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246 12. ELECTROMAGNETIC THEORY

MAXWELL'S EQUATIONS

We use relativistic units and let (x*) = (¢, x, y, z) be a Lorentz frame. We

have an electromagnetic field given by (F,,) and a 4-current (J*). We have

the free space values &4, o Where gopo = ¢~ 2,

_ _y2 coul®-sec?
=8.85 x 10 “kgmd
in MKS units or
796 x 108 2L
’ kg-m

in relativistic units. Maxwell’s equations now read, using ¢ = 1,

(a) Vx E= —0dBjot, Moaxwel\ ~Fara f./\

(b) V-B=0, G avss .
© VxB=(@Ed)+pd, Aepeve wit avwedion (1219)
(d) V-E =(1/eg)p = pop- G anas s by Paxwells =

Now we have

F=E,dtandx +E,dtndy + E,dtndz
— B,dyndz — B,dzAdx — B, dx A dy.

We have then

0B

9E, Nv&>mx>&

ox ot
B,

mmn
o + ﬂv &N>&>&x

JE,
aF = A dy

+ OE,
ot

uv%>§>&

vax>&\>&n.

Thus the Maxwell equations (a), (b) combine in the single equation

dF = 0. (12:20)
Now consider Maxwell equations (c), (d). If p, J are v, these are
V x B = JE/dt, V-E=0.

These are just (a), (b) if B is replaced by E and E is replaced by —B. Let

A boeric 3

MAXWELL'S EQUATIONS

AAN¥A =

To%u«\ * dos o

dt >,r«>wq;.—ﬁ.

)

4 247 ot o

(M,,) be obtained from (F,,) by replacing B by E, E by —B so that

0 -B, —B, —B,
B 0 —-E E
M W) = x z v,
Mo B, E, 0 -E,
B, -—E, E. O
If (M,,) can be shown to be the matrix of components of a tensor M, then
0B, 0B, OE
dM =§{ — z d
A 3y o mnv&>&x> y
+ _%, mmu+mm: dz Adt Adx
Ox ot
0B, 0B, OE,
+A mn 3 - m_..v&;&\;m_
O0E, O0E, OE,
+A|..mk||,mm..n @Nv&;&;mn.

The Maxwell equations (c), (d) require comparing the four quantities in
parentheses with the components (uoJ*). To do this we need a 3-form, so we
lower the index on J* and form the dual.

ugJ = uslpdt — Jodx — J, dy — J, dz)

+ JodxAdtAdy)

The Maxwell equations (c), (d) become
dM = —u}J,

$0 ¥dM = —p **J =
Note that M =
We can write this as

—HoJ.

OF =

Thus Maxwell’s equations are

dF =0,

OF =

—lod.

*F,so M is indeed a tensor. Then we have *d*F =

—Hod.

polpdxndyndz + J, dyndtandz + Jydt ndx ndz

—toJ At Adx Ady + poJ , dz Adt Adx — poJ, dy AdzAdt
+ pop dx ndy Adz.

(12.21)

— tod.

(12.22)

In the source free case, ie., in case J = 0, we see Maxwell’s equations are
SF =

dF =

u?lvv =L «w

dé +4d

0,

(12.23)
F RF =0
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