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,

Also
.
4 (x ) * 4 (ㄚ )

2

= o
.

4 (Y )
3
= 4 ( Y ) * ( ⼲ 3 iye ) = F 3 x

'
I < e5.ie

,
xi 7 Ǘxj -_-3dg -_-34(X )

2

.

ij

ns 出 : QE
,
⼆

CCXY ]

<M
.
ㄚ
3
+3⼼

~

' (HE
,
.

* )

asgradedalgebra.Presangpaingicl.EYiiq.LY?Y2sg---j
< l.es >

批
,

= 1
.

< iyeo , Iieoiei -3 ,

→ chosexs.t.SE Yq
,

→ hnomorplnmasFnoben.us algbra QE
,
⼆ (批7.* ) ,

(3) Eo.ES case :

HHo.GE6EflAz.GAz@IlA3.GAs ⼆QAz@QA3EQE6HHs.GEg≈

tlAz.GAz@IlA4.GA4EQAz0QA4EQEg.Expliātlyi ① 瓦 : ity
4

,

北 ⼆ spanfei.ez.e5.eg.e.o.eu }
,

e = 1 Etlcd , Wf . Q )
、

QE
。

> HEG.GE
6

: Y ˋ > x
3
0
5

.

X 1 3 iao with x
' °

= Yn
.

② Eg :Pty
5

,

北 ⼆

spanfei.ez.aen.es/e...en.e.42s.ei=lEtl(eN5.Wf.Q).QE8> HEg.GE
8

: Y ˋ > iey.X.si en uith x
' 4
= Y5

.

(4) Dnticasewit.hn : odd and G = < J >
.

北
吣 .ci ,

⼆ span { ⼼
"

en.yen.eu , -.-
.eu-1 了

,

→ GIXM ] >北
Dncj , (n 3 5 )

X 1 ) G

Y ˋ > x ( xieu ) tplyen )
,

x ==1 2n.CG.az
, yen 7 。

p = ± zn . < G.eu-2,5
" "
en >

o
.

n = 3 : X 1-> xs
.

Y -> yG.



Non-selfm.ms case

(1) Dntl with G ⼆ GD
… 。

( When n , odd
,
[ Gin : < J > ] = 2 )

th.G-spanlyeo.eu , -.- , en-i.en.ci
,
-.- .hn }

i.
Dǖ

→ cfi Qw ⼆

比ㄨ '"
> (北

吐⼼ .

* )
,

W = X
"

yty2.ci"

ㄚ .
X
"

+2ㄚ >

x
"

i.si/enti+i,OEicn-lYis-ie.T-2yeo.iin-lei-ntl.tn
≤ i < m - 1 xECs.t.si

-2

⼆
⼀ ǔ ,

(2) W-iyty2.hw.cn ≈ QDnti

• Results on Integrable Hierachies

W : non-deg.quasi-homo.lt 1,42 -_- ⽣ } :

monomialbasisofQwthnasddeformatoudzt-lti-n.tn) ⇔ Wt

t.4.t-ttufe.degti-l-degdi.TagentspaceTtdhaveo.EEdgt.2ti.C.7.F-Fnhen.us manifld
assoāatne Eulavectorfeld

resīhe

multiplīcatnm P"
"9 structure near OE 4

。

Giontd constructe
"

frmalGWpotentidfuuctnimanysani-smpleFnben.us manifold ,

fmd ) 正 sāsfes : ( " Eial ⼆年OW.frmal-expfzh29-2.gg
g≥。 ,

(2) 8

w.frmdsatisfesallformdaxnmsmGW.tnThaun2 (1) Except.frDn.noddorn-4.allADE-singularitieshaveEW.gs
⼆

0w.fmaluptoalmearchaugeofvariables.ME"" "
"

=OAminduptoalmearchangeofvariables.nl
For Diiyty 2 (n > 4 )

,

ǛG" =

ODn.fmd.IDefinetheancestororelatorcte.IM
-_- Tedxnlzi

"
(七 ) = [ k ,

〈 Eak ) … ⼀ uxn ) , tft >ǎa
Lemma {I} : basBoftew.G.t-Etii.ForADE-singularities.Ue.IM -_- Tedxn ) >※ (七) ,

justapdynomidnti.Moreaer.ifln-lu-0.it

nsjustapdynomialmh.lJustdmeusionconstra.int
! )



Lemma ⇒ WeanlyneedtoconsiderF-iG.diaforsani-smplep.int tto ,

Quantumsngnlaritytheoy (A) Sātosngularītythay (B)
˙ Reconstrucwn Theorem

Tharem Ifdl.theancestorpotentialfuuctnn.rs uniqndy determired by

geuus
0

prmarypoteutial-Ifi-l.theancestorpotentialfuuctnn.rs uniqndy determmed by

geuus 0

andlpnmarypoatid.lemmax.EU
ri.G.plT4i.Assumedegpcgf.gs 1 (ii) or degpcg for g 32

(ii).Then
, fp.ngidx-an.Tii.TK ) ⼆ 0

.

Ūgutk

ntkproof.Ittoonlyifdegp-3g-3tntk-dg-ll-ELsi-E.ME/z.Tii
NE

≤ EN r Note :
(
五

⼗
z

訊 -8:)
→ degp ≥ (3 - E ) (g - 1 ) tlntk)(ii) ,

扣

ADE-sngukny.Heuce.ifgzz.wehavedegpzg.Ifg-l.tn
degp > 0 for Ec 1

degp ≥ 0 for E = 1
.

#

Lemma ( Faber - Shadn - Zwnkne ) ( greductnm )

P : monmialm4.k-dassesmMgkofdegs.gl g, 1 )
,

≥ 1 cg ⼆ 0 )

Then
,

P =

linearcombnatonofdualgraphs.withatleastoneedge.profofthmikd.la ) … 𡊩 (⼈ )
,
下

,
⼀⼀ 。瓦7gnifd-tfhgi.la -.- ⼈

,
下

,
⼀ ⼀ 、 瓦 )

,

Ūgutk

deg 4!
'

… -4! smdl ⇒ vaunhes

large ⇒

chaugentegrdoverbouudayckss.tn
apply spkttng frmula ! #



Theorem ( Reconstructnn lemma )

〈 01 , -.- , 我3.x , P . E * 4 >
。

⼆ Stc 01 -.- I-3.x.E.pt 4 > 。

- < 3
1 -_- I-3.xtE.P.dz 。

⼗ 的
( _ _ . 5k-3 , xtp.E.to

whaeS-combnatnnofgeuusocorelatorsuithfeuerthauk.insertons 、

Moreaer
, allk-pnt.gnusocordatorsaredetermnedbypa.mg ,3-pontcorelators.andcxi-l-z.i-i.N7.fr

KEK.allprmitnelmeansxitxtpl.pnofchoosebasBS.EE
* 中

,

S
. -_- and Siidual basB.

WDW ⇒ 〈 可 , … 我3.x , P . E * 4 == cnn.rk-3.x.PE* 4 >.< Só ,

E. 4 > 。

⼆ 三 ⾄ 〈 狂 ,
x.E.se YI.4.p.bg >

。

- 三 ⾄ < r.x.p.se >.< Sé , 4.E.bg >
。

IUJ =K-3 IUJ =K-3

Jt∅

kpntte.ms : I < IK-3.X.E.se ><Sétp > ⼗ 三 ⼈ X.E.se >< Sé
.

4
. P , 可⇔ >

⼀ ⾄ cx.p.se >< Sé , 中 , E.rjc.kz 7.

☒

Lemma If deg (a) ≤ iforalclassa.R-maxdeglprmitneclass3.tn
algeuusolticorectorsaredetermnedbypanngaudk-p.intwrelators with k ≤ 2⼗、 _

ppwof.cat-.-

ak-z.G-i.ae?.dmeusioncouut:degaiEPi=l-k-2pnmitne≤ EEKI.la

→ Etk-3 ≤ ( K- 2 ) Ptzi
,

#

T

Lemma AllgenusocorelatorsforAn.Dnti.E6.EEs.Dutiareuuiqudydeterminedbypanng.3-pnt.4-point.com
elators.prof In each case

An 瓦 G Es Dntiluieven ) Dntilniodd ) Di
1 1 n -1 n -1

P ntl Ì 5 Ì t zn zn

E n-1 Ē 年
1 4 n- 1 n_n n -1

nt 1 T n n n
.

lemma ⇒ K ≤ 4 K ≤ 5

For Dmilnodd )
,
Di

, uultlin.is ,

女 ) ⼆ Qin.to

computencn-tr.ua/(HDnI.G,*)=QDuti5-pomtcorrelators.Theu
use reconstvucton fmula .

#



Theorem ( 6.2.101 only state En casei

In quantum sngulaūty theay (A)uithmaximalsymmetricgwupGEgandinsa.to
smgularity theory (B).allgenusoarelatorsaredtemmedbythepanng.3-p.intwrelatas.andcX.X.X.XY7o.CX.Y.X.is 。

.

<

t.Y.XY.XYI.prof. deg X ⼆号
, degtT.ci ⼆ i.

Dmensim constrant ⇒ cX.X.X.XYZ.CX.X.X.XYZ.cl/.Y.R.X27ocX.Y.Y2.X2Y7o.LY.Y.XY.X2Y7oarenon-triial.
〈X.X.X.it ≥ = S + < X.X.X2.XY7tcX.X3.X.Y7-CX.X.is Y >

-_-

Ii 下 T T 死 可可 xxp E 4
6

< X.Y.Y2.it >
。

= <

Y.X.Y2.IT?i*Y=StcY.X.X2.Y3stcY.x3,Y2.Y7-cY.XYIx?Y7Ii-3x2
6 6

☒

T
pwve

Mam Theaom2.wealreadyhaveMamTheoreml.iehaematcheduuit.pcning.multiplicatn.3-p.intfunctons.Therenainiugnsthe4-pointfunctnns.sn
4-pontwrelatorsnA-m.de/Eg.k.w--fconnected.one-edgeWgraphwithgeuusg ,

ktails }

Ig.k.w.cat = { W-graphuithoutedgebutonepa.ro/-tailsdeoratedbyr+.8-=si }
Igkw M -_- 8k ) E Igkw .fr auy Icut Eyk.w.cat , 彐 ! IEIg.k.no

Ig.k.w.cat ( 8… " EIg.k.w.cat glungtaīls 8
+ ,
8
_

,

Thewem AssumetheW-structureisconcaue.ie
,

「
* (⊕扣 ) ⼆ 0

withalmarkngnarrow.i.e.VE
Gwateachmarkinghastrnidfixedlocus.lt

If D = (9-1) ⼗点 Lrj ⼆

l.thenngilen-er.cl⼆点 KǗ -80 t.in - Ǐliioěcioěyt
2

E 1

1 E ( i - ioěmi ) [ ⼼ 了 1
.

t
2 Icut EIg.w.k.cat(ii)

Thepwofusngorbifold-GRR.comt ! )



Eg caseicX.X.X.XY7o.CX.Y.it?o.CY.Y.XY.iY7o.-7CG.G.e4.ez7,LG.e5.e4.e47 ,

< e5.e5.ez.es7.inrefereuce !
Useabwe thewem to compute them !

Noe : 1 K
、

⼆ 1 t.fi (I) ] = 1
.

。4 0,4 0,4

En

e.g.wecomputeceg.G.eu/e43o:TherearetwographsmIo.4.E,lJ " , 丁5.54.54 ) :

J
7

J
4 f J

5

I : Ii
, ' ' '

J
"
I f J

'

J
5

J
4 J

4 J
4

→ I.cut.I.int EI.4.Eg.cat ( JIJIJYJY Iz.at ✗ 4 in I.4.Eg.at ( J? t.TT
J
"

• •

54
J
"

= 8
-

'
"

• •

"

f.si J5 J 48
⼗

⼆丁
2

J
5 Jtrt ⼆52

En
= 1⇒ < eg.G.ea.eu > 。

nilen.G.ee e)
Ūo

,4 oi oiEi 1 ) - 1 1 1 1
=

z

-

'
t

. 2n-i.jj-n-i32.fi
,
以
"

1 1 1 1
-

n-i.j.j-i.312.fi⼼ )
,

0 (E)

+
'

iii) +2(iii)
1 2

-

q
2 oi

+
"
-

8
" 慧 1 1

. f)zz.tk/-i-i.54-)-iTi
qq.fiot

1 1 8
, i) -

' 8
, I)-

12

-

E
.

9 9
b - E .

9 9Ü (ii)
,

0 (E)⼆

⼗ i-1.it ) t 2 ( ' 1.7.2 )
1

2 9 9 1 2

-

z q q
⼆
⼀

9 ,

Eg 1 Eg 1

Smilarly , CG.G.ae >。 ⼆

q.CG.G.ez.es?o=3.GNcte:SncethecorespondeuceofClx.Y~
→ gh ,

→cx.Y.it?=-f.x''Xi
7 ✗3g etc

,

☒



˙

3.4-pomtwrelatorsnB-m.de/Noumi-YamadaformulaforflatcoordnatesonSaitoiFwben.us
manifddofADE.TheoremlN-YllmlystateG-c.ae! )

N = { (

v.ME/N2oEv.E2.oEVzEl3Ul(o.2)3.Wx=W+Itvi.vENTheflatcordinatehEg
withpriuitneformdxndxzBSi-t.su

⼗ 三 alecxy
5ENN x !

三⼈不
⼆ 1 - V81 - V282

whae a : ⼼ > G 乃 giaby "

kz ≥ 。

ForanyvEN.L.lv ) : = Ndspan { (3,0) , ( 1 . 3 )} tv ) = { ⼼ +3k.tk ,
V2+3K ) k , ≥

- kitki ) 3 } .

aa ) : = K )
""

(※ _ Y
'
i K ) (

⼼
; k:) forxc-l.lv ) ,

3

o othenhe
,

where lzik ) = Iktk ) I ( Z ) :

shiftedfactorialfuucton.EgcaseiW-xitxxitt.mx?Xztt3Xi
⼗ 七

4X.xztts-xittoxittgxzttq.co
ordnate : h = 51 5 - S

3

(upto 2ⁿᵈ t
4
⼆ Sqt f 5153 七

5
⼆ 55

order )
T = 5

6
+

3

'
S

、 55 ⼗ ǖ 5 t.it Syt q

'

S ,Sotq 5354
,

tq ± Sqt à 5356 ⼗ i 5455

→ 我
.
W = 3 Xitxi +2 SMXztzsx.tl 54 ⼗ 年 六分 ) Xzt 56 ⼗ j 5551 ⼗ 年 5

2
_
W = 3X.it Sixit ( 54 ⼗ 94 5153) X , +255 Xzt Sgt 4 9 56 tq 5354

,

7siW.2g.W.IW.dxndxzgklsl-Rei.2x.W.IN
s.co

→ Cqq , ( 0 ) = Yq
,

Cq46 (0 ) : Yq
,
Gng ( 0 ) = -

'/3 ( allnm-trnial3-po.int fuuctn )
Gsq ( 0 ) = - 1/3.GG (0 ) = Yq

,
Cqzn ( 0 ) ⼆ Yq

Sdgthepnmitneformto9dx.tn dxz
→ Fin ⼆ is.itsusosq-isi-zisqtiigtssnsq.HadpwvedA-moddsB-modl.in3-p.int orelators

,

Expect : < X
.
X
,

⼼
,
XY >.< > ⾏354

cx.Y.R.is
。

< ) Sosnsi

< Y.Y.XY.it >.< > Si 5451



4 - pomt corelatorsi Ccjke ⼆ 品 Cijks
。

⼆ 品 Reio-WXNIW-sqdx.ndxzzx.W.2x.VN
sio

1
-0 C

6634
⼆ ⼀ 年 ,

4733 ⼆ 年
,
4741 ⼆ -

3 .

prin
→ F4 = - À 5354% tbssosg-is.su 分

,

☒

pwof of Man Theorem2 : ( Egcase )

F 分
,

Fi.FI?.FEkeytd:SuppouFEF?.l-deglSilRescdngthepnitne
fom bycandchaugeofvariablessi3tsi.presaeuniteaudFwhen.us

algebra.Tlngn.esFi >cii
,thenF.B.EE1

sc.iwti-B-Chosec.io
ta Fi 1 7 入 Ǘ

。

(Egcase ) Choosepnwitne.fm 9

dxndxzonB-model.A-mode.liTake flat coordnate

Tc > eg ⼆ XY.sc >

ecix2.TL?ez=XY,T5C3Ije=Y2,Tc)G=X.TgcsG-=Y.Tqc7ei=l.diferaconstaut 3
,

→ FF iii. + TT3
⼗ TqTT -2

3 ti -23 titz Ti ⼆ F) !

Recdl : 4[X .
ㄚ ]

收
shg :

X 1 ) ieg.li > I-ei.XYisiez.tl 了 ⼲ 3✗
4

y2eo.Yisie5.iste4.XY.si eg
,

FǛ
"⼆ fitat iii. - àtii ⼆ ⼀ Fi ! ! !

Now.choosex-l.ciT.i.e.changethepnmitnefmtoti-dxndxz.Thus.FIsc-yl-deglsilsign.es the Bomaplnm betweeu state spaces 。

☒


