Complex Analysis II, Final Reports

F&HE

2015 Spring semester, NTU

Week 1

[1] June 9 ##; % Big Picard Theorem

[2] June 11 Z= B [ Modular Forms and Moduli Problem

[3] June 11 #kfikEE (Confluent) Hypergeometric Functions

Week 11

[4] June 16 & JiZ i Sum of Squares

[5] June 16 /%5 K Fundamental Groups and Covering Spaces

[6] June 18 /& Fi & Topological Classification of Compact Surfaces
[7] June 18 2= H X Frobenius Method for ODE with Regular Singularities
[8] June 19 B £:4#% Hecke Operators on Modular Forms

[9] June 19 JI.75, Asymptotic of Airy Function

Week I1I

[10] June 23 fF#§ 2 Mandelbrot Sets and Julia Sets

[11] June 23 #KEE ik, Asymptotic of Partition Function

[12] June 25 25 A Dirichlet Theorem with Density

[13] June 25 Z=FEfik Dirichlet Principle
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Dirichlet’s Principle

ZFRENK
2015.06.25

Notation. Let A, B be subsets of a topological space. We say A CC B if A, the
closure of A, is contained in B , the interior of B.

Let (€2, z) be a coordinate patch of a Riemann surface S. Then for some a € C
and r > 0, if B(a;r) CC 2(Q), then we call B,(a;7) := z~! (B(a;7)) a z-disk.

1 Das Dirichletsche Integral

Notation (p.107). Let S denote a connected (oriented) Riemann surface. Any-
thing related to “K” denotes a z-disk for some z. In particular, we arbitrarily
fix a point pg € S, a coordinate map 29 with zp(pp) = 0, and some appropriate
0 < Ry < R(. Then we call Ky := B,,(po; Ro) the hole, call K|, := B, (po; R}))
the lid, call K{)\?O the lock-ring, and call S\ K the punched surface.

Recall (p93, p72). For n = (mdz + nedy) and & = (§1dz + 2dy) being two 1-
forms, we define [n,&] .= n A (*¢) = (mé& + n2é2)(de A dy), which is symmetric

and bilinear on the two inputs.

Definition (p.97). Let A C S be a region, and v,w € C'(A). The Dirichlet
integral is defined to be D 4(v,w) := fA [dv, dw]. If v = w, we denote the integral
by D4(v) := Dy(v,v) > 0. The set of admissible functions is defined to be
M(A) = {v e CHA) NCOA) : Da(v) < 0}

Notation (p.114). For v € 9(K), define v to be the harmonic function on K that

agrees with v on 0K (which may be derived from Poisson’s integration formula).

Lemma 1 (p.97). Yo € M(K), Dk (v) — Dg(v) = Dg(v —71) > 0.
(hint: Dk (v,v —7) =0)

Theorem 2 (p.106). Let ® be a harmonic function on the lid which is regular in
the lock-ring, and satisfies g—i = 0 along 0Ky. There exists a harmonic function
U such that U is reqular in S\Kq and that U — ® is reqular in Kj.



Definition (p.108). The set of competing functions is defined to be
F = {(v,v*) 1 v € M(S\Kp), v* € M(K]), v=v*+ & in K)\Kp}

Whenever there is no ambiguity, we tend to use v in place of (v,v*). We define
the potential to be D(v) := Dg g (v) + D, (v*)-

Remark (p.108). The potential can be also derived by the following process: Let
a smoothing function A\ be fixed, which is identically 1 in the hole, and vanishes
outside the lid. We define the 2-forms U = (1 — A)[dv, dv] + A[dv*, dv*] over S,
and that W' = \ ([dv,dv] — [dv*, dv*]) over K}\Ko. Then D(v) can be given by
the sum of Dy(v) := [ ¥ and D)(v) := fK()\fo v

Fact 3 (pp.108-109).
1. Vove .Z,0< D(v) < oc.
2. T U exists, then (u,u*) := (Ulg\x;, Ulgy — @) € 7.

3. If ® can be extended on an open disk K that contains the closure of the lid,
then there exists a cut-off function A such that A[x; = 1 and Mg g = 0.
Therefore the pair (vo,vy) which is defined by v§ = 0, vg = A® on K\ Kj,

and vgp = 0 on S\ K is a competing function.

In summary, we are free to assume .# # &

4. Let K be contained in the lid or the punched surface. Suppose that vy, vs €
Z coincide outside of K. That is, v1 = vy and v] = v3 respectively on each

of their domains except on K. Then

D (v1) — D (v2) whenever K C S\Kq
Dk (v}) — D (v) whenever K C K|

D(Ul) — D('UQ) = {

(hint: for the second case, apply Green’s theorem)

Observation 4 (p.110). .Z = vg + IN(S) in the following senses:

First, for all v1,v2 € %, v1 — v2 and v} — v3 agree on the lock-ring, so they
define an admissible function on S. Conversely, for all v € # and w € M(S),
(v + w,v* + w) lies in .#. Therefore for a fixed member vy € %, there is a
one-to-one correspondence . <« M(S), v — v — vy

Second, define T := Kg + (S\Kj) to be the direct sum of spaces, which may
be identified with S\OK( sometimes. We identify v € .# with the corresponding
function in C'(T'), which is defined by

s v(p) if pe S\Kp
v*(p) if p € Ky



and satisfies Dy (v) = D(v) < oo. Thus v € (7).

Finally, notice that (™M@)/~, Dp(-,-)) is a inner-product space over R, where
the equivalence relation ~ presents “vi ~ v9 <& vy — vy = const.” In addition,
M(.S), which is included in 99(T') by restriction, is a subspace. Therefore we can
handle the problem as a problem of orthogonal projection: find vy = w € 9M(S)

so that the norm of v; = u = v — w is minimized.

Proposition 5 (p.110, due to Beppo Levi). Define d := inf{D(v) : v € F}.
Then for all vi,vy € F,

\/D 1)1—112 \/Dvl d+\/D<U2)—d

Proof. As mentioned, we identify .# as a subset of (7).

Let AR 1) L, thn M € . Honce Dy (C42) = DORERY 2.

so Dp(Avy 4 v2) > (A + 1)2d. The last inequality remains valid when A = —

In summary, the quadratic function on A
M (Drp(vy) — d) + 2X\(Dp(vy,v2) — d) + (Dr(v2) — d)
is always > 0. Hence we have the discriminant
(Dr(v1,09) = d)? = (Dp(v1) — d)(Dr(v2) — d) <0
It follows that

0 < Dp(v; —v2)
= Drp(v1) — 2Dp(v1,v2) + Dp(v2)
= (Dr(v1) = d) + (Dr(v2) — d) = 2(Dp(v1,v2) — d)
< (Dr(v1) = d) + (Dr(v2) — d) + 24/ (Dr(v1) — d)(Dr(v2) — d)

- (\/DT@l) "4+ /Dr(va) — d)2

:>\/DT(U1 —vg) < \/DT(Ul) —d+ \/DT(’UQ) —d

:>\/D5<U1 — Ug) < \/D(Ul) —d+ D(UQ) —d

]

Corollary (p.111). If a minimizing function exists, it is unique up to an additive

constant.

Notation (p.111). lim means the limitation taken as D(v) — d among those

/ ro_
veﬁ,wheref.—{ve faKUdS—O}



2 Fourierreihe

Let K = B, (O'R) be a fixed 2-disk, and z = x + iy = re?. For all v,w € IM(K),
define J; g (v, w) := ff z)dx dy, and that J, g (v) = J, g(v,v).
Let u = 7 be the harmomc functlon on K that agree with v € 9(K) on 0K.

Then u is the real part of an analytic function f(z) = Z;O:o cp2". Hence

o0

u(z) = Re(f(2)) = ) _ (Re(cn)Re(") — Tm(c,)Im(="))

n=0

= ap + Z (anr"™ cos(nb) + b,r" sin(nf))
n=1
where a,, = Re(cy,) and b, = —Im(c,). Notice that fO% f(re®)e %40 = 2rrmcy,
for n > 0, and = 0 for n < 0. Hence for all n > 0,

1 2m ) )
an, = Re ( f(ret)e=mi d@)
0

2mrn

2m

1 . . .

= Re ( F(re?)(em™i0 4 enif) d@)
0

2mrn

27
_ ! /0 Re(f(rew)(Qcos(ne))) dé

2mrn

27
1 .
= — u(re'?) cos(n) do , and similarly,
T Jo
1 27 ‘
by = g i u(re') sin(nd) do
Note that ag = 1 fo ret? )dé
Define P, = Re( ) = r"cos(nb),Qn = Im(z") = r"sin(nd) € M(K). Ob-

serve that dP, = *d@,, so that by Green’s formula,

DK(U,Pn):/ dv/\dQn—/ vdQn,
oK

27
=nR" / v(Re') cos(nb) db
0
2T
= nR"/ u(Re') cos(nf) df
0
= mnR*"a, , and similarly,

Di (v, Q) = TnR*"b,

By setting u = v = P, or )y, we have the orthogonality relations

Dg(Pp,Qn) =0 without exception
DK(Pmapn):DK(QmaQn)ZO if m#mn
Dy (P,) = D (Qy) = mnR*" without exception



Also, by integrating under the polar coordinate, we have

JZ K(Pm,Qn) =0 without exception

KPP, Pn) = J: k(Qm,Qn) =0 ifm#n
K(Pn) = Lok (Qn) = g B2 ifn >0
(PQ) = 7TR2

Since u(z) = ao + Yo (anPy + byQy) converges uniformly, the orthogonality
relation of Dy provides that

D (v) > Dk (u anRQ" +02)
Similarly,
N
J. i (u) = TR*ad + Zl mRQ”H(a% +5%)
n=

Lemma 6 (p.103). For allv € MM(K), Ja € Rsuch that J, x(v—a) < const. D (v)

Proof. On one hand, take a = ag with respect to u = v, then

o0
Jox(u—ag) = Z 2n+2R2n+2(a +b2) < —ZW?’LRQ” a2 4+ b?)
n=1 n=1
2
= D)

On the other hand, for w = v — u, which vanishes on 9K,

- P ow(z)
0
— _— d
w(pe”) /R o 47
By Schwartz’s inequality,

orr-{ Pl < )
(pe') {/R o VT NG d S/R 2

2
/ [— cos 0 + dw sin 91 rdr(log R — log p)
p Ox

/p [( ) (%)2]Tdr(log3_1ogp)

Next, integrate the previous equation in order to yield that

/ / / [(%)2 + (%)1 r(log R —log p)pdrdf dp
/ {/p<|Z|<R dw,dw]} (log R — log p)pdp

R2
< 2D (w )/ (log R —log p)pdp = — Dk (w)
0

’1
rdr/ —dr
R T

4



Finally,

Joxk(v—ao) = Jo k(v —ag) +w) < 2(J, g (u—ag) + J; x(w))
R? R?
< T[DK(U) + Dg(w)] = TDK(U)

]

Proposition 7 (p.112). For all K = B.(0; R), there is a constant C' so that for
every w € M(S) that satisfies

2w
/ wds:Ro/ w(zo_l (Roew)) dé =0
aKo 0

we have J, (w) < CDg(w).

Proof. Recall that Ky is the hole. Let each 1 < j < n be corresponded with Kj,
which is a z;-disk with radius R, such that K,, = K, z, = 2, and that V1 < j < n,
K;_1NKj # Q. Set the constants c; so that faKj (w — ¢;) = 0ds, where ¢y = 0.
We prove by induction. If n = 0, i.e., K = Ky, we take C' = RT% by Lemma 6.
It suffices to prove that if our claim holds on K,,_1, then it holds on K,,. Let
k cCc K,_1N K, be a z,-disk with radius tR,,, where 0 < t < 1. Let m be an

upper bound for on k. By the inductive hypothesis, there is a constant

Zn—1
C" which only depends on K,_1 such that

Jop (W) <m?J, | j(w) < m*C'Dg(w)
In addition, by Lemma 6, we have

Lo w(w—cp) < J, K, (W —cp) < %R%Dk(w) < %R%Ds(w)
It follows that

TP R2 =, k(cn) < 2(J,, k(W) + T, g (w — c))
< (2m°C' + R;) D (w)

Finally, we have

Jox(w) <205, k(0 = cn) + 2, i, (Cn)

1
<2 (éR%DK(w> + WC%R%)
1 2m2C" + R?
<2 (§R%Ds(w) + t—gnDs(w)>

4m2C" + 2R?
(erz + %) Dg(w)



3 Die Mittelwertfunktion

Recall. Let z = x 4 iy be a local coordinate map and K = B,(0; R) be a open

disk with “center” p = 271(0). If v is harmonic, then

v(p) WRZ// v(x +iy)de dy

Notation (p.113). From now on, let a point p € S, a coordinate map z at p be
fixed. In addition, let K = B,(0; R) be contained in the punched surface or the
lid. Define a map M, g : MM(K) — R, which is abbreviated to M, as following:

27
M. g (w =7 // v(x +iy)dedy = RQ/ / re )rdédr

If K is contained in the punched surface, one yields from Schwarz’s inequality,

and the Propositions 5 and 7 that for all vy, v9 € F#/,

2
(M(v1) — M(v2))* = (%RQ // (v1 — v2) dz dy)

|
§7TR2// Ul_UQ d.’ll'dy— RQJZK( )
< (\/D o) —d+ /D(w) d)

That is,

[M(vr) — M(z)| < — \f (VD(r) = d+ v/Diwa) — d) (1)

Therefore lim M(v) exists. We denote the limit by u(p). Then by the previous
v

estimation,

M(v) - u(p)] < %\/g\/w) —d 2)

For all ¢ € K, let M, denote My, where the disk k; := B.(2(q); R — |2(q)|)

is contained in K. Since we have an estimation which is similar to (1), the limit

u(q) := lim M, (v) exists. Moreover, in place of (2),
v

1 C
M (v) —u(g)] < m\/;v D(v) —d

It follows that M,(v) converges uniformly to u(g) on ¢ € k, where k CC K is a
disk (concentric with K).

Remark (p.114). If K is contained in the lid, we can compute u*(p) := lim M (v*),
v
which existence and estimations are given in a similar way. In particular, if K is

contained in the lock-ring, u = u* + ® because ® is harmonic.
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Proposition 8 (p.114). u: K — R or u* : K — R is harmonic (whenever any
one of which is defined).

Proof. For simplicity, we suppose that K C S\ K, and consider v € .Z’. A similar
argument holds for K C K and v*.

Recall that 7 € 9(K) is harmonic. We define v € .% by applying a smoothing
process so that v coincides with v outside of K, but with v in k& = B,(0;r), where
0 < r < R. Let the smoothing be well chosen so that Dy (v) — Dk (v) asr — R™.

By Lemma 1, Dk (v) < Dg(v), and it takes “=" if and only if v is harmonic,
namely v = ¥ = v. Therefore for sufficiently large r, we have D (v) < Dk (v).
Notice that T = v, so that Dg(v) < D (?). Hence Dg(v) < Dg(?v) < Dg(v).
By Fact 3.4, D(v) < D(v).

We replace vo with vy in Levi’s inequality to yield that

/D (v1 — 02) < \/Dg(v) — 13)

< \/D(v1) —d++/D(v2) — d
< \/D(Ul) —d+ \/D(vg) —d
Take r — R™. Thus
V Dk (v1 —3) < 4/D(v1) —d+/D(vs) — d (3)

Similarly,

VD (01 = T5) < /D(v1) —d + /D(v2) — d

Repeat the argument for (1). So lim M, (7) = u(g). Note that M,(v) = 7(q)
v

because U is harmonic. Hence in place of (2),

_ 1 C
|U(Q> - U(Q>| < m\/;\/ D(U) —d

As a result, lim7(q) = u(g) uniformly on ¢ € k for any &k CC K. Therefore u is

also harmoni(;.] ]
Lemma 9 (p.115). For all v € Z', we have

e Dic(v—7) < 4D(v) - d)

e J.x(v—7) < RAD(v) - d)

Proof. First, take v = vy = v in (3) to get the first estimation. Next, since (v —71)
vanishes on 0K, J, x(v—7) < RTQDK(U —7) < R*(D(v) — d) by the inequality for

w in Lemma 6. O



In order to make v an ansatz, we need one more step:
Claim (p.114). u(p) := lim M, g (v) (or u*, resp.) does not depend on z nor K.
v

Proof. Let 2’ = 2’ + iy be another coordinate, and K’ = B,/(0; R’) be a 2/-disk
with center p’. Observe that it suffices to prove for K’ cC K and p = p'.

Note that % has an lower bound % > 0 on K'. Therefore
z
1
(MZ’7K’<U) — lejK/(E))Q S ﬂ-RIQ // (U — @)2 dx/ dy/
m? 9
< v—"1v)"derd
= R //K( ) Y
2
m
m?R?
< (DW -

Because T is harmonic on K’, we have M,/ g/(7) = T(p). Hence

u/(p) = liqurn M. g(v) = liQI)nU(p) = u(p)

Proof of Theorem 2. We claim that (u,«*) minimizes D(-).

First, observe that for B, a smaller z-disk concentric with K (the radius of
B is smaller than the radius of K), lim Dp(v —v) = 0 follows from Lemma 9,
and lim Dp(v — u) = 0 follows from tlile fact that the derivatives of v converge
uniforznly to those of w on B. Therefore lim Dg(v — u) = 0 follows from the
triangle inequality. °

Next, associate each point p with a local coordinate z, a z-disk K = K(p), and
a smaller z-disk B = B(p) such that p € B(p) CC K(p). Since {B(p)}pes covers
S, there is a countable subcover {B(p;)}:2; (by Lindeléf’s covering theorem).

Next, we construct Diudonné factors u; by {K(p;)} and {B(p;)} such that
S, i = 1 with each y; € C1(5,10,1]), and vanishes outside K (p;). (See p.74)

The conclusions above lead to

lim /Sui [d(v —u),d(v —u)] <lim /K(pi)[d('v —u),d(v—u)] =0

v v

=lim /Sui [d(v —u),d(v—u)] =0 (4)

v

In the statements above, v — u € C(S). Naturally, for all v, v € %, we define

Di(ULUQ):/ Mi[dv1,dvz]+/ pidoy, dvs]
S\Ko KO



Observe that the triangle inequality of /D;(-) holds. Hence

’\/Di(fu) - \/Di(u)‘ < /Dilv — )
Combine this with (4). It follows that lim Y . | D;(v) = >, Di(u). Observe
v
that for all v, Y .=, D;(v) increases to D(v). Therefore

D(u) = lim Dj(u) = lim lim D;(v) < lim lim D(v) =d

'I’L*)OO' n—oo v - n—oo v

By the definition of d, D(u) > d, so D(u) = d. As a result, for all w € 9M(S) and
e €R, (u+ew) € .F implies D(u + cw) > D(u), so D(u, w) = 0.

Finally, we claim that the function U, given by u on the punched surface and
u* 4 ® on the lid, minimizes Dg(+). It suffices to take any w € 9(S) that vanishes
in some neighborhood of every singularity of ®, and check that Dg(U,w) = 0. We

derive from the equation D(u,w) = 0 that

0= D(u,w) = /S \Ko[du,dw] + /K O[du*,dw]

_ / (AU, du] + / (U — @), du]
S\ Ko Ko

_ /S (AU, dw)] — /K O[d<1>,dw]

= Dg(U,w) —/K [d®, dw]

d
= Dg(U,w) — / wa— ds
OK, (971
= DS(an)
because g—i = 0 along 0K). O
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