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T, Moduli Spaces of  Stable Mays

1, Moduli of Stoble Cuvves:
a) Mg= Moduli space v{: ijautidb nm-smé. MLy C-J' j"““(’ g evev C mod. auto.
~ quasi- pwyestive algebraic voviety wih dim Hg = 34-3( §22)

Cructal fact: When g=o, C=P' AutlC) =Pal(2i €) te. Msbius tramsf.
When g=1, C= C/IN Then Aut(C) tewtads e translation Ze— 2+ a4

Onla when 329- [AutlC) | < oo

~ Hg erisTs ml-j whan 422 and it 3 an a.lsz. var. with  evbihild vy .
.lmdn

Ly Mﬂ'“ : moduli Space -f- Py ey Cuvees C -F Jenus g with  n distmee
wmavked pt. [’h---'»rnéc
~ quasi- Prjective vor.  wkh dw Mg,u = 24 -3+n

For geo. Mgin axicts if #23. g=l. Mgw exkns 7 nzl.

{fovmally
a2, Mg = FCP, oinmi] Mo = P'N Jounwe]  smpday an Lo cpr anabyelanly
c) Uompactifreation u-{'\ Ha.n : e mdh anrdhmatic Jous 4

] quasi-  genus 4 NS
M' A xable n—?m\n‘ud turve 2 a PRy tommectnd nedal wuinie wite n distma
non-shg. marked pt. i pa o G If Wutl G Ifid] [ <oor we say C R stable

~  Cwaidor PeAue (C, TR Taking  novmalization E’,—-"-»C , P lifts um‘qullj to
TeAut (T, 193) [ whore T=Thn . % are Non-gig.)  ond F fives imad. vomp.
> § presenving sfw'ml pto = preimage f smqalar prs and  macked pt,
Thus, the S'tﬂLL'n\f-cj ondition @n ke  refvmalate Mto :
LG g} ig Stable ;f{ L eacn gomus 0 Urmpansus o C has at least 2 spacial
jmus 1 uwrnm-t o‘F C has at (ease 4 ir::.:
pts

) o, ~j
S: a]az. schems over € A -famlua 4 (quasi-iStable ovar S i o mephiem T: C — S

with fpi: §—> C| istoom. digchur sectim] 1, YeeS, }ucfe{,{?itnl) ore ?—cu:‘li;,)mms

Thw : LDu\"-ju- Mumbord - Knudsen) 3 coarse moduli Speecs ﬁg,n sf Stable n-poinrted
qonus 4 Cuwe . Myn: pn). uowiety of dim 35-3+n, and Msn S Fon
Note that in e ase of 3=o, a stable p-povted cuwe (W23) has wo
non-tvivial automsighism ~> Muw is o fme modult Staw and s a “m-cmg. Wuriq,fqg
In the gomus 0 cosey o n-pavted Stolde covve B Just o tme of P catisfymg
stakility venditien. (Abr"(\n'wfcd. Compprexts dre @ithor dligjot o interedls framsvesaly at o t)



ga, Mg = Mo,y =yt H..4=1Pl The ~+hrer added pts ore m.rmmui by :

by 13 s

4
. . l 2 2

4 | 4

* Boundary of Mo : ALB=J1,nl: A partiin of n with Al 1®] 22
~ A dwizer DCAIRY. A Joment pt. of DLAIB) i r,_Pymtgul bg i

/A\

We use 0. fwite set A <o label the warked pt- fv B A |BI?3)
We have a ""M‘,ct points m:wph.m t Moy — oz

On Moa , this 2 obuisus, Howewsr, wm e looumalo.ng Mo, 4 Mo, A, the
exiztene of thig morphism mot trivlal  swee Temonhq Soms pro MAY WMakl o Lwpeems
unstable ~»  Such (ompoment wust be wllapsed. 4

eg. Mug — iy /& /
t s 1

_— s
]

Vsigkal e fuenl we hawe : M, ?—'ﬁo.giljuk,l.\ Then P(‘n-,'lk.n=_s><léﬂ..fg.r.u
q—l(P(“njlhl\] 3 a J\IVEW on ﬁnm jeA
Bact @ &7 CPGj LEL)) = 27 DUAIRY over all parricion Al B=Siund w-ﬂnk ;_e.g

S Mo.i\, k) "lP and v lP‘ Gny two PoM'fS are \mwhj o_q'ulv (Hartchere
T.bioAd)

4

= The three loundowy powt m V\o.i\.J\k.l\ are \mearly equi,
= Thew premae  are \\vmwhj 2wy,
T\nus, we hove:

> D(AIB) = 2 DC(AIR) = 2° DULAIR) i A'(Maa) —te
\IJ‘A ?.kGA l‘u'-‘A
k&l Julen Jike@

RBwmk: Eeel prves that D(AIRy gewer ates e Chw g -boﬂbmr with
N and  DLAIB): DLAIRY =0 & there are m  Mclusim amma AR AR
~ Giws « Wf\tu Set vf relations,



2. Stable Haps‘
Dad X: wa-ovg. paj var. Pe Ha (XiZ)  S: alge. Schowe ouer €
(U A family of maps over S Fom n-pewrad qenus g cuvas +s X tweists of
@) T: C — S vith Sectims SPe-sfal 2 o famly of quasi- Stable Cuve over S
Co) A mogphism C —X. )
(2) Two families of maps ovar S: LCS8.5pd.p) . (CT=S, it )
Gre tsum, Tf 3T7:0 = C,l T
(Y (C, 5ped ,p) i maps fom & mepoivred , quasi- stable cune to X
Aufomoyrwusm o the maps @ T:C =20 sto po T=p fi=TD
We say (C.Spis, p) tepresents B 3§ e ([C]) =p & Ho (X 2)
We soy ECC & oomtravted by p if E is mapped 0 o gt by p
M_: (Colpdip) B stable i 7t satiches e -&“nw:"\’ equiv.  Landittan
tyy (Aut (C, 53, pl| <o
Q1) 'H‘ EcC: ived, usw[rmt vewtracted loy B, thaey (E, {s‘m\o.l fis on EH i a
Stable curve Cie. If E=®'/faB)=l, E has at least 3/1 special qts)
G T 3 on uastable compwent B vtmacted by p Then Aat (E: 3special pt oquu'
Thea extends these Qutomovphisws o whela C by settivg identiey o other  LAwpenmt
TUE R sent 4o a gt 0 TheSe utommphionn cwwstes w/ B —x—
Giy 30t Suppse if We have an wastable iwed, wmponent £, thon £ muse mor be
wtracted by n (def.) d e Aut(Cilpad p) E'=¢(F) plerodle = ple
X w My H'“j assune Y= 1PN pe E— PPN nw-tenst.
'S dmE=1, Eirved. > ulE] hos at most dwl, wred. ¥ dmplE)=0, E is contracted by (1
T dimPLEN =1 then "0 Y pe KIEL KU i¢ pupor closod subsst of £ = plp i fues (i
Ase, p:E— P & prjective > poig fiiee Thershee, p R pegerd
beanched  ovsr on p (Bl 2 Such blp muct be  fimite.
©) A fomily of maps (T:C—S . {13, p) B stable f VseS, the g
(Cs,[1uusml) — X R stable,
We debe o moduli fumctor Egm (anlz (C-alaz. scheme ) — (Set) Iy
A_A,jm (X,f)(S) = § Ieom classes of Familes .-f Sooble map rf n-rmhn.f  genus 4
Lurees wav S v X fe pracanting e dass f’\

Wby
Likar



Thml: 3 prijectve  warse wadwli space Hygn UG B)

be. Mg ¥ 8) B & Schawe with Naturml fransf. ¢ Mg (2,81 — By )
ste 01 & (Spec €1: Mgun (X(B) LSpac € = Hom [Spec €, Mgin (X))
(2) 7:scheme \\"MJ.,\ Ly, P]—-»hl , then 3! v: ﬁa.n({.})—' Z ST,

v Vob Cdhoee ¥ihg o p—— hz defued by foref ]

Mj.,(.)h}) < M‘j.nUQP) au-tome\usm--?ru. Stable maps

M3 O B) = Fgn (G O Mg (X B)

Now: wa focus on <he case of weduli gpace of gowus D, n-poiitad ctalble carves
014. A non—smgm\ox proj. voriery X % wnvex f Y op P — X,

HOPY b1y =0 , Whore Ty Tangent sweaf f X.

Thmd: X: proj non-€iAg. Lonwsy uoriety

Giy ﬁo.n LX.PJ i & pirmal ?w‘jzct'\va vartety tnst nacesSavily wraducible]

of purs dim = dim ¥+ _[Fc (Te) + -3

Lty Mo.nL\( By s \ut.a-\\j quot. of o non- s.-«; v, LU Liniea Jooap

Ltin V\o.n (.X.@) IS R nen-6ing. , dive  modauli spoce (for a\ﬁtomnrfhsm-"(‘rn.z Stakle
Redi The lovundony £ Mo (X,p) umsists of FLCEPR P widh C radusile. mage]
Thm3: 3(‘-th-$\"\3. -P"j- ) tivvex vavdety  The bounabmj ol Uo,n LX,}) S a
M&LWW up to a fuares 3p quot.

S D oflectwe Cartier dwisor O g Simple normal Crossing ot {: X R (eq. at p

ond 3 wbd U ond loed el Xioooooy X Cues 1K jeeen Tad fooms a ‘ch basis of w,/m, )
st UI\SMPPLD) C (¥ Kpg=0}. £ta|¢ (Smovth of rel. dim =0) aund 'y =p

D s pormal c,rosshﬂ at p f 3 e,‘ftﬂe.,u\,‘ T (X r)—* (X, f) T,

'l'L D is sne at (2
(avuention = X =IP*, we write Pgun UP°d) Tastead of Mg LI dLtinal)
Exomple - When p=o ,then p: C— X 2 o tmst. map @ MewWio) = How 2 X
In rmt'ucqlar, wheu )(=§r't-§ = p=o. ﬁ..n “rf-fl o) & ﬁm'\
* When X tomtans o ratisnal cuwes , Mon LYLR) =4 unless g=c.
¢ How (P, 1) = G131

Mo Lpt 1y = Tau-tnl-g‘uml Ime  bundle ovor G 21y,



* Noctueal Mnrek\m : c
€1 evaluating m': ‘3:( é"- i, k) e ‘Ig‘" LXIP) (S}, defme B; ¢ Ejm (Y,F\ — hy bﬂ ;

¢ X rL M
Ph...f,.’(l,‘lr ® _— S —_— C—' x
S

By thw L= 2levi: My (X,p) — X st 8i=eVio ¢

fut S=Spee € 2 v Mg (X p) — X
CLC, P pasptl ] = BCPQ)

(2) ‘ﬁr\'ﬁrﬁ@ul Mar: ﬁ;.n % a oarse moduli spaw ”f h-pm\auol qenus 4
Gtable awe ( for 39-2¢n 1,,)

Gven ,C = X i Mgum (X,p1(S) = 3 morghism § — ﬁ,,.ﬂ

I’-‘....k-( LS‘"- 35 unirersal - pwparty s} ﬁgm (X )
= K ﬁam x.py — ﬁg.n

Buk: Foe X homogonsous , Lim = Pondbavipande. povas St Mo L) 2
M fact rreducible.



I, Gromw - Wittan Tnnvaviants :
X‘humJ,,uus voriety V.o, X=G/|’,whm. @ \imear o\,\jp.lrrmz. a¢ P: Pam.\:u\?c subgp "F G
Lommat X is a non- s\\n.g. pvo:), wvex, variety
.f;f..‘ e X -trms'vﬂvdj A VY ﬂwmd by g\oloul sattim.
Then w0k} s 4435 for any w.mfhlsvn e P — ¥
e 3 s sa) e TR PETx) s, e-aw,<sn—- Pty — @
Les ’R:=l:m(€9(9,,<57———’rTx] '
~ o— R — @ UP‘ — M -(x —0  Mduces lonﬂ exact 629 WM Ul‘““""a‘i
9 oo HCP, 'm — HCP, eB Op) = H (P ¥ Tx) — u' (P, R)
5 U, ® Opr) — Hp, bt P —
Note Ahar H'(P, Op) =0 o H (P, p*Tx) =2
Or, we (an wse Grotueadieck Splrttl\nﬁ tm = Py = DO, (di) Then wETx s
3-bg.5. = Ydize HICP, P = o
in-ﬁbs v hovn-ﬂe,uaoq.s vavieny X :
CO X: pn-sig, pojective and  tmver Clomma L)
(2) The Chow theow and toprlogical humilogy theow) are  Zomorphic
e, A(X) = HalX5Z), A'(X) = HT(X:Z))
(3) peHalXiZ) eddevtive class r{ip i vepresented bj Come gemss D Po\hud Stable map
Then the oMective clagsses of X is o tne:
iZap | dieZy, pite of te fonn LlP'), fv some 1P X ]
Notatiog: C-GH (X:Z) . pes He (X5 Z) j c: dﬂa t (owpnent Cp Qualuate ot f
Whon p=LV], V &¥: pure - dim'L closed subvar. , we demere Jvc
Rotall fewm I, we have evaluation maps : €v;° ﬁjm (X,f) —s X Lizte, n!
Given Y,...., Yo e H'(X, 1), eVl (70) U - vev, () e H.(ﬁj.n (Np)Z)
Dz%.i V\—roMTLJ.ﬂmus 0 lemov-W?'H'bn invartant 2 delived bg"
TLitne.... yYad = ) e iryu.. . vevilta) & Z

Rmk: o I ¥, are hsmoﬁemaus ) then I§(Y( Ya) ko owby if zalzg(Y')- dim Hon (X, 1)
() Grusn permutation ¢ S, M,;,.. LX,P) () — M-gm (X,H (S) induse via ¢

C—))( C———o)(



= 3 Le)
on Qll'h’mrrhisw\ Mo.H[XIP)g < = €Vgy = eVy ° > (o)

The,wfuu.n IP ety oer.., Tem ] = ev*[ Tyl v-.... 3] e,v.f(rm,)
" Haoen (%)
S eor) (eve, (feen)u.. . .. U o_vﬂ.\,(\’ﬂm]] J evitro....v vy,
Mo (Y, ) ﬁ..utx.pl
? Tplrie, Ta) B wdep n‘f the perwmutation of Yi's.

~ We may Write GW wmv. as Ig[n “Yn) mther han I(.,(r......,y,.\,

(31 p -ponted Mmvadawr:

When n-o, we hays o-pottad GW imy. only  when Moo LN P) is zew-dim'L
BIJ Thm = d.mS(+fc.(Tx; = 3

I-F din X =0 , then jp C(LTx) =0 = ImP-:len

Now, if dw¥X2o0, if p=o . then H,, (X, 0)=¢ U/ Evew Map R (st
2 Evow) tred. vompnsue cmmtd ond thexe B o marked pr. to Stablize them)

So, assume p¥o, we need 'FblthJ lewmma :
Lommng 2 p P'— X non-tonst Mnrrhisvn to 0 nen-shg, o)., envex var.
vthen  §cpq GLTx) 22,
P—f‘ Cms‘ldm df‘A Tt — P‘Tx .. TP' ~ O'n[lﬁ{hmjﬂﬂm& f'lﬂ‘ u‘f d_.gzg
—~ We wan pick a Svnw‘t se K e, Tpr ) st Scp) = sepa)=e r.,p.en’,' disthet
P B non-vensT. cduxe @ dpLS)eH(“’ KT ) o
ond dptsy  Uanishes ot least at pi and .
Now, 1Ty = 9(9";1(") L6l If o <o -ﬁrs\st.-(hoM + < § -2
H(lP Vgl 2o 2 H'UP' P Tx) %0 = + If oy ==l fen cowslder
IP—’(F—-*X cten HCP, PHTy) #0 = — . ms IESE
’ﬂwu e.x\sto.nu. of @\‘MS); H'C P, b Tx) = = 3] st 472
> Smm Ty} = jw‘ (elTer) = S‘r‘cw Te) » J‘c‘[ww.(zll -
B}J lemma2 = Only possibilicy B dm X =] . ,(CtLTx]
Henu., ‘Flr hmnjahuus vaviety , O~ Po\k‘f—d nvariamy occur only KEIP‘
2 T, =1 The umigue 0-pointed invoviante



lewmad i If az1, then Moy OGP € Mo (D) = o dense spen  Set
r;f_ I‘FF o, then MonLX|°]="4> Ohlj {: n>3,
For n=3, MonLKlf’) & Mont X Then M-.\U( W) = M..“*)( M... = X
= Flow (X,2). 3 Mon () e Ho.uu,
I.# 9*‘. bj e 3 2 Mo.n LX:P\ Hu.v\LX\P)
CUPY fpc3, p]e Mo (X, p) 70 P& 2 p T8 nen-cemst,
le« Ac PaLl2i€) st VgeA. gop=p- Thew lAlcw
> JU.,%,‘IPl st. U=3xelP'| Stabyx=1id3]
Take pf{i..cipael = q §f“.|"\ is au‘tomwp\\isM--Fru
- For emerr wkzd s HHES 2 (P §|’.:'3,rl] B aulo-free
3 M’:..\(x.pd%“t{.,.n gy
Nuw, Sa7 P. ...... ru: ?uu. ohmw;'mnul Subvor. 04 X [Y;]=wvrccpnndh3 dams
i H (X Zl“v'm Poincare dua(iﬁd~ Thea deg[Ti) = todim (¢)
Assime 3 o (1) = dmmlX) + [ €(Tx) < n-3
L owmad: Fw nzo. Gueeoi Jn : genon, ’:»\Wt of G, the scome teovetic
Wtersectio evl(ﬁ Nan...... ne,\;nl(jn el » a fwmite set u-f reduced pts
Suprnﬁud in Mo LY, P), and we have:
T (e Ya) = & lev, (47 ) a-. o nevy (Bal) ] — %)
o Woneo thee =1 o0 IP', and Mo‘nup‘.ll = Mi. UP\ 30 = fytd
¥ ozl @=greenly XM= Xeeow X Then 6" X" trangicive
Then we have evi=(ev .-, V) ﬁ..nlx.p)—”(n ﬁm(xlp)
S-t_gp_l_‘- M\.l-j Claiman's thm o ¢ ln.v
Pix Peoenms 4, C—s Y("
Thon nete that if d‘.m(r"*x,.ﬁ""tx. )= dimM e B"00E = dimbx")
edmP” (XP)_Z(AJ*M[II):o

=2 VG‘NMG\ S Vﬂ'le, r' ")("M (’(lf) 4 Uf‘ﬂl’/f + o dim 0.

Stepd:  Lemsrdor M (X\@») M...H(,P)\ M-n(X.}) | whose Codimy 7 1
APP"’ Kleiman's thm o M.n[\(P)

[[e—s xn



/0

Than for U, ,Cr—“ G', c6ls i P, M.n(x,;) wb | then dim (7 %n M2a(Xp°)
= dw [+ Am.Mq..(x,p Ndin (XY = il Mo O6B1°) N Z todim (") < o0

9 ]"x M,,,Lx.p =¢ cdiVa .

Thas, .(:,,, (}“  gn € u,nu,wg Q ev, (3:77:) 2 a o-dim'L and
Supported in M.nLX [

S_T.L‘l_}" Let I"L 1= Gihy (r';]-s:hg. locus »f [, PI== ( F[,J?,_' * (x "

Next, we aw\‘ﬂ Eleimars thm ogok to P'g')(n , and Umnh“lg dim,
> 3V3 & e f\evclg Mi)=¢ or dm<o fvr (0 e Vs

*
Thus, we May  assume i are won- sMg Men(Kif)
Seap4: Fmallg we agply Kleimau’s hm » [Te—s " =2 ﬂ Q-V( (3i¢) ® r¢au[ar
> The Mtersectim 2 o fmite  set of reduced pts Su m M...,(x.f]
Pr:
&gg Observe Mot we have the Fikared prodhuct
f\U (9::) ,M,nuf)ﬂTﬂP

- l=(id,ev)
Mo (X, 8) > M..\le\:X

5> [Aeq (500] = [ Fumitp x}ffszr'.-] = Lid, e [M...tx.fuTTﬂ 0]
=1 =t

=M 1, I A ﬁ‘ el (3i7)] A (Faw i)
= I, (Yyereae Y a
« Theee Basic P\mput‘:ui
(1) =0 , Mo (X|f’] = qu.n X aud ey =p* Eom « X — X Hor t=tuw.n

c_vr vyu..... ue,v:(,f..) = P* (Y\U...-. 0 Yy
IP(.Yu-'-.Yn] = j r*(r‘u._. oYy) = I Y Ve-e UYa
gom*%

_ r*[,r'l-um" K]
s h=0.1,2 , Mon =9 T >3, ton dmMen?0 & fel[Hon ¢ x]=o
Ohlj (ase i W=3, b_‘l-.m =§’M

> T.0n, 0,0 = g YUYauY,
X



(I v,= 1€ HLX)
Tf BF0) eu] (1) Voo eV (Ta) = e,vz(mu . vels(Ya)
2 3we H(Foma Cipl ste e¥f(nyu. .. venllral = ¢fw,
WhOTL ¢l ; r’i“-n (Yl P] -_— qn.n-l ()(. FJ -_(argvt e F‘,M-g
[(CIP““" r”"‘l] > [(C| fl.1~--'l rﬂ—l 1"]]
1‘[1,Y;....... f,.) = tblﬁw - w

Mon(Kp)  _(S)u(CRomXp)])
- dumH.“LX,p)-Zg -3+n >JMM.,.._|—;3 3+ Ln-t)

e (L Meun (6 $1]) =
> I',(l Ya..... s Yu) To
4 p=0, we 9o back 4 case (T)  wheve ©=3
2 .U, nr) s S LU,

(W) v e HIX], pto, then we hare:
oo Yad = U} T (e, 1)
of: Consider Vi Fom (Kp) —— Xt Mo (G B) by \Yoev vd, & foget fvit wokd
Suwe X 2 Womogemanas , Ae (X x Mo LG ) = Ag(X) @ As (Fiyna LGP
Weite YrlCPan @1} = F 5 [Mona g1+ 8 , pe Adx)
< Swe fowologq class suppivted over o Clesed subset .{— Ao, ner L% )

IFU‘ ..... Yn) = av:'Y| Ueennns v Q.V:(.Yn] = ¥, % (e,v;u,) U-... Qu,f(Y,.l]
L fun ¥, ] e ([ Man (X 12])
- g Yo (euy (v o eUalta\) =[$ Yo ) o L eft oo veutYa + J Y% L"'"#‘A‘”-*““’:“"
(" [ﬁmw\unﬂ] +d F’ ﬁom«lxl}l “ e
=[S,\’|) + TgUlan Ya) .
Claim' ¥~ 'P' C = Foaliip
Considor 0 gono pt. fs= <[, il B O &;‘:}" ; K‘L:WLX'P
7 U L0 = ptdw ) * T i (X, Bl = Cpapeay [C] | b
= ax§s] I, W
j‘wi[ﬁ.., () = T (p"% CRuacltpil 4 ) " o DM
= e'dﬂ

2 §=9'
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T, Quantum Cohmol-na:
X: k‘"‘°3"”°“‘5 vadety Thon e Schubart classes oo o natwral basis e (X Z)
Notation: Fix a basw $To=l, Tieeeeos Tp, Trar oo Tl of HP(X: 2]
py IR R AL
HIX)  H(X) additivs bast of othar chimoligy
For lstijsm, we dobie Q= JK TiUT)  intargection fom on X wort
e natwol basis.  —~ T plage the vole of ot memic W Frobenius wfd
Dodine (1) = (351" Vin A*(KexX) = A*X0@ A AcC X <X
(A]- X 4iTioT, o
TLT) - ezg I,(T;-T&T.)ﬂ"f ¥
loumali ve H'OGT) L Y=Yu.cou¥a  Given n€IN, thore are only _(‘M;ﬂ,(ﬂ Mo
offoctive p & HaOGZ) s Tg(r™) %o
BE T XS Nemigems vor Lo e GG L), @0y 20 ST = Ela e,
where i : eddevtive  classes
B‘ﬁ lemma X-2 =2 _[! ClTx) 32 Thus, g\vu\ NeN, 3 -S-W\tfn.\ﬂ many  edective
class g st 5 GlTlx) < N,
N l(,u‘\#o Cthen  dim Mua (6 B) < 0edim X
(Othermise, dim M-mL‘h?) >n-dim) > dag(tr h-mawus Gmponeat n{- Y" ) < dim Mon()(,f)]
= dim Man LX, BY = dim X+ SPC.L‘('Y) «Nn-3 = ndimy

3 S ClTy) ¢ n-udim¥+3-n

Now, M‘\u, pﬂon—tm\ hj EU\=Z Z 1@(‘{ )

Now, writg 1= ZT Ti By lemma \9 9 iLv\-E(g......,gnl betomes & Jormal
power Semes w QECT=RCYor.... Jwll’

LY 3:. s Eg:
&L}-u-nl gw) I\-gnts z I}kT;, Tl yoeene ) ) M}

2%

D-IV(M Ei]k = 33&'3,2'4&

v ofe otk Ew



Ck“‘k_ EJ na -I' IP(T“-T':‘TJ..TL] _n.t_fl n oy
Note: 2% z, IR (To Toey e 80 e
3

no-1)1! ' N}
8 +hm 7 L AR T n mi

Y ST 2 _-L'h S SO
shifted 7 Mtotha22 B t h n: hnt w22 ph
iy 1

Siwilar for other indies and lntﬂ\wr devivatve.

Daline a" Quantum, pvoduct ! by T: X-T- = Z E:'mﬁ'f T-f
Then oxtends ¥ QUICYN -linearly +o H (oL V—WLQCC‘GJ] ~ QYT -a ‘30_(‘”
Commatativity 2 Olovieus. " Byk = Fjie = T *i =3 u_z T = 25“'_3
To i idantiny : ToxTj = 2 i.J¢3 fo
By G Fope = zz L1 Te)

By poperty () of GW twv. » TpU"1Tj Te) #20 only 3f =0, m=s
+ Te= L(1TTe) = [ uTe =9
9T°*T)=g 3J43{Tf I. ch—

Thad: The quantum preduct B assouative ‘
(TexTj)eTe = Z $i0d ='T]cnt PEDNE IV Lk P by F

ef cd

Tt*(TJka_] < .;Z.fi"“‘j T "T-f = Z Z $Jt—¢ 3" ‘:’E.;fc 3“‘0
> 2“_)& T3, - g}iwg fL“ =¢>-:§ 30 31 By YL~ WOV e

Fligle)s .Z.fiiioﬁ'{h“‘ Then WDVV & Fli,jlbL) = F(gikle, L)

B‘J (%) 2 vf
N lk ’v :.ZZ_ 2 1 l l. o Ts- N .- )
Fogtet e Romps bufa M0 T VT T Te) § 7 Igy (7 Te T Te )

-FM-: The ‘°°“Mlﬂ'j a‘f’ R.... L% F)  umsists .{1 divisor D(A, R B2)

whee 11 AUR = e, Y s A partition '{ $leeea, nl iy If Bi=0, then |AIZ22
Wpitg2 =8 . B eMuvtive Classes (Bx=0) B\ za)



DCAB Buba) = locus of mays R Cavlg — X s

0y C=Ca0LCp , Cp,Cp: gsi-stable wrmes of Jenous D meeting at a pt.
Coy The morki g 4 A/R lie =« CalCp

Coy Ma =M, represents B1 Hpe F\lc rcpusuﬂ:s B2

Generit rt. Df D(-A)BJPU?}.] : — X
4/ \

Cacip! cpe~lp
Then DUABIBLEY = M, pu1a X, $1)x, Hy, gusq (X, p2)
Mz Mo UGB M= Rua0sa GE) , P = My gt (Xipa) D= DCA, BB
Max Mgi= Mo aoti (b )X e Fo,pugg (X o)
M «=—D—— Maxing

emb, l inclusim
1

ev= O.v\n»nu,.l lr,v;- evy x avazv. ELATN

$

)(n r:‘ )(."ﬂ > Xn-t:
v ( XiwXmni) o (Kyaces Yortt, Xt )
Cocger last
ostor )

Lommad: V rieee Ya€ H'OO) Lgra® (v u..0ev,Tn)
=3 g ["T v (vay v (Te) [«[ T evlOe ()
ef te beR
f;{'-" L*'i*(evrh\).... \)cv:tfn\\t L,,‘,opl*-zv* LYy % oo LYy )
=Ly e leve &\*LY‘\ Koo Y0 = Lge V\*. r*[ T s £ )

= b ¥ (Yixee s Tax [X]) sev®o gy (Vinee « Vo x LXD)
|=ell'* (le“._ £Yn X LA]) = ozlf 3'-f¢v‘l'(f\x(~.-)l ¥a lTn.leJ

-5 ¢ (T evtim o (T T eWllva- en® (1))
2 aeh bek o



Naws fix pe Ha(X) v M e R*(X) guvisit € Dreeywl = discact
: ot
GUrlstlis I 3 T [T, 7Te) g7 Iy, (T e Tg)

etpa=h e
Ausﬁtlt--lll
fUreh ste
By lemma 2 =2 GLLirIsti= Pl sz,’tnsu.... U et )
An‘ﬂi\ﬂl!\‘

FI-‘.F7_=F D(.Alalfnt'\
Q||"A. f 3
Lewma 3 i For WjoEcL e Sy nd .ol‘\ctso::c
Dlijlee) = 3 DUA R, F1 Then DCHjlEL) ~ DULLITER] a5 clivisors.
AluBe=fiiunl
biabasp
nje A, kel

.F;E—'- ﬁ-m (Y|F) "_’ ﬁnn i‘ ﬁo.i{._flh.ﬂ BIP‘ in\r

Note that DltjiEL) € Mo LY, By s the  preimage 4 p (."j\t"-‘c-ﬁu,i-',j.hﬁ

via. den
( fact: Camvesiay = All Gompoments 0 the preimage appear w/ malciplicey 11
CCPLL LR ~ PLLLIYEY L DULILEL) ~ DUL LI ) .
Hene: by lomwa 3 2 GUArlsT =  evflrn e veud(ta)
Dlg.riscty
- Szvflmu ..... vevplrnl = Ginslaty  ~»  GQULir|sit) = Glns|qot) —Exg
D s\t

NQN . a”,\u-\ (%#) to: Y¢=1Y 'FW =l ... 04 T,\,.-‘=TL Yu-2 =Tj Yo =Te Tm,-‘—T_Q,
0‘:9\-3, r=n-2, S=n-t, t=n
Gla.rlsti= 3 2 (::] I, (7 1Ty T 4 1, (47 TeTaT)
@ mpem=n N ot .f. partition of A and B which A has 0, element
. Z. th-4! Iﬁu (Yn.-z Tch Te) 3°§ 1?: ('YM-Z T\:TI-Tf\ R hag 1, element,

ecf y emen Ln-2)! (0,72}
'pt?l‘& \
:-h', I. Z

et nim=n-g MiNa)

b

I O T T 3% 1 (T T

NNN] Gk1lf‘$\1\ = G\r‘s\q\.‘\ =3
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ez‘:& “%Fn-q, nin,!
btpaf
P
s

~ Sum ovev n

! IF|(T“‘-2 -‘-J_-I-th\a"'g Ifz (T
= e nmeneg Mt

I, "7 T T 3% 1 (T LT
n2-2
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Gromov - Witten lavanawts and Quantum Cbhwm)lasw, T Tou ~Chi How 1

Recall : Last Time: we ossume the existens of wodali gpaces of seable maps
jond we defne GW v and quantam  Cohemalogy.
Now, we tum 4o prove the exdrenc of ﬁjm (%P and T proparcies.
Rg,nLY.[!»] ¢ § Scheme /€1 — {Serl
S '—"_ { Toom. class Df n—pmuml, gwasg stable maps ower <
Thwml: 3 pro), Loarse moduli spase M;m [)(uf) Jor e woduli funcor Mg (X0 B)
FﬂT 350;
Thmd: X: prej. non-sing. lonusy voriewy
Gy ﬁo.n LX.P) 1S & pirmal ?wjut'm, vartety (st pacessavily irrsducible)
of purs dim, = dim ¥4 jpc.('rxn n-3
Ly B?E';_"‘LY'F) is locally quot, of a Mn-SQ-\g- vor, L:] Linice Group
Ui Man QGB) % & nun-gg. . fma moduli space (for au‘tomorfth-"G'a.z Stakle
magt)
For boumde ﬁ...‘wnp) N Mo (Yuﬁ) :
The3 : pl'n.nh(.%) CMan G R & novmal Crossing divioc up to a fiwre 4p quot,

Goal of 2ud +alk: Constmetion of the cace ¥=P7, p=dllined te. Fow (1% )
hyp:*?law

ldea: To understand the image of C under p in P we take a bosic of linear fore
(Loosd. aw ")

o ut them, ond vecord e Interestion e
Assume  the Wtescection does NOT Lte in speclal pts ¢
2 We obtam wore hom-sing. Wavked pt, .,

Note 4hat p hos degree d = Aenerically . P

the age showld  Mtevsects fhe hyperplans P

at d many Pe-\\‘ts.
~ This betomes o cuvrve with 0+ dr+1) —mavked

EESJ',._ Consact sucdh  woduli spac Le'ngid-‘-ﬁmﬁm\
Seund : We LhM’jb dHovent bass, and jlu.e, Hon LP".d) Hom

e woduli Spaes alowe .



. Q'.j':dihmﬁm‘-
Eor r=o0, Mg.n[lP". °o) = q‘gm for d=o, pla.n (Pfo) = ﬁ_jm"‘f’r
‘Fo'l (ﬂm.r.al\ =(0:10. (L) ﬁn.-(|9‘11)=3'¢bc
Assume t70, d70, 1gnird) ¥ Leio, Loty
Lee P =PV U= H'OP" Op (1) T = (tontel s basis of UF
D.u’(.’ A i-tiﬁ‘.d stable family of Aejru, d waps fom n-potad  gomus q wrues
to BT vensists of 0 (C2 S, fptdisien, tTnjhisisr ts5ed, »)
i €S, §rz!?=.. k) 2 Stable maps  to P
tn (L= S, §r;§;“=‘ . H:,jl::j‘t:;j : Stabla wned(rsi)-pomtad cavves over S
Qi) p*te) = s -oome Qg 08 offective Coricer divisor.

Git) » The Somity Mtersects {1 =0) trnsuoncally

Li) = huperplane itorsscts at won-simg, wamarkod p,.
Rwk: Tf g.n\f.al]=(o‘o.|‘n = nedirer) = 2

~> No stable 2-pointed Joutus O tuwrve ~ We anid o+,
Dedint : E‘,.n“f’r.d.f] Dmoduli functor for 3w, classes
55 ‘b-ﬁju. n-PninTcd genus 9 dejuc, d ctable Maps ovey S

Eﬂﬂ. 3 1u.a5|— fWJ Coarse moduli Space Mj.n (P d.t)

For g=" Moin (P it} is fma  moduls spacs and  pam- s'ng .

Idea: Datum of t- h‘g\a{ stable '_metlj ~ S — Mom men+Tld 1)
S:q_\_‘ lma.jo S lies m a universal lou. closed subschewme B < Mo, w
S_turJ\_J Note that when S=SpcC. the image n B fecocds :
doman turve C, warked pt. frf.}; and  pull-back olivigor 9y 4+ 9td Josier
0{' hypurplanws T={to.... tel via K.

This does NOT enugh to  rowmstues p ~ Thg only determme p
up to () > pr dragonally

> Reworded tn the total space of C*-bundle over B

So, this 3 the rfequiced woduli sparo .



Lf.i (§=0) m:= ns dire)y ﬁo,m‘ moduli Space of Jemus o ,IM-P-M‘I:M[ Stable
Recall:

Thawm (Db\\jn.q,- Mumbord - Knudsen) 3 Coarce moduli Space Mgin sf- Stable n-pobted

Jorus § Cuwe . Myt paj. voviety of dim 33-34n, and  Man S Fyn
For the (ase "'F 4=0 a stoble vl-pM\'ﬂ"-J. tawe h23) hasS wo po-trvial
outomeighism ~> Muw is o fme modult acy and 1S @  fAm- g.y\g an.na
T: Uom — Moim = universal 'fwmﬂj 1) Moum % Line)
Whh_ Sections zri: Hﬂ-M —_— Uo.ml ;,,\ §1‘J Mn.m —— Ua.m.ll‘::ji:(
S Uom % hon- -5 9 o2 g as o diviesr ~

Hi= Og,,, (lue--+ Ggq) , osisr
St (Tow M) opremachg . divso

Vry: X— Mom yumsidor \y ﬁo.mi‘ Usim
nm

1T [
X

MQ|M
Mx y: ¥ — M.\m 'H-\M.[N\wd 7{'

(L Vi=te,r, UT,()»(T*(’H;Q'H:'” 2 loc, fae

(2) Vit Wi, T 1 [ HioHs) == T (Hi oH,")
Claim13B € Mo,m :universal locally closed subschoms s,

() L R & l:inm is H-balaned

Chy Y H- balaned morphism Y X — Mo,m factas thu R uuiqyﬂn

U — O

Asswu, such B exists st l;l t =

B) ;"’ Fh,m

Lev 63 =C[‘—'6)eb ('H‘Q'H ) line bundle on 8

~ T"- TL - B (- ‘N.h.l\z aSSOCMT'-* hi) S\ Now, Ifg; ha_s a mr°('a;(ﬂ.l

‘tautnlojtzal section Ti‘(ﬁ 3 trivial.
Consider Y:= T\*‘gTz *r_),Tz Kovee Xp Yoo with Pi:Y—T¢ < {— 8

UY _..c_ > GB L s GMM
Ty i m
T -L_:B < L 3 MMW‘




Cloimd: On GT 3 Canonical  tsom. TYTUTHE gifc’yb =L o ielanr
ot T (H, oM 2 T e T (He @ He) 2 T T le T (Hi 0 Hs)
T L
L i H -bolanced =Ty TG
= E;(Ti"l’i)*(gi &= T[‘Ffi*tilgf, o tixgi i3 Canonically +ivial
> 7T Heo 'H: 3 tauomically  tiaf. o
Now, grhso % 6 sectim of L, fw (=i
21,51 are  distvet J. Soeeeets Sv have wo Cowmnon Bewos
Defie U* — P" as Hollsvwming
Caonsidey V‘——’ H(L) ~ Ve UGT — 1L
1 — TETHSH) tieofi — {z'_c*C‘(SCl
~ p 0y — "
.CJMMS:(UT—EL» T_. fri]?=\ !'1ijl::§:f‘ ) R oo waiversal family sf T-rigid
Stoble Waps > Uy = Mow (P d, %)
Fost, notie that dor ye Y, C=(GT)3 IS & M=n+dirs1) -pomtad 1 Jonus
 Gtakle wwe with movked pte §fillanl, 195191
We need -to pove the Stabilizy -f -tl\bmr LTLTUT—' Y. ir:l. rL)
Let EC C tivveducible Lom ponent If E iz tevtracted by p
he, dimB(EI=> Then nome of 1151 lLes o E
Sne C B @ m-panted Stable = Each Lovponent  Must have three
Special ptg and wo (751 = (C, Ipid w) 2 stable,
- [GT_’EI,T, Th H‘-j“_ \‘;tq T-rigid  stable ‘(:d.mil'a.
Next, we weed to swow: Uy =01 & wnwersal

Prek ey (M - T — So Il I v) 2 t-vigd  stoble, famly

AT C— S, Hpdd £25)) M-pointed qemuas D Stable cuveer, avd Mo, m Yepresnts

the poduli Functor Mo 2 3 A S — Mmoot (S“F,-'oIMU..m—»S, {pe3, 9550

2¢x- O.. 2.1
Claimd: A is  Hbalaned T Sxp | Uom —> Lio,m
Fast, recall thors Hi = OGgm (Qirese i) % 2 "
~ ki*’Hi' ﬁ(SEIJ" hne. bundlo an s SQctin on ¢ S —— Mo.m

and  Z(A(Sy) =%, 4+ 9cd ¢ oﬂuﬁu Covtiov divissr o0 T



B duad by Y Vs HE VE(Gpyy, )

On the othev hand, 2
ti — 2; = Wit

e . ‘
U terigid > @M (OG0, 20) gies te Cortier divieor i1t -1 Td

v A —
~ 3! 1w, 7*}“ = 1“”*('{)I’(IIJ"-H Vizounr PV) e—€ —— Uom
Se, ﬁ*(HLOH_:) = v* Opiry =0 — thy l"fls J'n;

a —

> 11'§*[_Qt_ = 0 (This & proved in pelow )

Sor 1 i Hi{-balaned.

ij uwiversal eru-uj of B2 SQ—‘B;- Hu.m,and 3 conemical
Us =Ty (1" Hid ') = 217G, — L2

=2 Thig awc,s a nowhere mvmh\hﬁ canomical $£LTim 'f 7‘ Qt. ovar S

> S — T T gTz Brr 0 z _
- - - o~ g — Usim
~ SX\( UT = Si(n( (Txﬁmmum'M] = S“nmm Vo ¢ Tcﬁl l T

~> S'—’Y(,

g _L_-’ Ml.m

~ Thig 3‘wos e \m'\vumh‘ﬂ u'g OT — Y \
Gonoralities : T2 C— S flat {:&W\lha o‘f’ qums\- S—to.\o\x Luvves
FM' se S, we MA'\,_L mtu.m‘ mﬂf ‘P- m* wt ® k(S) D — H (ts, ((_Qt

Fer L=0, *Uteltss———’ H (CS) ((96)5)
5\3 Cakowslogy  ond  base c)t\a.nd_e, , to peve £LS) e Zowmeorphiswt
it s €0 Chedk i ¢ @ Gudective.

Nete that C; 3 & q.ukbf— ttalle cuvve =2 Co R wvwe uted
<> Wl Co, Welsl =€ ,and Ty l_’)takm — H'(Ts, De)s) nwm-ero
2> T 0co0ky — H(Cs,Ue)s) owte. = MW okus> = "[T5, (Ue)s)

2 KslUe¢ 2 locally £ree

~ Ug = Tsl0e) (Vg = Ty V¢ she T & euro; TWe @ tis) 22 H( Cs, (Ue))
“+NALD onto )

N Ine bundle on S » N= N0w5= N@TE.;[DC&— E*( LOC’OE"N) ~T,T N



bt of claim ) s
I-F I M : e bundle C, 3 Lme bundle N m S st L@ M:lb"lf:*f\r
it ) Ty (Le M) » lotally Free
Wy T (Lo M') = foM' R an isom.
(22) 3 Mwe bundle N on S st Lol e TN = Ty (Lom) = TN =N
o TeldoM) 2 toc. free.
Ty (Lo M) = T' TN = TN = Lo M
(=) Set N = Tx(de® M) a1s N 3 o Awe bundle o S
() » TN=T*Tx (Lo A') > LoM -
M’ Ls + Lve bundie on +he Jeomen Liber & of 1 Cs= L;JT"'
mu\-r\nluaﬂ.t, o{ is = (4¢3(is\ri”1
Clam 1 7 established via the Hllowma lemma:
Lommali: Lo M: Ine bundle s £ 51, Mult.‘deg(,u_s) = maltid;‘,.lls)
3ww\. fibew Co, then 23! closed subscheme T S
(1) 3 N: by T st AqoMy & TN g
(L) If R—S amd N: Rb. o R st LR®Mg = TN, thom

N
pm{ of lomma B pos-qsmd. e 4hird @l T

oM each
ST,

Now, fr clom L, we need o frst resvit o an spem Subschame
of Mom ST y.”'t; Mtecsects C -ﬂn\nSvMSo\\lﬂ

Then  apply  lemma 12 We obtwn our tequiced B.



 Constmction +F Moon L") 5

Given p: C.—» P” poimted stakle wmap, it may ot vigid for & given
basis & of V= HOLPS Oprin)

Howener, by Bertini’s tm (ot hyperplne mtercection awvid nodes ond
morked pts , also  Mntersects transvorsaly ), @ 3 ng'ul in sowe pasis T

Idea: Cosmut Mowm (P d) by gluemq quot. ol Mon (P"dit) for different ©

Ml'“" Momklp d.t) and MU — M), {Pu'{ H'J; f) ¢ universal 'l‘?:.muv
of t-ndxd Jenus O 5'ml-l¢ maps
(o= Gaye = Sd %o XS4 840 Gmmend o A letton

r-u—ur‘.u _

TThen ﬁ‘\vcr\ cel, (T:U— MIE), il Hl‘-ﬂ]lz. Bl B alse a t-rigid

'familua ovor M) ij wivevsal PWPMTL{\ » 0 ﬁ(f) — 1)
Thus, G ™ MK
ME) - aasicpeje G fmice = Mu)/q qrasi-pe).

Now. fv T= {to,tieen trl =t ty ]t twe bases of v*
i=onr D= Z(N*'tf:) o.ssouaud diviser n'g P & “ht -1 T

Then we  already have the wniversal Fowmily: ch“lf——_"P

T

Ton consder Bltber € A(E) - maximal opan swbscham ¥ st Roi/fiiz) =
Viove TDi— ME) e 2 smosth of red. dim 0 =étale

Ml'ht) < M(t)tr i moximal open subscheme ST ”u.‘ and Di are ollsth't

~ R ‘-s G-Wv. , we o Lmsider H(‘hL)/Cq

€= T, UD g *pay D A
-Mf\ei #,

~> £ wwries o Gvl-oction and &/G = FlTT)
Eu_ﬁ’_ 3 Conomical  isom. M(Tlt)/(,. Rt 2/ G.
efr We have natural MWPhlsm e o AT, and the fier o} X over
CC, Spadv fngd s i H.Jlf;ﬂs: ~ X LHE) Y n G -equiv e
GQ-acton o £ C P‘”M““": e poduct and D) and H"-jl - prrmatation  G-octivs

£ —— i’
on MY »\a‘” ) b'ﬂ e Stmition

Rt




&

= ﬂt{.{'\ & E/G L’ L—" H’I’E)/Cﬂ _ Note -that ‘F r4 é\-cqu‘m (rzsr. f.zfrmumu
of 1)) =» MIREV/GQ = B/aeq > ME'D)/ 6.
The inverte 3 done b\j bxc,havg\hg T oond T m akeve w\n,s-tmuz.'..,‘.n
uems  data
IME) 1635 boss of ¥
Yz 0 M (2t 16 — ALTI) /6 (omede ondition)

<

lu —
82, Fa LP". 4D



(avaimgy = Witten Tavorionts omd Quoavtum Cohowslray 1L Tu

-Chi Hou 1
* Addendum for Pig'wllﬁwcim"

Recall: Last time; Jor £ bass of V= H'(IP, V1), in the constuction of
modlu i Space af ‘E-vij'\ol Stable map ﬁa.n(lf’r, J,E]) we need the Concapt
of H-balanud map W= wtdiran T[ Toom — Mom pith cectms

sr }u:( ) iq losoev 1-Jsal ‘H,, Uom [qt.l'l' 4‘1:&) l=0..... , v

v x—-Mmm Hobalawed Ff We Usw —T— Usw

tay ¥ i=ti,r (T[)d (Y (fH.,@ Ho H loe. 'Fru. - l'h'; j T
(h) Vl*—lt- al C“'X) l-n:k)f[y ('HLQ”-“”NY [,HL@'Hb] X Y > ﬁl m
CGV\M\le

We state he -FbllowMQ daim: Llaiml:a B< M,y m
6. (@) L B e Mom & H- balaved 3 v —
(L) Y H-balaned wophisn ¥: X— Mo, X Moo

N

:Iocu“j dns-cﬂl cubsdreme

Now, for 1: €— 6. family of P‘LSTA[;IL rve ovev S
(ve, v B -Ha-t. rw\] and tS : Lsvwmeected opx nodal curve with ru(C)=})
~ Ug = Talp  canonially -
V N:fb. ow S,N= M@LOS_Nmuwce'm,(ucomw)rzmmI\r
S\AP‘)DSL LML, o &, then 3 N b om st. Lo M =n*N
‘rﬁ iy TY*(iQM-‘J B loc, free
1 W ({wMl') = Lo
.D.ﬂ4, Lo 0iboon the Geom. Jibow Cs of T, mul'txdagLi;) = [Jua[islg)]E‘"“{
The cloim 6 established by tha Lllowmg prp

Prop: LoM:Lb ow T st mu\t‘\deQ (£e) '=m£;m{e,3 (Ms) | then 3! Tcﬁwg
ST LL) 3 RN w T s .thMT N

ST N S Syt SR IS & FE AL S
:"“'\u\ R—¢S R+—'S :

e )
N
.\’_-f_‘- It S-raims to prve fox L: AL .o € ik mﬁ\ﬁolzg(,is)_.o ,VseS
Jthen 3! Td%ﬂd S s ) 3 2. N e T s1, -fTM'IL N
LI[‘ Ri‘s dﬂj MOTM}W‘ s, 3 AL, K e R DvhJ TQ K ~ fi_ -rhgv, R_'S
NS
r



Brstr,  the URIqUnsss o T Hllows Fom the pnwersal prperty ()
Now, suppose 2 opow woveving Vil of S s the prp  holds fx each V;
Then we obtam o closed Subscheme T c ;. '
Or VinVy, TinWinv;) and Tjn(VznVJ-l cottfy the Pep for Viny
By wniquenee = Ten Winv;) =TJ'/\(VZI\VJ‘]
Thusy 3 T Gy S stv Tave=Te.
Now, assume S s offue , S= Spech A1y, (I.—abz,.
T: € — S=Spach prej. Hat
Tt suflues 4o pove war ¥se S, closed pt. aned of 5 o1 e prop helds
Recall m +he Pw-r{ a{ (;ohovuolog:j and  base change, we have o fmie
cpR L‘ "f'rj A-mod., s L A- Fat ,L* —fr.u, fv k21 g}u_\ TC.xi. un‘lvuullg
TR A-fat » L° R lec, free @ Rosttion tv Same wbd .f s,
We may  aSsume L are Fmice free A-wmod.
° — L.i-aL|——’L2—)---. —~ LllL’ LO—DM—"’.whm M= toker(¥$)
2 UeyB = L8R — MR —o VR A-alpe.
B

o ¢
~ °_'H°MR[M0ABlB) —DL@A_B —BDLIQAB

Thus, Q‘f“t? %E (gle | F'L) (SpecB) = H™(SpecBs T, F*L)

Sgn—c&—{l—*g‘m&A =H°(S|W«B’<gt-:i°3) o= h(LUs R)=kerlbg)
=Homg (M8, B B) = Howy (M. By
Now, lax F={seS|ds =0l Then L & thuial
dimH (s, 26) 2 1 and  dim H( €s, :f;;lj 21, UG QR pry. 2 wf\o-r;..)
B'Q' sewivorti. thm , F 1 closed, Ror Y F, ke T=%.
~ Tt remams o prove: VSGF, closad gt 3 n\pa! o{l 6 6T, fwr hslds
Tf sef  closed pr. dhen shee wmubdey (L) =0, Lo > Og «»
dimy  H[Csi 2 ) =,
_(hus,l':dfmu;, H°(E, £5) :J‘m\hLMQQhSJ) =d.wm Mg /MSMS
B‘J Nk\f«:‘tmn lomma = Efe~Ms st Mg = Ag<ry
3 3 wbd LV of ¢ s ML) = 0y<rT



Rl.s-mct‘-\m t R ned U, we w.-j assume  M=A/L ,whece 12A.
Sf”"'('A/I]dscdS stT ——E—o (4
"‘r'l l
, SF»(A/I~ =T /S e

(Mo (ALY (TY) S Homy (A1, AIT) = A/T 2 (T e (TL) = O

S [y LT free. ,

Now, sider the notwal hewo (Op)¥ (e (TH2) 2= T2 o B
T beth Sdes e boc. Lese of vk L, 4hen Az B ism. for  2e C(
.('f Az |5 onto -GG [ULT')*(T[T’) (L*i)z]@w i(Zl—”(b 1), @(9 t2) B eto

< CloSed tS - C'T S
Fa ¢e T, dosed g, ] Vo 1w
fsy <o T’f—-) S
¢

CUHNT, W) TL) = Hom , CAJL. A/T) — Hom, (A/T, A/m,) = H(Es, Ls)
ond I s navial = 22 2 iwm. ot 26 TCg

On e otwr hand, Z={2€C7 | Az & wot iso. ] = supp e AU suplistert
Gy T ok Z0 =t ¥ seT

LS prje 2 peper L2 R o closed subsetr of S,
not UNTaMm:\ S. ¥ 3 affme wod V uf s st. Ynul2)=4
Resvittion oV, WAy agsumt M= AIT , and  defne T=SQOOCAII]

Then (1) R satnsﬁc.a! fr T. $
For (D), for Qny R __’ S s« R\,_, 5 i local rondition
on R, Maj assume R= Spec B T /

some A-alae. B. Also, we wma alsp  QSsume K 2 tvvial on 2.
AR ! y
Then TR—=C Plenfo, o O and () § 1 = [@e), Vg, =4

i o
R—s S
+
Here, B> 'HomA(A/Iz%! 2 I-B=0 Thyg, A— B
N/
o Syec B —s Spech AlT
\ J



'Acldeum_‘Fw Crluemy:
M(t) := Mo LIP 4. € ) ,ond WM — Mf), $pid, (g3 p) 2 universal -ﬁ'w.h.ﬂ
nf 'E-rijh( genus 0 stable ma s
G =Gy Sdxe-- XS54 ¢y SpmmLnL st 4 lerten
—_— -
r-1 - topieg _
Then Quwen s6G, (T U— M), $p3, §Tiogd, Pl B alo a E-rigd
Tamily over MLE) ij weiversal property = o M) — NE)
Thus, G Q).
- ﬁt—i)wmas?-pw‘) G %nw = WT:)/GU quasi-pveoj.
Now, fv T= {to,tiees trl ={tl.tl... ‘ two bases of V*
Di= Z(F*t\‘.’) : O.SSntAa'tad JIVISW -AZ P‘ tl. = q;l*’“" '1/C1 ST I

Then we already have the wniversal fomily : DLC?—F‘PY
T
_ o mit)
Then Lonsider M(B)4r € () : makimal opam  Swbscheme ¢, D;/ﬁtfj =0
Vi ter D — ME) e 2 swmooth of red dm 0 =étale
METE) < M(T)tr + moximal open subscheme s 1Pi] and Di are olls\)mh't

Then 6¢G, o acts o MIT) by permutig the  pts of  Wwreneamon of
hyporpanes = ME,T) s G-y
Thus, we May  speak f ﬁ(t—r_ﬁ')/(q o be he quoti.

Ll.-t 2"’ :‘Ib (D\ ﬁ(.{'-t:'] = H(vTi .0) A)

d tepicg

“Then \’3 Lnstwlon, £ — MITE) R étale, ) Also, the Liker ,-@ ¢
over (C, ftﬂ.H;jl BY is the ser §9% ]of pts  wapped by R to §tf =0}

= £ MEI) - q,ua.s\--?w-u, _n\uvfw. ¢ —METI) R a Linite, , dtale.

Mse, €16 ~ MITT) = apﬂ".( € as dumle Galot wver of MET)
with  Gualek ¥ G and g:a 3I- r\‘a‘\d Stalve family

~ £-— MI)

-Rm-‘l.‘ 3 avnitadl Rom.  MLITI3) /G = MLT. Tl /6
Lf_.i Note Hhaxr & — ME) R G-equiv. for  Golsig G-action on &
and Mlijl pomuTAtion G—autivm  on V%)
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Also, bg nstuctim, & —— 2] = MI3E) = Elaalig X A&
Y
Mz )

S W R Gt for $0) - pormuation » MEEY /G —— WIE.T)/G
EXOI'\MJ‘- the, wle g:f T and f’ 2 WNe obtam e Muere map o
~ &= moduli spae of T.T'- rigid Stable map

Patdnimg-‘ {ﬁlti)/(zlf;hads of V*__
Fe - MT 1) /6 —=— HET/G
—_~ Hua CPd)
glwuhg a
Ruk1: Mowm CPYd) i () of fwrite type ovar €
L2 szfmarwl and proper
(3 Pw\j@bth/-e,.
Bmk2: When g=o, ME) : nn- g, oImei—wa. var.

~ MCPd) : Incally o gquot, of n-suq. vav. by fuie gp
Lomma : § & Mz ¢ Gu.r - action ¢ wot free, then § u.w-u’.rmds
to a Stable map with Mo -tvivial mmmmorlohl‘.\‘vm,

Note -that : _
Gan "> FLE) T M) R fne o Gdr T U — MLTE)
bg W, m the ¢talle Waps  over MLE).

Ifavel sa Tog=5. Sey 2= LC 33 Uhdip]e M

Then T wduws ?"- ¢ — C Then Y % onen-teivial o e mavked

pts §1ij). = C has nm-wivial  auro.



* Constuaction D'F ﬁ..n (X.F) i
Qc.mﬂ‘ Far X PY‘Jn var, we have:
_DL_ 3 pwj: Coarse meduli pace Mg.q gy

X prej. Fix an lmlozU.mJ t: Xeo P° Let L(p)=d Cline]

LLMA." 3 closed Sukscheme Mam (X P: t) Cﬁé.n (P54, T) st for
(1:C— S, fpal, ?1:.]].#\ '-t—.—ris'.ol Stable 'Familtj of ﬂznus 9 n-potntad
AZﬂﬂb d maps to PT, then S — ﬁgm (pP' d. ¢! H £, p°

\,__ /_ P\ L/‘:
Mgm (%p Tl X
and YseS, m[Csl=p ¢ Halxi Z)
2§ For g=o, (Ty: N—s Mon UP 4B ) SP3, T4, p) tuniversal  Faminy
oyer Mo.h LIP uht]
U —— " Fw koo M*@wr(kl 2 an loe. free chan-F w U
Tm |
Moyn CP' 4T Uaim: Oy jenus © (uwe, any v.b. ﬁ«“'.ﬂ's has no higher
thmolngj
ehi For C=IP', Eivbown P B ®OWM] meZ
S Eis j.lo.J.s. S Ymizo » KIPLE)=o B ro
Now, fv 0= 4re o 'S, We pove by Dduction o irred, comp. of P
C=Cul. Ci—C , we have: 0— (-QC — U').wc‘ OU‘)&(gcz_’j*Or—’b
Ci=zip' GLnG=ip j:in ol
~o0m E — (Yo E @0, E— je Qo B — -
For 171, I—\“‘LCkaroE) ML, el Op@*E1) = KT Lipt, GolE)
=0 LB_-) Grothendieck vgm'.skmg)
HUC (3w Ue, 8 EJe j2#0c, @B = HE (P!, Up®JYE) =0 fur k=12
3 H(C.EIso Hor (21
Now, M(C. G)+OcpHe P[C,Qz)x-@c,pl;l—» rec, j*lger]
2 '(CE) =0 4

Also, (Lu)x [[‘ (9|prw‘l?—"’ H' (U, K (le"(‘k')@l"‘-r‘)

B'j whnm-\-‘gj od  lbose cbw\aa_. (Tfﬁ),(p Oprler] B a vk, woth fiber
H'les, p*(DlU:)]



Now, le+ ngxi ideal sheaf of )(“:J PT Iy = ker(L?: w[pr—’ Le Uy )
~ o dy _’wlpr — Yy By Serre's thw, tfake L>>0 s,
Ay s J.b.g,s. 2 60— il — (9",r[ll.l Then g\abnd SeLTisn n-f Jx(l)
gives global Section .,-j'— U‘LM),(;‘"(DPYULJ], Sy S...., Se
Z=21a..... a Z1Sr) [ Scheme - thewretic intersecTiom )
~ Z¢ Fun(PdE) ad Pl - Tul2) P
et

7w of Linice tpe osvar (i X
VAR qms;“’?t' 2 Z2=202:0... U2r 2Z¢: tanwected Lomprnests
Then She ‘{"W each ¢, pte M 2; Tepresent the gcome hbmlogg cloge
Zg = wnien of the Components of Z (ansidting of MApS  TepnasenTing
Be HatXi Z) . Take Hon (% T)=2Zp o
Clwvl\a,ﬁo.nlx,P.il s G-myv, @ We g fom Mo-n(.)(,f.t_,)/ﬁ
Then Pm‘fcMMJ as X= lFr tase ~— We obtam a closed
Subschome Mo LY, B) © Mo (P d)
Now, o ATHMMAT. chovees -f LL's X e pf
Uniisval  property  of Mo (x,8) = They omcide.
RBmk: Pw\‘)w.fwi-rg y{ A_/iomLX,Fl Lollows  femr F"J a‘F Mow LIP", d)

b






