Chapter 3

REPRESENTATIONS OF FINITE GROUPS

Let G be a group and F be a field. An F-representation of G is a group
homomorphism p : G — GL(Vg) where V a finite dimensional F-vector
space. Denote by Rep,(G) the category of all F-representations. The goal
of this chapter is to develop the general theory of complex representations
(F = Q) of finite groups G. Some of the results hold for more general F
or G. We choose to present those general versions whenever they do not
require too much additional efforts.

For general F, the abstract theory of modules and rings developed in
the previous two chapters will be helpful (e.g. the Wedderburn—Artin the-
orem and the adjoint properties of ® and hom for non-commutative rings).

For F = C and |G| < oo, the essential tool to study representations
is the theory of characters x, := trp : G — F which can be regarded as
an analogue of the Fourier transform in the discrete non-abelian case. In
fact two representations p, p’ are equivalent if and only if x, = x,. Being
(class) functions on G, characters are much easier to handle than the actual
representations. Hence

Be More Concerned with Your Character than Your Representation!
UCLA basketball coach—John Wooden

Based on the character theory, two celebrated results discussed in this
chapter are (1) Burnside’s theorem that any finite group with order p°q’, p
and g are primes, is solvable; (2) Brauer’s theorem that any character of G
is “integrally determined” by linear characters (i.e. dimr V = 1) of certain
“elementary subgroups” H C G. This result is important in number theory.

1. The basics

Group representations are generalizations of group actions on finite
sets. If Gactson S, let V := @,5 Fs with base S, then p : G — GL(V)
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30 3. REPRESENTATIONS OF FINITE GROUPS

defined by p(g)s := gs and extending linearly over F:
p(8) ZSES sS = ZSES s 85 = ZSES fAg155

is called the permutation representation.

If S = G, with the action being the group multiplication (on the left), we
get the regular representation preg on Vieg = F IGl. Tt is clear that FIC! is the
underlying vector space of the group algebra F[G], a fact we will explore in
details shortly.

Here are some basic operations on representations. We denote p(g) ~
A € M, (F) if A is the matrix of p(g) under a chosen basis of V. The
dimension m = dimr V =: degp is also called the degree of p.

(1) Direct sum: given p; : G — GL(V;),i = 1,2, we define p; ® p2 : G —
GL(V1 & V2) by (01 ® p2)(g) = p1(8) ® p2(g)- If p1(g) ~ A, p2(8) ~ B, then

p1(8) ® p2(8) ~ (13 g,) :

(2) Tensor product: similarly we define p; ® p2 : G — GL(V; ®F V») by
(01 @ p2)(8) = p1(8) ® P2(8) : V1 ® V2 = p1(g)v1 ® p2(g)v2. Here all the
tensor products are taken over the field F. If V| = @, Fv;, Vo = @j Fw;,
then V; ®r V2 = @ Fv; ® w;. Under the lexicographic order of the basis,
namely v; ® w; < vy @ wy if i < i’ orifi =i' and j < j', then

ElnB EllmB
p1(g) ®p2a(g) ~A®B=| + - : € My (F),

um]B R ammB

where A € M,,(F), B € M, (F).

(3) Contragredient (dual): givenp : G — GL(V), Gactson ¢ € V* =
homp(V, F) by (g¢)(v) := ¢(¢~ ). The inverse is inserted to ensure that
(gh)¢ = g(h¢). This defines the dual representation p*.

More precisely, if V = @ Fv;, p(g) ~ A, then V* = @ Foi where v7 is
the dual basis such that v]’f (v;) = dji- The usual induced linear transforma-
tion on V* has matrix ! A. Hence p*(g) ~ '(A71) = (fA)~L.

(4) Equivalent representations: we say p; = p; if there is a vector space
isomorphism 7 : V; & V; such that p»(g) = 7p1(g)y ! forall g € G.

It is clear that the group homomorphism G — GL(V) extends lin-
early to an F-algebra homomorphism F[G] — End V. That is, a left F|G]-
module structure on V. Conversely, a left F[G]-module V leads to a rep-
resentation of G. Thus the notion of sub/quotient/irreducible/completely
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reducible modules corresponds to the analogous notion of representations.
Whenever there is only one p involved, we simply write gv := p(g)v.
However, the notion of @ and dual defined above for F-representations
of G do not correspond directly to the ones for F|G|-modules. Their rela-
tions will become transparent in later sections.
Here are two basic theorems: Maschke’s theorem on complete reducibil-
ity and Clifford’s theorem on restrictions to normal subgroups.

Theorem 3.1 (Maschke). If char F 1 |G| < oo, then every p : G — GL(V) is
completely reducible.

PROOF. If there is a G-invariant subspace U C V, we will show that
there exists a G-invariant complemented subspace U’, and then he theorem
follows by induction. We give two proofs of it. The first only works for
F = R or C. But it gives insights to motivate the second proof.

For F = R or C, there exists a G-invariant inner product on V. Indeed
for any inner product (, )p on V, the “balanced” inner product

(0,w) =) (80,8w)o

is clearly G-invariant: (hv,hw) = (v,w) forallh € G. If U C V is G-
invariant then U+ C V is also G-invariant: for v € U, we have (gv,u) =
(v,¢7'u) = 0forallu € U, hencev € U+.

For F with char F 1 |G| < oo, we start with an arbitrary projection map
po (idempotent) onto U instead. To adjust pg to a G-linear map p, i.e. hp =
ph for all h € G, we simply take

1 _
Pi= 1] gec 8 POS

and then h~!ph = p. Moreover, p is still a projection map onto U. For if
u € U, since g(u) € U we get pog(u) = g(u) and then g 1pog(u) = u
forall g € G, so p(u) = u. Also for any x € V we have p(x) € U since
pog(x) € U. Thus we have the decomposition V = U & U’ corresponding
tol=p+ (1—p) where U’ := im(1 — p) is also G-invariant since 1 — p is
an idempotent commuting with the G-action. 4

Consequently, there is a unique decomposition up to isomorphisms
p=Ymp;, V=@V ™" where p; : G — GL(V;) are irreducible sub repre-
sentations and p; # p; for i # j. Thus the study of F-representations with
char F 1 |G| < oo is reduced to the study on irreducible ones.
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Definition 3.2 (Restrictions and Conjugates).
(1) Let p : G — GL(V), for any subgroup H C G we define the restriction
representation of H on V by

pr = Res$ p = Res% V := p|y : H — GL(V),

(2) For HaG, 0 : H — GL(U) and g € G, we define the g-conjugate
representation of o by

8o : H— GL(U), 8o(h) := o(ghg™1).

It preserves the lattice of F[H|-submodules. Also 07 = 03 = 807 = 805.

The next basic result works for any fields F and any group G.

Theorem 3.3 (Clifford). Let p : G — GL(V) be irreducible. Then H < G implies
that py is completely reducible and all irreducible components are conjugated with
each other with the same multiplicity.

PROOF. Let U C V be an irreducible F[H]-submodule, say U = F[H]v
for some v € V'\ {0}. Then V = Y. gU since the sum is G-invariant.
Also each gU is H-invariant: forany y € U, h € H, ¢"'hg € H and hence

hgy = g(g~'hg)y € gU.

Moreover, let ¢ = p|y acting on U, ¢’ = p|y acting on gU. Then the above
formula means o’ = 8 ‘o and so gU is F[H]-irreducible forall g € G.

This implies that p on V is completely reducible. It is also clear that if
U; = U, for two irreducible components, the gU; = gl too (all as F[H]-
modules). Hence p(g) permutes homogeneous components. 4

From now on, let A := F[G] and denote by p : A — End ¢V under the
same notation p. We will apply results on semi-simple artinian rings in the
current setting. As before let

A" :=End oV = Cgna,v(p(A)) C End rV = Mgimv (F),

and A” := End oV D p(A). (Recall that A”" = A’ tautologically.)

If p is known to be completely reducible, since dimr V' < oo, the density
theorem then implies the double centralizer property A” = p(A). This is
the case if char F { |G| < oo by Theorem 3.1.

In general, if |G| < oo then A = F[G] is clearly artinian. In particular
there are only a finite number of irreducible representations up to isomor-
phisms. Much more will be said below!
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Theorem 3.4. Let |G| < oo, then A = F[G] is semi-simple <= char F { |G]|.

PROOF. If charF 1 |G| < oo, then 4 A is completely reducible by Theo-
rem 3.1. Hence A is semi-simple by the Wedderburn—Artin-Jacobson struc-
ture theorem on artinian rings. Conversely, if char F | |G|, then for z :=
Ygecgwehave gz =z = zgforallg € G, hence Fz C A is an ideal. But
z2 = (X ¢)z = |G|z = 0in A, hence Fz is a nilpotent ideal and then A is not
semi-simple (again by the structure theorem). 0

Now we assume char F 1 |G| < co. By the structure theorems,

A=TF[Gl|=A1®...D A, A= M, (A),

1

where A;’s are division algebras over F. Let I; be a minimal left ideal of
Aj, then it is also a minimal left ideal of A. Thus we obtain s equivalence
classes of irreducible F-representations pj, ..., ps of G. Also

nj
My, (B;) = EB]-:1 My, (Bi)ej;
is the decomposition into n; copies of I; as the j-th column spaces. Let
d; = dimr A; then dimr I; = n;d;. This implies
Corollary 3.5. For preg which acts on the space 4 A, we have
S
Preg = @izl nip;, |G‘ = Ele Tl,-zdi.
Next we determine the center of A. Clearly
C(A)=C(A1)®...®C(As), C(A;) = C(A)).

On the other hand, let C]-, 1 < j < r be the conjugacy classes of G. Then

Proposition 3.6. C(A) = @;:1 Fc;j, where ¢ := dec,» s

PROOEF. Leta =} ,ccagg € A, then

hlah = dec ag hlgh = dec Apgp18§ =1

for all 1 € G is equivalent to that all the coefficients in the same conjugacy
class are the same. That is, a is a linearly combination of ¢;’s. Also ¢;’s are
clearly linearly independent, hence they form a basis of C(A). O

Corollary 3.7. Let r be the number of conjugacy classes of G and s be the number
of irreducible F-representations of G, then
(1) r = dimp C(A) = Y;_, dimp C(4A;). In particular r = s if and only if
A; is a central simple algebra over F for all i.
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(2) If F=Fthen A; = F,r = sand |G| = ¥;_, n?.
Example 3.8. (1) Cyclic groups: G =C, = (g | §¢" =1), F = Q. Then
A=Q[E]=Q]/(x"-1) =P, Qlx/t(x) = D,,Q

where (,,(x) € Z|x] is the d-th cyclotomic polynomial which is irreducible over Q,
Q(Zy) is the d-th cyclotomic field with {; = e2V=1/d,

In this case A is abelian, hence all #; = 1 and A; = C(A;) = Q({y,) for some
d; | n. The irreducible representation p; corresponding to d | n has degree ¢(d).

If we start with F = Q({,) instead, then

W/ T (=) = @ Flxl/(x— 8 = ), Vi

where V; = Fe; is an one dimensional representation with ge; = 7 e;. Hence there
are r = s = n inequivalent irreducible representations of G.

If we start with Q({,) D F D Q, the structure of F[G] varies dramatically!

(2) Dihedral groups: G = D, = (R,S | R" =1,5> = 1,SRS = R~!). We have
|D,,| = 2n and a set of representatives is given by { R, RKS |0 <k <n—1} D
C, = (R). The conjugacy classes are determined by

n r = #conj. classes | representatives
2v+1 v+2 R%...,R",S
2v v+3 R%...,R",R,RS

Here are a few irreducible C-representations: letpy =1, 0 =sgn: R — (1),S —
(—1) be the obvious degree 1 representations on F = C. Since SRS = R"~!, those
degree 1 representations of C,, are generally not representations of D,,.

For n =2v +1, for each k € [1, v] we define a degree 2 representation

k
w 0 0 1
o Rn—><0 w‘k>' Sb—><1 O)' V = Cey @ Ces.

Here w = ;. They are clearly irreducible and inequivalent. We have constructed
2 +v = rirreducible C-representations hence they are all of them. As a consistency
check we compute Y/_;n? =2 x 124+ v x 22 =2(2v+1) =2n = |Dy|.

Forn = 2v, v > 2, two more degree 1 representations are found: p3 : R —
(—=1),S — (1), ps :== p2®p3 : R — (—1),S — (—1). But now we take only oy,
k € [1,v — 1] since oy is reducible—it contains the invariant subspace C(er +e2).
This gives all the r = v + 3 irreducible C-representations. Also Y/ n? =4 x 1+
(v —1) x 22 = 4v = 2n = | D,,| as expected.

(3) Quaternion group: G = Qg = {+1,+i, £, £k} C H*. Notice that Qg 2
Dy since every subgroup of Qg is normal which is not the case for Dj.

Let F = Q. There are at least two irreducible Q-representations, the trivial
one of degree 1 and the natural one of degree 4 acting on H(Q), the quaternion
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numbers with Q coordinates. The structure theorem then forces a decomposition

Q[Qs] =Q®Q®QdQ®H(Q).
This is consistent with the fact that there are 5 conjugacy classes of Qg, namely

{1}, {13}, {i, =i}, {j,—j}, {k,—k}. If we consider F = Q(+/—1) instead, the

decomposition becomes
FIQs) =F®F®F®F® My(F),

where H(Q) ®q F = M;(F). This decomposes the degree 4 irreducible represen-
tation H(Q) into two copies of the degree 2 one V = F%2.

Exercise 3.1. Write down the explicit formulas of the decompositions of
F[G] in Example 3.8, (2) and (3).

Example 3.8, (1) and (3) suggest the following
Definition 3.9 (Absolute irreducibility and splitting fields).

(1) Let K/F be a field extension, then we define the K-representation
Pk = p @ Kby composing p with GL(Vr) — GL(Vr ®F K).

(2) A representation p is absolutely irreducible if px is irreducible for all
extension field K/F. This is equivalent to that pr is irreducible.

(3) K is a splitting field of G if all irreducible K-representations of G are
absolutely irreducible. In particular, F is always a splitting field.

In Example 3.8-(1), Q(,) is a splitting field of C,. In Example 3.8-(3),
Q(v/-1)isa splitting field of Qg. These are finite extensions of Q. Accord-
ing to the theory of CSA/F, a splitting field can be chosen to be a finite
extension of F. More precise statement can be made.

Theorem 3.10. Let charF 1 |G| < o0, p : G — GL(Vg). Then
(1) pis irreducible <= A’ := End 4V is a division F-algebra.
(2) p is absolutely irreducible <= A’ = Fidy.

PROOF. (1) “="by Schur’slemma. For “<=": if p is reducible, Maschke’s
theorem implies V = U & U’ for two sub representations. The projection p
onto U then satisfies p? = p, thatis p(p —1) = 0,but p # 0, 1.

(2) “=": if there is a ¢ € A’\ Fidy, then the minimal polynomial
me(x) € F[x] of cis irreducible (since A’ is a division F-algebra by (1)). Con-
sider the simple extension K = F[x]|/(m(x)). It is a general fact that the
minimal polynomial of a linear transformation is unchanged under field
extensions. But m.(x) factors in K[x], hence 0 = m(c) = f(c)g(c) and A}
is not a division F-algebra, this leads to a contradiction by (1). For “<":
A" = Fidy implies Ay = Kidy. Hence px is irreducible for all K/F. O
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Using this result together with knowledge in CSA/F, we may deduce

Theorem 3.11. Let char F 1 |G| < oo. Then F is a splitting field of G if and only
if F|G] = @; My, (F). That is, F splits all the division algebras A; appeared in the
semi-simple decomposition.

The proof is left to the readers.

2. Complex characters

In this section we work with complex representations of finite groups
G, namely F = C unless specified otherwise.

Definition 3.12. Let p : G — GL(V) be a F-representation. The character of
p is the function x, : G — F defined by x,(g) := trp(g).

At the first sight it seems that characters x contain less information than
the representation p. However, for a single matrix A the complete informa-
tion of tr AF for all k € IN is equivalent to the characteristic polynomial
fa(x). Hence the trace function over the group p(G) indeed contain rich
informations of p. In fact we will show that “x characterizes p for F = C”!

We start with a few immediate consequences following the definition:

(1) x, is a class function:

trp(hgh™") = trp(h)p(g)p(h) ™" = trp(g).
Namely x,(g) depend only on the conjugacy class of g. We denote the
subspace of class functions by

%(G,F) c FI°l,
(2) If U C Vis p(G)-invariant, then
Xo = Xolu + Xolvu-

This follow from the observation that for a choice of basis respects V =
U @ Uy (vector space decomposition) we have

_ [elu(g) *
p(e) (0 p\vxu(g)>'

(3) Xp12p2 = Xp1Xp, Since tr A ® B = tr A tr B, which is clear from
ElllB
A®B = : : , m = degpj.

Aym B
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(1), (2), (3) work for any F. Now we use the assumption F = C:
(4) If g* = 1 then p(g)? = idy. Thus m,q)(x) | (x* — 1) which implies
that all roots w;’s are distinct d-th roots of 1. Then p(g) is diagonalizable

w1

p(g) ~ , m:=degp
Win

In particular x,(g) = Y_i".; w;, which leads to the simple observation:

Corollary 3.13. |x,(g)| < degp, with equality holds if and only if p(g) = widy
where w =1 ford = exp G.
Moreover, x,(g) = degp if and only if p(g) = idy, i.e. g € kerp.

(5) Xo+ = X, since 'diag(w;) ! = diag(w;) ! = diag(w; ') = diag(w;).

Example 3.14. (1) For the trivial representation 1 on F, x1(g) = 1 forall g € G.
(2) For the regular representation, Xreg(1) = |G| and xreg(g) = 0 forall g # 1.
(3) For F = C, the number of equivalence classes of irreducible representations
s is the same as the number of conjugacy classes r (Corollary 3.7-(2)). A character
table is a r x r table to list all possible character values for a finite group G.
For G = Dy, using Example 3.8-(2) we may calculate its character table easily:
forn =2v+1,itis

1 R/

1 |1] 1 1

sgn | 1| -1 1
o |2 0 | Wk +wh

where k, j € [1,v]. Notice that x characterizes p: x, # X, if p % 0.

The major reason to make the character theory powerful comes from
Schur’s orthogonality relations which we describe now. At the beginning
we may work with any field F and group G with with char F { |G| < co.

Forp:G — GL(V)and p’ : G — GL(V’), we have a representation

p” :G — homF(V, V/) =V RpV*
defined by, for any ¢ € G, e € homp(V, V'),
o'(g)e=p'(g)ep(e) "

(Indeed p”" = p’ ® p* as defined before.) Now we “symmetrize it":
Claim 3.15. 1(e) == Leec 0'(8) ep(g)~! € homgg (V,V').
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PROOF
o' (h)y Zp (hg)ep(g ZP glep(h™lg)™
( Yo' )p(h) = n(e)p(h).
This shows that #(e) is a morphism of F[G]-modules. O

If both p and p’ are irreducible, then Schur’s lemma implies that 77(e) =
0 whenever p 2 p'.

If o' = p, then 57(e) € End pjy;V which is a division F-algebra. If we
further assume that F is a splitting field of G, say F = C, or simply that p is
absolutely irreducible, then we have #(e) € Fidy by Theorem 3.10.

For F = C, a direct proof is easy: let A € C be an eigenvalue of 7(e),
then 0 # ker(7(e) — Aidy) C V is readily seen to be p(G)-invariant, hence
it equals V since p is irreducible, and so 7(e) = Aidy.

Theorem 3.16 (Schur’s orthogonality relations). Let F be a splitting field of G
with char F 1 |G| < oo. p1,...,ps be the set of irreducible representations with
matrices p;(g) ~ (T)(g). Then char F { n; := deg p; for all i and

(i) Zﬂ,ﬂtﬂzo ifi #J,
G|

nj

@) Y Ta(@)Tr(g™) = dudy

PROOF. Lete), be the elementary matrix, then the sum is simply 7 (e, )i
and (i) follows directly.
For (ii), we have (e, )i = A0k for some Ay, € F. Since

Ti(g™) = (T'(9))x",

by summing over k = | € [1,n;] we get 0 # |G|, = n; A, since char F {
|G|. This implies char F 1 n; and (ii) follows accordingly. O

Remark 3.17. For F = C, we will prove later that n; | |G|. This fails for
general F even for cyclic groups, see Example 3.8-(1).

From now on we work only for F = C. A major benefit from it is:
Definition 3.18. For ¢, € CI¢I = { f : G — C}, we define the (Hermitian)

inner product
99)c 1= 15 Lo POV
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Corollary 3.19. Let x; = xp,, i € [1,5] be the irreducible characters. Then
(Xir Xj) = 6ij-

PROOF. Since xi(g) = ¥, , T/, (8) and

xi(g ) =trpi(g ™) = trpi(g) " = trpi(g) = xi(g),

Theorem 3.16-(i) then implies that (x;, x;) = 0if i # j. For i = j, Theorem
3.16-(ii) implies that (x;, xi) = ZZfr:l OirOrr /1 = 1. O

Every complex representation p of G can be uniquely decomposed as

p=mpp1D...Dmsps, m; € Z>y.

Hence x, = my x1 + ... + msxs and then m; = (x,, x;). This implies
Corollary 3.20. For C-representations, p = o' if and only if x, = x.

Also (xp, Xp) = L1 m?, which implies
Corollary 3.21. A C-representation p is irreducible if and only if (x,, xp) = 1.

Finally, since “s = r” for F = C, we conclude

Theorem 3.22. The irreducible characters x1, ..., xs form an orthonormal basis
of the space of class functions € (G).

SECOND PROOF. The theorem is equivalent to s = r, which is proved
via the Wedderburn—Artin structure theorem. Here we give a direct proof
using only the character theory. We only need to show

Claim 3.23. If f € ¥(G) has (f, x;) = 0foralli € [1,s] then f = 0.

For each i € [1,s], we define

Ti =) e f(8)Pi(g) € End V.
In fact T; is p;(G)-linear: for any h € G we compute

i Ty = Y FRpi(hg) = ( Lo F@)pihgh™) )pilh)
= (deg f (h”gh)m(g))m(h) = Tipi(h)

since f is a class function. Schur’s lemma implies that T; = Aly,. Buttr T; =
(f, xi) = 0 hence T; = 0. In particular this implies

dec (&) Preg(g) =0.

Apply it to the vector 1 we get } . f(g) g =0.So0 f(g) =0forallg. [
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Example 3.24. (1) We had seen that preg = Y;_; 1; p; using the structure theorem
for F[G] (cf. Corollary 3.5). For F = C this follows from the character theory
immediately since the multiplicity m; of p; in preg is

1
i = (Xreg, Xi) = 157 Lg Xreg($)1(8) = xi(1) = degpi = .

(2) Character table for Sy is given by

(D)1 | (12)6 | (123)g | (1234)6 | (12)(34)3
1 1 1 1 1 1
sgn 1 -1 1 -1 1
Pst 3 1 0 -1 -1
pst @sgn | 3 -1 0 1 -1
w 2 0 -1 0 2

To see it, there are 5 conjugacy classes C; shown in the top row where the subscript
is |Cj|. As a check, we see that 215:1 ICj| =24 = |S4].

There are 5 irreducible C-representations of S; where the first two degree 1
representations py, oy are obviously there. From 1+ 1+ n3 + n3 + n2 = 24 we see
that the remaining 3 must be of degree 3, 3, 2.

To get 3-dimensional representations, the standard way is to make Sy acts on
Cc* = @?:1 Ce; as a permutation representation on the basis. Since v := Z?Zl e;
spans a Sy-invariant line, we get a Sy representation on V := C*/Cv = (Cov)"'.
We call it p3 = pst and it character (written as a vector in the above order) is

Xst = Xcs — Xco = (4,2,1,0,0) — (1,1,1,1,1) = (3,1,0,—1,-1).

pst is indeed irreducible since (xst, xst) = (32 +6+0+6+3)/24 = 1.
To get another degree 3 representation p4. we tensor p3 with non-trivial degree
1 representations. It must be irreducible since (xx’, xx') = (x, x) if degx’ = 1.
We call the remaining ps of degree 2 by W. X is easily determined by the
others since 0 = Xreg(g) = L1ixi(g) for ¢ # 1. The resultis xw = (2,0, —1,0,2).
We have determined W abstractly. To see it concretely, the idea is to make use
of subgroups or quotient groups of S4. For example, we have an exact sequence

15Ky —S,58 —1

where Ky = {1,(12)(34),(13)(24), (14)(23) } <« S4 is the Klein 4-group. Then any
irreducible representation ¢ of S3 is also irreducible for S via o o 7. Since S3 = D3,
we may simply take 07 in Example 3.8-(2) to get W = ¢ o 71. It is readily seen that
Xo, © 7t (cf. Example 3.14-(3)) coincides with x as computed above.

(3) Product groups: if G (resp. G') has irreducible C-representations p; (resp. p;-),
then the irreducible C-representations of G x G are given precisely by the “outer
tensor product” p; # p;-’s where

(o#0')(8,8) =p(g) ®p'(g') e GL(Va V).



2. COMPLEX CHARACTERS 41

Indeed,

1
(Xp#p’/?(p#p') = m Z ‘Xp#p’(g/g/)|2
88

1 1
= il Z‘Xﬂ(é’)\zm Z‘Xp’(glﬂz = (Xp: Xp) (Xp» X )-
8 g

Hence (Xp40/ Xp#p) = 1if and only if (xp, xp) =1 = (X,, Xpr)- This shows that
{pij = pi#p; | i€ [1,s],j €[1,5]} gives ss’ inequivalent irreducible representa-
tions of G x G'. To see that they are all of them, we simply notice that

Y, ;(degpij)* =}, (degpi)*(degp})* = |G||G'| = |G x G].

Example 3.24-(3) shows that representation theory for product groups
is completely reduced to the study of its factors. In fact, representation the-
ory of normal subgroups are sub-theory of the group as shown in Example
3.24-(2). In general there are plenty of subgroup while few of then are nor-
mal. Hence it is more practical to study relations of representation theories
with subgroups. This will be carried out in later sections.

There is a situation where all good things happen, namely the case of
(finite) abelian groups or abelian subgroups.

Proposition 3.25. Let G be a finite group, then G is abelian if and only of all its
complex irreducible representations are one-dimensional.

PROOF. This follows from the structure theorem directly: G is abelian
& Ghas |G| = r = s conjugacy classes < alln; = 1in |G| = Yi_;n?. O

A direct proof for the “only if” part is also easy: letp : G — GL(V)
be irreducible. Let ¢ € G and 0 # ker(p(g) — A(g)Iv) =: Vp for some
eigenvalue A(g) € C. Since G is abelian, V is p(G)-invariant and hence
V = V,. This implies that p(g) = A(g)Iy for all ¢ € G. But then any
Cov C Vis p(G)-invariant hence in fact V is one-dimensional.

Corollary 3.26. Let G be a finite abelian group, then the set of all irreducible C-
representations of G forms a group G := hom(G,C*), the dual group of G, which
is isomorphic to G (non-canonically).

PROOF. Degree 1 representations are necessarily irreducible and equiv-
alent to their characters p = x, : G — C*. They form a group under tensor
product, which coincides with multiplication of characters. For G finite
abelian, we get the character group G as defined.
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The fundamental theorem of (finitely generated) abelian groups implies
that G = @ G;, G; = (gi) = Z/ (e;). Then

G =hom(@P G;,C*) = [ Jhom(G;,C*) = [ pe = G,

where G; = yu,, (the group of e;-th roots of 1) since each p € hom(G;,C*) is
determined by p(g) € pe,- O

Exercise 3.2. Let A C G be an abelian subgroup and p be an irreducible
complex representation of G with degree 1,. (1) Show that n, < [G : A].
(2) For A = C(G), show that nf, <[G: Al

Remark 3.27. The orthogonality of characters for abelian groups is essen-
tially trivial. The same reasoning as in Corollary 3.26 reduces the problem
to the one for cyclic groups, which is a simple exercise in geometric series.

To conclude this section, we emphasize that it is essential, in finite
group representations, to construct/analyze invariant subspaces. This is
mostly achieved by (i) averaging /symmetrizing a linear transformation or
(ii) to work with eigenspaces of an operator lying in the center.

3. Arithmetic properties of characters

Recall that 2 € C is an algebraic number, i.e. a is algebraic over Q,
if there is a monic polynomial f(x) € Q[x]| such that f(a) = 0. Also a
is an algebraic integer, i.e. a is integral over Z, if the monic polynomial
f(x) € Z]x]. We may always take f(x) to be the minimal polynomial.

It is elementary to see that (1) a is algebraic over Q = ma is integral
over Z for some m € Z. (2) If a € Q and integral over Z thena € Z.

Lemma 3.28. Let a € C, then a is integral over Z. <= there is a finitely gener-
ated Z-module M C C such that aM C M.

PROOF. If f(a) = 0 for f(x) = x" + b, 1x" ' +...+ by € Z[x], then
M := @/~ Za' satisfies aM C M.

Conversely, given M =}y Zm; C C such that aM C M, then am; =
Y ajjm; for some a;; € Z. That is,

Z?:l (acSi]- — alj)m] =0, i€ [1, I’l].
Hence f(a) = 0 for f(x) := det(xd;; — a;;) € Z[x|, which is monic. O
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Corollary 3.29. The set R of all algebraic integers is a ring and the set Q of all
algebraic numbers is a field. The quotient field of R equals Q.

PROOF. For a,b € R, we need show thata +b € Rand ab € R.
Let f(x),g(x) € Z[x] be monic polynomials with f(a) =0, g(b) = 0. If
deg f(x) = m, deg g(x) = n, we set

M= Y Za'b.
i€[0,m—1],je[0,n—1]

Then it is clear that
(a+b)M C M, abM C M

since all terms with a degree higher than m — 1 or b degree higher than
n — 1 can be reduced using f(a) = 0 = g(b).

The proof that Q is a field is entirely the same. We simply replace Z-
modules by Q-vector spaces in Lemma 3.28 to get criterion for a being al-
gebraic. Then the same proof as above gives the result.

Since R C Q, its quotient field Q(R) C Q. For the reverse inclusion,
a€Q=b=mac Rforsomem € Z,hencea =b/m € Q(R). O

Now we investigate these integral properties for irreducible complex
representations p; and their characters x; of a finite group G.

Corollary 3.30. All character values x(g)’s are algebraic integers.

PROOF. Roots of unity are algebraic integers. Hence any finite integral
combination of them, e.g. x(g), is too by Corollary 3.29. O

Much better/precise results hold through investigation on the “interac-
tions” between irreducible representations and conjugacy classes:

Theorem 3.31. Let x1,...,Xs be the irreducible characters of G, n; = deg xi,
Ci, ..., Cs the conjugacy classes, and ¢j = Y gec; & Then
(1) On Vv, pi(cj) = Ajj Ly, is a scalar multiplication with
_ Xxile) _

= |C;
L =g

Aij = , & €C, ijells]

xi(gj)
nj

(2) All these eigenvalues A;j are algebraic integers.
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PROOF. Recall that ¢; = }.occ, 8, j € [1,5], is abase of Z = C(F[G]) for
any field F (Proposition 3.6). Since cjcx € Z, the proof actually implies that

CjCk = Zl mfk Cy
for some mfk € Z>¢. Let F = C and apply p; to the above formula.

In doing so we notice that p;(c;) = A Iy, for an eigenvalue A € C. This
follows from the fact that ¢; € Z and then ker(p;(cj) —Aly) C V;is a
non-trivial p;(G)-invariant subspace, hence equals V;. Taking trace we get
mA = xi(cj) = |Ci|xi(g;) for any g; € C;, hence the formula for A;;.

Now for each i, p;(c;)pi(cx) = ¥ mfk pi(cy) gives

Aiink = Zé mfj)\l'g.
For M =Y,,_1 Z Ajy, we get AiiM C M, hence A;; € R as expected. U

Corollary 3.32. n; | |G| for all i.

PROOF. From the orthogonal relation (x;, xj) = d;j, we compute

1 s
517 = @ Zkzl deck Xi (g)X](g)

For i = j and for any choice of g € Ci, we get

el [pp— ;
Q> 19— y g0 (10l X8 e
i k=1 i

n

Thus |G|/n; € Z. O

Remark 3.33. In Schur’s orthogonal relation (Theorem 3.16-(ii)), we might
have already concluded |G|/n; € Z if we know that p;(g) can be repre-
sented by matrices T;(g) over R. Since all the traces are R-valued, this
seems to be plausible. It turns out to be a deep question which remains
largely open in representation theory of finite groups.

The divisibility in Corollary 3.32 is nice but not optimal, since for abelian
groups we indeed have n; = 1 for all i. The following improvement due to
Tate takes into account the abelian phenomenon.

Proposition 3.34. Let Z be the center of G, then n; | |G : Z] for all i.
PROOF. Let p : G — GL(V) be an irreducible complex representation.

Consider the m-th outer tensor product p™ : G™ — GL(V®™) which is still
irreducible (cf. Example 3.24-(3)).
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Since p(g) acts as scalar multiplications on V for ¢ € Z, we see that
ker p™ contains the subgroup D := {(g;) € Z" | [1g = 1} which has
order | Z|"~1. Hence we get an irreducible representation

p" . G"/D — GL(V®™).
Corollary 3.32 implies that (degp)™ | |G|"/|Z|"~! = [G : Z]"|Z|~!. Since
this holds for all m € IN, we then conclude that degp | [G : Z]. O

One of the most remarkable early applications of character theory is

Theorem 3.35 (Burnside 1904). Any finite group G with |G| = p°q" is solvable,
where p and q are primes and a,b € Z>..

The proof requires some preparations. First we need to improve the
“interactions” between irreducible representations and conjugacy classes.

Lemma 3.36. Let p : G — GL(V) be an irreducible C-representation of a finite
group G, and C be a conjugacy class such that (|C|,degp) = 1.
Then for every g € C, either x,(g) = 0or p(g) € Cly.

PROOF. Denote x = x, and degp = d. Then 1 = /|C| + md for some
¢,m € Z. By Theorem 3.31-(2), we get
x(8) x(g)
R
Let N = exp G and H = Gal(Q({n)/Q). Then x(g) is a sum of N-th
roots of 1. Since any s € H sends N-th roots of 1 to themselves, we have
Ix(g)] <d=|sx(g)| <d.So|sa| <1foralls € H. Then

INo(zw) /@) = !HseHsa] <1

Since Ng(z,)/0(4) € QN R = Z, it must be 0 or +1.
The former case occurs if and only if a = 0, i.e. x(g) = 0. In the latter

a:= +mx(g) € R.

case we have |x(g)| = d. This implies p(g) = w Iy for some w = k. O

Theorem 3.37. Let G be a finite non-abelian simple group. Then every conjugacy
class C of G has |C| # p™ for any prime p and m € IN.

PROOF. Suppose that |C| = p™, m > 1.
Let p1 = 1,02,...,ps be the irreducible representations of G, x; := X,
and n; := degp;. G is simple implies that for i > 2, ker p; = {1}. Define

Gi:={geG|pi(g) eCly}<G.
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Leti > 2. If p{ n; and x;(g) # 0 for g € C;, then Lemma 3.36 implies
that G; # {1}. Since G is simple, we get G; = G. However, this implies that

G =pi(G) = pi(G;) c C”

is abelian, which is excluded by our assumption. Hence if p t n;, i > 2, then
xi(g) =0forg e C.
Now for g # 1 we have

0= Xreg(g) =1+ Z?:z nixi(g)-
In particular for g € C we get 0 = 1+ pa where a € R. But this implies
that —1/p € R which is a contradiction. This proves the theorem. 0

PROOF OF BURNSIDE’S THEOREM. Let |G| = p"q’ witha > 1. (Ifa = 0
then G is solvable since |G| = ¢°.)
Let P € Syl (G)and Z = C(P) # {1}. Pick 1 # z € Z, then

C(z)=Cg(z) D P

implies that [G : C(z)] = ¢° for ¢ < b. Recall that [G : C(z)] = |C|, where C
is the conjugacy class of z. Thus if [G : C(z)] # 1 the above theorem implies
that either G is abelian, hence solvable, or G is not simple.

In the latter case there is a normal subgroup 1 # H < G. By induction
on |G|, both H and G/ H are solvable. Hence G is solvable. O

A ndive extension of Burnside’s theorem is not possible since As is a
simple group with |As| = 60 = 22 x 3 x 5. In fact As is the unique simple
non-abelian group with order < 60. Nevertheless, without the prime 2, Feit
and Thompson had achieved the following “ground-breaking” result:

Theorem 3.38 (Feit-Thompson 1963). A finite group of odd order is solvable.

The proof consists of 255 pages which also relies on character theory
heavily. Unfortunately it is outside the scope of this basic course.

4. Inductions and restrictions

Definition 3.39 (Induced representation). Let H C G be a subgroup of finite
indexr = [G: H] < c0and ¢ : H — GL(U) be an F-representation of H.
The induced F[G]-module

Indf; o = Indj U := F[G] @y U

defines a representation ¢ : G — GL(U®) with U® := @' U, called the
induced representation of ¢ from H to G.
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To get an explicit formula of the action, lets; € G, i € [1, 7] be represen-
tatives of cosets G/H = { H; = s;H | i € [1,7] }. Then G acts on G/H as
permutations 77 : G — S, and we get y;(g) € H,i € [1,r], such that

§Hi = Hr(g)i,

8Si = Sn(g)i Mi(8)-
Set A = F[G| and B = F[H| and then B — A is an F-subalgebra. View-
ing A = Ap and using the fact that any ¢ € G has a unique representation

g = sih with h € H, we see that A is a free right B-module with base s;’s.
Thus, if {e;} is a F-base of U then {s; ®p ¢;} is a F-base of

.
ARpU = @izl si ®@p U.
An element u = (u;)!_; € U® = A ®p U corresponds to (for u; = Yoaije;j)
u= E?:l S; ®pU;j = Zi,j aij s; ®p €;.
Proposition 3.40 (Induced character). For (u;)!_, € U°, we have

0°(9) (()iz1) = (0(bae11(8)) () 1)
If G is a finite group then

Xac(g) = ZXU(Si_l i |H| ZXU‘ gS

i=1 seG

r

i=1

where Xy (g) := x(g) for g € Hand (g) := 0ifg & H.

PROOF. We compute, for k € [1,7],

0 (8) (sk @B k) = &Sk OB Uk = Sr(g)k Hk(8) ®B Uk
= Sn(g)k ©B 0 (pk(g)) uk
Thus if 77(g)k = i then k = 77(g) i as stated.

The character x,c(g) is defined. It receives non-trivial contributions
on the block s;U := s; ®p U only if 7r(g)i = i. Thatis, gs;H = s;H, or
equivalently si’1 gs; € H. In that case we have y;(g) = si’1 gs; and the above
explicit computation shows that the trace of ¢ (g) on s;U equals xo(s; ' gs;)

as stated. When G is finite, H is then finite and for all s = s;h withh € H
we have the same character value

Xo(s7'gs) = xo (™ "s; " gsih) = xo(s; ' gsi).

Hence the last formula follows. O
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There is also a simple criterion to characterize induced modules:

Proposition 3.41. Let H C Gwithr = [G : H| < coand p : G — GL(V)
be an F-representation. Then p = ¢© for o : H — GL(U) <= (i) U C V as
F[H|-modules and (ii) V = @}_; s;U where {s;} represents G/ H.

PROOF. Denote A = F[G] and B = F[H].

=: since U® = A®pU = @/_;s; ®p U, we simply pick s; = 1 and
identify siU=s5®gU C ue.

<« the assumptions show that V. = AU. Also s; € G implies that s; is
invertible in A, hence s; : U — s;U, x — s;x is bijective. Then

[s;U:F]=[U:F]=[V:F|=[G:H|U:F|.

Now the map A x U — V, (a,x) — ax is B-balanced, hence we get a left
A-module homomorphism A ®@g U — V. It is bijective as shown above,
hence it is an isomorphism. t

Example 3.42. (1) Dihedral group: following notations in Example 3.8-(2),
G =D, ={RKSR*}/=} 5 H=C, = (R).
G/H ={H,SH} = s1 = 1,5, = S. Now we determine 71(g) € S and ;(g) € H:
R(H) = (H), R(SH)=SR'H=(SH) = n(R)=(1),
S(H)=(SH), S(SH)=(H) = n(S)=(12).

Hence Rs; = siR, Rs, = RS = SR™! = s;R~! determines y;(R), Ss; = s -1,
Ssy = s1 - 1 determines y;(S). Now let o : H — C* be the degree 1 representation
with 0(R) = w where w" = 1. Then we get from Proposition 3.40:

aG<R>~<E‘j w(L), aG<s>~<‘1) (1))

This recovers the expression given in Example 3.8-(2).
(2) Let G D H. Consider the trivial case ¢ = 1y on one-dimensional U = Fe.
Thens; ®pe,i € [1,7] is a base of UC. Since ¢ (g)(s; @ e) = Sn(g)i ® €, we get

Yag (8) = #Fix(r(g)) = # {aH | gaH = aH }.

If o : H— F* is one-dimensional but not necessarily trivial, we call ¢* a “mono-
mial representation”. It has the property that the matrix for ¢ (g) has exactly one
non-trivial entry in each column and in each row.

(3) Induction from normal subgroups. The formula for induced characters in
Proposition 3.40 shows that x ¢ vanishes outside the subgroup in G generated by
all the conjugates Ugcg gHg L.
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In particular when H < G, x,c(g) is non-trivial only for ¢ € H. Nevertheless
it consists of sum of characters of its various conjugates °c and it is unclear what
is ?®—G acts non-trivially on the quotient group G/H and the induced action of
G/H on G/H is the regular action. For example take H = {1} then we get preg
and Xreg on G.

More detailed study on Example 3.42-(2) and (3) will be given shortly.
Here are some basic properties of the induced modules/representations:

Theorem 3.43. Let G D Kand K O H, both being of finite index, and o : H —
GL(U), p : G — GL(V) be F-representations. Then
1) (¢5)¢ =0oC.
() f W C U is o(H)-invariant then W C U is ¢ (G)-invariant. If
0 =01® 0, then o = of ®of.
(3) (Projection formula) c® ® p = (¢ @ py)°.
() (0°)" = (07)°.

PROOF. Let A = F[G], B = F[K] and C = F[H]. Then (1) follows from
ARp(B®cU) = (A®pB)®cU = A®cU.
For (2), recall that A is a free C-module, hence

0O-W—-oU = 0—-ARcW—>AxcU.

Similarly if U = @ W;then A Qc U = P A ®c W;.
For (3), again we have a ndive F-vector space isomorphism

fFr(ARcU)®rV - A®c(URFV)

defined by f((a ®c x) ®ry) = a ®c (x ®r y). However the G-actions are
not compatible with f. Namely

g((a®@cx)®ry) = (§a®@cx) ®rgy # g(a®c (x®rYy)) = ga®c (x VrY).

To remedy it, we consider the modified F-vector space isomorphism

fl(a®cx)®ry) = (a®cx) QF ay.

Then it is readily seen that the G-actions are compatible with f.
The proof of (4) is left to the readers as exercises. U

Now we prove the first main result of induced modules:
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Theorem 3.44 (Frobenius reciprocity). Let H C G with [G : H|] < oo. Let
F = F and p (resp. o) be irreducible F-representations of G (resp. H). Assume
further that o© and ppy are both completely reducible, e.. char F 1 |G| < oo, then

multiplicity of p in —— multiplicity of ¢ in pp.

THE PROOF FOR F = C, \G\ < 00 USING CHARACTERS.

7 a
(XU’G XP) |G| ‘H| agZGGXU g Xp(g)

77, &, Koo )

a,8€G
1 1
= =T Xo (M) xp(aha™)
T, Ao
1 N
= TH Z Xa(h)Xp(h) = (thxXpH)H-
| | acG,heH
Notice that x,(aha™') = x,(h) is used. O

The general case requires some preparation.
Definition 3.45. For F-representations T : G — GL(W) and 7" : G —
GL(W’) we define the “intertwining number”

(7, ") := dimp hom4 (W, W').

For F = F Schur’s lemma implies that if T and 7’ are both irreducible
then ((7,7') = 1 or 0 depending on whether T = 7’ or not. In any case
we have the symmetric property ((7,7') = ((7/, 7). Thus for completely

reducible T = @ 7; and 7" = @ 7/ the pairing is symmetric:

T, ) = Zi,j‘(Ti' T) = Zi,jt(’fj/,’fi) =7, 7).
If T is irreducible then «(7, T') is exactly the multiplicity of 7/ in 7.

THE PROOF FOR THE GENERAL CASE. Denote A = F[G|, B = F[H], p :
G — GL(V), 0 : H — GL(U). The adjoint property for ® and hom implies
the following F-vector space isomorphism (by viewing A = 4 Ap):

hom (A ®p U, V) — homg(U, homy (A, V)).

Notice that the left B-module structure of hom 4 (A, V) is precisely py. The
equality on dimr then proves the theorem. 4
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Exercise 3.3. (1) Prove the Frobenius reciprocity formula: for completely
reducible p for G, o for H: 1(c, o)y = 1(c%,p)g. (2) For H C G, G finite,
define Ind and Res for class functions ¢ € ¢(G), ¢ € €(H) and prove

(¥, Res @)y = (Ind ¢, p)c.

(3) Prove a generalization for any finite group homomorphism f : H — G.

The second main result is a criterion for the irreducibility of an induced
representation due to Mackey. We start with the natural question: let H C
G with [G: H] < o and let o : H — GL(U) be a given F-representation.

What is (¢©) for any K C G?

For ¢ € G, we observe that ¢U := ¢ ® U C UC is stabilized by §H :=
¢Hg ! indeed ¢hg~'(g ® x) = a® hx € gU. Since [G: $H] = [G: H] < oo,
we obtain a 8 H-submodule and hence a K N8 H-submodule for any K C G:

gu — (UG)gH, gu — (UG)ngH.
Lemma 3.46. {k;g} represents KgH /H if and only {k;} represents K/K N8 H.

PROOF. kigH = kogH <= k1§ = kagh for some h € H <= kz’lkl =
g¢hg™' (€ KNE&H) <= k1 (KNE&H) = k(KN EH). O

Theorem 3.47 (Mackey decomposition). Let A = K\G/H be the set of all
double cosets D = KgH in G. Then

Gy, —
(U®)k =D, DU,
where DU := } ocp §U = (gU)krsuX foramy ¢ € D.

PROOF. Let U = @]_; s;U where {s;}_; represents G/H. Then for

m = [KgH: H] = [K: KN2H],
g€ G=D:=KgH=s;HU...Us; H (s, :=g)
= DU =kgHU =5, U®...Ds; U,

where DU is F[K]-invariant. This implies (U%)x = @pep DU.

Moreover, gU = s; U C DU as F[K N &H]-submodule. Lemma 3.46
implies that we may choose {s; = kjg}7"; with ky = 1. Proposition 3.41
then implies DU 2 (¢U)knspX. The theorem is proved. O

Theorem 3.48 (Mackey’s irreducibility criterion). Let F = F, char F { |G| <
00,0 : H— GL(U) for H C G. Then ¢© is irreducible if and only if
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(1) o is irreducible,
(2) forall g ¢ H, U and gU are disjoint as F[H N & H|-modules.

PROOF. By Theorem 3.44 and 3.47, ¢© is irreducible if and only if
1=1(c%0%) =(c,0%y)

= Y o (gU)unsu™)
DeH\G/H

— E (Unnsa, (§U) HAsH)-
DeH\G/H

This is equivalent to «(Uy, Uy) = 1(0,0) = 1 for ¢ = 1, i.e. 0 is irreducible,
and ((Ugrsy, (§U)grsy) = 0forall ¢ & H. O

We conclude this section by a few important corollaries, notably (4).

Corollary 3.49. Following the notations in Theorem 3.48, then

(1) Ifdego = 1, then ¢© is irreducible if and only if for all ¢ ¢ H, o(h) #
o(ghg™") for some h € HN$H.

(2) Let H< G. Then ¢ is irreducible if and only if ¢ is irreducible and
8o ¥ oforall g & H.

() Let HaGand T(0) :={g € G |80 = o} D H. If T is an irreducible
representation of T (o) such that Ty contains o then € is irreducible.

(4) Let H< G. If p is an irreducible representation of G such that ¢ is an
irreducible component of pyy, then p = T for some irreducible represen-
tation T of T(0).

The group T(0) is called the inertia group of ¢.

PROOF. (1) is obvious.

(2) follows from the facts that $H = H and the H-action on gU is é0.

(3):lett: T :=T(0) - GL(V). Since H < T, Clifford’s theorem (The-
orem 3.3) says that all irreducible components of 7y, i.e. V, are conjugated
to 0. Hence they are all isomorphic to ¢ by the definition of T.

To show that VC is irreducible, let ¢ ¢ T and consider V and gV as
F[T N&T]-modules. By the above result for V, ¢V is then isomorphic to
a sum of copies of gU as F[H]-modules. The H-action on gU is given 8¢
which is not isomorphic to ¢ since g ¢ T. Thus V and gV are disjoint
as F[H]-modules. Since TNET D H, they are also disjoint as F[T N$T]-
modules. Thus the result follows from Theorem 3.48.

(4) Take an irreducible component T of pr such that Ty D ¢. By (3), ¢
is irreducible. Hence p = t° by Theorem 3.44 (Frobenius reciprocity). [



5. BRAUER'S THEOREM ON INDUCED CHARACTERS 53
5. Brauer’s theorem on induced characters

Throughout this section we assume F C C and |G| < oo.
Definition 3.50. (1) A group G is p-elementary if G = Z x P with Z cyclic, P
a p-group and p 1 |Z|. G is elementary if it is p-elementary for some p.

(2) G is p-quasi-elementary if there is a cyclic Z <G, with G/ Z a p-group
and p 1 |Z|. Clearly p-elementary = p-quasi-elementary.

It is clear tat the subgroup Z specified in Definition 3.50 is unique. Also
any subgroup of a p(-quasi)-elementary group is p(-quasi)-elementary.

Lemma 3.51. (i) G is p-quasi-elementary <= G = AP with A < G being cyclic
and P is a p-group. (ii) A p-quasi-elementary group is p-elementary <= Z C
C(G) <= P <G where P is given in (i).

PROOF. (i) “=":let P € Syl (G), then PNZ = {1} = G = ZP = PZ.
(i) “<=": there is a unique decomposition A = Z x W with p { |Z| and
W a p-group. Then Z <G and G/Z = WP is a p-group. O

The main goal of this section is to prove

Theorem 3.52 (Brauer). Any complex character of G is an integral combination
of monomial characters induced from elementary subgroups of G.

The proof consists of two main steps. To state them we need

Definition 3.53. The group of generalized characters is defined as
ch(G) := P Zx:.
Also for .# being a family of subgroups of G, we define
ch#7(G) := {Z-combinations of ®* where ¢ € ch(H), H € .F}.
Since $°x = (¥x1)C, we see that ch#(G) is an ideal of ch(G).
The first step is reduce to quasi-elementary subgroups:

Theorem 3.54. Let 2 be the family of all quasi-elementary subgroups of G, then
ch(G) = chy(G).

Lemma 3.55. Let S # @ be a finite set, R C Z° be a “subrng”.
If R is not a subring, i.e. 1 & R, then there exists x € S and a prime p such
that p | f(x) forall f € R.
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PROOF. For x € S, consider I := {f(x) | f € R} C Z as a subgroup.
If for all x € S we have I, = Z, say fy(x) = 1, then

ers(fx —15)=0.

Since R is a rng, expanding this out we get 15 € R. O

Lemma 3.56. For every § € G and a prime p, there is a p-quasi-elementary
subgroup H C G such that p { x1,c(8).

PROOF. Write (¢) = Z x W, p 1 |Z|, |W| = p*, k > 0. Let N = Ng(Z),
H € Syl,(N/Z) which contains (g)/Z. Thatis, (§) C H C Nand H =
H/Z. This implies that H is a p-quasi-elementary subgroup.

From Example 3.42-(2), we have

Xaye(g) = #Fix(n(g)),  Fix(r(g)) = {aH | gaH = aH}.

All these fixed cosets lies in N: indeed a~!ga € H = a~1Za C H. However,
since H is p-quasi-elementary, Z C H is the only subgroup with order |Z|.
Hence a~'Za = Z and thena € N.

Consider the action of (g) on N/ H by left multiplications. Since Z < N,
we get the induced action of W = (g)/Z on N/H. As |W| = p, every
non-trivial orbit of it has order p® for some e > 1. (If k = 0 then there are
no non-trivial orbits.) This implies

X1,6(8) = [N: H]  (mod p).

By our construction, H contains a Sylow p subgroup of N, hnece p { [N: P].
This implies that p { xq,.c(g)- O

PROOF OF THEOREM 3.54. It is enough to show that x1. € chg(G).
Let R C cho(G) be the subrng generated by all x,,c with H € 2.

Now comes the key point: R C ZIC, instead of just CIC. If x1. ¢
cho(G) then x1, ¢ R. Lemma3.55 then implies there exists ¢ € G and a
prime p such that p | x(g) forall x € R. But this contradicts to Lemma 3.56
for some x;,c with H € 2. The theorem is proved. 0

The second step is to reduce to elementary subgroups. We shall need:

Theorem 3.57 (Blichfeldt-Brauer). Let x be an irreducible character of p-quasi-
elementary group G, then

(1) degx = p" is a p-power.

2) x= AG for a linear character A, i.e. deg A =1, of some H C G.
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PROOF. Let x = x,, G = ZP, Z < G being cyclic and p { |Z|.

(1) Let ¢ be an irreducible component of pz and let T = T(c) be its
inertia group. Corollary 3.49-(4) implies that p = 7€ for an irreducible
representation T of T. Since [G: T| = p® and T is also p-quasi-elementary,
if T # G then (1) follows by induction on |G]|.

If T = G, notice that Z is cyclic (abelian) implies that degc = 1.Then
Clifford’s theorem implies that 2 € Z acts as scalar multiplication on V =
V,. Thus p is irreducible implies pp is irreducible. Hence degp | |P| which
isis a p-power.

(2) Let deg x = p". We prove the result by induction on n. The case
n = 0 istrivial, so letn > 1.

For any linear character A of G, xA = x <=

1= (000) = 15 Lee XOAGAE) = (,2).

That is, the multiplicity of A in p ® p* is 1.
Let A:={A|degA =1, xA = x }. Aisagroup under multiplications.
Now we consider the decomposition into irreducible characters:

XX =) peprt Zdeg X'>2,irred. X
By evaluating at ¢ = 1, (1) implies that p | |A|. Hence there exists A1 € A\
{x1} with A] = x1,i.e. A; : G — C* has its image in ({,). So G/K = ()
for K := ker A. By restricting to K we get

= /
XKXK = Y pen Mkt EdegX/ZZ, irred. XK

while Mg = x1,- S0 (xx, Xx) = (XkXx, X1x) = 2 and then pg is reducible.
Let T be an irreducible component of px. Then p is an irreducible com-
ponent of T by Frobenius reciprocity. Also deg xr < deg x and both are
p-powers. Hence pdeg x < deg x. But we have seen that [G: K] = p, so
deg x.c = pdeg x. This implies x = x.c.
Now (2) follows by induction (on n) and transitivity of induction (on
representations). O

Lemma 3.58. Let G = ZP be a p-quasi-elementary decomposition and let W =
Cc(P)NZ. Then H := WP = W x P C G is an elementary subgroup.
IfA:G— C* has A|g = 1 then A = ;.

PROOF. It is clear that P is a normal Sylow-p subgroup of H = WP,
hence H = W x P is p-elementary.



56 3. REPRESENTATIONS OF FINITE GROUPS

For the second statement, we need only to show that A|z = 1.

Let K = ZNker A. Since A is a homomorphism, we have A (b~1dbKd~!) =
1. That is, d(bK)d~! = bK. Take b € Z, d € P, this implies that P acts on
bK by conjugation. Since p 1 |Z|, we also have p t |K| = |bK|. As P is a p-
group, this implies that the action of P on bK has a fixed point bk. Namely,
bK N Cg(P) # @. Since

bKﬂCG(P) C ZQCG(P) =WCH,
we have 1 = A(bk) = A(b). This applies toevery b € Z, hence A|z =1. O

Now we can complete the second step, and hence Brauer’s theorem.

Theorem 3.59. Any character x of a p-quasi-elementary group G is a Z-combination
of characters induced from linear characters of elementary subgroups of G.

PROOF. We may assume that x is irreducible. The proof is by induction
on |G|. By Theorem 3.57 the proof is reduced to the case that degxy = 1
(since subgroups of a quasi-elementary group are quasi-elementary).

Now let H = WP C G as in Lemma 3.58. Let 7 := xp, which is linear
on the elementary subgroup H. Then
(1) = (xu,m) = (g,m) =1

by Frobenius reciprocity (degree 1 is irreducible). We claim that
N =x+6

where 6 is a sum of characters of degree > 2: let ' be any linear component
in 7¢, then (7, x%) = (7°,x’) > 1. Hence x}; = 7 (both are of degree 1).
This applies to x too. So for " := x'x !, we have x"|y = 1. Lemma 3.58
then implies x' = x.

Now by Theorem 3.57 and induction on |G|, the theorem holds for 6.
Then the theorem also holds for y = 7° — 0 since 7 is linear on H. U

Use reciprocity to prove the following more elementary version:

Exercise 3.4. [Artin’s theorem] Let .% be a family of subgroups of G. Then
G is the union of conjugates of H € .% <= @y ch(H) — ch(G) has
finite cokernel. What does this say if .# is the family of cyclic subgroups?

A simple consequence of Brauer’s theorem is:

Exercise 3.5. Let m = exp G. Show that Q((,,) is a splitting field of G.



