
1

final Report for
"

Topics on Fwbenius Manifolds
"

( Spring ,
2018 )

Kame: Yu - Chi Hou HEATA # AlStuder : B 02202049

Topical : Gwmou - Witten Invariants and Quantum Cohomology

Ref :

Main reference :

' Fulton
, Pandharipande - Note  on Stable Maps and Quantum Cohomology ,

1997

Others  

reference

: Manin
- Fwbenius Manifolds

,
Quantum Cohomology and ModuliSpaces,

AMS .

Kock , Vainsencher - An Invitation  to Quantum Cohomology ,
Birkhoiuser

.

Quantum Cohomology at  the Mittag - Letter Institute ( Ed
. by Paolo Alufti )

Plain
:

I . Moduli Spaces  of Stable Maps

I
,

Gromov - Witten Invariants
.

TI
,

Quantum Cohomology

→ The  construction  of moduli space  of stable  maps  will leave  To  the next  Two  Talks



2

I. Moduli Spaces  of Stable Maps :

1
, Moduli of Stable Curves :

a) Mg : Moduli  space  of projective  non - sing .  curves C of genus g over
1C mod .  auto .

→  quasi -

projective  algebraic  variety with dim Mg = 3g - 3 ( g >  2)

Crucial fact : When g=o , C =P
'

Autlcl = PGL 12 's Q ) i.  e .
Mobius  transf ,

When g=1 , C= 6/11
. Then Aut ( CI wreaths  the Translation Z - Zta

Only when g 72 , LAUTLC) I < a

→ Mg exists  only when g >  2  and it  B an  alge .
var .  with ovbifold sing .

irred ,

b) Mgin :  moduli  space  of pwj .  non - sing .  curves C of genus g with n distinct

marked pt . pie .  . .
.

, pne C

→ quasi . projective  var .  with dim Mg ,u= 3g - 3in

For
geo , Mgin  exists  if n > 3 , 9=1 , Mgin  exists  if  n > 1

.

1 formally )

e.gg Mo
, }

= | ( lp
'

,  oil .  is ) } May = IP
'

' { ° .  " a 1 singularity are loc . cpx - analytically
isom ,  to  xy=0c) Compahificatiun  of Mgm : with arithmetic genus g

quasi - genus  g T ✓

Def : A  

stable
 n - pointed curve  is a pvoj .

,
connectednnodatcurve  with  n distinct

non . sing .  marked pt , pin .  . . , pn  on C
. If #utlc , Spilllaw , we say C is stable

→ Consider Ye Autlc
,

{ Pil ) Taking normalization E ⇒ C
,

4 lifts uniquely To

To Autlc ,
I 9i3 )

,
where 9i÷E' lpi ) (

'

i9i  are  non . sing . ) and F fixes  irred .  wmp ,

⇒ 9
preserving special pts  = preimage  of  singular pts  and marked pt ,

Thus
,

The Stability condition  can be  reformulate  into :

l C
, p , ... . , pn ) is Stable  iff for each genus

0 component  of [ has  at least 3 special
pts

genus 1 component  of [ has at least 1  special
pts

flat , pnj .

S :  Alge ,  scheme  over ¢ A family of ( quasi . l stable  over S is a  morphism I :C → 5
( quasi - )

with { pi :S → CI it . . .in , disthut  section } st , ttses , ( C's , Ipils ) 1 ) are  stable  curves

geo . fiber

Thin : ( Deligne . Mumford - Knudsen ) ⇒  Coarse  moduli  space 15g ,n of stable  a - pointed

genus g curve . Mgm : pwj . variety of dim 3g - 3tn
, and Mgn Fen Ftg,n

Note  that  in  the  case  of g=o , a stable n - pointed curve ( n33 ) has no

nontrivial automorphism →

IT
. in  is  a fine moduli

space  and is a  non - sing .  variety
In  the genus 0 case , a  n - pointed Stable  curve  is just  a  tree  of IP

'

satisfying

stability condition .

( Ahytwoirred.Components  are  either disjoint  or  intersects  ttansversally at  one pt.
)
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e.ge Mo, }
= Mo

, }
= Sptil May =P

'  
The  Three  added pts  are  represented by :

2•
•

3 3

•
•

z 4 2
'

•
•

4 L
•

• z
•

•
4

1

• •

• Boundary of Mio,n
: AHB = 5 iii. . .nl : A  partition  of  n  with IAI , IBI 22

ns A divisor DCAIB ) . A generis pt .  of DCAIB ) is represented by :

• B

% • •

oh
for BEA I IBI > 3 )

,We  use  a finite  set A  to label the  marked pt .

we have a

"

forget points
"

morphism
: MIA → to,B

On Mo
, A , this is obvious ,

However ,  on  the boundary to
, A

' Mo
. A ,  the

existence of  this morphism not Trivial since  removing some pts  May make a  component

unstable  ~> Such Component  must be  collapsed , 4

3  •

e# .
150,5 → No,  4

: 3
• z

•

2• •
4

•

1
•

5 1

• •

3
•

•

5
•  4 2

3
• •

41
•

z
•

1
• or

¢
f Sij , Kill E I ii. . . .

.nl
,

we have : Man → Mo
, giyik ,e| Then Pcijlkil ) =

,.to t.ecMo
, sijike }

¢
 '

( Pliijlkl ) ) B a divisor  on Mon
.

FAI

:(114
"

( Pcijlkill ) = [ DLAIB ) over  all partition A # 13=51 . .nl with kill¥3
Since NTo.sij.k.cl =P

'

and on IP
'

,  any Two points  are linearly equiv . ( Hartshorne ,

⇒ The  Three boundary point in to .si ,j,k,e| are linearly equiv ,

#
'

to  ' 0.1 '

⇒ Their preinage  are linearly equiv .

Thus
,

we have :

[ DLAIB ) = [ DCAIB ) = [ DLAIB ) in A' INTO .n
) - CH

IJEA i. KEA i. LEA
KLGB JIDEB j , KGB

Rmk_ : keel proves  That DCAIB ) generates  The Chow  hug
together

with

H ) and DLAIB ) . DLA 'lB' 1=0  F  there  are  no  inclusion  among AIBIATB '

→ Gives a Complete set of  relations
.
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2. Stable Maps :

Def : X :  non . sing . pwj .  var . Be Hz ( X ; 21 S :  Alge .  scheme  over ¢

( l ) A family of  maps  over S from  n - pointed genus g curves  to X consists  of

(a) TL : C → S withSections { Pi . .  . . , Put B a

'

family of quasi . Stable  Curve  over S

C b ) A  mophism µ : C → X
,

(2) Two families of maps over S : LC -4 S , Spc. } ,µ ) ,
( C # S , spill , µ

'

)

are  isom
,  if 7  T : C → C

'

sit .

13 ) ( C
,

{ pi } ,µ ) :  maps from  a  n - pointed , quasi - Stable curve  to X

Automorphism  of  the maps is T :C → C sit , µoI=µ , pi
 

=  Tipi )

We  say ( Ci { pil , µ ) represents p if µ*l[ C ] ) =p e Hz (XIEI
We  say ECC is contracted by µ  if E is mapped to  a pt by µ .

Def : ( C
, { pi }

, µ ) 3 Stable  if  it satisfies  the following equiv .  condition

Ci ) IAUTIC,
{ pit ,µ1|< is

Ciil If ECC :  iwed
, component contracted by µ ,

Then ( E
,

{ special pts  on E } ) is  a

Stable  
curve

( i.  e , If E = PYPACE 1=1
, E has  at least 311  special pts )

Ci )  ⇒ liis If  7  an  unstable component E contracted by µ Then #at ( E ,
S special Pt one.!bl

'

Then  extends  These  automorphism  to  whole ( by setting identity on  other component
-

.

.

[ is sent to  a pt .
i

.

These  automorphism  commutes  wl µ  ⇒  

xlii
) ⇒ ( it Suppose  if  we have  an  unstable  irred , component E

,  Then E  must  not be

contracted by µ ( def . ) ¢E Autlcifpil , µ ) E '=¢lE ) µleio¢1[ =µ/E
-

: X is pvoj . i. May assume X= IPN µ : E → IPN non - wrist ,

•!
dimE=1

,  Eirred .
 ⇒ µlE1 has  at  most dim 1.  irred

.
If dimµLE- 0

,
E  is  contracted by µ

If dimµlEl=l ,
then

-

if PEMEI , tilp ) is proper closed subset  of E  ⇒ tilp )  is finite 1
'

.

'

E  is

proper )
Also , µ : E → IPN is projective  ⇒  µ  is finite Therefore , µ  is

branched cover  on µ l El ⇒ Such HE  must be finite
.

(4) A family of  maps ( I :C → S
, { pi }

, µ ) B Stable  if Hse 5
, the geometnz

fiber
( C's

, lpil 5) 11 - X is stable
,

We define a moduli funotw Ngin ( Xip ) : ( E- alge , scheme ) → ( Set ) by

ttg ,n
( ×

, pl 151 = { Isom
.  classes  of familes  of  Stable  map of  h - pointed , genus g

curves  over S to X representing the class p }
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Tnm# : F projective ,
coarse  moduli space Ftginlkp )

i.e.MG ,n LX
, p ) is a scheme  with natural Transf . ¢ : Mgm ( XP ) → hiyg,n( Xp )

sit . ( i ) ¢ 1 Spec ¢1 : ttgin l Xip ) 1 Spec ¢ ) Itlomlspecc , MJ,n ( X , f) 1

(2) 2 : scheme Ying ,n
( X

, p ) → hz ,
Then I !  r : 15g ,nC Xp ) → 2 sit

.

Y =J°¢ ( where T : httgncx,p ,
- hz defined by f. →  rof )

MJTNLX , p ) C ttgnlkp ) i  automorphism - free Stable  maps

Mg*,n( X
, p ) := ttgnlkp ) n Mginlkp )

Now ,  We focus  on  the case  of  moduli spaces  of genus  0
,

n - pointed Stable  Curves :

Def : A  non - singular pwj .  variety X is convex  if H µ :P
'

→ X
,

H
'

( IP
'

,
µ*T× ) =o

,
where Tx :  Tangent sheaf  of X .

Thm2_ : X : pwj .  non - sing .  convex  variety

C i ) 150in ( X
, p ) is a normal projective  variety ( not necessarily Irreducible )

of pure dim ,  = dim Xt fs c. ( Tx ) +  n - 3

lii ) MJ,n ( X
, f ) is locally quot ,  of a  non - sing .  var

. by finite
group

liiil MEN ( Xip ) is a non . sing .

,
fine moduli space ( for  automorphism - free  stable

Detfi The boundary of Man l Xp ) consists  of { l C. { Pit , lull with C reducible .

Maps )

Thm3_ : X :  non . sing .  ipwj.
, convex  variety The boundary of Man ( X.pl is  a

nmormatncxonhgmdiviner up to  a finite gp quot .

↳ D:  effective Cartier divisor D is simple  normal crossing at p if X is reg .
 at p

and I ubd U and localword . Xi .  . . . . ,  Xu ( i.e. It, ...  . .

,
In } forms  a kcpi - basis  of Mplmf )

Sit , Unsupp ( D ) C ( X ,  
. .  - . .  Xn  =  o )

.

,
TL :  e

'  tale 1 smooth of  rel .
dim  to ) and tip 's  =p

D is normal crossing at p if I  I tale  nbd Tl : ( X :p '

) → 1 X. p ) st .

Ti "D is  Snc  at p .

Convention : X ± Pr
,  we  write Mgm ( Pri d ) instead of 15g ,n

1 IPY d[ line ] )

Examples . When p=o ,
Then µ : C → X is a const .  map

⇒ MTMLX ,  ° ) = Man × X

In particular ,  when X= Spt , } ⇒ p=o .
to .n ( lpt . }

,  o ) = 150,  n

• When X contains  no  rational curves ,
NTo.nl X. B) =¢ unless p=o .

• 140,0 ( lpr, 1) = 1611,  r )

. Mo
, ,

( IPY 11 =  tautological line bundle  over 1611 ,  r )
.
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• Natural morphism :

( i ) evaluation map
: Jtfg"  ' { Pih µl ettgin ( X , f) ( 51

,
define Oi  ing ,n ( X.pl  → hx by :

a.  "

puffs
# ×

-

spice
. ×

By thin 1 ⇒ 7- ! evi : 15g ,n
( X

, f) → X sit . Oi  
=  etio  4

Put S = Spee ¢ ⇒  evi : Mgm 1 X
, p ) → X

( ( C , Pin . , pn ,µ1 ] 1→ µ Cpi )

(2) forgetful map
:

-

i Mgm  is a  coarse  moduli space  of h - pointed genus g
Stable Curve ( for  2g - 2  th >  o )

Given C'

Tu X in Mgm ( X.pl ( Sl ⇒ ImorphismS - Mig ,u

P " " "# to"

By universal property of Mgm lkp )
S

⇒

.

4 : Mgm ( X.pl → Agin

Rmk_ : For X : homogeneous ,
Kim - Pandharipande proves  that Man I Xip ) is

in fact irreducible .
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I
, Gwmov - Witten Invariants :

X :

homogeneous  variety i. e. X=G/P
,

where G : linear  algebraic gp P : parabolic  subgp of G

Lemma_1: X is a  nun . sing , pwj , convex  variety

pfi
-

.

'

G
→ X transitivity i. Tx  is generated by global section

.

Then µ*lTx ) is g. b. g.  s , for  any morphism µ :P
'

→ X

i.  e
,

I Ssii . ... , Snl c- P ( IP
'

, µ*T×| sit
, ¥

,
Op , ( Si > → µ*T× →  0

Let

Rieker
( #

,

Qpilsi> → µ*T× )

→  o  → R -

[§ ,

Opi  → µ*T× →  0 induces long exact seq ,  in cohomology

⇒ o→ HIP '

,R ) → H°clP
'

, #
,

Gpi ) → H° ( IP !µ*Tx ) → H
'

( IP
'

,
R )

→ H
'

( IP
'

, Of Opi ) → H 'llP '
, µ*T×1 →  °

Note  that H
'

( IP
'

, Opi ) =o  ⇒ H
'

( IP
'

, µ* -1×1=0

Or
, we can use Gwthendieck  splitting thm  ⇒ µ*T×=Q0pi( dil Then µ*T×  is

g. b. g. s ,  ⇒ Hdi  30  ⇒ till IP
'

, µ*IP' 1=0  a

Properties for homogeneous  variety X :

( l ) X :  non . sing , projective  and wnvex ( lemma 1)

(2) The Chow  theory and topological homology they are  isomorphic

( i.e. A. ( X ) = Ha . ( Xi 7L ) ,
A. ( X ) = H2°( X ; 21.1

13 ) BE Hz l X 's 74 effective class  if p is  represented by some genus 0 pointed stable  map

Then  the effective  classes  of X is  a  wne :

{ ¥
,

Aipi / aie Zzo , Pi
 is

 of  the form L*[IP
'

]
, for some  l :P

'
↳ X |

Notation : ce H°lXiZ ) , Be HKCXIZ ) Spc := deg . k component Ck evaluate  at p

When p= [ V ]
,

V E X :
pure - dimll closed subvav . ,

we denote |vc
Recall from I

, we have evaluation  maps : evi : Mg .n ( X
, f) → X Liu . . . ,  ni

Given r
, , . ... , rn eH°lX, 74 , evitlr , )u .  . . .  uevn*Crn ) c-Holtgnlkp ) , 2 )

Def :  n - pointed , genus  0 Gnmov - Witten  invariant  is defined by :

Iplri ... ... , rn ) = / evflr.lu . . . . . .uevn*lrn ) c- Z
Man lkp )

RMI:c " If ri  are homogeneous , Then Iplri . . . .ru ) to only if [ deglril = dimttoinlkp )

(2) Given permutation resn
, ltg ,n ( X

, pl ( S ) - ttg ,n ( X , pl ( s ) induces  via  ¢
e → x c ex

t

§ Jp, ... . .

, pn
" →

"

§ | Prin
, ... ,

Print
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anautomorphism to ,nlX , f)
9£ l "

⇒ evni ,
=  evi  ° E ( o )

Therefore , Iplrrci , , ... . ,
rrcn , ) =/ evitlrrcnlu . . . . .  uevntlrocml

Man ( X ,p )
.

=/
,y

. .nu , ,µEHYl*( evrinlrruilu . .  . . .ve#n,(rnn.11=/evi*crnu.....uevn*crn ,

150in ( XP )

⇒ Ip ( r ... ...

,
rn ) is Mdep. of  the permutation  of ti 's

.

→ We may write GW in .  as Its ( K . '  . . . .vn ) rather than Iplk .  . . . .

, rn ) .

13 ) 0 - pointed invariant :

When  n=o , We have 0 - pointed GW inv .  only when Miao ( Kf ) is  Zero - dim 'l

By Thm 2 ⇒ dim Xtfsciltx ) =3

If dim X=o ,  then

fscillx
) =o  ⇒ Impossible .

Now ,  if dim X >  0
, ifp=o ,  then IT . ,o

( X ,01=4 l
'

'

'

Every map is const ,

⇒ Every Nred ,  component  is contracted and There  B no  marked pt .  To  stablize  Them )

So
, assume pto , we  need following lemma :

LIZ :
µ : IP

'

+ X non - const  morphism  To a non - sing , pwj .

,
convex  var

.

) Then |µ*[ pi ]
C 1 l Tx ) > 2

.

pf : Consider dµ : Tip '  - µ*Tx -

: Tpi  = Op , (2)  ={ homogeneous poly .
 of deg 2 }

→ We can pick  a generic se H° ( P
'

, Tpi ) sit , scpi ) =  scpz )=o Piipzelp !distinct
.

: µ  is non - const .  i
. dµ  To ⇒ dµ( s ) c- H°( P

'

, µ*T× ) # 0

and dµ  ( s ) vanishes  at least  at p ,  and p >
.

Now , µ*T× = TO Opiki ) die Z If Lj  < 0 for some j ,  then  if

Ljf
-2

H
'

( IP
'

, Opikjl ) to  ⇒ H
'

( IP
'

, µ*Tx ) to  →  * If Lj  = - 1
,  then consider

pi :P
'

# IP
'

Tu X
,

then H
'

C IP
'

,
15*-1×1 to ⇒  *

. Thus
, g- 30 fj

Then  existence  of dµis ) e H°l IP
'

, µ*T× ) to  ⇒  tj sit . Lj 7  2

⇒ |µ*[ py
" lT×l= {

p ,

µ*lc ' 4×11 = {
p

,alµ*T× ) > fp.cilqp.ca 1=2
.

By lemma 2 ⇒ Only possibility is dim 11=1
, |GlTx ) = 2

Hence
,

for homogeneous  variety ,
0 - pointed invariants occur only X - IP

'

⇒ I
,

= 1
, The  unique 0 - pointed invariants
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¥3
: If  nzl

,  then Mo*,n ( Xp ) C 15. ,n
( Xp ) is a dense  open set

pf : If p=o ,  then to .n ( X , 01 to only if  n > 3
.

For  n > 3
, to.nl X ,

o ) = MIN × X Then tT*,n ( X.  o ) =
15*0

.in/X=T4..nxX=Mo.nlX.o) .  ⇒ Mo*inlXioafnsettoiulxdeonlgIf Pto , by thm 3 ⇒ Man l Xipl Fen ttoinlkp )

[ IIP
'

,
{ pi }

,µ1]e Man ( X
, p )

-

: Bto  i. µ  is non - const ,

Let ACPG Llzicl st
. HGEA , g°µ=µ . Then IAI < is

⇒ I Ufpenp
'

sit . U={ xelp
'

I Stabax = Sid }|

Take pi , . . .
.

, pn
'

EU ⇒ ( IP
'

, { pil , µ1 is automorphism - free

⇒ For generic  marked pts { pit EIP
'

,
( IP

'

, Spi
'

} , M B auto - free
open

⇒ M*o.n ( X
, p ) C Man ( Xifl adense

Now
, say IT

.  . . . . ,
Pn : pure dimensional subvav

.
 of X [ Vi ] :  corresponding class

in H
.

( X ; 21 via Poincare'

duality . Then deglri ) = wdimltil

Assume ¥
,

wdin ( Pit = dimly + fscillxl th - 3

Lemma4_i For
.

,n>  o , gi . . ... , gnigenenr element  of G , The scheme  theoretic

intersection ev ,
( Gil ? ) n .  . .  . . .  nevtnlgnpnlis a finite  set of  reduced pts

supported in Man ( X
, p ) , and we have :

Ipcr , ... . . ,rn ) = #ledlgipiln . .
...  rein '

Guth 11 - # I

Pfi If n=o ,
Then I

,
= 1  on IP

'

,
and Miao ( IP

'

,11=1450 ( IP ! 11 = lptil

If  n > 1
.

Can := Gx . ...  . x G X
"

:= Xx . .  . . .×X Then G
"  - X

"

transitive

Then  we have  eviecev, ... ...

, evnlimoinlkp ) - ×
"

Mio.nl X. p )

t_ep1 : abply Kleiman 's  thin  to  ifevP := Mx .  . -
- .  xpn c- Xn

Then  note  that if dimltrxxntt
"  "

( Xipi ) = dim 17+150 ' "CX
, p )  - dimlx

"
1

= dimly "h( X. p ) - §
,

wdimlpi )=o

⇒ I YocpenG
"

sit ,
freh , Ptxxnm

"

"lkp ) is either ¢ or dim 0 .

Steps : Consider M*o.n ( Xip )
C

:= to .nl Xip ) \ MEN ( X , p )
, whose wdim 71

MINN ,p )
'

Apply Kleiman 's  thm  to :

y
P - xn
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Then for Vzfpeu G
"

,

re Va
,  if P°××nM*anlX,p )

'

to ,  then dimlprxxn M×InlX. pit
=dinP+dimMo*n( X. f) cidinlx "

) = dinllyonlkpt ) \ §
,

wdimlpil < o

⇒ prxxu M*om(Xp )°=¢ for  re Vz

Thus
, for lg , ... . ,gn ) e Vinva #of G

"

, I evYl9iPi ) is a o - dim 'l and

Supported in MYTNLX
, B)

Steps : Let Pi
'

:=  sing ( Pi ) :  sing .
locus  of Pi

,

P
'

:= ( Pi 'liI , MYIIX ,p ,

devNext ,  we  apply Kleiman 's  thm  again to P
'

->X
"

, and counting dim ,

⇒ ± V3§n G
"

sit , It,

eiicgipi
'

1=10 or dim < 0 for lgilinye Us .

MF.nlx.plThus
, we may assume IT  are  non - sing , f

St_p4i Finally ,
we  apply Kleiman 's  thm  to P -> ×

" ⇒ If
,

eti I Gil 'i ) is regular

⇒ The  intersection  is a finite  set of  reduced

pts
supp .  in M # ( Kf )

Steps : Observe  that  we have  the fibered product :

n

In eiilgipi )
.

µI.nu/,p1x9iPiI E-cidiev )
> to.nl#.plxX "

Man IX. B )

⇒ [ I. eii
'

( Sipil] =  l*[to .nu/.p)xII.SiPi)=lid.evl*lMo.nlX.plxII,9iPi ]

=lManlX, p ) ] AIFI,ev¥l9iPi) ] in Aolttoinlkp ) )

= Ip ( V
,

... ... .vn ) a

•  Three Basic Properties :

( II p=o ,
Mon ( X ,p ) = Man × X and evi =p: 150in × X - X for  it . , . in .

evilr , )u . . .  .
.  vevnfcrn ) =p

't ( riu .  . . . .  urn )

Ip ( r , ,
...

, rn ) = f p*Cr,u . ...  urn ) = f Nv .  . . . urn

Manx X P*LtTo,n×X ]

For h=o , 1,2 ,
to,n=¢ If  n > 3

,  then dimly. .n
>  0  ⇒ Pxl[ Mian × X ] = 0

Only Case :  n=3 ,
Mo ,n=Spt . }

⇒ I. 1 r
, ,rz ,

r } ) = fxriurzuvs
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III. r ,=1eH°lX )

If BFO ; evicr, ,u. ....ve#Crn)=evz*Crnu.....uevntcrn )

⇒ IWE Hilton . , ( Xipil s.t.eu#Crz)u.....uevn*Crn1=4Fw ,

where ¢
,

: Mian ( X , f) - tfan . i ( Xifl forget  one point

[ 1 Cipii . . .ipniµ1]i- ( ( C , pzi . ... , pn . i. µ ) ]

Ip 1 1. k
... ... , rnl =/ 4 ,*w  = / w

toinlkfl (191*1 [ ttanlkpl ] )
-

; dimly.,u( X
, f) = 3g -3in > dimtto ,n - i=3g - 3 +  in -11

.

'

.
Hi1*( [ Man ( X, fl ] ) =  o

⇒ Ipc 1
, Va

. . .  . . , rn ) =o

If p=o ,
we go back  to case l I )

,
where n=3

⇒ Io ( 1,82 ,
r } ) = fxrzur }

( Ii ) r
,

e HZCXI
, pto,

Then we have :

Ipcr , , . . . . , rnl = lfsri ) . Iplrz . . ... , rn )

Pf : Consider Y : Man ( X ,p ) - X × Man - ilkf ) by Yeev , ×¢ , 4 ,
: forget first  marked

Since X is homogeneous ,
A * ( Xx 15am l Xip ) ) = A * 1 Xl �1� A* ( Many IX. pll

Pt '

Write 4*1 [ itanlxipl ] ) =

fix
[ Minn . , LX , pl ] + d

, p 't Ailx )

proper
L : Some homology class  supported over  a  closed subset  of 15am , LX , p )

Iplr ,
. . " .  rnl = ) evir , u ... ...  u  evn*lrnl = /tixfevjtcrz) u . . ..eu#Crnl/

[ ttoinlkp ) ) 4*1 [ Man ( Xi p ) ] )rixlevitlrz)u . ...
.uevn*krnl ) #f. k ) .|ey*rzu ...  . ueuntrn + frixlevitfrsiuuevnnn'

= %×[
Man

.

,lX,p) ]tL ttointlkp )
°

=Yp,  ri ) .  Iplrz ... ...
rn )

Claim : B' =p .

IP
' C

5-
Mo .nl Xp )

Consider agenenl pt. {s=KC",
{ Pa , , ,pn,µ)|1e15am,

( Xp ) tM×Pt
'

j
tt

Xxss } - Xx  150 ,nulX,p )

j*4*[Tyo.nu/ip1D=4uiptI*j*(Mo.nlX,p )
]=lµiptI*[

C ] fp ,

= px{ s } g§
,

¥
Ntamlkpl

j*4*[M . .nu/ipD=J*lp'xCMo.n..lX.pl ]t£|

=p 'x Is }

⇒ p=p
'
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II. Quantum

Cohomology
:

X : homogeneous  variety Then  the Schubert  classes form  a  natural basis for H*( XIZI

Notation : Fix a basis { To -1
, Ti ...  . . , Tp , Tpei ... ... , Tm } of H

*

( X : 2 )
. - -

H°C× , µ2(× ) additive basis  of  other cohomology

For leiijem ,
we define gij :=|× TIUTJ intersection form  on X W.  v. t .

the  natural basis .
→ This plays  the role  of flat metric  in Fnbenius  mfd

Define (giil = ( gijl
"

Via A*lXxX1=A*X @ A*X AC XXX I X

IR
[ A ]=[ gii

 

Ti  �1� Tj ×

TIUTJ  =

Eg Io ( Ti .
 Tj .

 Tel get  

Tf

¥1 : re HE Xi 7L )
, r

"

:=rU . .  . .  . urn Given  NEIN
,

There  are only finitely many

effective peHz 1 X ; 21 sit . Iplrnl to

pf :

-

: X is homogeneous  var .

i. Be  HZCXJZI
,

⇒ a , ... .  . iap 30  sit . p=§=
,

aipi ,

where pi : effective  classes

By lemma I -2 ⇒ fsicillx ) > 2 Thus
, given NEW , I finitely many effective

Class p sit . fpcillx ) E N
.

Now
,

for Iplr
"

) to
, Then dim MJ,n( X. p ) En . dim X

( Otherwise , dimmoinlkf ) >  n . dim X ⇒ degl top homogeneous  component  of r
"

1 < dimmanlkf ) I

⇒ dim Man ( X
, f) = dim Xtfpciltx ) en - 3 endimx

⇒ fpccltxle ( n - l1dimXt3 - a
 ,

Now , define
"

potential
"

by : §Crl=§,
,
§n÷ Iplr

"

)

Now , Write r=§eriTiBy lemma 15  ⇒ §(r1=IoCYo . " . . , Ym ) becomes  a formal

power Series  In On[CyDi=Q[[ Yo , ... ... Ym ] ] :

Elgon
-  " iYml=n

.
.§nm⇒ § Iplton : Tim

, ... . .
,Thmlko÷ .  -  .  " ¥1

83€
, for  oeiij ,

KEMDefine Ioijk  =

2yi2Yj2Yk
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Cheek : Eijk  =n§o§n÷
.

Iplr
"

. Ti . Tjtkl - it ,

Note : ttf= Fan . , § Ishii .  -

T.hn#E
'

YE .  . . .  . EM

= I [ Iptonott .  . .

Tonmml

#
,

!÷ .  . . .  
Eh =n§z§n÷Iplr" IT . )

shifted / not .  . tnm  22 B

Moby 1

Similar for other  indices  and higher derivative
.

Define 

a
"

quantum product
"

by :  Ti  * Tj  =§g Ioijegetlf
Then  extends * QC C y ] ] - linearly to H*lx ; 21 �1� ZQCCYI] → Allyn - algebra

wmmutativity : Obvious .

-

i # ijk
= Iojik  ⇒ Tj*Ti=§ Ejiegeftf  =§poIijeg

#
Tf

To  is  identity : To * Tj  

=§g Eoje get
 

Tf
By Hh Eoje=n§oEn÷ Ip ( r

"

-1 . Ts
'  - Tel

By property l I ) of GW in .  ⇒ Ip ( V. 1.  Tj  Te ) to  only if p=o , u=o

⇒ Eoje  = Io I 1- Jj . Tel =|×TjUTe=9je
⇒ To *  Tj  =§g 9je9etTf=Ig Sjt

 

Tf  =Tj

Thm4_ :  The quantum product  B associative

1 Ti  *  Tj 1 * Tk = § Eije Jet  

Tf *  Tk =e§ §.
Eije Get  ¥fkc9cdTd

Ti  * 1 Tj  * Tkl = §f¥jke9efTi*Tf=§§d Ejke Set Io
igc

9cdTd

⇒ If Ioije Get # fke
= §g Ejkegefoiife =§g Ejkegefiogie ttl → WDVV eqn

F ( i ,j I kill := §g F- ijegef
 

Iofke Then WDVV ←→ F ( is  jlkil ) =  Fljikl i. l )

By ( * ) ⇒

Flijlkil ) =E ftp.ofpn.TT, Iplr
" '

- Ti . Tj . Te ) get  

Ipz ( r
"  Te . Te .Tfl

eif

Fact : The boundary of IT . ,n
IX. p ) consists  of divisor DCA , B 's Bi , Bz I

iwhere it AUB = { I ... ...  in } : A partition  of { 1. .  . . ,  nl iiil If pi=o ,  Then 11+1>-2

iil Bit PZ  =p i Bi :  effective  classes ( pz=o1 ( 1131321
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DCA , Bifi , fz ) = locus  of  maps µ : ( AU ( B - X Sit ,

(a) C = ( AUCB , CA , CB : qsi - stable  curves  of genous  0 meeting at  a pt .

C b ) The  markingsof AIB lie  on CA 1 CB

Cu ) MA  =µ|cA represents pi µB=µ|↳ represents pz

Generic pt .  of DC As Bits "P2l :

ay ;•. .?y Tu
×

Catlp
'

CB - IP
'

Then D ( Al Bibi , Bz ) = tto
.

Aus . } l X
, Pi )××Mo

,  Bus .
. }

( Xifz )

IT := Man ( X , p ) MA := to
, Aug . } LX , Pi )

, TYB :=  150
, Bug . }

( X
, fz ) Di=D( A. Bjp , ,Bz1

Max IJB := to ,Au{.1(Xifi )×speo¢150
, Bus . 1 ( Xifzl

IT =D

.mu#jMAxMBembieV:=evixnxevnfy

.

lxnm
, g-

fev'i=
 

evaxevpsxev

.  xev
.

€ Xntz
Pnj .

( Xii . ,Xnt ,)i→  ( Xii . . ,  Xntl , Xhtl )
C forget last

factor )

Lemma2_ : Fri . . . . . ,rneH°CX ) 4+02*1 ever ,u . . . .uevn*rn1

=§g get (

ftp.evaxlralev.xltel/xbfTBevb*lrbiev.*lTfl)pfiL*oL*levFriu....uevn*lrnl1=l*od*oev*lkx
"  '  '  . xrn )

=L # ° ( evo  d)
*

( r ,
x. . .  xpn ) =  L *  on

't

op
*

1 rix .  . .  . xrnl

=  E*y* ( rix . ...  xrnx [ X ] )=ev"*  of * ( r ,  x. .  . xrnx [ X ] )=ev'
* ( rix . ...  xrnx [ A ] 1 = If

Jeter
'*( rix "  . xrnxtextfj

=§g get ( IT

ev*alra
) .  

ev.HTellxlffpsevflrbl.eu

.*lTf11
AEA

I
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Now , fix BE Hz ( X ) ri . ... ,
rn  E H

*
( X ) g.  visit  e { ii. . . .nl = distinct

Glqirlsitl :  - [ I Ip

.la#raTe1getIpzbTfBrbTf1BitPz=peif

AH  B={ Ii i.  in }

9.  REA  site B

By lemma 2 ⇒ 619 ,  rlsitl = I evitlr , )u . . . .  

ueuntcrn
)

AHB=

⇐  task '
/
DCA , Blpi , Pal

91  REA
,  Site B

Lemma3_ : For  i. j . K . l c. She . . .in }
, distinct

Dliijlk , l ) = [ D ( A , B ; p , ,pz1 Then D ( iijlkil ) ~ DC iilljck ) as divisors
.

AHB={ ii. in }

Bitpz  =p
iije A

, Kile B

n ¢ j . •
l

# i Mian ( Xip )  + 150in  → Mo .si ,j , he }
=P

'

i . •

K

Note  That Dciijl kill C 150
,n

( X
, p )  is  The preimage  of P ( iij I kill Cto ,s , ;j,k,e }

via ¢°n
( FALI : Convexity ⇒ All components  in  The pre image  appear  w/ multiplicity 11

.

; Pliij 1 kill ~ Pliillj .
KI

.

'

.
Dliijl kill ~ Dl i. lljckl

11

Hence , by lemma 3 ⇒

Glqirlsitl
= f evitlri )  u .  . . .uevn*Crn )

DC girls .tl

= fev,*lr , )u . ....ve#lrnl=G1r.sl9it1~G(9ir/sit1=G1ris1qit1-Cxt)DCr.sl9iT1
Now , apply L** )  to : r[=r for  i=1 , . .  . in -4 rn .z=Ti rn . z=Tj rn . i=TeVn=Te

9=n - 3
, r=n - 2 ,

Sen - 1 ,  ten

Glqirlsitl =

Egf

,=n

(nn[{ ) Ip ,
( r

" '
' 2  Titjlelgef  

Ipa ( rmi2TkTeTf1

pitpz  =p
↳ # of partition  of A  and B which A has  nielemene

( h - 4) !

=§gn§n
,.in#nItPi(M.2TiTjTe1gefIpz(rh2i2TeTeTf

)
B has  nz  element

Pitpz  =p

= " !§gn§m=na # ,
¥ '

( t
"  -2  Tiljlelgef  

Ipa ( rmi2TeTeTf 1

Bitfz  =p

Now
, Glqirlsit ) = Glrislq ,  -11 ⇒
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§fn§m=na # ,
# '

( t
" '2TiTjTel9efIpz(rmi2TeTeTf 1

Bitfz  =p

=e§g§gy;n;g
* ,

¥ '
1 t

" '2TjTtkTelgefIp.
(rmiztitetf ,

→ Sum  over  n  ⇒ Fliijlkill = Fljikliil )
a



Gwmov - Witten Invariants  and Quantum Cohomology I You - Chi Hou 1

Record : Last  Time , we assume  The existence  of  moduli spaces  of Stable  maps

/ and we define GW inv .  and quantum cohomology .

Now
,

We  turn  to prove  the existence  of Ftgmlkp ) and its properties .

ttg ,n ( X
, p ) : { Scheme 11C I - { Set I

S - { isom
. class  of n - pointed , genus g stable  maps  over 51

THMI : I pwj , coarse moduli space Mig .n ( Xp ) for The Moduli fdnctor ttgm ( Kf )

For g=o

;
THMI : X : pwj .  non - sing .  convex  variety

C i ) 150in ( X
, p ) is a normal projective  variety ( not necessarily Irreducible )

of pure dim ,  = dim Xt fs c. ( Tx ) +  n - 3

lii ) Nto,nLX , f ) is locally quot ,  of a  non - sing .  var
. by finite

group
liiil MEN ( Xip ) is a non . sing .

,
fine moduli space ( for  automorphism - free  stable

maps )

For boundary No
,n

( Xip ) \ Mo ,n IX. f ) :

Thm3_ : Man LX
, pl \ Man LX , p ) is a  normal crossing divisor  up to  a finitegp qwot ,

Goal of 2nd talk : Construction  of  The case X= Pr . B=d[ line ] i.  e . Mian ( lpr .
d)

hyperplane
11

idea : To  understand The  image  of C under µ  in lpr
,  we Take a basis  of linear form

To Cut them
,

and record the intersection ( word .  on prj
µlC )

Assume  The  intersection does Not lie  in  special pts f
⇒ We obtain more  non - sing . Marked Pt .

| _µ
, (Note  that µ has degree d ⇒ generically ,

the image  should intersects  the hyper plane p '

at d many points .

→ This becomes  a curve with ntdcrti ) - marked pt .

Fire
Construct such moduli space ( Rigidifi cation )

Second : We change different basis
, and glue 150in UP "id1 from

the  moduli spacesabove
.
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• Rigidification '

'

for  r=o , Mg ,n1p° ,  o ) = ttgin for d=o , Mig ,n ( pr ,  01 = ttginxlpr
For ( gin ,  r

, dl  =  C o ,  o ,  Iii )  ⇒ tfo ,  o ( Pl , 1) = Spec ¢

Assume t >  0 , d > 0
,  ( g.  n  iv. d) ±  loio

.  1  ill :

Let pr =p ( V 1 V*= H°( IPT Opi ( 111 I = Ito , ... . .trl : basis  of V*

Def i A  I - rigid stable family of degree d maps from  h - pointed genus g curves

to lpr consists  of : ( CIS ,
{ Pi } Kian ,

{ 9

iijloeieriejed
, µ )

lit 1C # 5
,

{ piling , µ ) : Stable  maps  to IPR

Cii , ( Ct S
,

{ piling ,
f9i.j}°siEr) : Stable  

ntdcrti
)  . pointed curves  over S

* eq
( Iii 1 µ*Hi ) = 9i ,  + .  - .  . + 9id as  effective Cariter divisor .

Pz 911

Pi  •
•

liii ) ⇒ The family intersects fti=o } transversal ly . •

• B

Emitting.mn?:aYYoIsnaInIIIirImI:aru#EE..
→ No stable 2- pointed genus 0 Curve  → We avoid it

,

C
•

913
Define : ltgnllpr ,

d. I ) :  moduli functor for  isom .  classes

of  I - rigid ,  n - pointed genus g degree d Stable  maps over S

Pwp_ IFquasi . pwj . coarse moduli space ttgin ( Pri d.  El

For
g=o ,

to
,n ( Pr

,
d.  II is fine  moduli space  and non - sing .

Ideas : Datum of  I - rigid stable family ~ S → 15am me  ntrcdtii

Step : Image  of S lies in a  universal luu .  closed sub scheme BC 15am

Steps : Note  That  when S= Spec Q ,  The  image  in B records :

domain curve C , marked pt .
{ pi } ,  and pull - back divisor ( 9iit'  . + 9id ) osier

of hyperplanus I = { to. ... , tr } via µ .

This does NOT enough to  reconstruct µ  → This only determine µ

up to #lr  → Pr diagonally
*

→ Recorded in  The total space  of

¢
- bundle  over B

So
,

this  is the required moduli space .
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pf : ( g=o ) m :=  ntdlrti ) Mo ,m
:  moduli space  

of
genus  0

, in . pointed Stable

Recall :

Thin : ( Deligne . Mumford - Knudsen ) I  Coarse  moduli  space

Mgm
of stable  n - pointed

genus g curve . MJ .n
: pwj . variety of dim 3g - 3tn

, and Mgn Fen Ftg,n

For the  case  of g=o ,  a stable n . pointed curve ( n > 3 ) has no non - Trivial

automorphism →
IT

. in  is  a fine moduli
space  and is a  non - sing .  variety

IT : Jam  → 15am :  Universal family l
'

.

' 15am  is fine )

with sections I Pi : to ,m
- To ,m1i"= ,

{ 9ij : No ,m
- Join }YejErd

.

.

. Jam  is non . sing
i . 9in  it ' . .  - + 9iid as  a divisor  →

Hi
:= 00am (9in. .  - + 9id )

,
oeier

sieH°lUo,m

,Hi
) representing the divisor .

,fr : X → 15am
,

consider Xxatammoim -

Oogm
1 Tx IT

r
X - 15am

Def : r :X - Mam H - balanced  ifmm

( 1 ) ti=i ... ,r , H×1*lT*lHi  �1� Hill is Ioc
,

free

(2) Hit .  . . . ,r , tx*F×)*T*lHixoHo
'

1 -~T*lHioHo
' '

)

Claim_IIBCMo
,m :  Universal locally closed sub scheme sit ,

(a) L : 134150 ,m  is H - balanced

( b ) H H - balanced morphism r :X → 15am factors  thru B uniquely
OB g- Joins

Assume  such B exists first
, Tlpsf' f 'T

let Gi :'-(TB )*
- *

( Ho.  @ Hj
'

)

B 'e > 15am

L .

 . line bundle  on B

→  Ti : Yi  → B ¢* - bundle  associated to Gi Now
, TFGI has  a  tautological

tautological section  → TFGI  is Trivial .

Consider Ti= Ti×BYz×BY } x.  in  ×BYr  with Pi : Y → Yi  T :'( → B

Jy E
> JB € Join

Tlyf FIB f 'T

Y =L BT 15am



4

Claim

:2
: On Jy ,

⇒  canonical isom
.

 I  *

It
Hi  ⇐  

I*i*Ho=
:L for i=i . . "  r

pf :  IE*( Ho.  �1� Hill =I*tp*#B) *  E*lHi @ Ho ) =Iy*t*tTB1*T*( Hi �1� Ho )

T

L  B H - balanced =  Iy*  

I
't

Go.

= IF ltiopi )
*

Gi  =  ty*Pi*Ti*Gi  
-

:  Tibi  B canonically trivial

⇒ I*T*Hi @ Hot is canonically trivial . a

Now , I
 *

I
 *

lsi ) is a section  of L
,

for  i=oi . . .ir

"

i { 9ij } are distinct :
.

So . . ... ,
Sr have  no  common  Zews

Define µ : Jy - Pr as following :

Consider V
*

- HTLI ~ , V×oOoy - L

ti - E*[ *
lsi ) Ti @ fi - fiI*i*Csi )

→ µ : Jy → pr

Claims:(Oy # Y ,
{ piling 19ijl ;?Era , µ ) B a  universal family of  I - rigid

stable Maps  → Jy = ITO ,n ( Pri d.  I )

pf : First ,
notice  that for ye

 Y , C=lJy)y is  a m=  ntdcrti )  - pointed , genus
0 Stable  came  with marked ptsIpilyil , 19ijlY1|

We need to prove  The  stability of the
map

I Tty : Jy → Y
,

{ pit , µ )

Let ECC :  irreducible  component If E  is contracted by µ

i.  e. dimµlEl=o Then none  of 59in lies  on E

Since C is a  M . pointed Stable  ⇒ Each component  must have  Three

special pts and no 19 :jl ⇒ ( C
, IPII , µ ) B stable

,

⇒ ( Oy # y ,

{ pi } , Iqijll B a  I - rigid stable family .

Next , we need to  show : Jy # Y is universal

Pick any th: C → S
. Spit , Hijl ,

v ) :  I - rigid stable family

-

; ITL: E - S
, Ipi } ,

{ 9ijl ) M . pointed genus  0 Stable  curves ,
and 15am represents

The moduli funltor No
,m

⇒ I A :S → to ,m  sit , ( S×ao,mJo,m→S , 5Pi3 , tlijll
a ( C # S

, spit ,
{ 9ijl ) I

EE 5×15
.
,mJo,m  → Jam

Claim

't:X
is

HE

balanced

first
,  recall That : Hi := Ojo ,m

( 9i ,  e. .
. , 9id )Its / 'T

→ lI*Hi , Ilsil ) : line bundle  and its section  on E S # to ,m

and Zltlsil ) =9i ,  +  i.  t9id : effective Cartier divisor  on E
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On  the  other hand ,
u is induced by

:  4 : V* → H°lE , v*( Opw ,
all )

ti - Zi :=4lti )

-

: Tg =L - rigid ⇒ 4*10,pw ,
( i ) , Zil gives the Cartier divisor 9iit .  . t9id

u I
→ I !  isom . I*Hi  = V*Op( will fi=o, , , ,r

MV ) ← E - Jam

so ,
I

*
( Hi @ His

'
) = V*Op( µ ,

= Oe -  ( I ) /Tts / I

⇒  T¥Oe=Os ( This  is proved in below ) S -11
' Mam

So
, X  is Hi - balanced .

By Universal property of 13 ⇒ S #B - 15am
,

and ⇒  canonical

Us
#

* ( x.
 *

Hi @ His
'

) = A*Gi -12 )

⇒  this gives a nowhere vanishing canonical section  of 7*Gi over S

→ s → Yi  → S → Y=  T '×BT2×b"  ' 'Btr
OB

-5
, Jam

→ S×yJy=S×yH×aamJam 1=5×150
,m

0am ± € tpsfto To

B - No ,m
→  This gives  the  universality of Jy - Y l

11

Generalities : IT : C → S flat family of quasi - stable  curves

For Ses ,  we have  

natural
map RiT*Oe @ kcs ) - Hills

, (G) s
)

For  i=o , title �1� Ics ) - Holes , µe) s )

By Cohomology and base change ,
To prove Y°ls ) is isomorphism ,

it suffices to  check  that it  B surjective .

Note that Cs  13 a quasi - stable  curve  ⇒ Cs B connected

⇒ tiles , Klelsl
= Q

,
and T*Oq • Kiss - Holes , be)s ) non - zero

⇒ Tl* Oe * kcs )  → H°lCs ,µe|s )
onto ,

⇒  TL*Ue @ kiss  = PIES , 10e) s )

⇒ I  * De  is locally free

→ Us =  IALOE ) ( Us ->I*Ue since  I  B onto ; TL*Ue @ kls )=H°lEs
,

1 Oelsl
+  NAK  ⇒  onto 1

N : line bundle  on S ⇒ N = N @ Us = N �1� I*0e=I*( 6e•I*N ) =I*I*N
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pf  of claim Ii

If L , M .

 . line bundle  on C
, ⇒ line bundle N

on S at . Lott
'

- I*N

iff ( a ) I* I LDM
"

) is locally free

( b ) I*I* ( Lott 't → [ �1� M
"

is an  isom
.

( ⇒ ) I line bundle N on S st ,
Leet

'
- I*N ⇒ I * I Loni 'j=E*I*N=N

⇒ IT # ( Lott 't Bloc
.

free
.

Tl*I* ( Lott 't = T*I*Tl*N=E*N =L @ Mil

( ⇐ ) Set N = I*( LDM
"

) ( a)  ⇒ N is a line bundle  on S

( b ) ⇒ H*N=I*E*KoM
"

) a cart
'

.

Def : Ls : line bundle  on  the geometni fiber Es of  T Cs  = UTi
i

multi degree  of Ls
:=

( deg 1 Lslyilli

Claim 1  is established via  the following lemma :

Ld : L
,

M : line bundle  on C st .  multideg ( Us ) =  multiday .
( Ls ) on each

geom . fiber Cs
,

then I !  closed sub schemeTo
5 sit

,

l It IN : lib ,  on T s.t.LT/oltf~TL*N
.

( I ) If R - S and N : lib
.  on R at . LR @ MRY = 'T*N

,  then %¥
proof  of lemma  is postponed to  the third talk

.

Now
,

for claim 1
, we need to first restart to  an  open

sub scheme

of 15am sit . µ*ti  intersects C transversal ly
Then apply lemma 1  ⇒ We  obtain our required B

.
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• Construction  of 15am ( P ! d) :

Given µ :C → Pr pointed stable  map , it may not rigid for  a given
basis  I of V¥H°lPr , Qpr ( 111

However , by Bertini 's  thm ( That hyperplane  intersection  avoid nodes  and

marked pts ,
also  intersects  transversal yl , µ  is rigid in some basis  I '

Ideas : Construct than ( Pri d) by gluemg quote  of to ,n ( lpridi  It for different I

MTI ) := 150in ( lpr , d.  II
,

and ( U → HTII
,

{ pi3 ,
19 ijl , µ ) ' . Universal family

of  E - rigid genus 0 stable maps
G = Gd

,  r :=Sd×=×Sd Sd : iymmlthh of d letters

rti - copies
Then given re G ,

it :U - MTI )
,

{ pil ,
{ 9ii ocjl }

, µ1 B also  a  E.  rigid

family over MLEI By universal property ⇒ r
'

' tltl → ttltl

Thus , G → NTLE ) .

i.
.

Mti ) : quasi . pvoj . G : finite  ⇒ IJIIYG : quasi - pwj .

Now ,
for  I= Ito , tie . . . , trl .

 I '= { to
' ,ti

, ... , til :  two bases  of V*

to , , .r Di := Z ( µ*ti 't :  associated divisor  of µ*ti
'

= 9kt . .  - t 9 'id

Then  we  already have  The universal family : Di  <

Up Tu
' Pt

I

Then consider ttltltrc MCI ) : maximal open  
subschemettlt )

sit . RDi1µLE )
⇒

tfi ,  i.  e ,  I : Di - ttltltr  B smooth of  rel , dim 0 =e' tale

ITHTE '
) c ttltltr :  maximal open  sub scheme  sit . Ipi } and Di are disjoint

→ ttltit 't is G- ihv .

,  we  can  consider MTTIE
'

) / G
r

E := IT (Dixiytt, #
× .  .  .  .  ' '

at ,EyDi' Al
i=o -d- copies

→ E carries  a GXG - action andEIG= IT II. I
'

1

Pwp4_ : I canonical isom
.

TYIIII 's 16 = ITLEIEIIG .

pfi We have natural morphism E ±ITIEIE 't
,

and the fiber  of Y over

( C
, Spi } , { 9iijl , µ ) is { 9 ijloseijzrg → E -4>15It

'

1 4 is G - equiv . for

G- action  on E ( permuting
.

the product  and

Di
) and 39 'ijl - permutation G- action

4

on ITII 's →
E - Mti 's by construction41

/
Mitt

'

't ,
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⇒ Milt ,I
'

) = E/G

F-
IT LI 'iI1/G Note  that F is G - equiv .

( resp . permutation

of { 9ijl ) ⇒ IT II. E 'l/G = EIGXG F- NTHIEIIG .

The  inverse  is done by exchanging I and I
'

in above  construction
.

aGyger:

lttltlIGIE : basis  of V*

Fee , : IT II. t
'

) 1Gt MTE
'

,  I 116 ( wuyde  condition )glue
ttanllpridl→
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• Addendum for Rigidification
'

'

Reed : Last  time , for  I : basis  of V*=H°llPr , 0411
,

in  The construction  of

moduli space  of  I - rigid stable  maps

150in
( Pri d.  I )

, we  need the concept

of H - balanced map
: M :=  ntdcrtil IT : Join  → NTO

,m  with sections

{ pilin. , , Iolijloaier , Iejed Hi := Ojo
.m

( 9ilt . . .t9id ) i=o
.  . . . . ,

r

r : X - 19am H - balanced if Xx
,5o,m

Join T
> Join

(a) Hite .
.

, .ru#lT*lHi �1� His 'll Ioc .
free fax / I

( b ) fit . . . .ir , # *Flx1*lF*lHioHo 'll.÷T*tHi0HYl× ✓
> no ,m

canonical

We  state  the following claim :# I:7BC tto ,m
: locally closed sub scheme

sit . ( al l : B 415am  B H - balanced

( b ) HH - balanced morphism r : X - No ,m ,

×

¥3,150
'm

Now ,
for TL : C → S : family of pre stable  curve  over S

( i.  e. IT  is flat
, pwj .  and Cs :  connected ,  cpx nodal curve  with Palc ) =g )

→ Os = IT * Ue canonically .

V N :L ,b .  on S
,

N = NDOS = N �1� I*0e=I*( 6e•I*N ) =I*I*N

Suppose LIM : bib ,  on E
,

Then I N :L . b.  on S sit .
Lott

'

- t*N

iff  ( it I* I LDM
"

) is Ioc . free

(2) T*T* 1 Laity =L @ M
. '

Def : Is : lib
.  on  the geom .

fiber E s of IT
, multideg 1 Ls ) = 1 deg 1 Lsl E) leigfrempdcs

The claim  is established by The following prop
:

Pap :L
, M : b. b.  on

E s .t , multideg .
l Ls ) =  multiday .

L Ms ]
,

then I ! Tossed S

sit ' ( I ) I lib
,

N on T sit . LT @ Mf=F*N
l I ) (

Rt→
s

, k ) = ,Tygetf,
,  : lib

. on R sit .
F*L

,,oF*tt
'

-

Ir*k
'

then R - S R - s ILL @ it 't

bid
ff : It

suffices
to prove for L : lib

.  on E with multideglls 1=0
,

Hse S

) Then I ! Tfojed S set . C Il I lib
. N on T sit . LT =TL*N

l Ill R f-S
any morphism  sit , I b. b

. K on R and kp*K - F*L ,  then Rt¥
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first ,  the uniqueness  of  T follows from  The Universal property ( I )

Now ,  suppose  7- open  wvenng { Vil of S sit .  the prop holds for  each Vi

Then  we  obtain a  closed sub scheme Ti  C Vi .

'

On Vinvj , Tin ( Vinvjl and Tjn ( Vin Vjl satisfy the pwp ,

for Vinvj
By uniqueness  ⇒ Tin ( Vinvjl =

'

ljnlvinvj )

Thus , I Tossed S sit . Tn Vi  
= Ti

.

Now
, assume S is affine ,

S= Specht Aifg .

�1� - Alge ,

TL : E → S= Spec A

prod
,

flat

It  suffices  to prove  that fse S
,  closed pt .  7- nbd of  s sit .  the pwp holds

Recall inThe proof  of cohomology and base  change , we have  a finite

cpx
L° off.g .

A - mod , sit .

L°
 

' 
- A - flat

,
L

k free for K > 1

gives TL*L universally
.

i
 

.

'

is A . flat ⇒

L°
B loc

,
free  ⇒ Restriction  to Some hbd of  s

,

We  may assume L
.

are finite free A - mod
.

°  → it , [
'

→ L2→ .  . .
.  → L

' I l°→M→o
,  where M - wkerltol )

⇒ L' *
a

B
# CDAB → MQAB →  0

.
H 13 : A - age .

¢B
→  o  → Home ( MDAB , B) → L°×0AB → Ll DAB

Specbxse # E
Thus , TUB I ya lTBI*lF*L ) 1 Spec B) =H°( specbxse , F*L )

SpecBf→SpecA
=tl°l specbxsc ,

L @ B) =h°CL°&B)=ker1dB )

=HomB ( MQABIB ) = Homa ( Mi B)

Now ,
let F = { se Sl Ls = Oesl .

Then Ls  is trivial iff
dimtiles , Ls ) > 1  and dim Holes ,

Lst ) > 1
,

l
'

: Cs cpxpwj .
 ⇒ complete )

By.

Semiwnti .  thm
, F  B closed

.

For
YIF

,  take T=$
.

→ It  remains  to prove
: Hse

F
,

closed Pt , I  nbd of s sit . pwp holds

If SEF
,

closed pt .
 then since  mukdeg ( Ls ) =o

,
Ls = Oes #

dimas ,

tiles , Ls ) -1
,

Thus , Kdmkcs, Holes , Is ) =dimµl
,

MBAKCS , ) = dinks ,
Mslmsms

By Nakayama lemma ⇒ ⇒ re Ms sit , Ms = As < r >

⇒ I  nbd U of s sit , MTUI = Oulr >
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Restriction  to  this nbd U
, we may assume M=A/I

, where Ie A .

T '= Speclttttlfseds E×sT' T GTlpif

SpedAtH=T'c- s

( TLti1*lT*L ) 1 T
'

) =Homa ( AII
, AII ) a At ⇒ (TT 'l*lI*L ) = OT '

⇒ HTy*lT×L ) free
.

A

Now
,

consider  The natural homo
. FLT'j*lIt , )* ( T*L ) - J*L

on ET '

.

: both sides are loc .
free  of  rk 1

,  Then AzB Isom .
forZE Ee '

iff 7/2  is onto  iff [ FLIIHIT ' )
* 1 T*L1z ] @ ozkczl → 4*

Llzxoozekcz ) B onto

For SET
'

, closed pt ,

Es → ET '

is
C

Is f fty 'ft
Ss } 4 T

'-c> S

'  

; Holt
'

, ITT'l*I*L ) = Homa ( AII , AIII → Homa ( AII , Alms )=H°lEs , Ls )

and Is  is  trivial ⇒ Az  B isom .  at ZEES

On  the  other hand .

Z = {

ZEET
/ Az  is not iso

. } = supplkertdwsupplwkerlj

used ET ' and ZnEs=¢ K SET
'

.

.

: CTT 'S pwj .

 ⇒
proper

:
.

Irl B a closed subset of S ,

not containing s
, ⇒ ⇒  affine  nbd V of S st . Vn I 121 =¢

Restriction  to V , may assume MEAII ,
and define T= Spec ( ALI )

Then ( I ) is satisfied for T . f
For II )

,
for any R f- s sit ,

R - S is local condition

on R
. May assume Respects JTV

, for some A- alge .
B

.
Also ,

we  may also assume KB Trivial on 2
.

Then

ftp.fgfa
F*L=tr*0z± Oer and lTr1*F*L=HR)*Oq - Or

R -

Hence
,

B= Homa I AIIIB ) ⇒ I. 13=0 Thus
, AT B

is /

Spec B - Specht AII
→

s ,
Spec CAIIJ

"
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• Addendum for Gluemg :

MTI ) := 150in ( lpr , d.  II
,

and ( U → HTII
,

{ pi3 ,
19 ijl , µ ) ' . Universal family

of  E - rigid genus 0 stable masp
G = Gd ,r :=Sd×=×Sd Sd : iymmlthh of d letters

rti - copies
Then given re G ,

it :U - MTI )
,

{ pil ,
{ 9ii ocjl }

, µ1 B also  a  E.  rigid

family over MLII By universal property ⇒ r
'

' IJHT → ttltl

Thus , G → Mitt ) .

i.
.

Mti ) : quasi . pvoj . G : finite  ⇒ IJIEYG : quasi - pwj .

Now ,
for  I= Ito , tie . . . , trl .

 I '={ to
' ,ti

, ... ,
ti 1 :  two bases  of V*

Die Zlµ*ti 't :  associated divisor  of µ*ti
'

- 9kt . .  - + 9 'id .
for i=o . .  . . .  r

Then  we  already have  The universal family : Di  C Y Tu
' Pt

The d

MTEI

Then consider MTI )trcM ( I ) : maximal open  sub scheme sit . RDi1µLE )
⇒

Fi ,  i.  e ,  I : Di - ttltltr  B smooth of  rel , dim 0 = Etoile

ITHTE '
) c ttltltr :  maximal open  sub scheme  sit . lpi } and Di are disjoint

Then  oe G
,

r acts  on MIEI by permuting The pts  of  intersection  of

hyper planes  ⇒ Mti ,E' 1 is G- in .

Thus
,  we may speak  of IT III I 'll G to be  the quoti .

Let E := IT
.

( Dixnueu ,
× '  .  . ×

Act ,Ey
Di ' A )

.
 pies

Then by construction ,
E → ttltit 't is e  tale

, pwj .
Also

,
the fiber of {

over ( C
, { pi } , S9ijl , µ ) is  The set 59 'ijl of pts  mapped by µ  to { ti

'

- 01

⇒ E → NTIIIET : quasi . finite .
Therefore ,

E → MLEIE 't B a finite ,e' tale
.

Also , EIG a ITHTE 't ⇒ Regard E as dealer Galois  cover of MEET

with Galois gp G.  and E : a t
'

. rigid stable family
→ E → MTE 's

Prof : 7- canonical Rom .
NTIEIE 't 16 = NTLI '

.tl/G

pf : Note  That E → Mitt 's is G - equiv . for Galois G- action  on E

and 19 'ij ] permutation G - action  on MTE '
)
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Also
, by construction ,

E - Milt 't ⇒ MTIII
'

1 - Ekaalois 4-NTHTIHG

* title
: 4 B G - inv . for I9ij } - permutation  ⇒ NTIEIITIG - MTE

'

.tl/G

Exchange  the role of  I and I
'

⇒ We  obtain the inverse map a

→ E =  moduli space  of  Ii  E
'

- rigid stable  map

Patching : { ITIEIIGIE : basis  of V*

Fee ' : MTI .tt/G~-MltiEl1G

- Man ( Prod )

glweing a

Rmk_I
: No ,n ( Pri d ) is ( 1 ) of finite  type  over IC

( z , separated and proper
(3) projective .

Rmk2_ : When g=o ,
MTI ) :  non . sing , quasi - pwj . bar .

- , NTCIPYD ) : locally a quot . of  non -

sing ,  var
. by finite gp

Lemma_ :} e MTTI sit , Gd .r
- action  is not free

,
then } corresponds

To  a Stable  map with non - Trivial automorphism .

Note  That :

Gd .r

-
MTEI

-

: MTEI B fire ⇒ Gdr - U → MTFI

by Bom .  on  The stable maps  over MTEI
.

Iftr ⇐1 sit
,

r . } = } . Say as = [ C
, Spi } , 19in , µ ] e- NTLII

Then r induces f : C → C Then F is non - Trivial on The marked

pts § 9ijl .
 ⇒ C has non - trivial auto .  a
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• Construction  of Man ( X ,p ) i

Recall : For X : pnj ,  var
,

we have :

-hmt_ : I pwj ,  coarse  moduli space ttginlkp )

-
:X

pwj , fix  an  imbedding Li X 4 lpr Let Lx ( B) =D [ line ]

Lemmoi : I  closed subscheme Mig,n ( Xip ,
El C Mg ,n ( Pri d. II st .

for

It:[ → S
, { pit , s9ij1 , µ ) ' - E- rigid Stable family of genus g , n - pointed

degree d maps  to pr ,
Then S - ttgin ( Pri di  El iff e # pr

) ✓
µ ) if

Mgm ( KAEI X

and fses ,
µ*[ Es ] =p e Hzlx ; 21

pfi For g=o ,
( TM :U→M- an ( Pri dit ) , { Pit ,

{ 9ijl , µ ) :  universal family
over to ,n ( lprid

,  I )

U -µ
, lpr For k >  o , µ*0|pr( 14 is an Ioc

.
free sheaf  on U

ImfMan ( lpridit ) Claimi On genus  o curve
,  any v. b. g. b. g.  s has  no higher

W homology .

pfi For C = IP
'

,
E :  v. b.  on IP

'  
⇒ Et OfOC mi ) Miez

-  

: E  is g. b. g.  s ,
i. tmi 30 ⇒ Hiclp '

, El =o for  i >  0 .

Now ,
for C=  tree  of IP

'  '

s .
We prove by induction  on  irred

.  wmp .  of IP
'

:

C = Ciucz ji : C-i4C, we have :  o→ Oc → lj,

)*Oc ,toljzl,+Ocz→j*Op→0Ci=1P
' C in Cz=Sp } j : Sp } 4 C

→ o→ E → ji¥lc.DE#4*OczxoE-sj*OpxoE-
°

For  i > I
,

Hi ' '
( C.

jx6poE1-HitlC.jxlOpojxE11-Hitlsp3.OpxoFEl-olByGrothendieckvanishing1HilC.lj.xOc.dElojzxOcz@E1.H
'

( IP
'

, Opi  �1� JIE 1=0 for 1<=1.2

⇒ Hilc
, El =o for i > 1

Now
,

Plc , 4iI*0cPEtDPlc
, 4-21*040# → Plc , j*OpxoE|

⇒ Hllcie ) =o
,

Also
, LTLM ) * ( µ*O|prlkilp-H°lU , µ*O|pr( klxokcpy

By cohomology and base  change , FKM) * ( µ*U|pr( kit B a  v. b.  with fiber

Holes
, µ*Qpfkl )
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Now
,

let Ix :  ideal sheaf  of X To lpr Ix = kerll
#

: Qpr - 4+0×1

→  0  → Ix → 0 #→  o*O× By Serre 's thm
,

take l > >  0 sit
,

Ixlll is g. b. g. s ,  ⇒ 0  → Ixlll → Uprlll Then global section  of Ixll )

gives global section  of them )*µ*Oprllll , say si . ... , Sr

2=215,1
n . . . . .  n Zlsrl ( Scheme - theoretic  intersection )

→ 2<150
,n ( Pri d.  It and tilltyjyz ,

:  Ti 'µlZ1 - lpr

-

: Z is of finite  type  over ¢
\X€

.

'

.

Z is quasi - cpt ,

⇒ 2=2 UZZU . . .
UZR Zi :  connected Components

Then since for each i
, pts in Zi represent the same homlogy class

Zp = Union  of  The components  of Z consisting of  maps  representing

pe Hzlx ; k )
.

Take than 1 X
, pi  It = Zp a

Clearly , to ,nlX , pitl is G- ihv ,  ⇒ We  can form MINCX ,p ,  E) IG
Then patching as X= Pr Case  ~ We  obtain a  closed

Sub scheme 150 ,n
LX

, plc 150in ( Pri d)

Now
,

for different choices  of Lil
'

:X - Pr

Universal property of than ( X. p ) ⇒ They coincide .

Rm_k : Pwjeutihity of Mtanlx ,p ) follows from pwj . of ttoinllpr
, .




