
Toric Construction of Mirror Manifolds ( GTFT Final Report )
- Part I = Reflexive polytopes and Fano varietas (1%0) ¥-7K 'tk

.

① Definitions and basic properties .

Fix a lattice N -2
"

and its dual lattice M= HomCN. 21 .

- A convex polyhedral cone cap . c.) r is a set Rao -

v. + " ' +Rao - us for some

V1 , " ' , Vs E Nyz = Ñ 9<1/2 .
7 ^

¥
,

1/1/11
I >

The dual Tv of r is { a c- Mir I <a. v7 20 H Ver }
.

Fundamental fact : KY = r
.

- A facet of r is That for some u c- Tv
.

→ T.hr
.

( facet = face of codim 1)
' Tis rational if its generators c- N

.

T is strongly convex if then = { 0}

Facts
" '

r
.

rational c.pc .
⇒ So := TAM f.

g. semigroup .

(2)

r
.

rat 't c.pc .

and I = rout ⇒ I. rat 't c.pc .

with S-i-sr-Z.in
.

Therefore
, Species, ]↳ SpecElsa embeds U, as Dim cur.

! ! ! !

U
, Ur

- A fan [ in N is a set of cones ( rational strongly convex polyhedral cones )

st
"

I C- [ if I are[
"'

rn r
'

< r and rn r 't r
' if J.

T
'

e[
.

→ Toric variety ✗[ by gluing along common faces
.

"✗
"

^ '

P'
.

T
L %

,
> É

7-



① Polytopes
- A ( rational convex) polytope d in Mx is the convex hull of a finite

of points in M .
Assume 0€ into and consider the cone over

4×111 in Mx ✗ IR → similar definitions and properties
=

A proper ) face F of D is { neat <a. v7 = if for some v. r

with <a. v72 r H u c- d.

The polar/dual of a is { ve NRI <a. v7 > -1 Hued } .

^

.

^
'

.
✗ {i } . F .

^

. I
\

> . 1/11 - >

.

>

L
.

¥
- Assume dim D= n

.

The normal fan [ (d) of a is { TF IF <a }

where TF
: = { V E Na I < a '- u . V) 70 HueF. u ' ed }

.

I
< u . V ) f CU

'

, v7

If 0 c- into
, Tf is the cone over F* = {v c- I < u .

V> = - I HUEF } .

→ ✗☐a,
= Xi

.

Def A n - dim 't polytope d is reflexive if
"'

All facets T of a are of the form { u eat <a. Ép?= - i }
(2)
into AM = { 0 }

.

Lemma d. reflexive ⇒ I reflexive
. N

pf : . I = { u c- Me I < a. up > = - I }→ vertices of Li = { up }
• facets of Li = { v ed I <up> = - l } for p .

vertex of a

• into AN = 101 ( For veNS.t.lv. p) >
- I Hp .

vertex
.
< v. p>

= 0)

☐
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① T- Divisors
.

. so} C r → T=Tw=iÉP ↳ Ur → T- action on ✗[

Let Ti
, iii. Ted be the edges of ✗[ → Di := orbit closure corr

.

to Ii
.

T- Weil divisor : [ aiDi
e.g . Dito

, ,

= {01×16×1
" '

(Orbit closure V1 -4 :

Let Ne be the lattice gen.by NAT and I = the image of r via N
"YN . .

Then V1-4 :=✗start, where Start-4 = { F It < r ,
r c-E) )

- T- Cartier divisor =

( Mcr) := d-AM I

On Ur
,

T- Cartier divisors = dirt✗
"

l for some aether, and

[div (✗
"

1) = [ Cu . Vi> Di where Vi is the first lattice pt on ti .

( D .

T- inv. ⇒ Plur
.

OLD)) = ⑦ E - X
"

for some u em
.

"

locally principal ⇒ 1=6-154 - X
"

for some u
→ D= divl X

"

)
.

Further
,

dive✗
"

I = dirt✗
"

I ⇐> u - u
'

c- Mcr)

and ord
☐itdirt✗

"

1) = su . v7 )
On ✗[ ,

T- Cartier divisors = { dirt✗
'
" '"

) or UCH I agree on overlaps }r : max
.

- For a T- Cartier divisors D= { ucri } = [aid,

-

,
we have

the support function of D
: 4,14 = ( Ucr) . v7 for ver

Note P(Ur
,
OLD)) = to E -X

"

with Pilot = { U EM I < a. Vi> 7 - ai 4- vier}
.

U C- BIT)

→ PIX-2.01171) = AMUR
.
OCDD = ④ E -X

"

U C- Pp ✗
U 74
,

with PD = { u c- M I < u. Vila - ai H i }
Now

,
assume Ur = Npr .

T C-[

Pry D is
g.b.gs .

⇒ 4☐ is convex .

pf : They are equivalent to [ Luca . 4) 2 - ai Hi with vier⇒ "

=

"

. )
☐
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i. e. Uld = u Cr
'

) if T =/ t
'

Prof D is ample <⇒ 4, is strictly convex i. e. ( uld .
vi) > - ai for vier.

pf : (KD v. a. ⇒ ✗[
"

>

"""

.

✗ i > (✗
"

1×1 )uep* is an immersion. )
"

⇒
"

May assume D. v. a. § 4kD=k4☐ . Suppose uld = air't
.

Note 64
.

: Ur > { um - th coordinate =/ ° } ( X
""

gen
.
0(D) lur )

→ Horus
.

: Ur V4 . > 1
"

i
"

⇐
"

Hs : Ur > { un - th coordinate =/ ° } is givenby (X
"""

)
U c- Pkp ' {ULD}

→ closed embedding if Sr is gen.by P* - um
,
which holds for large k .

☐

① Fano toric varieties
.

Def Xz is (Gorenstein) Fam if the anti-canonical divisor -Kx, is Cartier and ample .

rmk All toric varieties are normal and Cohen - Macaulay .

Lemma Kx = -[Di
.

pf : Since ✗[ is normal
,
we

may assume
✗[ is smooth

.

I

→ Ur = Elkin . Xk
.
Xiii , ,

" '

.

XÉI
.

( r is gen.by part of a basis of N)
→ divlw) and -[Di are the same on Ur

.

"
dxn

"" '

In ( up to
-1-1 dep.

on the choice of coordinate ) ☐

Pry d. reflexive F) ✗[(a) Fano
.

pf : ✗[(a) = ✗<i and facets of Li = { v ed I < v. vi> = - i }
I

Max. cone.
☐
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- Part 2 : Calabi-Yau hypersurface and MPCP desingularization . (1/6)
① Resolution of singularities and projective subdivisions

.

- Let É be a refinement of I i. e. Ur = Ur
' and r = V1 some r ' c- É )

.

T C-[
y
t
'

c-I
'

→ Xzi > Xz is birational and
proper .t

iso
.

on TN

Prof 7- refinement É s.t. XE >✗
[

resol
. of sing .

pf : I Add vectors and cones st. each one is gen.by 1in . indep .
vectors

.

+ × .

I Add vectors st. Nr = [ 2. v
v. edge of r

( Adding É ☒ Nr [ zu decreases the index
. )

v. edge of r

Then É createdby I. 2° is non-singular. ☐

Lemma Gorenstein ⇒ canonical sing .

pf : K, = - IDI is Cartier ⇒ 7- U EM st
. (a. Vi ) = 1

.

Vi C-[ (1)

Let XE
"

>✗
[

resol
. of sing .

if
→ KE - ce

't

Kz = [ (-1+4141) D; = [ 14wit - 1) Di
Vi c-Elin Vi C- Éci) I [14 ☐

supp. func. of Kc/a*Kz

Def Let a cM* reflexive
.

A fan in [ in Nir is a projective subdivision if
" '

[ refines 21<4 .

'"

Ili) : = { 1- dim 't cones in I} C É AN - {0 }
'"

Xz is projective and simplicial ( i. e. every cone in
I can begen.by din . indep.

vect )

Further
,

[ is a maximal projective subdivision if EH
= LIAN - {01

.

Fact Max
. proj . subdivisions exist

.
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① Calabi-Yau hypersurface

Def A Calabi-Yau variety is an n - dim't normal compact variety V sit.
"'
V has at most Greenstein canonical singularities .

G)

u
= DV

"'

H'( V. Ou ) = in = Hd- '( V. Out = 0

Further
,

V is a minimal Calabi-Yau variety if it has at most Greenstein

Q - factorial terminal singularities .

✗CKY

Prof Let d. reflexive of dim n .

Then general Va e l - Kal is CY of dim in - 1)
.

Ii)

Further . if I . proj. subdivision , general V
e l -Kal is a CY orbifold .

Iii)
-

L
. Max .

⇒ V. min .

↳
MPCP - desingularization of Vapf : ' Va

.
CY :

' "

✗Zia, Fano ⇒ at most canonical sing .

So does Va
.

(2)

Adjunction formula ⇒ Ñ¥=Ñ×a⇒l-Ka) • On. = On,
✗
Cartier*

Consider 0 >ÑX
.ua,

'

a,

> Ova ' °

→ . " > 1-140*1*1 > H
"

(Ova ) >H
"

"(Ñx
.ua,
) ' " '

"

0 fork > o

Serre u

H
" -"""

(0¥, = 0 for Kan- l

- V
.

CY : simplicial ⇒ orbifold .

✗[ .

Gorenstein since -Kc = ¥g,,Di and 2111 CIAN - { 01
.

(Li
,

reflexive ⇒ <me . F) = - l for some Mf c- M
. )

The rest of proof is similar.
- I. max .

⇒ V. min .

:

It suffices to show V has terminal
sing .

Bertini
Indeed

,
KE - ÑKz= [ 14k

,
wit - 1) Di

.

terminal
.

Vi C- In \ [14 V

0
☐
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Prof (E)sing
= U UH and ✗[ ' (X-Dsing

= U Ur
.

f. sing .
T.sn .

pf : Note r. smooth ⇒ T
.

smooth for Thr
.

Since U Ur is smooth and ✗[ ' U Ur = U 0in = U Vin
,

T.sn .

T.sn . T
. Sing f. sing

" U 0cm
T
.
SM .

it suffices to shoo r. sing ⇒ 0cm
sing .

Indeed
,
Vr is sing . if r. sing .

1 Ur.w= Van
.

✗ TN . )

% ☐

Lemma codim (Xz ) sing
74

pf : It suffices to show
"

codimvtvk 4 ⇒ I smooth
"

i. e. I C- [ 1kt
.
ke3

Let I = cone (vi. Va . b) with vi. 4. V3 din . indep.

We will prove
vi. this gem .

Ni
.

Let ve faith + ask + ask / Of Ai £1 } A N
,
then

fu , v7 = - ( a. + a. + a} ) c- 2 where UEM is the vector defining
the facet containing V.

, 4. V3 .

→ (UN) = 0, -1 , -2 , -3

' {U .

V) = 0 =) V = 0

[ : Max
.

- GU ,
V) = - I ⇒ V = V1 ,

Vz
, V3

[ : Max .

'

{ U .
V) = -2 =) ( V, + V2 + Vz) - V = VI. V2 , V3 i. e. V = Vi + Vj , i,j = 1. 2,3

'

{ U .
V) =-3 ⇒ U = V, -1kt V3

In conclusion
,
IN
,

: 24 -12k -12lb ) = I ☐

rmk A Gorenstein orbifold has at most terminal sing .

⇒ sing locus has codim
74

g



- Part 3 : Batyrev mirrors .

.

' reflexive polytope a → normal fan 214 → Max. pmj . subdivision
I

→ CY hypersurface V

Similarly ,

i→ V the Batyrev mirror of V

Than h
"

(V) = h
""

(V) and h
" -"

(V) = h
"

( V1
. Precisely ,

h¥oric( V1
h
"

't V1 =µki) - n - i - [ Mp ;) + [ egg,µ, gijd
"" face

{ P! adime 0! aodimz

h
""

Milla ) - n - I - I 1*(1-1) + [ 1*1011*181
P

,

a dim 1 O.codim 2

tip v1 Torreitimtm

where l(a) = # anM and 1*141 := # {me only 1m€ facet }
.

pf :

"

h
"

( V1
"

Let Dick corr. to 4- c-EH .

Let f : Xz > ✗
[(a)

= Ki

'

Vi e int ( facet of Lil → f(Di)=pt → such Di contribute nothing .

-

Vi e int 10° : face of d) → fl Dil = ✗
☐g.,
c ✗

,
and

VA Di and fun ✗
☐§, has the same number of irr. comp .

' '

adim 0° 73 → dim @ °

72 Bertini f-(V) A✗[ago, irr.
dim✗[(go, 72

"

co dim 00--2→ ✗[(E) curve→ f-(V) .

✗[(E) = rollÉ) = 1*181+1 .

Note div ( Xml
,
me M are the only relations between these divisors

.

Therefore
,

h
"

't V1 = # { Vi c-[ all vie intlfaatif - n + [ 1*10011*10^1
11 0? aodimz

lki) - I - I 1*(1-0)
P? a. dim 1
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① The Hodge - Deligne numbers of hypersurfaces in T=T
"

.

- Let Da be the divisor corr. to I i. e. on Urp 1 Pedal)
,

0 (Da ) isgen.by XP .✗[KY

µ

In particular. if d. reflexive ,

01Pa) = - kx.ua, . OKY

( Lkl) =P(✗[Ky ,

01DAD the space of all Laurent polynomials with supp
c a.)

' For f ELKY ,

let I =Zay, be the hypersurface of Huai definedby f.
i. e. on Urp IP €4411 .

Z is
givenby

X-Pf = 0
.

→ E is a compactification of Z = Zf = EAT
"

thehypersurface in T
"

defined by f.
' f c-LILY is d- regular if ÉK .f) transversally intersects all strata of ✗[(a)
i. e. EAT,> is smooth and of adim 1 in Tp for T < d.

Note a general element of LKY is 4- regularly Bertini .
Now

,
we assume f is d-reg .

Prof c- it ' e 'T-2g) = c- 151¥, , ) + c- IFPI c- it 4%1*11*11<41
k 71

pf (sketch) Assume a. smooth. Let ✗ = ✗[(a) ,
D= ✗ 'T and Dz- = DAE .

Consider to > RYE
.
☐⇒ 8×0×1-2=1 >RFI.mg?z- > RFÉDZ , > 0) 8×0×111<+114

Then c- it 'em-2g) = c- IF "P✗ II. SEE .dz) )

= c- it
- "PE. c- it✗ IX. St !☐

, 111<+11018×02--1
11 by 0 → 0×1- a) → Ox → 0£ → o

✗ IX. rY¥☐Nk+naD -✗ IX. rY¥☐
,
11<41

= 1- ii. 41,1 + c- it'Ii- it 4%1+11*11<41
✗

1<>-1

( NIM) 9<0×1- D) - Nix .☐, → {
OfD) - Ri

E-KY

MX
,
Nm, KY) = NIM)9<0×1"a - D)

→ ✗ IX. II. ☐D= c- ii. (7)
,

✗ IX. Rix
.

KY) = (7) ' 1*14
. ) ☐

rmk In general , one should replace a by a
'

s.t.ci majorizes a and
( refines)

Éki
. a.f) is a smooth compactification of Zf .

g



Iso
.

for i > n- 1
.By The Gysin homomorphism HitE. E) 'H'

"

1×-214.6) is { surj . for i=n- i
pf : Use the exact seq .

0 >Riaa
,

>Rj
,,IbgD) >R'¥ 10

.

Cos
.

1-1%2.0 >HITT
"

.
E) is iso

.

for i > n-1
.

{ surj . for i=n- I

pf : >H (Huai -11 AZ) ' til -11-2-1 ' Hi /X-ua.AZ) > Him.ua, ' -111--21 >

us orsuj. induction ✓ us us induction

> H Hua, 'T) > Hit -11 > HitX-ua.li HYX-u.IT ) >

☐

Png e'
"

(2) = c- it
'

-2 1*117 for p > o .

dimp=p -11

pf : . G-"(2) = etc-21 - en
- " " "

12-1=(1+1-51*141) - I = c- it
'

-2 1*117
dimP=n

- Let o <pan
- l

.

Assume d is smooth
.

( the general case can be provedby taking a
'

majorizing/refining a. see Appedix E)

By Poicaré duality ,

0 = e'" (Z ) = [ e'" lzntp . ) .

PE a

It suffices to show [ 1- 1)
dim" '
[ 1*117--0 by induction .

P c- a p
'

h p
dimP'=p-11

We reduce to prove I c- 1)
dim "

= 0 for fixed P
'

i'< p

i. e. [ c- 1)
dim"

= 0
,
which is true

.

Tpcrp, ☐

Cor time
"" (-21--1*124) - in -1111*1<4 -I 1*117

.

1? codim I

pf : c- it'll
-" '

(Z) = c- if" Lentz) - en
-"

(Z) - en-2^-4-211
= c- if

-

2n + f- In -1111*141+1*1241) -I 1*11-1 - c- yn
-

Zn
1? codim 1

= 1*120) - in -1111*1<4 -I 1*117
.

☐
1? codim 1

proof of
"

h
""

w/ = 114 ) - n - I - I 1*11-1 + [ 1*1011*10^1
"

=

Radim 1 D. codimz

Note h
"-" '

( V) = c- it
'

e
" -"

(V) = c- IT
'

E e
"-"

( Vr)
re-2

"

"

VA Ocr)
= 1- linen

- " '

( Vo ) + c- IT
'

E en
-"

( Vr)
r c-I
dimr 21
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- time"
- " '

IV. = VA -1^1=1*1201 - in -1111*1<4 -I 1*117 .

1? codim 1

reflexive
; µ a ) - n - l - [ HIT )

Radim 1

(dimr 711 ①

' e
""

( Vr = VAT,) = en
-"

( VanTg ) . e"°( 1-
dim 0*+1 - dimr

) +

e
"> "

( Van -10*1 . e'
"

( 1-
dim 0*+1 - dimr

,
②

→ c- IT
'

E e
""

(b) = I 1*1011*10^1
r c-I 0

.

aodimz
dimr 21

① : n -2£ dim ( Van Tg ) = n - l dim 0*+1) - I ⇒ dim O* = 0

→ en
-"

( Van -10*1 = 0
.

② : n -3 £ dim lVaATo* ) ⇒ dim O* = 0 or I → dim D= n - 2 and

Xen -"

( V. ATg) = (-151*1^0)

☐
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§ Appendix
This section contains more precise/general descriptions of some properties used above .

A. The Orbit - Cone Correspondence
' The distinguished point Vr of r is definedby Sr > E

u i >

g
1 if u c- d-AM
0 otherwise

.

→ Vr is T- fixed if dimr = n and

- The torus orbit 01h corr. to T is TN.ir
.

Note that Miri = FAM is the dual lattice of Nin - NIN, ,

→ HomzlrtAM ,

É ) = Twin
.

Lemma Ocr) = { t: Sr >El VIN =/ 0 <⇒ u c- d-AM } = Twin
.

-1hm ( orbit - cone )
'"

{ cones in If < bij > { TN - orbits in Xz } ,
r < > Old

and dimr + dim Ocr) - n .

(b)
U, = U 01-4

Thr

'"
Tar ⇒ Och C V1-4--01-4 and V1 -4 = ¥

.

Old
.

Prop V14 -✗
start,

Prof F < a ⇒ V19.1 - X-p .

( c ✗[Ky )

B. Resolution of Singularities

Def For U c- turn N
,

the star subdivision 2*14 of 2 at v is the set
re-2

consisting of {
r if u are [

cone (T.tl if ✓ ☒ I C-[ and HUT CT C-[
.

←
basis for N

Fact Let T = cone ( un , n , un) and u. = u ,
-1 . " + un

.

Then ✗z*µ,
> ✗
[

is the blow-
up
at Vr

.
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Prof 7- refinement É st . É . simplicial ,
I'm = -2111

,
and

I
'

is obtained from [ by a sequence of star subdivisions .

Prop 7- refinement É s.t. XE >✗
[

resol
. of sing .

C. Images of Orbit Closure via Refinement

Let f : Xzi > ✗[ be the refinement map .

Given ieÉ
,

let r be the minimal cone in E containing r
'

.

Then fool =\ So↳ Sr . > E
u i >

{
1 if u c- itAM ]
0 otherwise

.

= ( Sr > E
" ' >

{
1 if u e d-nm ) = %

.

0 otherwise
.

Therefore
, florid = Old and fluid = Vin

1 The TN - actions on Xe and XE are the same )

D. Vanishing Theorem for Sheaf Cohomology of Toric Varieties
.

Thm ( Demazure ) D. Cartier andg.b.gs .
⇒ HP

"

( Xz
. 0*1171) = 0 .
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E. Hodge - Deligne Theory .
- For each

opx . alg . var. ✗ ,

the cohomology 1-14×1 carries a (mix) Hodge str.
Now

,
we assume ✗ is cpt . quasi

- smooth
,

which implies the Hodge str. on
1-14×1=1-14×1 is

pure of weight k and eat IX) := -4<1- ith
"41-11:(XD

= c- 1)Pith"4×1

- e(X) = e (✗ ix. E) := [ ett (X) ✗PET
.

pig

Pnp-
" ✗ is stratifiedby too .

dosed Xi ⇒ elXI = [ e(✗it
i

Therefore
, if ✗ is coveredby loc .

dosed Xi ⇒ e(X) = [ titel✗ i. i. ik ) .

i
☐
< in < ik

"'

DX ✗ Y) = elk . em)
.

Hence
, elX)=elY) . ett) if

f- :X >Y is a bundle with fiber F.
'"

e.PH/):--IgeP' (X) = c-if✗ (☒ ,
Nix ,☐, ) for a smooth compactification ☒

st
.

D= ☒ '✗ has transversal intersections in ☒
.

Examples . etc
"

) = ✗
"

E
"

.

- etp
"

) = / + ✗It in + ✗
"

X
"

. et
"

) = (✗I - IT
.

Def majorizes I if I ✗ : (1) > 4111 St
. Jp

,
a.

C Tapi
,
a

i. e. [kit refines [KY .

→fi , a :X-4¢, '✗
[kit

.

( My veinpoint : d
'

might not be a polytope ! )

→ . ✗ can be extend to the set of all faces .

' d. smooth
.
f. d- reg . ⇒ f is d-reg .

and

Z-ki.a.fi :=fÉa (Éiaf, ) is a smooth compactification of Z
- For P 's a

'

,
Ali ) :=L 1*117

.

Psap)

With these notations
,
we give a proof of

"

é" (Z) = c- it
'

I 1*117 for o< pan - l
"

dime=p -11

pf : By Poicaré duality ,

0 = e'" (É = Z-ki.a.fi/---LetYEnTp . ) .

1-
'

c- a
' 14



It suffices to show [ I-11dm
""

[ 1*117--0 by induction .

P'c- ¢ p< ✗ (f)
dimp=p-11

We reduce to prove [ c- 1)
dim "

= 0 i. e. I c- 1)
dim"

= 0
,
which is true

.

1-
'

Ed
Tp

' C Tp
1- < up

'

) F) Tp . crp ☐
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