Complex Analysis II, Final Reports

F&HE

2015 Spring semester, NTU

Week 1

[1] June 9 ##; % Big Picard Theorem

[2] June 11 Z= B [ Modular Forms and Moduli Problem

[3] June 11 #kfikEEF (Confluent) Hypergeometric Functions

Week 11

[4] June 16 #JiZ i Sum of Squares

[5] June 16 /%5 K Fundamental Groups and Covering Spaces

[6] June 18 /& & Topological Classification of Compact Surfaces
[7] June 18 2= H A& Frobenius Method for ODE with Regular Singularities
[8] June 19 B £:4#% Hecke Operators on Modular Forms

[9] June 19 JI.75, Asymptotic of Airy Function
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Fvobenius Method for
ODEs with Regulay Singqular Points
B8 2015.6.18
INTRODUCTION
An ODE of the form

442 00 4 F " L a oy’ a0y =0, (1)
wheve tach agly 7 analytic Th a deleted neighborhood of x=0 and has
a pole at x=0 whose ovder Ts at most k {agly may be analytic at x=0),

$ $aid to have a vegular éingmlar point at X=o0. We shall use the
so-called " Frobenius method” to solve all such ODEg.

Y L
By the transformation Y = LY.I.) wheve Y; = x4l (1¢iey),
we find that
"l\(,‘-, = (-0 Y5+ Y (1¢9¢<n) and
'XY“’ = (n-) Yn =Xa Yy = - = XhanYl,

S0 that this transformation tvansforms (1) nto xVY' = AX)Y, where

0 !
0 I f

o 0
Ax) = : 2 . @)
0 0 - -+{n-3) |
-X"a” —X""A"_‘ i -XQl"’(n_l)

Hence, we wonvert the oviginal scalar equaton Tuto a mahix 0DE. We
shall investigate the gbnuo& matvix ODEs of the form xY'= AY (which
15 called having o reqular singulay point at x=o if A Ts analyfic near x=0), and then use
the vesults fo Solve the Scalar equations having reqular singular points.

MATRIX O0DEs WITH RE&GULAR SIN&GULAR POINTS

Lemma: Let A EMpmm(L), Be Muen(C) and let C, X € Mmun (C). Thch,

AX-XB=C has a unigue solution X & A, B have no tommon eigemvaluts,
(P£) Obsevve fivst that .
AX-XB=C has a unigue solution & AX—XB =0 has a unigue Solution (X=0),
since if we regard X €C™, then AX=XB (1 Mpyn (D) = MX (n €™)
for some M e Mpn(€), and thus I' X such that MX=C if and only 7f
M Ts invertible Tf and only 7f 3! X Such that MX=0.
(DIf A and B have a tommon eiqenvalue A, so do A and BY; let w0 o
that Av=Ar and B'w =Aw; then X= vwt $0 solves AX-XB=o0. (Seep.2)
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2
(Pf. of Lemma, cont’d.)

{2) Conveysely, suppose that AX-XB=0 has a nonzero solution X=X, #o.
Let Jp . Tyt be the Jovdan canonical forms (upper-triangular!) of A
and B* respectively, and let Q,R be Tmvertible matrices $o that
A=Q7'7,Q and B'=R7'TR. Then AX-XB =0 & Tn(RKRY)- (RXRYTyi =0,
and X %0 & QxR 0. Hence, may assume first that in the equation
AX-XB=0 having & honiew 50|uhon Xo, both A «ha B® ave in Jordan
canvhical forms. Now, wyite A = eav and B* :eBW~, where €ach V;
75 o Jordan block of s72¢ m; with ¢igenvalue A;, and each W; ¥s a
Jovdan block of <ize nj with eigenvalue Ky. Let fe1,-1&m} be the
Standard basis for R™ and let $uy, ---, Un] be the standayd basis for R
Write Xo= (064-5):‘%. i eauf. Since X, 0, without |oss of gemerality,
may assume X to for some |Sa<mand 1S40, Let

&= max{4|x43¢o 1¢is¢m;} and P—- MAK{HM&#D, s gent.
Write X, in e; u + 2 ¥ije; M =X, + X, and obsevve that C[M]

9=l i=) '3 ! idSmpor 4om
s a tommutative Ymg -Fgr any sgquoare matrix M, we have

0= (A=AD" (A%~ %B)(B-Mp?~
A (A=A XS (BB = (A-AD* 'K (B- ) BB + (A=A " (AXY - x/B) (B-p

l

= A(’Ydﬁetul)-(hﬁel“ )B + :'x'i v 1

u)n. vrg>n,

= N -p)Xag ub + T W eud
|>M|w‘>n,

Since Xap %0 and sTnce §e,ua3 forms a linearly Tndependent s2t, we get
A=y, Henwe, A and BY have a common eigenvalue , and thus A and B

have a tommon c.genvalua, #

Theovem 1: Suppose that Alw = gpAy X' € Mpn ()] wheve no two ¢igenvalues
of A, differ by a positive integer. Then there exists a Pl = nyx'eM,,,,,,(C)[[x]I
with P, = I, o that the transformation Y=PZ reduces the ODE xY'= AY
10 the -Form x2' = A 2 (‘FDYmA“y h Mpa (CI<D).

(PF) Fivst, Y=P2Z transforms xY'= AWY into x2'= (Plap —xp'p/) 2 :

Y'=P24P25 xY 2 AY 2 xb'2+P2) =AKPZ 9 x2'= P (AP-xP)HZ.

The above transformatTon needs justification, namely the existence of P~ in
Mun (OTXD. We shall, however, accept this first.

Now, we try 1o $olve {:P;"I'AP‘ PAo § 7f & solutTon P exists, then

0
P-le Mhrn(C)[[*]] (sinee Po=T1 € Mnen (O)X) and hence P_IAP-XP‘.,P, = Ao, SO
that the theorem will be proved. (See p.3)



(Pf. of Thm. !, tont’d)
Substitute P= I Px” and A= 2 Arxr in xP' = AP-PA, (P =1), we g4et

[2ocd Do r o
Z Pyt = ED(SMA,.,Ps)x' = Z PrA X" 5 comparing the coefficients shows that
14 r=r
YPY :LgnAy-;P;)—PyAu & (A, ~rI) Py-PyA.z "S:ZOAr—sPS (r>o0). 3)

Since A, has ho two eigenva lueg diFFcying, by a pogitive integer, fov evevy
positive integer ¥, Ay-vI and A, have no common eigenvalues ; thus, the
lemma and (3) guarantee that P, P, -+ can be solved ducATvely (and uniguely),

and hence the vequived P exTsts in Muw (ODD. 3

Theovem 2: The ODE %2/ = ApZ (Ap € Muin (€)) has a fundamental soluwtion 2= xAe
(XA" =g Rologx . E‘L&_"!ﬁﬂ); that s, all SolutTons (in nx| matrices) Z of
this ODE are of the form Z=x%C for some CEC"

(Pf) Snee & (x™) = Y’g‘:% A«'_(('_:sfgl = LA x%, % (x%) = Agxh0, 5o that T=yhe
solves x2'= A,2. If 2y is an nx| matrix function $olving xZ'= A2,
(xho2)) = -t A, x bz + xRz =L A Aoy + x4 (1 A,2) =0
D =CeC” 22 =xMC. 4

Remark: In the above proof, "2y = x*C" means that they define the same
global analytic function as the solution to the ODE x2'=A,2. The above proof
works since we can fivst choose a $mall open dTsk not UDh‘MTnTng, 0 and then

define a branch of "fua“ on Tty then we can dtduwe that 2)=x"C on that

disk, and hence comtinue this solution to all of €\ o},

Theoyem3: LctooF(x) =§°Fyx' be an nxn matrix function hnlomovﬁmc for Ix] < %,
and let erg.oayx' ¢ CMI solving x2'=FZ formally. Then rgoarx" Lonverges
for IXi<x, and thus represents a Solution to x2'=Fz2.

(Pf) Substitute the power serTes expansion foy F and 2 into x2'= FZ and

comparing the wefficents, we get

Foag=o 3 (Fo-vI)a, = —é‘FsaH (r>o0). (4)
Since Fo has finttely many ergenvalues, there exists a smallest hon-hegative
integer k S0 that det(F-¥I)=o (& (Fo-vI)™ exists) V¥ >k.

Introduce the matrix novm Al as follows: If A= (a;), defme
1Al = max };W:,‘l. Then Tt 75 easy to verify that [A+BI<IAl+(BI and
AR <l P\HH’BH whenever A+B oy AB ¢ defined.

Now, we claim that there exists a c>o, independent of r, $o that
IFo-vI)~'ll €c ¥V r>k. To prove this, observe that for r>k, we have

(Fo—¥I)"' = :—;’{g:—:g)) ; since det (Fo-¥I) 75 a polynomial in v of degree n, (Seep4)
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(Pf. of Thm.3, cont’d)
and Since all entvies of adj(Fo-vI) are polynomials Tn ¥ of degree at most
h-1, we conclude that [im (Fo-vI)™ = 05 hence, I(Fo-¥I)')l Ts bounded Vr>k,
and thus the required ¢ exiss.
By the claim, (4) Tmplies
|4 | 4
ay = = (Fo-+D)" 2 Fsars = Hayll<c 2 IFsilaril (r>k). (5)
Defime ¢ = leF,Iix" (X< xo). ¢ 15 well-defined (i.e. holomorphTc in Ix|<x,)

Stnce IIFyll < zi |(Fy).‘| and Z(Zl(Fr).al)x Lonverges for < x, by the wonvergene
of F(3 in I <Xe. Note that (o) =o.
Introduce -rhe "scalar majorizing Funuhon
G = cé(] (Nta, ||+§ (nasn~ cZ I Fell Nlagsh)) xS

> Y= P9 Y0 + Nayl + Z (Nagl - cillFf,llllﬂH,ll) xS (6)
Since [-c¢m=1%0, Y0 Ts holomorphic Tn X< % for some X, $ %, and hence
we can Yewrite Q(x) =§pﬁ\y X" for IXI< x;. Substitute the expansions of 4 and ¢
in (&), we get
Z ayx’ =c Z (Z IRyl drg ) X¥ + Naoll + i (Hagh- ¢ i I Fellflagol) x5 (ixl <x);

Comparing the coefficients of the above Tdentity, we get (by some calculations)

& =la (ogvek)s & = cTUF, (k. -
By (5)(’]) and Tnduction, we can easily show That ﬂr Zllaghl Yr2o.
Since Ea, ¥ onverges foy IX| < X), So does }: lla,ll x* awnd Za,x ( by the Tnegualtty
ﬂyZ lal). STnece the original ODE x2'=F2 has no $ingular point n 0<Ix| <X,
(ie. TFx) has no Singular point Tn 0<IxI <%y ), by the existence and unigueness
theovem of matrix ODEs, za,x' actually tonverges ™ B <Xy ($ee Appendix
for the detatls).

Theorem 4: If A(¥)=yiAer s analytic in IXI <¥Xo, where no wo eigenvalues
of A, differ by a positive integer, then the ODE xY/ =AY has a lanalytic)
fundamental solution of the form Y= Px)x*, where Plo)=I and P() 7
analytic Th Ix <%, (S0 that all Solutions of this ODE ave of the form Plyxfec
for some C € C").

(Pf) By Theovem |, 3P0 square matrix funciion somsfymggw = AP-PA, , $0 that Y=P2

reduces xY'=AlY o %2'=A,2. Reqarding P ag a veomr functon and
applying Theorem3, we find that P( 7¢ analytic Tn Xl <X. Since det Plo)=|

and $ince how det P(Y T$ tontinuous Tn IX| <X, there Ts a small disk D not
Lontaining 0, $o that detPw+0 In D and thus P exTsR 1w D. (See p.b)



(Pf. of Thm.4, cont’d.)
Now, Y solves xY'=A(Y n D & Z=P7'Y solves x2'=A,2 Tn D
& 2= xR C D for some Ce C™ (Theoremz) & Y= Plxx* Cin D for tome C& C,
(We assume that A 76 an hxn matrix function.) By tontinuation, we conclude

that xY'= A(Y has a fundamental solution Y=Pxxh (tn 0< K <%). g

Theorem 5: Theorem 4 still holds even of we drop the assumption “no two
eigenvalues of A, differ by a positive Tnteger” n it.
(Pf) Fivst, we may assume that ™ the ODE «Y'= AwY given in Theovem ¢,
Ay = Alo) T$ alveady in Jordan canonical form, for: if J 75 the Jovdan
canonical form of A, and if T € GLa(C) S0 that T=T'AoT (assume
Ay € Mupn(C), then Y=TZ tvansforms xY' =AY nte x2'= B2, wheve
B=T AT 2 Blo)= J. Now, under our first assumption, consider the

\W - " j||+ X%ﬂ(") !§'2 )
shearing transformation” Y=SW ag follows : 7f Alu= «F, (0 Tyt ¥ g

where Jy; TS a Jordan block with eigenvalue N, then we define

I
S(X):( :’ ";r) wheve p 7 the size of Tz, and hence Y=SW transforms

Y = AlwY Thte xW' = Clx)w, where

- I L 3P i Inp ©

= ctacC _ yele! = [ TNnF X L B - P_L

Coa=3 ASJ ks’ = T, 60 Ju—z,.ﬂ&nw) (1= (75 43,)
n o

Thug, Clo) = (‘-‘ié.(°)5n-1p) and Jp2-Ip i$ a Jovdan block of s72e p with
eigenvalue A-l. Hence, after a finite steps of Such shearing transformations,
the equation XY = AY cah be veduced to xY'= XY wheve A (o) has ho two
elﬁwvalues differing by a positive integer. Then, Theovem 4 Tmplies that

Y has a fundamentak solution of the foyrm Poox ,and so does Y. 4

FROBENIUS METHOD FOR SCALAR ODEs
WITH REGULAR SINGULAR POINTS

We turn back to solve the ODE (1) with veqular singular puints at x=o.
Fivst, use the method given Tn the TntroduirTon Seution to tonvert () nto

xY'= AlgY wheve Al) 15 of the form (. By our previous discussions, Tt 7
essential to find the eigenvalues of A,=A(0); that 75, we have w find the
chavacteristic polynomial ¢ (x):= det (AI-A,) and then solve ¢iN =D (the
so-called “TndTcial Q%Maf'lon"of(l)).
Fact: Let o be the x*k-oeffreient of apx) of () (which s assumed 1o have

a veqular Sihgulay point at x=0). Then

@) =AM O-nn) 2 A=) - (A-ng2) o) + A1) - (A-ne3) o

4o N AA) 0y + Nt + oy
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(Pf. of Fact.)
Let A,y be the determinant of the (n-k)x(n-k) matrix derived from AT-A,
by deleting the first k columns and the first k vows of AT-A,. Then,
the wfauor expanston of Apy along the first row of Tt gives the
recursive velation Ang = (A-k)Bngy + Xnk. Solving this rewmvsive relation
(with the aid of A= A+x—(n-1)) gTves the desived formula for @ (N =28, 4

Now, we dismss the solution to (1) which s assumed to have a reﬁu!ar

Singular point at X=0. Let Al) be defined as n 1) and let Ao = Al0), and

0ssume that A0 7¢ analytic Tn X <%, . Let Ty, be the Jordan canonical form

—
I. No two eigenvalues of A, differ by an integer of Ap, say Jo=T AT, Te&L 0.

, xY'= AWY has a fundamental
_ T land the of Thm ) R )
Solution of the form Y=TP(X)x™® where Plo)=I and P(x) s analytic in [ <xp.
- - - Y
A$ in the TntroduuTon Seuion, if Y = (Yl) Solves xY'= AY, then we can

derive (by tnduurion) that { N a_.(x)Y!"‘*' + ot an oY, +anoY, =0 '
Y§ = X"" Y'(I") (|Sj$n)

Hence, the wlumn independencte of TPix) xT° implies the Tndependence of the
n entries of the first row o-FTP(x)xj", and hence a Solution basts for (1)
T4 given by the n entries of the first vow of TPWX, namely §4;, -, 4,3 with

R . _ A 5 _ [

43= 0o XM (1q <), of %o = (") Gsothar = (T L),
(mjlx) 7S analytic in IX|<xp V¥ 5)

I. No two eigenvalues of A, differ by a posttive inteqer

This ¢ the simplist case. By Thwvcm;
f

In this case, we can still apply Theovem 4 divectly, but we have to discuss
the structure of x%° Tn some detatls. Wyite A‘—'-é,V.* where Cach V: ig a
Jovdan block. Let V be a Jovdan block n §V), -, V,} with eigenvalue A of

AV
size k, Say V::( "-.‘_u)}k. Then
A | k-t
1 logx i‘!(lpgx)z - e {logw)
V= gVivax _ (A | "’?" l‘d;',g(!o‘gx)t'l

|
and then the entries of (M0 - M) xY (where each T TS holomorphic T

Xl <x,) give k independent Solutions to (). Collecﬁng all Such $olutions gives
n linearly independent Solutions (a solution basis) o ().

Remark: If we define (YY) = (- T ) XY where Tyl and V are ag
. -l
above, we can devive that U; = 11‘1-x"+ 5,--. (Iogx)— ﬂi-zm-g’,‘—’z- + -+ l—a)":l; M

(-1
for each 1€3¢k.

Remavk: If Ay has an €;g¢nvalue N with multiplicity m, then actually T,

has exactly one Jordan block wrresponding to A ( and the block size s m).
(Th7s can be proved directly by obsevving the powers of A,—AI.)



IL. A, has two eigenvalues differ by a positive inteqer

This case 5 much more wmplTcated. By means of Successive wordinate
and shearing transformations, we can ve&ur_c xY'= AY to ~xwW'= CLx)W
via Y= Sw (where S& T8 entive) such that m,'%wojé.';:.’,‘v&‘:’&"é}"a Co J.?fgy

and Tnvertible when x40

by a positive integer, as n Theovrem 5. Then we can apply the method T I.
and deduce that () hag a Solution basis qiven by the entyies of

(10, b9 -~ Tn b)) %2 However, the structure of Cp 1S move complicated, uniike
the simple structure g4iven Th the second remark of 1.

Example: Solve 24" +xy'-y=p,

(Sol.) The indicial eguation of this DDE 75 AA-D(A-2)+ A-1=0, T.e. (-n?=0.
So the roots of this Tndicial equation ave A=1,1,1. By the discussTons
T I (together with the vemarks), this ODE has a Solution basis
$41.92, 9% qiven by 4, =(2ayx)x, Y= (T byx")x +Y4,(logx) and

= (") x + Yy logx - Y4, (—‘53%‘)-1. After some calwlations, we find that

Yy can be chosen to be Y= ,' and Y, Can be chosen to be Yo = X+ xlogqx.
So U3 = [ Teyw") x + (x+ xlogx) logx ~ X “" O 2 (T cyx¥)x + X logx +4 x logx)?,
But then we find that x(logxF Solvcs +his DDE. Henw a Solution basls
for this ODE 75 given by $x=y1, xlogx =Y, Y, , x(logx)*} . All $olutTons to
this ODE ave of the form €;x + G xlogx + 3xllogw?, ¢, &, 3 € C. 3

APPENDIX

The existence and unTgueness theorem of matrix ODEs:
Consider the DDE y —A(x)g where Ay T¢ an hxn matrix function holomerphic

ina $imply connevred region S € €. Then the IVP :(;)Aw'a- (xg € S) possesses

a unigme SoluiTon 4 n S.
(Pf) Since § 7¢ Simply wnmded (and T5 open);, we only need to prove this theovem

so that Int kquw,
for compact subsets K of S, and then consider continuations. Let M >v so

that JAWI|SM VxeK (see p.3 ‘For the def. of Il-11). Suppose that D Ts an
open dTsk Tn K with radius P< M) tentered at Xo. Consider {y,t defined by
Yo =Y, and Ynu® = Uo+f Alt) 4, (t)dt (the Tntegration path [fes Tn D),

Let m, := Sug"gm(x) Yaa]. wa Mpy £ pMm, <—1m,. Thus Y, 9Y um-f'ormly
n D for some Y. Then also Ay, - Ay um-Formly n D Thus, letting naoo n
the Tteration relation for §4,3, we 9eb Yoo = 5.,+§ Al) 4 dt, so that Y

Solves {:lx,?::f, . I \j also svlues { ] -D)A(;)"a then Snmtlav\y, for d=5l6P|t]—:]l,

we have d<dd 3d=0. Hente the ‘.-olwhoh Y % unigue n D. (Seep.8.)
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(Pf. of Thm., wont’d.)

Now, Y%, €S, we may chovse a path ¥ whose Tmage [ c S wnneds %, and
%y, Then, since [7 75 wmpact, the distance between [P and C\S 75 posToive,

and hence we can choose a wmpact set K € $ o “rhat "e K and such that
the distance between 7 and C\K; T3 greater than 3 L m (M as before). Then,
we can use finitely many balls of vadiug p<;,':4 wvevmg 7 $o that no balls
ar¢ disgoint from all the others. Then, applying the previows vesult, we can
tontinue the solution y from %, to Xy, The wntinuation 75 unigue since S

Ts Simply winected. # £ +he proof of Thm.3
0

Remark: By this theorem, we can explain the last Sentence, in move dz+m!s

In the proof of Theovem 3, we have P\éc;\e/ﬁd that

2 =2 ayx" wonverges Tn X< X, Let the, sectors T and

T be a5 Tn Figd. By the existence anA unigueness
theovem of matrix ODES, we Can find a holomorphic I

functaion 2y on I so that 2 =2 in a $mall disk

IyTnﬂ Th §Ix|<x,§ NI and hence 2=2, in §|x|<x,§n1 Frg.1
Z 1
by the TdentTty principle. Then we have extended 2 to Z*=—§?( ‘: l;'“’

¥ {MCXI;UI for <ome Z;.
22 17'\ I

Now, 2% 7¢ analytic in x| <Xy, and 2™ =2 T x| <X = Ya, x" whverges

Similarly, we can extend 2* to 2% .=

n h(}(xl) +

REFERENCE

Wasow, Asymptotic Expansions for Ordinary Differential Equations
(Section 4,5 and 17 ave the main references.) (1965, Interscience edition)
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APPENDIX T[: ALTERNATIVE APPROACH TO FROBENIUS METHOD 2015.4.12

Heve ¢ an alievvative approach to solve an ODE haang, a vea,ular $'lngu|m'
point at 0. Such an DDE has the general form

L \a' =0 ) linear 4n gn 1
where L stands for the operator X"K"Jr X by S - + X P b P, )

(each P;o 75 holomovphTc in a weighborhood of x=o0).
To selve The Q%Mo‘o:ﬁon Ly=o0 for 4¥=y4w, we may assume that
w=yl,n = Z—.,C' AT
Then, we find that Lylx,A) = gocyx""f(x,,\ﬂ), where
f(x,Mv):[A+v]n+[A+rJ"_,Pl(x)+-«-+[>\+v],P,,_,(x)+ P and 0x1,= x(x-1) - (x-n+i).
Rewrtte f(x,a+v) = s%:ofs(i\w) x>. Then
Ly on) = z[crﬂ(MvH Coafy (Ntr=) + -4 Cofp (VDT
Hence, Ly, N=0 & ¢ f, 1) + Gy f, (tr-0) + - + G\ =0 ¥ r2o.
Consider the eguations
Crfo D) + Gy Nty -+ GF ) =0, (€,)
It can be seen that, given ¢, then we an find €G- € C(N) S0 that

each (€)), r>o, 15 satisfred; move precisely,

— Co FN()\)
fo 0, (A2)-- £, (WN)

Cn for some Fu) e CIN, N>o.

Fov the ¢guation (€,), namely Cofo(A) =0, the egmation folr)=0 T¢ exautly
the So-called " Thdiciak equation;” f A€ € such that () zo but f(nN) %0
for all Ne€MN, Then y=y(x,N) =§Dcyx"*' (%0 Tf we choose ¢, ¥0) Solves
the ODE Ly=o0 fovymally, thus analytically by the previous dTscussTons.
However, we would like to give another proof for the faur that ‘3("'”:2,”)('\”
i analyﬂc Tn the vaviable X, as a (AJYO”O\Y% of +the -folloang, lemma (which
tells us move):

Lemma: : Suppose that Py, -, Py all wonverge in Ix)< 7 (P>0), and ¢, ¢, -~ CWA)
ave chosen (¢o fixed) o that each (€,), v>0, 75 satisfied, as above. Let A
be the set of roots of the ThdTual eguation {,(N=0 (wunﬂng mulﬂplh;’rg), and
Suppose that Ay={Ae, A, ha1} € A Satisfies (i) Ag ZAp 2 -2 Aaay, (i) A;-Aj €2
Voli<ij<u-l and (i) A\-N&Z Y AN, NeANA,. Let N=Xo-Aay € 23
and let X0 = £, £ (A N). Also let ¢ =cFn) = 50N ¢y. Then, Tn XK
and n A€ BNy, 8)=3%eC:Ix=%I<§ for some x, € Ao} for some §>0, *hm_

[ -
function ;ocf()\)x" 76 analytic in both variables, and ifs convergence s uniform n wompact 7
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(Pf. of Lemma*)
Fivet observe that fix, Av) = E 'FS(MY D\+y]h+[)\+y] ha Py + -+ P (0
converges n X| < T, and hem,e ,ax-f X, AHY) = Z (st (M) % also tonverges

m Ix|<T. Let €>0 be arbitrary and let R=["-¢. Let M(A+y) be the least upper

bownd for L £(x,Atn) on x| =R. By Cauchy's integval theorem,

(st fp (Av) = f i MndX 2 Hsn ] £ [ Sfe tn)] € M(}‘:n

Next, observe that f, (A+y+|) 0 Vr2N, AeBIAy, 8), tf we choose §>0 Small.

In this case, all ¢f are finite Tn A€ B(A;, ), and for all ¥r2N,

Cypy = T (x+v+) (c yf (A1) + Cy_,ﬁ_()\-r V=) + -+ ¢ F ()

% | - -
e | € ) U T MO+ 13T MO )R 4 I IMNRT) = By

Thug, for every v >N,
e = Jerl M () + HfolMn) Cyy < M{(A+r) | £, (1)
vl [fortrsenl  [forey+n) R7E = Cr = el [, (A+r0)]

_A_@_ M(\+r) [£, (A1)
Ay o Atven)) 1, (Mr+)

X
Then IR ARYS (’.ﬂ‘,-y to s¢¢ that |Cry| € Cy.” SAvs Yr2nN.

™ (v>n).

Defie Anp, Ansr, - by Apy =By and

Next, obsevve that —{»’(x M) = [AMv] P+ - +P () TS @ polynomial of
degvee n-1 Tn Atr. Hente, as v-oo,

M (n+y) = Islu{; ’ax-{l(x M| = Ol uniformly in A€ B(A,$).
Also observe that ]ﬁ—(&%] > a$ roea, unTformly in A€ B(A,,S$).

Th us, é_vg _ O(Yh—') o()\‘f‘Y)

Ay I, (Arn)] l {olrre1)
From this and from the fact [epn] € Cre1 € Apey, The vatio Test TmplTes that

’R—I S R-' as ¥y oo, uhT-Formly m A&B(/\o,S)-

y}_ﬁvc,?*x" is analytic Tn <R =T-¢ and wnverges uniformly Th A€ B(Ao,$).

This mplies the wonclusion of Lemma®. 4

We veturn to splve ouy equation Ly _o Use the netations and assumptions

T Lemma¥®, we find that for 4(x,\) = 2 ¢y XM and y(x,\) = ZC* X" £y (%,
LyoN) = GfeWx? 2 Loy = ¢ Fux®, Fu= oy ¥ 0.

¥ MG Ts analytTe Tn Jxj< [, NeB(A,, 8) 5 hence,
¥ — kKoo, - k

[L {;37-': a (\(,}\)}])\:,\“ = [aa;ii gLS(K,)\)?{]A:Aﬂ_—' [%{CDFU‘)X)\;])\:AH =0

fovr k=0,1,-, m-1, wheve m Ts the zevo ovder of F(N) Th A=Au €A,.

By Lemma

k
Hence, {[%ﬁ%(xl)\)])\:)‘ul k=o0,1,"-, W“!% 7s & set of soluttons to L%:O.




1
Having the rough picture above, we can start o solve Ly =o. Assume that

i Ay (heve and below, we tontiaue using the notations and assumptions Tn
Lemma¥), we have Ag=Ay= =X >A;= - Then T 7 ensy to see that

FOV= £ 00F ) = £,00 £, ) - £,0+N) hag 2ero ovder | at A= A,. It follows that

S goond, e =19k | k=00, 0 (Fon= 2 o¥ o)
s « ser of solutions to Ly =o0. By Lemma*, we can differentiate E(x,x):x'\gvc:‘x*

at A= Ao avbTtrarily many times and 4et

9 ~—
[3,‘;3 X A)JA x [logx) W, (x, A) + (§) Cog " w, N + - +wk(x,>\)])‘ N

wheve Wy (x, \) = Z (c*)“"()\) )M (Thig series still converges |xl< M ¢ AeB(A,,S5).)

If we choose ¢, %0, then Wy (x,A)= Zc*()\o;x*v” +0, and hence Tt can be seen
(for e () %0)
that 40,41, 4:y3 ave linearly Tadependent Solutions to Ly =o0.

Next, consider the Second subset of Ay whose elements ave TdewtTead, Say.
A=A == A > A =0 T this case, F(N has 2emw ovder § at A=A,
and hene %[%E E (X,)\)],\:)‘; =: 9’k ] k:0/|'~.,/j-(} 76 a 2t of solutions to Lg.:o.
If we pick %0, W; (x,A}) 75 not Tdentically 2evo, for HYV O F0. Henee, if we
set Y = 9} for k=71, 7+, 4-1, we can see that 14, Your, ", o ) are lTnearly
independent Solutions to Ly =0,

Prouzedin(c?r as above, we can find o« Solutions to Ly =0 covresponding to A, ;
the $ofutions Lrresponding to the Same MindTees” (routs of the TndTual ¢guation
LW =0) Th A, are lTnearly tndependent. Similarly we can find n Solutions to
L‘&:O WYrespondTn% to the Tndices Tn Aj again, $olutions wvvespondf‘ng, tp the
samg Tndices ave |inearly Tndependent. It vemaing to Show that these n solutions
are |‘meavlag ndependent. We divide the argument into three $teps.

Step 1: If A, -, 4, & are analytic in a ne?%hbwhood of x=0, and f

Y9 ogx)" ™+ -+ b, (x) =0 T this neTghborhood, then W= EV(YED.

(Pf) Suppose that not all b, 1€4<n, are dentically zevo, Then, after some
cancellation of %-powers (if needed), may assume that A, (o) v but
V) =0 ¥ ¥ m. Now, ‘El"ﬂ-bc)(loa»x)"-1 =0 = ’\l’m(x)+i§m'\l'1- (x)(lo%x)”‘"f =0
D (xeR', x0) A (0)=0 % . #

Step2: The « solutions {Ye, -, Yul assouated to A, (a$ wnstructed above) ave

lTneavly ndependent.
(PF) Set Ay = {ho=-= Aot > A = - = Auge > Mg = oo > Ang = o = Aar b and let =0,
(See p.12)

t When we wyite ")‘a>)\|," for )sa,)q,é/\o, we mean that Aa—- A, >0,




12
(Pf. of StepZ, cont’d)

Observe that ¢ (N =XV, le,Fo) hag zero order ny at A=Ani. This shows
that Wy (0, An,) = z(c*)‘"”(x.,-)x“i"] =X " (An) £ 0 and W (o, An;) =0 for
4 1 Y=p Y 1 X=0 { 1

0£s <M. Now, assume that Bo, -, Bt € C and that Bolo+ -+ Puifun = 0.
Observe that [ ,ai l,, Y (x ,A)])\ M= Amg = Yoy = :g: (u;l)(lo%x)“ﬂ_f Wi (%, Any) -
If we view all Y as polynvma&s of (lag,x) with  analytic weffidents, Tn the
sense of Stepd, then Stepd shows that the sum of the analytic coefficients of
(logx)u"'"" of the Bjy;'s (o< <) T Tdentically 2ero; meanwhile, in these
analytic coeffiuents, Pu-jWay, (X, Ang) (covresponding to the Puday term) possesses
the "lowest” possible degree Ang Tn X, hence must vanish = Bey=0. Similarly,
Pap=--= B, = 0,\ and thus '?‘30,"'. Yaql ave ITnearly independent. 3
Step3: The n $olutions o Ly=0 constructed above ave linearly Tndependent and
thus form a solution basis for Ly =o.
(PfiLet A= AgUA U0 AL where every two elements Tn the same Aj differ by
an integer, but every two elements from distinct Ag"s do not differ by an integer.
Denote the wwespondm% soluttons to A; by {‘}1 IREEAL FRY 3. Now, Suppose that
ﬁgt € { so that 32 i ﬁa Q‘J—a,g =0. If we continue the vayiable X for r vounds

avound X=0, we get P A “Zﬁgq%”——o wheve @p -, 8 ¢ L are distinct, ¥ €%,

This shows that 284450 =0 Vg, and thus Ppe=0 V3.4 by Step2. g

Examgle: W shall use the matevials developed T this seutTon to solve the example
Py +xy'-4 =0 n Page 77 again.
(Sol.) The Tadrcial Lgmation o-F this ODE 1is ()\—)—-0 (as Tn P.7). If we put 3——x'\2c x"
into this ODE and $olve ¢, = ¢ () formally n CW, and pick ;=1 meanwhile,

we find that all Cy()\) reN, vanish. Thug, a $olufion basis for this ODE T7s
4iven by {[N Zc ¥ x=| ‘ k:o,l,z} {[?AFX’\]A___‘K k:o,I,Z}:{x,xlogx,x(lugx)l}.
H#

REFERENCE FOR APPENDIX I
Ince, Ordinary Diffevential Equations, Chapter XVI. (1956, Dover edition)
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