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o) (ae) , o) (bd) 2 abred=0

()= (a+b, c+d), (-1,1) = (~a+b,—f_+&) = b-a*+ -0
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" _‘__/'f__b__jr J &XY ﬁk g]fg f& ffat Ya' '{'\[x,‘é) o?x ( Fubini theorem)

a A
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ph v x(uf)~f%ﬁx,q)a?q ulxy )n‘o(igm% f&if‘b’l?iq)iq
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e s
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Voo Yo
- Viodt = (%’i‘ @3) & > Hhis is Tndependent GF the parametey "t" as fonqas the
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« T owith the vewrse mientation Ts denvted Jy -~ %
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Next time : will show the condition ¥ 75 sufficient T"F the domain U< R* of F=(3,B)

Ts ST’"'FJ?’ connected ( FiB1A )ﬂ( BB TAEKE )

x Y Z ;)

i
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ST )
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%r,] que f‘h'teﬂm l

_ﬂﬂ’_ﬂ R

B _Las_b time J"F*L. is maPePena?ent E'F Pa-tk ® L= cQ-F 'Fo'( some T ( Fcferﬂﬂal -ﬁxnu&un)

r ¥ [ '-l {] é aapnve y - 1_ ‘?Drnb V -77--777—' b -& T | A
W{U j px L T Adc+Bdy +cdz o h ‘2&;‘ +Bgt T,?E%,,&fﬂ*i “
71 (F= (A,B e J)

#(4)= (vn)‘z.rh.\,‘r'HJ)
[ q__> F-—ﬂr i

2 cay F' =0 {wnP;’-\‘i-blil"f“ cabung 'frr,m "1)('\" =y, x.
. _ T T T TGN T T kg

A i (53— Bl
= 2B
__ F (aBc) . e B T Tk

- 7(3471‘51%“ —ﬁfi) __;__53__'3___ o S o -
WYIF-V)(FI ax Y I —(Cg BE,A;‘&,BX‘A&)

S (ﬁﬁ) . 7Tﬁ£—, L e R e =

o (a‘f,bi p G Joalay, by, G 3 i !g:_h;_cz‘_—, whd ',l LL S e

L= Aoﬁxﬂ‘BoPngCJz —> F (4,B,c)

0‘ Ehe Carton’s 4 operatoy
I ff"F =df . cfxd?a AXAlaf '/q\\‘f ngf\dg—-c?:a{/\cﬂx

dL= dAndx+dBndy + dCndz "“"?3“

= [ Axdx+ Aydy + Azdz ) A dx +( onﬂx+B&a?5+ Bede) A dy +[&ch +Cga% +CzaPZ)"aPE‘
=_Bx Aq c?x/\aﬂg'!’fcg Bz);{’ﬁf\cﬂz +{A;z Cx)d’zno?x

L= ZJ& G T
~ Al—ff, e S S S Y SR P O SN = N L o
|\ P =
L - ﬂ%zm{"‘j ZGE-Iaiaas
=0 fFaPc{ | fovma

ﬂeorem J_et L be a C' one Furm &eﬁneﬂw wnnecfegﬁ open se{; Ue Ks

AL=0 L=df for some
B (- 115 1 P——yr o e
Recal| + € vavial

> 1% ve&uce& +o me_ {}m{’, the [The m‘fegml s ma?epemtc?enf: O'F Fath

Simply contected ness ( ﬁﬁ;ﬁ)

D@\C U 7s simply wnhed’eoQ T ahy w0 curves wl’ck the <ame enél Fomfs e cPeBrln&ﬂ o eac‘h
& % Lo, 033R? Ko (0)=F, %, ()= ——othey- oon'bmuousy

%\ R Te 0 9R® ) mp, % 0)eR

U e AR To,Ix[o4] > U ootimies  Xlts) st. X (t,0) = =Xolt) el
P .

‘_l" w [ o ST
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Date

;___\ Ba!l E’?(Y X(t/s) = (I-s) Ko lt) +S%1[‘t)
® vﬁﬂ e )
( i | Fact : Any convex set s s-mpl?/ conpected

&

_'s:!"%—jtl)[ +B_¥+C I

- g’%) 5 (/4*’(‘«'*/3355*'/3225}’(1:*!3?(51;)on \
J -J ([ BeXs + By +B22s) o + Byst) ds \
|
|

1-.5‘ ( C¥X5+C(dg5+&2-gjzﬁ+czgt)&s ]

5 (Ax¢+Bgt+Czt Jsds = f(ﬁxs+egs+Css)t&t }
‘Bx=Ag,Cg=Bg ; RBg=Cx /

( Poincare lemma)
ﬁ &s[ﬂxs+BgsrCzs) gy = ﬂ ds(AXe tBYs+C2s)| ey

il

"

9]

%>

]—vI* & n K"a[.ﬁl’_\_,xn) 5{7’* L

i) T
L L Sl
p Wl ffﬂffﬁf L= 7. &Air\dx‘ = Z@. L g ) n A
R v— =2 (2 2 ging
The necesso.;y_ condition for the [ine Tn’cejmf 1o be independent, of poth 35 dl=0 '——‘-ﬁ_%?%: ‘2-%"
(ol o poth = 3 st L<df e =2 <) =

IxX: f”;'Jx[°g,'] — U entirwens  RES) = (x(t,s5), X(4,5), .- x"2,5))

£ S
st. X(ho) = Xelt), X(t,1)= X (t)

%
St S=p )

dx’ dxg'
dt at
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Date
| 1 N i | " on ¥ '!'—‘—‘l
- fode S 2 F a3 - bk B R <[4 (BadE)) ] -0

Problem : ‘C{K’Z’ whti. T X4, we want to appmxlmafe F 17 a C* function .
ﬁl HJ A; j\:_ ‘{?)Sg h Del’l 'P(g q) h 'F|i€£ .Sma,” number

BN Weth, yth) - w (e, g h) - wch ) ulch goh) L 6

e R 7 it TEL ,? Th «_axay 'h ¥ Syox Th
d\er_k ' fethbook . "qooc‘? " {uncﬁon cont
Iﬂ\(w% fxeyr| = Wf f l‘F(i - ﬂxg))&g dx <&
rf <
x' H’ s) as now appmxsmafeof 17 x‘ (-t,s) < govc{ function  T=1,2,--,n
X(Jt 9) OUh'bl % (g ﬁuo& 5 o
= —————— s e B .S ———
X(trs) = K(t,8) - (1-5)( X(£5)~%o(1)) ~ s(X(t5)-x14)) J
- } N o e ]-’D*} r’lk rL a 7 B . o
o I Ll ) e 050 B U S el B

P&
FU-DU-5) (X (o, O)‘Ku{°))+ (1-t) s ( X(o,1)- x,(0))

+ tU-~ s)(xu,o)-xcu)) + ts(x(l 1)~ x.m)@
f-

[ﬁ,bj” ’—\ .
— R [ o
R* Taobdx<[onbn]l " dosed and bomM subset
- bounded meons S< BolR) for some R

« closed means S containg all rts J?Duh&my Pomts

Theorem. ( RBolzano - Waefsbmss) Let S c B" be a closed ahoﬂ Luuhoﬁeoq set. Tfleh

‘“’V ser{uence Bie8, nsiyue: has a aom/eaﬁen{: Subsequenoe h ‘5

pt. a&vmpeoﬂ Thto 2" éulowbes 9 a subcube which stil| contains w0 - man)/ Pi's

De¥ f\ f{ CQ\”' s m‘wy (< OQU*‘H‘ ly) rnr‘ﬁc{ K‘ i‘"lr“: " '7-'- closed f‘f bounded

Thm Let §: ﬁéh 2S5 R pe conti. (,41’6"\7757 b@lnﬂ whﬂ)ﬂ[:f ;”\E.hr | F(:S st. -
‘F(p) 3 mmc f
P-P. r,]ouw\ SM <t. ‘F‘

r’fnrst ‘cfhéfN' HFhGSst ﬂPn)zn

CC A~ M~AAA~AAAAAAAA AN NN A AN
|
\
E
|
E
|
|
|

Céwfv culture



No.
Date

let Pn; be a oan\/e/fﬂi’,ﬂ‘t Subsequgym , rllﬂ P = %65

F(P) > i Lim (P > 0 Se

it

f( JimPu:) = £(g)

Chapter 3. Properties o differential Calolus for multivariables
= Implicit functions (.5 )
___Ef_l F(ng)= Lx’+3")1—2a2(><’“—32) =0 Find the maximal value of Y

Reﬂafoa (u]L as a function ™ X, 'é:'F[X) !

Apply &i o Th: > () (2x+yF') 20> (2x-241) =0
- {'= -+ ; Here we consider fx) =o _, ,fK;O/T\Tﬂm 4]

(Y X—aPx=0 2 AxHy-ad) =0 ( HTO r’ﬁe\uﬁg

X=0 2 g‘*+la’g{’=0 2By W L7<ﬁ/\<

£
or KMHytat=0 D at-da (a2 yP) =0 > - (AT H

Theovem, ( Implicit Function Theorem): Let F(X,y) be C' and Fixogo)=o,

Fy (X0 ) =m0, then I nbd of (%, o) st. 3, 4= st. Flx, froyo and fec!

\ J
m fack, Foo=- 'Fpg’

- d .r . af/ax
Fp=o A Ferfygreo 3 gh-- 250

P{:_ Step |- - YAt IR, Xeta]x [ g B, ] st. Fg> on R and let |Fx|eM

oh K

et Notice that F(xy) 7 iy for any Fixed x
1 T ™~ T !

ey [ [FO0go) - Flxo ge) | = | B (4, 4o)| - Ix-Xol € M- [x—%, |
™ F(“XA, Yot (b) = [ FIX, Yot 2) - [?;%ﬁ)) . F(?’l\,go)

o '-'l' P( "]J (-)

>—”g M- (X-%o|
F X 4o-B) = (FIX o) - FOX, o) ) + F(X o)
Y
we just vequire that X-%o | < f}é =8

>3l y st Fix 4) =0

T BT Jp e

Cﬂﬂ)' v culture
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No.
o
Sep 3. " Feo'”
let x be fixed ‘ﬂx—&\-\ ﬂx} -
b= F(Mﬁ fo) - Flx, Rx))
o o< B
- = K b"_* F}ﬁ %+9k)h + Fé()ﬁ-@ﬁ y+8k) - k 9& lo, 1)
S | 1_<_M-IM o ,-ZL - o
- ~>|H~5___Hh —>F“sLLlp] wnti.
Px-+hr F1) 1 Rolx+Bh gv6k) Fx(x.y f**"
O W W Eku_ehbgw{e} Fylxg) ,s ,hw )kw)__
_Eu_lﬁ_-mﬁaue wse: F[t‘ xhy ,5) st. F ?ﬁo,@) 0 Fg [xo,g) m >0 7

F{‘(/‘é‘)---o, f:_'F&‘

_:7 ‘F’ (Poct £ ) Fy - F*(qu*' Fuqﬁ) _ FoxFy 4 Fyx Ry E) - Fx -y +F’<_J~r =8y

& _Fé[ Fx - >FxFagg‘+szFﬁﬂ' - - ___—EH____- -
S Fy? .
" N
%ﬂi_ - - -
W= ﬂx% /) y 7 “ ™, < R? ﬂ,ui’{a(ei
- o 7;17* B e I
levd set U= constant = o e

N VF FK,F%;FE’)

F{KO’&O ZD) D/ F’((xorﬁ’v ZD ﬁo

= 3! H"-ttgiﬂm?{ﬂm_x={ $2)  near [Xe,%« 20 S'l’ F('ﬂglz) 2!2) =

What hprens _q“ VE(Xo, Yo, 20) =

Congra?er Ghy curve fhruugjﬂ (Xo,ga 2,)on F=v

FCxit), 3[1}, z(t))=

0= VF- (x714), y, 2et) !f=0 (%ﬁm@%@%ﬁﬂ_&_ﬁi@ , vf=o)

F(x,u} = r(’ X[ %)

VE= [-3x¥-2%, 28 )

Céwff culture
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Def /% Fomt pé ‘[XI F('i‘ -o} ™ a smcfu(ar ant (:ﬁi%) rf Hle ﬁmcient vectors

ot p span the whole space ( > vF(P)_o) & e Fixy) = y2-x!

Exwu?](’_l 2:{(!,3_ )
e D 2= Tk e) (Xo%0) + (3040 (440D

T e e R

"/ ® Lx—Xo,g-go,z %) (T, ~fy. 1) =0

Y

ey go.0) ( ax/ - \1: BB .y =

L PR R

£
7T Jf
3 a\‘ (e, 1, ‘Fa) /1

@ F[%;g,2)== ?—‘Fix,g)=o level set
VF'—"— ("‘Fx,"Fg, I)

Example 2. F=0, G=0 in R*

YF-vG - kxext Fyey +Fe e
3
=/ 0 ToElva) l&’«»ﬂ +Fg? - Je”rw +Ge?

U= Qi+ QX %o+ (inXn by tivial Iinear model

& e B Oz Oy u
LL&—-—;X €. %“'TX!“—QKZ““‘-T;X"""b

Non-lineay version :

% M-=F(‘>i“.5) for a fixed (%, Yo ) &H ,Fas;o > Y= G(X.u) st. u=FIK, al¥, w)

V
u= uo fived

Cov. set w=0, 21‘:%‘“‘\) Tmplicit Fanction

ﬂctw«l\)/, % Flbws from the w=o case
;rF- let H(S?,umd) LS F(?,%)
Hy= -Fy S0 > 4=6(X,u) st. HR waRw)=0= w-FIX/ G(R,w)

Theorem.  General form of IFT ( mmpliit/nverse function theoem )

Fg ﬁ ek
6y G X0 at (xu,am,zo)

then ™ a nbd of (%5, 40,%) , I 4= AR, wv), 2= BX, wv)

w=F(X,42), v= QR g, 2) with D=

st. w=F(Z, ARw0, BEwY), V= &R, AR uv) . B, w))

fér)wculture
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No.

¥ 9 voviable Hw Date S
\7-‘(\. }na.y asume  that Fa*o (wthemﬁge chanje g<—‘72) f{iys{ row)
SR I=FXue) s usFIR 2Fwe) %) I

Now, the variables are u, 2, X

3V
VPR ER W), 7)) ned to compute S5 (¥01)
_iﬁi .
. D% ____ sz I, tFz D _M# i 32“ D (K, u,V)st. V= G\(x IR BRuY), BF vW))

- —

Tncﬂepenzﬂent -the u equamn
voviables

u=F(%, 2(Z,u, T(X,u,v)), E{?,ww)

for any (%, wv) in the nbd

S}?ecaa] (ASeS,

. Set u=v=o0 get %{x} Z(x) st. F( g(i’),z[?)}:o G(x, H[x) E[KJ)

w= F(x §o2), v=a0GY ) ar both CT) condition D=

2. Let n=o, (ie no x) et u=F fQ_f‘é/V),B(ui.v}), v=€1[ﬁ{u,v),B[u,vJ) I’iﬁﬂﬁ
e —— e e o=

N 2 cad
F[x $2) N 2= a f’é o) R

‘tanﬂg_n-l: |>|th o P{Kof%o By ) ¢ NP‘ (X—Xo,g'éfo,Z*ZD)=o

—Xo, - X
,DLJ &ﬁjﬂ ENTE SIS
7};»{ _@f_ _ ZDT :

)-—:4’ b2 =

l&_a l#Dc\t ?g,o Eo)

= g= f[X,M,V) Z _g(x w, V)

eg. UsV=0, get §4= -F[x) z= g(x) st. Fix, fix), gtx})—oi a[x, ﬁx\,g(w))=07

Te. B, &_@_@ﬁﬁq‘% ﬁ’fb 5—{:(*), %=3(X)77

éa’] Mo.snma& PRI A wa[em

77777 g-ﬂﬂ,-ﬁﬂ=o
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eﬂ" ﬂ')(’ﬁ): [axh+baz) e'(ﬁ*ﬂ‘) r C‘J]?‘*'O F(x,g) =20 as xl+a=_7 d

(Ko, o) Ts o ectremal point = £ o, go) = 'Fa‘[""'%‘” y et (K;‘=(-vf ), vF=0)

B o= daxe 78, (axubg‘)e""’*ﬂ}’. (] = ARET 5’(!1— - by? )
i ®
{)g___' 153 (K-‘g) (b’axz_baa)
. o PR " <0, X=x|
V‘F— O_—é"—?'—")("o \%_—,i} 2 X% o, - ax —bz{ =0 < _*_O_<T.F 61'-“'!)/ ho '5\»!.6]"[ cose
e . if a=b get x’+ﬂ1=|
IF 4% b>0 21
!‘a
A]DlQ
""?’ =
afe | dle

P(x,g)= )= foge) 5 3 (oo (oo, 4) (x%0) +>-F§ch, fo) (X-%0) (4 4o ) Ty 600 o) (ygo)*) ¥

f[x-\-lr\ é-ﬂ() -—'F(Ko, ﬂ/u)+’l“[h k) (-Fm{ ‘P\&}c ( ) ')_(\*'@x quﬂ&ﬁra-bi(_ ‘Forrrb

=1

M
e b o) 3", )i

Next, we consider min/max Pmlo)em with side conditions

2, y2 2
B T4y g

Think as the min/max problem  for fooy,2) = Xy2> under xy’r 2 o

Lagrange multip lter (%3)

(xigs ), vEglogr2)=c © usfikyz), 004 3)=0, fu(Xy,®) =

vi=Avg fir sme A . V= A Vg+ A Vg
i Pz hix, ;1) $ u= flxy, hiy) B
- 0-2 v fehe 0= 24 fyrfehy
G+ ga-hx =0 gwg.xa:o"
- > 9= A9y
- = . f%, o, ko) , 4(X, hX), ;:m)w ;g (X, G, RGOY) =
e fatfha the kg <o Vieyon

oy
3%:2'x7+5‘3'hx"+ﬁ"z'kx1=0' S ba e Py hxi+ g kni=o

| hy kx1 ""
I hyz ko ‘. LT A VAR " S U W)
| N v 4 1 T P ALY

\ |y ken L peiniy

f‘mf v lculture.
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v

Bx & l‘-'*_n_i’l(ﬂ 2qX;%n (Xi20)
methﬂcft

Let X+ txp=c >0 , ¢ fixed constant

‘F(K|"",xp\]= K.--'X’n

equivalent to g(x.,---, Xp=) = Xpo Xp (6= Xi=so = Xpy )

For simphrﬁf/}/ we wnfe, out the case n= %

glxi, %) = *:Xz(c-xl—xz) (p—f? on A4, H\ema\x:ma rrF-Femsfs afw? s Th the mfenoy)

{2)

s —

2

S T (e X% = v (e amod) =0 o
2
j;,% = X.tc—xl—zx;) =P

D X, X %0 D 25<|+Xz—c, Xi+2%; = C

2 X=% In ﬂ""?fa?‘? "= holds

method?)_ Let htx) = X.-+'--+xh—c

under h=o0, sdve maxima DF £

) V'F= /\7}1 =] _(}-"7’ ‘%;):)\(i,/])

£ £

2 K= = Xn

12 HG‘MW mexfmfrty w5 U+ z vE w V2o, g‘(-+7;—-=l

‘P')( MV-' cz>o Fluwv)

M) ot~ =]
%
AT S 6 ) =l 5 57 R 5 v

5 2l
Y= (AV) = Ao = Vﬁ,; UV = [)\c)“-[):c:)(; = Ae=¢c = A=

>

\

o

"'-L\ +F\/F—C A B

5eneml form * 7_%,&'.\/; = (Z\ui"‘)w' lZ\H’) = p 2 Cmchy)

1=

F'F. let M'—'%,V e

u\/f-'-

B
g s _‘_.T__
K‘ __u'“+ﬁ \\1""!l

hooa

Ex 3,

u=F(%, g 2). g(x Y z}-o, MX. .y, 2)=0 assume that

M ove constraints

g, 33]#0 a‘t w‘:}\e e(baemal

= 3et 5=A(><), 2= B(X)

point

.=>

&v.

0= 5% = 'Fx:_““ﬁg@x'.““i:z Bx; Vi=ln

o= —"‘ﬁ' = gKi -+ g.a AK—, + gz Bx-l féuyvculture
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(e iy i \[ ')

llneavly/k’ﬁ f 8 )\ ;:}

hy he
mJ?eym&aw
> T hes —det =710

(‘Fxh Fgf'FZ) =Ai(gx,84,93)+ A }lm,hg, he)

A, Az are wiquely determined by (y, ) components independent of 7=+, n
> =X ¥4+ 2:7h

\
33 We have vaecQ the Twerse function theorem by a composition primivive  mappings.
Te. veplace one variable eoch-time

R r () —(50]-(7) |

I g >

5
wndey the assumption Yot Fis C'ad P ]g a,u/"“ 0 Gt (o t)

Jdal

Ex |. Cuwilineay coordinates

b= fixn) < X-o*, = gloy) =20y

?j?= J }g[ (% y*) %o unfess (X, 4) =0 < [xy), (-xy) give the same (i"])

determinant

= oy ainyg = (xeiy )’ 22 :

fxm{wmal .’ﬂ.n:l;p'ma
N}

P pr Kiue (xtwv), ylam), 2(w )
(U'IVJ [K,%fz)

- '
B SP)\er?ml coordinetes (5) >
i i .
i 3 2 F2
[ (xyz) v Jopee :
/}/“ B=? : gz'rsn'nes?n?
/\.v = i

g=d ; z = kst

4
)

X = Ysinf cos ¢

T dee[% Xs %] = \ SOcsV  ruwsbeasy “YSTHQSTH‘P’ - el

St nf v 605 9-sThil r';]-ngws'\? f
{ o5 B ~rsing o \

Céwyv.culture- (
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matnx notations & chain nile :

A‘)(!= ¥udu + Xv dv dg:= :’{mdmi‘\é{vdv

L) = (o W Ude) > dx= Dxu xqda < XGpbr-x(p) =g Ry

L

-

Xr)

o N o X'=DX = 13 S
(5 (V) == (%)
,_&_;WTV - N/ - [
&= (4 4%%% !
AR = @'d% > AT=Fdi= Fo &'dx
M= (FeayuR - S
 chan wile: (Fea)'(p) = Flatp) ° Gp) - -
~fFee” e Fea=id Fle@)=x
_ Flew) @)=, S .
. Xu ¥v uwug: | o
7*5,7(,5“ %g) V"_V'E!)—(_QJ) e e e —
Yy -W
S —-(X\J\ XV):J-\}FMH e — R —
v y)
Delaena?er!'t functions -
P ﬁ: ff =0 e T % L ARRRBBATEE 3 dependent function

%{& - Bx’; D x= g'” gloi” exists kuih t s hot. &ﬁ%{e»«_@able

 atx=o - B
e R R
g 4Ty =[N oo dug te yoais -
_eg rvl‘:X-Q{-ﬁf - B - -
1V= x’-va’-l-z’ 2 viaw = w3
W= th»fguzx_ B R [
WUy “ﬁ Uz It 4
D= "V}"'VH Ve | =[x ¥ i3 jjzi'*:—o B o
Wy wy we | |7 zex Xtg . .

-fév"lw culture
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Co.nd,’lﬁ'oh '-.Tf v.l=¢[>.<rg) , V=.5°l><,g-) 5@9{?&5 lfﬁ ‘f‘f g
.I{S Py = Dsqsﬂ ) then ¢= constant

n

DtheYW?sQ, we may assume that ﬁﬁx & oy bra il 9(7(9,3 )

Then we may solve x=iK[wg)sf = (Xuy). g) , V= P(T0y), g) Fr any (W)
' =X luy)
2= By by b )y = =02 veiluyp: ) n mmmh
D=8 6y, e, $LXwy)y) = Klw) = X[ $(Xny), 4))
4\ N
(wy) TnJ'ePenﬂah-l', voviables
4'/2\ P T
y | = X 5%
| g%\ F -’;-f;s.-_!nrl F (rl" 15)
b Al ;\'w 'F d(ﬁﬂ
| -

Aln.y = D(% 50) = det F(xu,goJ x0, JF f°ca“z
Solve the Tnverse rnaPPTnﬂ near W, = F('Xu

Assumption: Fe c',

F'( %) T invertible as a matrix

Given U near MD, we want fo selve x: alx):= X-I-A(M— F[K))

Y ony nvertible matvix
expect 'bb hold Tor some % /

X G(%) & a d)rham/iia( system

ficed point © X = G(x) © U= FIxX)

&' (%)= I-AF(x)
%

piek FO9)™, then @'(Xo) =0

laly)-alx)] <

- o Wyl riv_ﬁ_‘., 2
2] Vg (Ko (y-%))- (y-%) | [GlYI-G00|= J f'! g *Q_
_(é %Ivgil) |Y‘X| =Jf‘:"(vgrf“/7%))2 = ﬁ{%m ly-x1* = aMy-x|
Pk 3>0 smoll S‘t
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if 81 B., L B ave diggint sets and (57| 5 defined, then s~ i]S[

vecall on B> & - does not hove fength
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Theoyem( Fubw the S’mPle %rrn) R=[ab1xCe,d] jk{lx,g) dxdy = ygﬂg fi’ ‘ﬁ*ﬁd) e
gt

Fxo.mlple 1= Iw =g ~ 0>, b>o (i‘_%—?ﬁ@&)

dly)

:ﬂaaha

1= lim (MJ et dy = - fim L’&” *‘«fazx = fim r]’afg

=r T-aw

=l gyl f ey - i ﬂw
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— T2W

Tl -2 4
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[Jeforg) by~ 2301 | <7 ame Vmnzy

b
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¢
/o ;
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& «NH T
._!.__f > A
= (k) X [M)= Xuh+Xek € Ty, S % -
Theorem. X 7s conformal © ds*= E(du*+dv2) Te. E=G & F-"O
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o 0 I .
Xu Xy o N
L e()oel) > ) Xetwso sEG
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| AT Spug 4= Jy TR o[ PAR i RCART=P
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%/ Il)
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g [ Joor £44 = !g LU i it

how et n=>w
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Y
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J det (v

e
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e | ) = =i e -»

dudy

X=¢(uv) alx.
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ESS— — E S S
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dlp
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‘-’rnﬁv‘gf‘k
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kwmnnn Sum. Z\F (X0, 0%, VM))4R| Z'ﬂ Xu P, Vu)) $y (P7) hk
et hko, E-F(x,g)ob(d# SWC F‘itltv))

dudv

Lemna. If CVF holds for () = Flwv) ond (w,v) =R (%) . then 7t holds for

[t = (Fn%)(%q)

\7{ j&{(x q)aﬂ(of% FR’ f Flu,v) "‘a (hu_H—v) dudv :.:__Jﬂ” 'FOFIOF;(% rljla[u S0 :&‘ VLI 2 "|

Bl
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FF {w the 5enem| cose

I
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_EJWDR w8 e T (firite) st, Uﬂ . Seaiil.. Urf\l
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rETEw

Now the "yvevfous step" con be app[iea? s £ erp ( )
i
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Newton dedydy
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! o ..__ .rY ?I- m‘, %

Lp-g.|3 2
| g

y

¢
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AR < p2

] - A 1 - >
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S— — !
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Theorem . (et R }:e boum(?ea? with area (ue 2

- ,L&Li’,ﬂi@ g;i— Rn CRaei % A(Rn) >AR)  st. £ 7 conti. on Bn ¥h

G S, JFl s wovn ()
il e —
then I'- Ilm EE exists ano@ % independent UF cf'lurces oF {Rn’; ih (i)

T W

hot necessary

dy=dedgls

s S - n 3 - v
Bl Sppo TBR ﬁf_ﬂ'“’, , l'mjﬁnr f\?f‘"f e o
v !
- _ . 2-x
o renewe) Lo
2

require 2K >-| jo. X<3

&: on R, o> -1 te. <o, How about R"7 < n 27
n e \ __——_ - n D
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o ffg e dedde ecists I

e — 74?*#‘.777 — - S — S - i
pt o _'l:hm: Int= fzn I-F[_/’ bounded b:/' Ko

> In* > Irf exigts ‘fahd’ s o Ca.uch\/ sequence)
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Now, for any ScR  closed, J-m, tls Ts contr.

Need to check (i) " §_ 1] < "

/ I j\s ‘FT_SSan-F l ’%(SA}RH) 5“P|'FI T_j o (’k’k)
( s?mﬂarly for If], T 1Pl =lim fsme,\ Hl <

VLS F- Songnt] = i | fsnge F-Tanpn® 1€ i3 Simsin /< & | gkt £5
y (frmasaiey

SO (Rm\Rp)

bout stmf?ng

Now, for ancther sequence 5?1/’@ saﬁS'Fyqu (i),

then (i) 75 also Sa‘ﬁS'Fr'ef?_
, J= !Tm j\ ‘F also existe
IJ -S\Smf\ﬁn-F[ IJ rgh‘Pl ljsm‘F j\SmﬂE 'FI CL2E L us l'onqas mn>nAN(E)

5 i
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sfm':[alrly, |I~f3mngnF [ <28

& [T-Tlede bt B2 arlo?‘bmvy
= I_:J

The case with unbounded R.

- 4 - [
Nolw yequive the "echausion condition ;( ever/ cmpact Seg

@, Ifl € p Vo
yfjl_% I:= l%fﬁnf edste and s Tndépehofeﬂt f’? the choe of fﬁhi

ey o
Ex 2. Gauss’ Tr\“fejml La e dx =%

JIm J\Bn e fdy = S
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4.5 More Application -
5 r =
Bt S+ Ls Zg * abe - .
xX= arwsg e e
g —veafpe @ gy
2=32 -
T = sabe [ [ TE7 1 deds
2 g T —
'H‘f?m,((—(l}) ), = snobc -
Ex§ Cy!mdwm[ wordinates e I
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Surpaée Solop) of vevolution _ -
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i
e gt S S -
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3D case

Ttt J//v\y

LA e §tas & = pav

L_/ ?9[\(%1‘2)—

Exa}rvyle‘ ‘FE[ + caleulate 'dlc vllume

pleyrz) = r=]x i*?;’- (v¢l=ler|=

3 2 _ﬁ%é""‘(r'—;]
48 = S ot 7
x=figie)  ds=[HfFRr o b= xuax]dudv
bfige),g2)=4% {ﬁ‘ﬁ!" 63‘0) Jar
lZTYE“U
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”KM\Q
e >
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N
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L) x'a._‘____ +an£fzz

e
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T n @ ) a
¥ = Lot ) e“‘" da; = A"w [T et ™ a
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)= Jwﬂx«d)d’g X¢€ [a, b] converqes mﬁmlj f VE:-D 3& Sf ‘ ‘F[x,:[)d’j’<8
~ VB2A (Vxelak])
i totHogl < B goge snewo "> wf o
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o e = e IRNEE

A b
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Sir;dlarlf Hx) P‘)'RX:' dﬁ' put 3:"‘"‘ )".‘5 ”0. ”ﬁg;"’”ﬁ“."'fy | Wﬁ{ m

&g Given €>0 ak st. J)""‘F fixy)dy | <& Y hek

Lu<t)

Test. | fixy | <

fu o<J

In’reqmls S\f’ A’x)ﬂ ‘Fh(..a o‘ﬂg Jﬂ &g 5; ﬁ\c,g),{x A=

=
T4

: At 5@ -F{x,g,) of’& = f(x) M‘ﬂ?fmlsl wnverqent <2 FX) conti.

f‘ -F(Krg)@+ﬁa,[x) g‘dem JAE) st. VB2 A, |Re|<t

o] ooy = 7 4]0 fepds

FP. Jfo@x f:-F[ﬂgJ%-‘- ERBIKHPX = J‘:Jgj:m,gmx *Jfﬁab‘)ﬁpx

l j‘z Re (%) Ax, < (px)e

T’q:lé $ ll= u

Fov exﬁaﬂge of Tnfeﬁm’ [ile J:quf;fﬁﬂx,a)dx, so for we onlLknow that Tt Aelds f

j\gz [ ixy) Icﬂvpg existe

D‘{-H—\mhﬁaﬁonﬁ SuPPose thot F,,(x,al) T plece-ise omti - on X e [ [L]

fﬂoq le)'—'ﬁqﬁxfgﬁﬂg , Gilx)= J‘:d-FY(xrg)dg exist urv?ﬁrm[r,

then F'(x) =

of fia(xm . f; &xj?frlﬂ,g)dg - Jo dy yf flxy) dx =f§0[1°(§,;(]—1°w,g)) dy

= F(%) -F)

2 Fix) = ax)

Fubiki Thin. = Tn’rejml exx-hahje 2 differentiation exdrmje i's ansther FossTLie way to prove ( review)

%. L:;) ‘c["’.ﬂ’ dﬁ.
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: e :
i oI P R o . _
T e B
o uwif. whv. ~ x| -
A w ox» y: ge—xg dy = ';'(i
N ,1»‘_ L = R S
yeqm're the unif. conv. o I ﬁe-xga&d
e~ i R A o
B S\: gn ej pfg = ‘)?n-n 73""H 16 L s wq{: conv. -

Example 2. J‘ ﬂd:‘ -
1 O

Let Fix)= rﬂ C‘Xa ﬂﬂid \\ | 2 _E;,-V(‘ _— o o

e “"“#ﬂv—e o 4G ’Lt"_ o o

Fix) =, € (E dﬁ e

RO % e

F(x) = c—tan! x '
— x> O b Xty -

et x>0 p=c¢-3 )

- F[°J—c-—_<

X

BWWFIC 33 FYesnel’s infeﬂm] k= J’M sin(x*) dx =2Jm sm(X )opx

=X de=axdx, y:-j,—‘..fi de e
F(x) — f(g) -F(x) g™ dx ]C(K) }—> -F{g) > ﬁ—x)ﬁii E :

asstltiny wede ( p}msz)

s e[ Ry ey e AR

Vig <= ¥ G "

ViAo AV = ] Z&V-]odu“} m-dim area = [det(VEV)

( Uto) E) = Dt]__—l t{ef V{V &Qt ETE]:I = (.Cpe‘f: D )2
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R" a > R*
K (w, v i)
2X | 2X
DX = (3@ * 2u)

J Fjde{: (DXJtPX) AUy -y,

I XX XeXp|v2 _

X Nake] JEe-F

%;+ Vector Caleulus

el /

\772) Butr)

3 @) ) s :""f_
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