zlaczyyczya

←→ it ,
12

Now , let r=1
,

for  the Z=a  sing . pt.fi#j ,
has  two  rays

Re ( Zlui - nil ) eo
R

. , l

Releie z ( ni . uij ) > 0 for E small Y '

'

TR ,jRz \ /

Stokes sector Rinrz = # I KX
, q f ;

�1� il = Cllr # CIL Rt R . ,90GR
t

'

T Y,

Ir I \ .

t
u } ;

fund ,  solh  matrix § ;

St  on Rt S
.

on R
.

f
Irs , -4L on rt

Ari
{ :={ + ={ , ; f- ={ at its >

= Ir on r .

I
Sz Irs . =IL
11

Prof : Hi # Si
'

. SI = st

→ We call { the Stokes matrix for A
.

Pfi K= ) Consider  Iuziyittz ) on rz ¥-1 4rlzist4EtZs

4h14 Irttzl on R
,

Ie Ircz , Si't ye c.
g) ⇒

feotuadfeuf
on ¢×

At z=w ,
F ~ ( It OC 112-11 EZUEZVTCK ocllzlj → bold at Zoo

Also
,

check 2=0 .
F  is bdd



t
Then by Lionville  thm ⇒

4daYLtZ1=wn5
' ' ( By f~  id zaeta )

t

Yr #YRtZ1=wn5
,

⇒ 4tzY¥z) =Id
,  ⇒  4E c- zi4yz ,  =Id .

 ⇒ ¢4L, 4L > =  const
,

⇒ L * I

Convene B just  reverse  He process .

-

Monodromy data fun ny=o .

¥

'=¥µ×I( f ,
Mo

, C , µi . .  . . . , µu ) Ielz )

T 6 eigenmo
@Mo

Stokes
komodo # conned ,m

¥0
# I

matrix matrix defined

by # a) = Irlzsc

utolz .cat/=uIr1z.e2tilC=YriziSIsYC=4ocz,C'st5' C

-a Continue A from the Stokes data Mo

Riemann - Hilbert Boundary Value Problem :

To determine A or Vlui
,

it 13 equiv .
 to determine  its solh

.

Consider ¥  = E explzu ) with §(z|=Id+0( yzl fr  Z →  a

t
T

OIL lthow .

 in  any angular  sector .

p

' #

|ZzY.ee#i=Erlzi.e20.conPre2ailo=M

.
i

*l z ) - Ioc IZI . EZV 51C on IT Io Pp
^

ILIZIEZO = Erlzl . e£0S on l+

§uHeZ0=  Eecz ) . eZ0St on l .
For

→
"

e-
Jimbo

- Miwa - Ueno ( 1982 )

JMU : Consider 4-( uizl :=

|
Io rluizle

ZU
ZEQR

,
IZI > I

ILCUIZIEZO ZEQL ,
IZI > 1

l Ioo IUIZIZ
↳

12-1<1

OH := 2 ; LI .LI
- '

=

:
Hui



0=1
" "

"

in )

Recalls

:cnL=£az
- Acz , , Aiz )  = U +OCY# c- A - ddz - 1 U +  IV )

exact order 1

L * 1- condition : Atl - Z1=ACZl c- Vt= . V

The gauge  transf . L - GTZILGIZIwith glZ1= Id to ( Yz ) and gizigttzkid
preserves  ( * ,

two,
+  £5 skew - SYMM '

⇒ b ,=o

R ,
diag ,

12 ) § YL=4rSt  on At ( s := St )

4L f 4L=4rS . on R
.

Rz
/ YR t¢ r

,

* ' ⇒ s
. =s+

g Pf :  YLIZIYETZI on Rz
g.  =stt⇐4Lla4ItZI and

R . yrcz , yrtl - ZI on R , 4rlzs4El . zl

are  the same  on

At
r .

So
,

( * l⇒ Hit- Z ) 4242-111=0May assumeYYTZIYEIZI =id

⇒ YLLZIYEEZI and Yrlziurttzl are  well-defined , µ¥• Monodwmy data 1 { , Mo ,
C , µ . . . . .iµn1

-
<

I.1 Z )  =¥rlZ )  . C eigen ( Mo )

⇒ M .  - Ests "C ;
Mo

7 l
,. Riemann - Hilbert 2- Valued Problem :

q
Consider E = Teen ( bi=o ) IL

Io - Idt OLYZ ) for Z →  is  in a Stokes '

Sector
< *

17

(
HIM ( Wasowl : <

. Is
.

€R

III:";EII¥
,

::¥a÷:o) .an
121=1

"
l

.

Now , we have  the following 2- valued wndihm :

°olZl -

opine
E± : Er ,L

IZI - Idt  ¥t0( '421

|IY¥o..IE#Itfsoinnkr
as ⇐  .

oIuzieZU= # rlzieturs
'

on l ,
V= [ MU ] = Eolotlo Eo ( 05

'

§uz ,
.eN=  Term .eu

. It on l .



Thin ( Jimbo - Miwa - Ueno , Malgrangel
-

Zmewmnphr
-

V ( k , { ,
Mo

,
Ci µ , ... .µn1 ,

where Are ¢ "lA st .

At dldz - ( Ut  IV I has  the monodwmy data .

Prof : for  a given mmdwmy data  mdep .

of a s⇒2kVlul=[ [ MEK ] ,H " ]

, where V=[ 17,0 ] . Also , Pl cult Elplul K=  ii. in
.

pfi ( ⇒ ) Consider  the piecewise analytr function

VILU , Z ) :=

.

 

IORIUIZ ) EZU
, ZGCIR ,

IZI > I

| OIL ( a. Z , e←0
,

ZGQL , IZI > /

Eo ( U , -21 Z
↳

, 12-1<1

]M⇒°2i4 -4
"

has no jumps on lt UPLUL - UPR

2i=EuT'
no effect on  mmodwmy

2 ;uI . Il
.  '

= ( left .  . . . 1zE ;  EZUEZU ( 1- Izt .  . . .
1

+ ( Egle . .  . .
1 e-

ZU ( 1 - Ent ... 1

= ZE ;
 + [ Pie ;] + 0 ( YZI

Note  that 2- VI. TY
"

B analytir at Z=o

( 2i Iozto . E
to  

Its
'

=l2iI . ) Ioo
"

B analytrl
By Lionville 's  twin  ⇒

( *  * , |
2i # = lZEit[PiEiDl4 it . . . ,  n .

lzfz- [ui2i)4=o

Compatibility ⇒ 2i2j4=2j2i4 ⇒

[ 2iP , Ei ] - [ 2iPiEj ] - [ ( Piei ] , [ p , Ej ] ] =o

This is equiv .  to RHS
.

( ⇐ I If Plul satisfies RHS a (a)
,

( b )
,

( o ) for P - lrijl
,

Then 4*1 is compatible .

Now
, we consider A=ddz - U - ITV ,

V=[ 17
, U ]

For any it solving The RH 2- valued problem ,
uI=ICuiZ )

at  the ptiu , monodwmy data  might depend on U ,

EI : n4=o



Claim ; Ii - ZEI - [ Piti ]4 and ( zfz - { night
;

)4 are  solh  of Al . to

# :(} - U . z÷V ) ( Tu
;

 - Zei - [ BE ;] )4

,±
1- Eitei 14=0

g
only crossing term

( ÷z -
U - EV ) I z3z - sniff ; 14 = ( Ee - U - IV ) 4=0

⇒ ( i , ( Tri - ZEI - [ Pie ;] ) 4 = Yi - Tien ,

ciil ( zfz - Eui2i ) 4 = 4 Tcu , I ihdep of z

( i ) ⇒ ( ( 2i - ZEI - [ Piei ] 4144=0 ( Yzj
T

By asymp .  at Z = is

Similarly for Cii ) ,

Therefore ,  we go back  to # * I ⇒ 2i has  no  effect on Mo , f. C. µi . .in

along the jumping curves ,  a

← Appendix E

Rmk_ : ( I ) This Bomonodromy space
B Bomaphuz The  one for  the

regular  singular  system ×E¢ i ( data + §
,

,f÷u;
)¢=o  on IP ! ,§

,

Aito

via Fourier - Laplace  transf . ( ⇒  reg .
 at

1 Sabbah =  Max ./ universal ihtegrable deformation ) × - a I

Indeed
,

Ai=EiV inour case .

LRKCEIV 1=11

The general case for n= } 1 4 reg . sing , pts ) #Painters
VI earn

12 ) Anaiytir Continuation of WDVV and Braids gps
Bn

1
Appendix F

rsytf
' Ri m.mn-4

Given lct { Stokes  rays Ri , ... . Rzml Rm µ -

al i.
.

.

*Run

4 Rmtj .

j Yjt ,
= YjikrjRJ

↳ Stokes '

factors Kr  iR=Rj .

•

Kii  =L , Kijto  ⇒ Rji=R
Rmtj

<

Yit '

⇒ s=kr
,

...  . . krm ( Kk'=KRt )



Oi - Jin . Gi  = Oitisiriti ,
leien -2

Braid group But ( On -  - . iht| a  g- =rjri Ii. jlzz
)

Braid ifIsotopy Class  of homeo
.  on lR3 sit .

)

it.i*÷÷E÷÷÷÷÷



2018.5.4

• Monodwmy Group of  a Fwbenius  mfd Mi

Assume M is analytic ,
and carpal  B analytic  in  TEM ,

( L , p )
*

:=  Leldep ) on T*M C ⇒ ( E.  u ,  v ) = ( uiv 7 on TM

GP :-. ( dtd , dt B) *
[ = { tl Alt ) := detlgtiti ) =o } §14

On Mi [ . Gap exists .  and it  13 flat analytir subset

Isomethy I : R - M# 4 simply connected , flat

an
¥ tended domain  in Euclidean  space

E "

( IR
"

or 1C
"

1

→ µ :  Ill Mis 1 → Iso ( E
"

) = The gp of rigid motion

WIM ) :=imlµ1 :  monodwmy gp of M

Explicit Construction  of  Io :

flat word , for ( , )
*

:  X - Xlt
'

,  . . . . ,
T

"
1 can be  solved via :

of"2q2p X  + Pp"t)2q×=0  L
, p=li .  . .  in

→ teletextsit . gab =3×÷ .gs#9Pits=wnst .

analytic .

Since 2a2p× - PYPHIZRX = 0 PF = - 9a{ PY has poles on E
.

soin are analytic  outside E. This gives I and µ
:

r :  closed path on M\E gives Fact ) = [ Abad, xbctlt Bacr )

in Och )

EX
.

i AH x9ct ) are  weighted homogeneous  in  t of  weight Ill - d ) i  if d #

⇒ 139=0 .

Nilpotent Loci : { ni ,
:= { teM/ 1 TTM ,  . ) is not ss , }

Anil :=diso× ( detl Gmt ) - XYP ) )

= discxldetlgdplt
'

- t.tt?.....tnl1=discxAlt'-x.t?.....tnl
Then { nil

C Zero loci of Anil
.

Claim : ds2= Gapltidttdtt on Mis extends analytically on The double

cover  I : IT - M ,
where 19 := { ( wit )e �1� ×M| W2=  IHII outside EAE nil

Rink : Mi E nil to < ⇒ M is generally as .



Define I by IEI iff  uicto )=o  ul
i. . . ,  in

"
:  can ,  word .  at to

.

T*ds2=T* ( ¥
,
tnlildu'T )=§± Pidlofnil 't ¥ ,

in ( duil '

Lemma_i In flat word .Xactl
, every component of [ i { nil is a hyperplame

in E
"

Cd :  It dtl
, Then The local mmodnmy is a reflection ( A2=Id

.
13=0 )

pfoflemm- : Say the component  B given by un=o .

Enough to show : bij  to on it
.

( in ni - word . )

First
, pick Unoto ,  on  the slice Un= Uno ,

normal vector N=¥nT
⇐ ijen . ,

The Second fundamental form : bij  = ( Va ;2j , N ) = Ping2n.tn#n=l2n1Ping=l2n1Ignsl2igsj+2j9si-2s9ij)

=±z ¥ Sijanpun ) →  o as ad→o

FATE .hn ,

#  = ¥
Pn=9nn  to

⇒ ( un=o ) is a hyper plane  in flat Euclid
,  card

.

Xactl
,



° Generalized Hypergeometnz Eqn associated to  a Fwb .  mfd and its monodwmy :

Euler  v. f- .
E leads to Ci ) Dubwuh connection  on Mxlp

'

, flat word
.  Fact , Z )

¥ Z I

121 Flat pencil of  metres GPH ,  - XyH=gHl t
'

- t ,
T ?

... ,
t

"

)
,

flat word
,

E4tiH=x4t '
- x. H

. . . ,
t

"

1
.

Def'n/P# i }{ :=2e XHIX ) ( No
upper index means one  of  The word ,

Fa )

satisfies the generalized hypergeometnz eqn  in XEIP '

L* ) ( gae . Xy
"

) dxdse = M
"

( I - Me ) 3
,

Me :=9{ - at

pf : p
,

"
= ldzt' - 9cal Cit = II - Mel 7

"
in  the defining eqn  of Thin

for p=1
LE( g

"
. × y

"
) zpaqx +

Pp2e ×=°

T

Now
,

take p= , ,

Witt '  the pencil

(A) (gde . xy
"

) 2,2g × + ( I - µ{ ly "2e× to

Note  That Falt , x ) = Xalt '
. x ,

t ?
... . ,t

"

)

2 ,= # = - dtx

⇒ ( g
' '

. xy
"

) data Se = µ
"

( I - Mel Se
.

a

The  singular pts are at Ex :=/teM/ Alt
'

- X. t ?
... . ,t" 1=0 }

or  rather Ee

t
'

Two observations

#f\inning;D;±noto#In.name:1?geInM.tanaIfHM.YyFE.!

-
-

-  .  '

interpret in two ways ) -
- ×

(2) ( A ) is a reg , sing . system  when M is S.s
.

to
Prof LH . 1) .

. If  Fdctizj is normalized at Z2zE = LEE )  then

Iitix ) = § z¥ e-
*

Eltizldz



At s.s.pt ,
TEM

, using canonical word ,
Ui

, we have :

let loiiuix ) :=  tilted , ¢
'  =/ off )

then 2j4i  
= rijolj jti

|¥glu' '
' ×12kdi  

=  Edi

( XIN - U ) Tf = - l 's Int Vcuilo

Compare  to  the earlier  system  on y=
/k¥1? )

|2i4j=rij4j
jti

¥e
,

2k4i=Z4i

dluitl = § e-
×

Zycuizydfzt
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W : wexter := gp generated by reflections  in Var

( We  assume W ' V iwed , dimkV=n , word ,  N
. . .  - . ikh

,  with Euclid .  metric )

IWI < is  ⇒ I ! at V sit ,
a  is W - in . pt .

( Then Take  a - o )

a Chamber E = I Ci l Hille ,
) B a  simplicity  at  a - o

d

2- faces

Let St ,
=  reflection  in  The hyper plane H

Coexter element ( transformation )

G :=Sµ
,

. .  . . . . Sun ⇒ All are  conjugate ,

Thm

Ref : Bourbaki - Lie Group >  and Lie Algebra Chapter4- 6

h :=hlW1 = order of G : Coexter  number

Char
. poly

: PCT ) = ¥
,

( T -

exp ( tying . ) )
Mj :  exponent of W

of G f
0cm , Emze ... ... Emn eh

real poly ,
⇒ Mjtmnt , .j=h T

|
Em

,
 = Inh 7

Thm_ ( Bourbaki
,

Lie Group and Lie Algebra ,
V§6 , Thm 1- + Cor )

( l ) M|=1 , Mn  = h - 1

, simple  root

(2) 4 = The  set of hyper plane} # by =§glPj- 1) =§mj  i. e . Pj
- l=mj

Here , pj= degficx ) , f-
'

c × ) , , ...
, fncx ) : homogeneous W - MU . poly ,

Goat : VDE x
'

... ... in
"

| , , ,y!,=ya ,w µ = gpapgg ,
... . . ,yn , , ay ,

, ... ,yy=qx ,
... .,ayw|

Fwbenius Manifold .

(3) IWI - ¥
,

Pj

Sketch of pf ; Jlfl ( 1,0 , .  . . . , 011=0 Iresn sit , Ot}¥g
,

llio . ... ,  o )
, # In . , ,n

=) fs ( × )  =  * ( X
'

) PJ - 1×04
'

'
+ .  - .  . .

lot

( Here
, we  retake in

... ,x
"

to be  eigenvector of G. xi -9,  e¥mixi )
0 ( mod h )

Note that mi=1 #
Acts by G :  i→  * e

¥ ( B-  ' 1 +  Mnjl ) *ytf - 1

xrij )
+ . . .

⇒ Pjt = Mrijstlujh , Myzo



141 ¥§
,

l Pj - ' I =§
,

mrijith { µj ⇒ µj=o fj .

proved by a Poincare'

series argument ( Which pwves (3) at  the samethe
Now

, We Come back to Dubwnn 's Convention  in lecture 4 :

V¢ ( Xli . . . , X
"

)

I
M = V¢/W I Y

'
... . . , y

" )

Mr. poly , y
'
( x ) , ....g" c x )

, degyj = dj ↳ dish > dzz.  . . .  . zdn = 2

di  + due , . i
 = ht2

→ |§di= nlht  It

Claim : 2 ,=¥y,
~>  identity ( After change to flat word .

 t
'

)

intersection form n

giicy , :-( dyi , dyis*=a§I¥aT÷a )ffTnY,

{ Piclyidyk  =a§Tf÷a2LYa÷×bd×b + 0 E
wnneoum in x . word

.  ±o
is

thmllsaitisl : I ! Fnb
. Str  on ( Mi ( i )

* ) with E=gt { d ; yify;
 =lg{ Xaftxa

e=2 ,
=

2-
2Y1

Observation : gijiy , and Pkitcy , are linear  in Y
'

deglgislyi ) = ditdj -2 E 2d ,
-2

deg Pitlyl = ditdj -2 - dk e2d1 - 2

Saito 's metric ( 1974 ) : Misty 1=2 , gitlys ⇒ihdep . of y
'

degyij = ditdj - 2 - h ⇒ MIJ =  o for  itj > nti

( ,
:= yilnt '  ' i

:  wrist ,

→ nii . ladtiio
"

)

Let Dcyi . deelgiilyil = CYI
"

+ aiyimt .  . .  + an degak = kh
.

T

deg ±hlh+2J - 2h  =  hh



C = detlyijl = th "'¥C| . ... ( u

Claim : CFO ati

pf : Let GT - ETJ eigenvector of  m ,=l

As in . p.ly , ykcjj-ykcgrj.ee#dkyKcr )

⇒ yk ( f) =o for 1<=2 .  . . ,  n .

But Dlyirl ) # 0  =) C to a

Cd : a) got tnij forms a flat pencil of means

and 95 B globally , poly . defined on M .

rhijly ) B also poly ,  in y .

Denote nij by ( , > and its Christoffel symbol this'=2
,

MY

121 The flat word ,  t
'

, ... ,T
"

exists globally as homogeneous poly . of degdi .

pf :  pf  of  a) <→ Appendix D
.

pf  of 12 ) : In y° word ,
,

t° are  solved from ( for y
.

 small )

2k5et§TIe{s=o  ⇒ §e4yi= : 2±t4g,

a f

§7ierY poly in y
. Hagl

The system  in t.ly is quasi - homogeneous  i.  e . yi i→ cdiyi
⇒  t.ly ) are quasi - homogeneous  in yi

-

inalwneghnt> 0  ⇒ tiyl are poly . in y°

⇒  tlyixi ) : poly .  in X .

i  

i
y

'

 - t
'

is invertible , may choose degtd=degyd=d&  in X°

( induction from lowdegree )

⇒ The Sol 'n  to works globally on M
,

We fix ( choose ) tn=yn='[ ( Xi 12
2h

Then  in the flat word ,

gnd.aE3txIa3jYa-atExa3tIa.dfttNotatim-ifiiikiia@dte.aqExIafxIxb.t, -2×94551Aib ,  c  : y
'

tip ' r :  t°
= 'g( diet '

) - ZdXa3t÷a ) a ¥ dt
'

n a
-

⇒ pyh=# Spd
dl to 't 9 ditty

h



Mainlemmai Let 79=21 ( dtdidt ' )
*

be  The anti . diagonal wrist ,
metric

, Then gtect , =  FBI yd×YBM2×2µFH ,
,

where in  t
'

Flt ) is quasi - homogeneous poly . of degree  zhta

→ Fit )determines  a poly .

Fwb
.

Str  with e = 2
,  , E  =L E dat×£ a

Pf :  In Appendix D
,

flatness of  pencil gP+XyP⇒
PIP = 2rfH = 4 "2e2rfP ⇒ deg ( f f) = dp the

-

; ghrpfr=gMppr for &=n  - By # I ,

#
[ drtoykza.fr = d- ( dr - 1) get (A)

Eir \

⇒ §7. ( dr - d{ Th ) 2efreip.nl,drtdp
- 217

@ "  " →
2n+ , . pfr

⇒ yah '  '

Pym
, .pfr 7

" "

tram
, . rft

- = -
dr - 1 dr - 1

Let Ft := # t
"

, then yfmtltszm
, .pfr= y

"  "

ttrzne , . ,
FB

⇒ I fit , sit , Frett =7" " + "  t

True ,  . rfltl

ftp.cjhy , poly .

Back to (A) , get the formula fur gpr a
• The Associating fr Cdf = 747 ' "

2x2µ2rF follows from the flatness

of  the pencil.
 since PY= ¥ CY

For L=n :c * 1 ⇒ Cnf = Sf ⇒ CPd=f£ ⇒ 2
, B identity .

Also , Clpreffs 7&r=7Br  a unique
Tim : This Fnbenius mfd is semisinple .
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Last Time
,

we construct a semi simple Fwbenius Structure  on UE/W
,

Where W 13 a finite wexter gp .

Suppose W= An ( i.e. Sun ) acts  on R
" "

= { 15° , ... ... Snl |SieR|

by permutations in  oci ,

got . .  . .  . + }n=o is preserved = R
"

in . poly .  in Sa 's
.

M=¢mlAnRed : We had defined An - model

14 = { Xcp , e ¢[ p ] / Xcp ,  =p
" *

+ aup
" .  '

t .
- .  + a , } ( 1.65 )

( 1.66 )
(a) Ax =

�1� [ P ]/lXkpi| :  alge , Str .

( b ) < fig ) ×= prefs ( fS/x '
1 Rink : Relation  with ( Rotated )

is a Fnbenius manifold .
An  singularity

In fact
,  it  is Cln/An . ( XIY

'

+ xc 2-1=0 ) E 1R3

Surface .

LemMa_ : Given  any
21,2 "

,
2

"

, . ...
 tangent  vectors  at X ,

i , ( j
,

2
"

>
×

= - [ res 2'l×dP)2t×# dx=x' c p ,dp
ptn dtp=o dx

2 '( Xdp ) 2 "l Xdp ) 2 "CXdp )

cc 21,240
"

)x= - p§
.

!Fps=o -

dpdx

4 Let 9
'

. . .  .
. , 9

"

:  critical pt ,  of Xcp ,  i.  e. 1494=0
ui= X ( git :  critical values

.

Then  at XEM sit . XLP > has no  Multiple  hoots
,  we have ;

( , ?×=⇐jniiiuilduil
'

, niiiui.ph ,

( We will show later ni are canonical word .
)

3) Moreover
,

( 21,2 "l× = - [ res 2 'll°gXdp)2" ( logxdp )
ptw dXp=0 -

f dlogx

The meth induced by The  mv . Euclidean space .

pfi  C 1 ) Apply res wt  res W - 0 for  w=  In "l×dP)_
new .

1- form .

p=b p # is dx

Note we have  the identification : R
'

~ 24

for  tangent vectors Ecista
,

- §Gpi
' '



jlxdp ) 2 "lXdp ) 2
"

'( Xdp ) r . hdp
Similarly , res - =  res - +  res 9. hdp

pen dpdx p=o ×
' p÷

2 'x=f ftp.gipi-9cpitkpitt# ( division )
H !

2 "X= of i.e. f. g=r  inAxdeodpsn < 9 .
h >

×
= ( f . g. h >

×
j "x=h "

C ( 2 ! 2
"

,2
"

)

( 21 Crowd
,  systems

: an . .  . .
, An ( Not very useful )

}a ( a -- ii. . . . ,  n ) Xcp )=a[T
,

( p - Sn ) =  ( ptsi .  . t }n1[[
,

( p - Sn )

ui = Algol
,

it . . . ,  n Xhp )  = It ( P - 9
"

)
Lagrange Interpolation

We have
, by def 'n ;

b 1 alc p )

In  u . word ,  system : 2iX Ip
, qj

 

= Sij  =) 2iXcp ) = - -

p . qi a "( qij

To  relate  to { a- word ,  we have :

2i7cp1= 1 2i3 it . .  - + 2 ; Sn 1¥
,

( p - Sb ) - §
,

YI 2iSb

Put
p

. Sa
,

then ¥ Y,!{g.÷
,

= - 745A ) . 2- Sa

⇒ 2i5a=ga÷gThI,Jacobi matrix

( 2ii2j>x= - § .
;%,s=

.

( .pt#*hFhfItfadf=/o ,
tries

'

Icp ) f- ,
for i=j

x "c9i )

for Cldiidjidk )
, we have :  C ( Oi ,dj , jk ) ¥0  only if  i=jek

and ccaiiaiidiltpr:{ ilya ,!pqF )

I di ,2i > =  ¥5
util ⇒ 2- .dj= Sij  i. e . They are  idempotent

-1

L 2ii2i > =  

Fig i. e ,
Ui 's are  canonical word

,



3) The metric ( 2i , aj ) a
= -

p§
.

qq.2ilh.sk/2jllogxdp1dlogX=ptErdyps=lY#'dp

⇒ gij :=( diidjlx = - u÷×÷qi, Sij

Now
,

we wmpute  in  the ( Sa ) - word . system :

E

Exercise : On Rnt
'

s { So  + .  .  '

'

it Sneol ER
"

Then the induced Euclidean metric on E  is given by :

gab = Sab - Fi

ldsa.ds.ie?IgThFutYTeFE.ui#tsatTiTWisTaixygiT=iEEiiisiTEyfEIfeEohr*sxTt=EeshrEisn*l

=÷ht  1

If a=b ,

ldsaidsb
) = - res ( ¥ )

, we get  one  more

term 1 dXp=o
IP- Sa127 'lp )

⇒ ( dsa , dsb ) = fab - net = gab
,

Now , we  would like to Construct  the flat word .
 H° ) of < , >

A=X( p )  = pnt
'

+ anpn 't .  - .  . + a
, , few  in p with parameter

p =p
1 a

# 1
when A is large

!!

k

Expand p into p=k+n÷ ,

1 ¥ + . .  . .  . +  ¥1 + 01*1
→ def .  QF I

'
,  . .  . . ,T

"

Claim : In fact
,

ti =  ti Cai . .  . . , an , forms a word . system

Put  into
i kn "

= plklht
'

+ An pckimt .  . .  + a ,

Set  wtlptl → deg ( x ) =n+ , degck )=| ± degti =degAi  =  nt2 - i



May solve

|ai=
- tit filtit '

, ... .tn/i=i...in

an - - en
:

.

Exercise :  t
'

- - It
, yes.

/ x¥i' cpsdpl

Claim : ( Ja ,2p 7 = Sxepinti

Lemma_ ( Thermaodynamical Identity )

X=X( pie
'

. .  . . .tn/p=plt.t'i...iTnl:1-varable inverse ten to

each other ,
with parameter  tli

. .it
"

.
2x :=y÷a

⇒ ( 2aXYdp= -l2&p)µ×§peconst .

- const ,



5.  25 .
 2018

Re(aH_tasttime_

:

a) AIX  = # ¥3 2i}a= - Hina
1 z ) Kodama - Spencer map

: 2eTxM - 2lXdp )

Finish The proof  of flat word
,

In . . ,
T

"

:

p=plkl= kt  TNII 1 ¥ +  ¥ 't
- - it In ) + 01 Eli ) :

pf :

2£= In - 2alXdp ) |p=  const ,

= da ( PDX ) |x=  const .

= 1 Fi ¥+7 + 01 I'm,
11 LCKIY=k←' dkt 01h ) dk

11

lhtisk "dk

( 2in
, 2p>x=pr.es#ddkjckndI=.pregkdtt2dk_=n-Sa+p.ne ,

const '

( htl ) KN u
.

Now , generalize  this picture  to Hurwitz Spaces :

Ihxec
: riem

.  surface of genus
-

of

(
The previous  example can be regarded )

to 71 Fix The  irfmirity profile as IP
' # IP

'

with ( nti ) - covers

is  E P
'

y
' '

( is ) =[(Ni
 +  I )  a

i I divisor )

i=o

I = ( no , .  . . . ,  nm , ni ; ramification degree at  ni  zo

The  space  of X  with
genus g

with ramification data  I = Mg
,  in

Let N= dim Mg ,i

For a generic X ← Mgin ,
The finite branch pts pj  are  all double pts

nil
Nf :  The  number  of finite branch pt , j

By Riemann - Hurwitz formula ⇒ -

2- Lg
- EE 1 ni  +11 - EE

,

ni - Nf  ⇒ Nf=2gt2m+§gni

Riemann Existence Thmi Given The ran , data  ⇒ FX  up to finite  choices

⇒ Nf - N
.

Rmk_ : Riemann 's count : dim Mg =3g - 3 ( for g > d)

dm Mgm  = 3g -3 th



This Hurwitz  number ( The finite # of  choices I had been recently
determined by Okonkov - Pandphardipaude .

pnofofRiemannwun= i Riemann 's  approach : By Riemann - Roch

⇒ h°l C ,
Uiitul ) ) = ( intent  11+1 - G if deglril large ( zzg - l )

⇒ dim Mg , melt Nf - h°( C , Olttwlll = 3gtm
- 2= ( sg

- 3) + ( Mti )

Modern approach ( Kodama - Spencer )

T[ a Mg = H 'lCiTc )
= H°( C. KIEV)

"

Use R - R to Calculate :

k¥2 : quadrate differential

h°lc , Koo Td 1=(49-4)+1 . g =3g - 3 ,

Canonical word , ( Candidate ) : use Xlpjl where dtlpg = o ( pj
: finite

( j=l .  . . ,
N ) critical pts

)

We consider only the
open part

Ac Mgis with uitus
'

Cior  i*jl
Define pwduut Str : Ji . dj

 = Sijdi ( 2ii=s÷i )

e=§2i E=¥e,ui2i
Det 'n  of  The metnz y

:( candidate I i

Given  an 1- form R
on

NT
, ( a. b >

r
:= Rla . b)

We call R admissible  if y defines a Fwb
.  mfd on 15 .

Construction of f :

Given any Q : quadratr diff
.

 on
C

.
Given [ x :C → PIE it

,

ra : . ME
,

duirens #

We need to work on a covering NT of 19
, consists of sets :

( C . X
1

Ko
. .  - . . ,

km , Ali .  . . , Ag , bi . . . . .

,b÷branched data A - cycle B- cycle in H
'

( C ,z|
Tonelli Marking :

They form  a sympleotie
a  bi : kinitlcp )  e Acp ) near p=bi based wire .  intersection

:
 al word ,  B Zi = fit

.



⇒ Q can also be  multi - valued : rethc C. 21
, Qi→Qt9rdX

→ Rah Ra .

In fact
,

we will take Q=¢2 for some ( multi - valued ) differential on C

,
called The primary differential ,

egg Type I :  ¢ei , a
= In DKF t ( reg , ) near  is ;

 i=o . .
. .im

d
= I ,  - - .

, Nj
= - If

"

dki 2-1=0.1
, ,. .

,  ni - 1

subject to normalization condition : fog
.

¢
, i. a

=o

-
( single - valued )

Abelian
m

differential of 2nd kind ( All residue  =o )

gives@
= [ ni

ieo

Type Ii ¢ui (i=li .

.im
) → L=4itl case  in  type I

Type II i  4wi (

ieliiiml
Abelian dH . of  the3rdkmd_

pole with pole at no
,  ni with residue ( with only simple pole )

d t

-1 1

Type IV : multi valued diff . lori 1 i=li ..iq) ctrilptbjl - ¢rilP1= - fijdt
and /a

,
¢ri=o

Type V "  dsi ( i=i , ... . ,

g-
) ~ ' H°( Ci K ) basis fgdg.  = fij

To understand This
,

The most important  thing B the generalized
contour:

-

'

£ :  The  simply connected domain Ag
b9

Demsits  of : an . - .  . iag , bii . . . .bg →  2g # Ag
- I Can

• •
m

X. Cai ,
ti  it ' ' ' ' 'm

→  an bg/#g§rr,
i

T '

connects  no  to  ni
Po to →

y
~ AzvF¥ybi '

xT¥, ( a ,
k=l ,

. .
. ihj ~ , 1h| Al >

↳  o /
- ,

& J=0  i. .
.

 M A
b

,
1



Prime-time . ECKOI on Cxc 1 Tata lecture on Theta III )

Tl ( Zi - ail
-

IP
'

: f = -
d

TIZI - bi ) Ch . 2

T : t.TK 'd Ecp ,a , -94411%8/11 . ... )
Tlr ( Zi - bit

~
P - Q

S : Abel . Jacobi Ea
( t ' 04 '

' 01 )

( p , ale Cxc
,

BCP , Q1= log ECPIOIDPDQ Only pole  B along ACCXC

i. e. P=A

( double pole )

( de D , dcpiE|gB(Pill
→ Type I - V B a basis

F in a - variable . of  this construction .

Thx : Any 4 constructed above  with multiplication 2i . 2j=Sij2i
N

y :<21,2 "

> =R¢zls 's
"

I rloz - Eduiresl ¥ )
gives the same Fwbemus

it ' Pi
manifold Str .  with flat word ,

td := )¢cp
) c- da :=) BCP , al

Cx
*

C < e D
.

" P Cx

Sketch : How  to prove  the flatness 25 =L ; p 2j ( ddp )
Lemma ( 5.1 ) i p ( ! ) 11

imagination wlw

twiw
'

on it
, * few"P' f. II=

-

repg.at?/Fgili
1

with

suitable T

MIEN 15.35 )
|| has pole  at P=PjAT  boi . . .

.

,
WM

explicit wuntour  calculation

2j C w
'

,w2 ) ← pairing 15.361

⇒ ( w !w2 ) is a symmetrn pairing up
to a crust

.

Modern approach : Rauch Variation formula ( Arxiv : 1605.07644 )

£ ,
B ( Qi , 021 =pR=eps BH.ch/BlP#

i dxcp )

y : n
; ;

 =2j( did > Need to  check the rotation aeetf .

Tsp :  metric potential satisfies Darboux  eqn



|
tkrij

 =

rikrkj

I 2kt ,j
 to



Play :

• KDV hierarchy :

. Witten Conjecture
• Combinatorial Model

• Matrix Integral Model

. Proof

.  akd V hierarchy
L = 21

+ '

t A. 1 X ) 2×"
 "

+ - - .  - + An ( × )

2q4PL = [ L
,

( L
n÷i+P )

,
]

th .  . .
. ,  n

P =  0 ,
( , . '

.
. '

ai
 =AilXiI )

[
Ynt '  

= 2×-1 boy) it bilx ) J 't - .  -
- -

 → ( 2×+ bo  + b. 5 't .  .
. )

"

=L

Note  That [ 21
, f ] = - f×2j 't f××2I+ . .

.
.

Bi - Hamiltonian Str :
2×

"
'

-
weft .  of 2td.PL

2yd ,p

anilxet
) = lailxit )

,
H

' 'P| = { ailx ,  11
,

H
"P"

1

,

Hap =H" P [ ai , lailx , lailxx
... ...

] 1,1
,

1,1 ,
: Poisson brackets

Example :( h=1 )

KDV hierarchy 1=2×2 +  u Jtiulx .tl = [ L
,

( L¥l+ ]
Hi . 1

=  In ?

His  = u3 - IUI
IF .GL :=|§u±÷×(§÷|dx
{ F. 6 }

,
:= ) ¥ ( 52×3 +  2u2xtux ) Fu dx

- Semi - Classical Limit :  ×  →  EX tk→  Etk  Take e→o

Stable  solh  →  Semi simple Fwbenius  manifold ( c. f. Dubnnw Lecture 6 )

( Ref : Lando
,

Zvonkin . Graphs  on
- Construction  of Sol 'n  of KDV hierarchy :

surface  and them  application )

Def : Aatm is an  infinite dim 't vector space WE �1� can

sit , W = ( f ,
,fz

,  - .  . . . . ) ,
Where fi  

= Z
'  it aiz

. it '
+ . . .

.
 =Ei / ltoci , }

MIZ , Ti ,
-12

, ... . . ) :=  exp ( T , Z
'

't Ta Z
'

I. .  . . )

[ W ( Ti ,
-12

. . . .

) :=  

iiinmfznmfinzonzlnf.  . .  . n Z '2nZ -  '
n Z°n Z '

( In
fact

,  ihdep . of choices  of basis )



txample : f. = Ztta
, ZIAZE 't .  . . fz=E2taa÷E

'

fj  =Z
's

( j 73 )

Mf
,

=
.  . - .  + ( T ,  tail ITITTZ ) taz ( ftp.T.TT Tsl / Z

' 2

t ( Haiti  tazl IT ,
't To I / z

' '

Mfz =
.  . .  + ( It %

,

- T , 1 2-
'  2

t aa÷Z
- '

e- .

TWITI ,Tz
, ... I = It aiti  taz Tit aa÷( IT ,

'
- To )

Pwp- : W : Sato  space  sit .
EW CW

Then ( 11 TWITI ,
Tz

, ... .

) does NOT depends on
Tzi

(2) L ( x , Ti , -13 , .  . . .
I =¥zt  

2f÷plogTwlX±T

, ,T3 , ... .

I

satisfying Kdv hierarchy In
,

( 23÷.

logtw
) = [ L

,
( L¥l+ ]

Prof : W : Sato space generated by fj = Ej ( Ho " ' )

detlfilzjll
Tetzj

=TwlTilZ*1tTzlZ* ) + . .
. . ) TklZ*1=¥ §

,

zik

Witten Conjecture :

Mgm ( MINI ' 
.

moduli space of Smooth ( nodal ) genus g , n - pointed Stable  Currie

I Autlc ; p , ... , pniod

Lilian . ,  n ) : line bundle  on MGT ,
whose fiber at ( Ci  Xii .  . ixnl

B THC , Yi := Cilli )

( Td
,  

. .  . . . . Tdn ) ' 
.

= |µq Yid '
. - - i.  Ynd " ( =0  if di . .edu#dimcMgT=3g-s+n)

d

g= Edit3=
3

Flto
, . . ...

1 =§,od§ Th ( Tdi .  - - -  . Tdn ) tdi . .  - - .
 tdn

!

dnzo

WittenGnjectu= : CF B the T - function for  the KDU hierarchy wire
.

Tziei =FitI
Rink : Witten umj .  + String eqn  + Dilator  eqn.pk#4iyljoItyo

' = '

initial
~ Solve  all intersection  number  recursively .

datum



Combinatorialmodelix
:  Cpt . Riemann surf . p : quad . differential loc

, p= Ylzidzl
'

Assume CIZI has  only simple  or double pole .

Horizontal line field I { veTX| elz )( dzcr ) 12>01

nigga,

Horizontal trajectories
. d¥ (f)

°

Nnonpote

curve • Zdldzp d > I c< o
zero

.

Here
:* 't

#n ,

a

*t#*
RMI : For  a genenr quadrats dtt

.  a genenz how  

traj .  R non . closed

#
an of  na ,

.

" wthomaeeosy

Def : A Jenkin - Strebel differential B a quad . diff .  with only finitely

many non . closed hni
. traj .

Pwp_ : p : J - S ditt .  on X

. The  connected component  of X\ { non - closed hni
.

 traj .
} B either

open  annulus  or  open disk
.

• All closed him
'

. traj .  in  the same  connected component have  the same

length
( ds2= lllczopldzp )

Tim :( Strebel )

For  any
lznt ' 1 -

type ( X , Xii . .in/nipi....,pn )
,

where X is a Riem . surf .

of finite  type , Xi : distinct pts  on X pi >  o  and n > XCXI
,

then ⇒ ! IS

dtf  sit ,
. It has double pole  at xi  and no  other pole

• Connected component of Xi { non .  closed hm '

.  Traj . } are  open
disks



°  the length of hori  

traj .  associated to Xi  is pi .

~ > Such FS AHF is called
"

canonical J - S diff
'

! ( genus  =gJ
cpt"

Conversely
"

, given  an  embedded graph in a 2 - din 't topo .  mfd with

• valencies of  each vertex 33 s2

* item.mu?erdkedambpmefI' " of' 'Ytgraph are
€D#¥"(otfxedd'3"

length of  its  edge .

'

Then ⇒ ! cpx
Str on X sit . Corresponding canonical IS dtf .

determines The embedded graph ,

MGYYB :=

| Theynygyglispace  of genus g
connected embedded graph }

Tim : Mgm x IRI  E Mg%Yb
'

as orbifolds

Examines : Mo
, } × IRI E Mo%"

b
'

Rink : V - E+n=z - zg

3 V=2E

a.EE#tno
→ E = dinirugmen


