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A REPORT ON NEWLANDER-NIRENBERG THEOREM

caucHENLy B R $A.

ABSTRACT. In 1956, Newlander and Nirenberg [1] proved that if the Nijenhuis
tensor vanishes, then the almost complex structure is integrable. The case for
the real analytic manifolds with real analytic almost complex structure was
proved by Frélicher [2] in 1955, by the Frobenius Theorem. In [1], the condition
is weakened to be the manifold is of class 2n-+1 and the almost complex structure
is of class C?™<.

Later in 1989 Webster [3] further proved for almost complex structure is only
of C™, r > 1, then we can get a C™*1* complex structure. The proof is based
on the Nash-Moser iteration. In 2010, Joachim Michel [4] gives the same result
without the Nash-Moser iteration.

This report is based on the original proof [1]. Some notations are exchanged
into our familier ones and adds some detail of calculations.

1. INTRODUCTION AND DEFINITIONS

A manifold is called complex manifold if it can be covered by coordinate patches
with complex coordinate in which the coordinates in overlapping patches are
related by complex analytic transformations. On such a manifold, scalar multiplication
by % in the tangent space has a invariant meaning.

Definition. Let M be a 2n-dimensional real manifold. M is called alomost
complex if there exists a smooth linear transfomation J : T,M — T,M such that

J? = —idp,m. Equivalently, there exists a real tensor field Ry satisfying
(1.1) hyh; = —d5
On a even dimensional real manifold, in local coordinate z!,--- , %" one may

introduce complex coordinates by setting, for example, 2/ = z7 + iz/t", j =
1, SRR % V

Definition. The almost complez structure given by J is called integrable if the
manifold can be made into a complex manifold with local coordinates zt,--- 2"
so that operating with J is equivalent to transforming dz’ and dz’ into idz’ and
—id# respectively.

A natural question is to ask when a almost complex manifold is actually a
complex manifold and we note that this problem is purely local since if 27 are
local coordinates with dz? and d#’ transformed into id2’ and —idz’ under J, then
23 will automatically be complex analytic functions of overlapping coordinates
having the same transformation preperty with repect to J. (see [2]).

2. MAIN THEOREM

In any chart, we may choose complex valued coordinate 2!, - - , 22™ with 27" =
Z’ (In later discussing, we simply 2!, -, 2™) such that at origin of the coordinate
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system, the values of h% are:
(2.1) RA=0if \#p, hl=i, and KIn=—i

Now suppose that we have a complex coordinate ¢ 1 ..., (", then they must
satisfy d¢/ = 25d* and id(/ = ZZhSdz*. After some calculation, the ¢/ = w
satisty the system of equations:

Ow
Ozt

Definition. A complez-valued function w satisfying (2.2) is called holomorphic
with respect to the almost complex structure J.

(2.2) (R —i6%) =0, A=1,---,2n

Also, we have 2id(? = gf:;(hf\‘ +146%)d2*, so the system of forms d(’ is equivalent
to the system (h% +18%)dz* which follows from the following fact in [2]:

Necessary Condition. (The Complete Integrability Condition) The exterior
differential of any form (K% + i8%)dz* of the system may be ezpressed as a sum of
exterior products of the forms of the system with first order forms.

By our choice of coordinate, the last n equations of the system are independent.
For convience to fomulate these condition, we set

0 = 0

J+n o5 — 5d. 0 = - .= i 7
z =2l =2 = - e = = = .
] J 92-7, 923" C C

We may solve these for the derivatives 0w and rewrite these equations in the
form:

(2.3) ‘ Ljw = 0w — a;?akw =0,

where af =0 at z' =--- = 2" =0, j =1,--- ,n. By (2.3), the equivalent system
of the forms d{’ is

d¢? = 03 dz* + BT dZ"

= d2’ + aldZ*

and the integrability condition,.in the sense of Frobenius Theorem (see Remark
1.61 in Warner [7]), becomes that the L; operator commute:

(2.4) 0;ak, - a;?apafn = Oma — afn@paf, hmk=1,---,n
n

This shows that Y¥; = 5% + > a;?g%g is a integrable complex struture. So our
k=1

problem is to solve the converse.

Formulation. Under the transformation of variables (¢, - ,{™) — (2},--- ,27),
the Cauchy-Riemann eugations g%”; = 0 are transfomed in to a system (2.3)

satisfying the integrability relation (2.4). Show that conversely that a given system
(2.3) satisfies (2.4) may be transformed to the Cauchy-Riemann equations by a
nonsigular transformation of variables.
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We recall that a function f : R® — R is Holder continuous of order 0 < o < 1

if the quantity
wp  HE-16)
z,y€la,b],x#y '1" - yl
is finite. We use C**(B(0;r)) to denote the space of all functions defined on
B(0;7) C R" for some r > 0 such that f is C* and the k-th derivative of f is

Holder continuous with exponent .
Now we can state the main Theorem we shall prove:

Theorem 2.1. If the cofficients a;? in (2.3) are of class C*™ in a neighborhood of
the origin and satisfy (2.4), then in some neighborhood of the origin, there exists
n solutions 1, , (" of (2.3) such that the Jacobian of (*,--+ ,¢™ (Y, -+, (™ with
respect to 2!, -+ ,Z" is different from zero, so that the equations (2.3) reduce to

gz-”]—- = 0. Also each {7 is of class C*™P for all 0 < B < 1. If, in addition, the

coefficients af are of class C™%, for some m > 2n, and 0 < o < 1, then each is
of class C™t1e,

In our case, the manifold is of class C?"*! and A% is of class C*", then there
exists a complex coordinate of class, however, C?". In order for theses to be of
C?t1 we require that there exist suitable corrdinates in which A% are of class
C*™ for some a > 0.

3. INTEGRAL EQUATIONS

We first treat the case of one complex dimension. We want to find out the
solution of

(3.1) O, w = a(z)0,w

in |z| < 7. According to the Cauchy integral formula, we define a operator T by

_ L 1) 4z
Tf= 2mi //|‘r|<r z— ’I'deT

Then if f is Holder continuous in |z| < r, then 8,Tf(z) = f(z). So w is a solution
of (3.1) if and only if w satisfies the integral equation:

w(z) = T(af,w) + z

Use the Picard’s interation wpi1 = T(ad,w,) + 2z and wg = 0. To exam the
convergency, note that

(32) ”TfH;,a;B(O;'r) S Cr (”f”B;B(O;'r) + [f]s,a;B(O;r)) = CT”f”S,a;B(O;r)’
where the norms and seminorms equipped on C* and C* here is:
[f]l:;B(O;r) = sup Tleﬁf(l‘”
v#z,|Bl=k

/]

k
I:;B(O;r) = Z[f]j;B(O;r)
pn

- |DPf(z) — DP(y)|
f p Qe N = Sup Tk+a :
[ ]k, ;B(0;r) Ny '.’E _ y‘
”f”l:,a;B(O;r) = ”f“k;B(O;r) + [f]k,a;B(O;r)
and D is both 8, and 8,
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So the convergence in C* for 7 suffiently small such that d,w # 0.

With the experience above, we define
. 1 . )
. T f=—"—"— L I S AP
(3.3) f 5 //M(Tf(z 27T, 2 2")

Clearly T7 commute each other, and for j # k, 77 also commute with 8. If
F ={f, -, fa} satisfies them compatibility condition: for all 7,k

drdT

2 -7

8; fi = Ok fj.
. then the inhomogeneous Cauchy-Riemann equation for each j
(34) Ojw = f;
has the solution
= (=1)° il & is 5 ke _
(3.5) w=§:( 1)!ZT“6]-1---T”6]-,-T fi =TF,

8==0

!
where Z denotes summation over all (s + 1)-tuples with j,- -, j,, k distinct.
Directly differentiate, we get

gjw - fj = gjw - Tkgkfj
(3.6) =2 (~1

— s i o - _

2 Ts+ ?z)!Z T3, - T8, T8, fy — Buf;) = 0

where ZJ denotes summation over all (s + 1) — tuples with jy,-- - , J,, k distinct
and different from j.

By unfortunately, since right hand side of (2.3) invovles derivatives with respect
to all 2*, so the standard Picard iteration will not converges as one can imagine.
So we need a new viewpoint of the relation of &7 and z*.

In the begining, we pick a arbitrary coordinates z* and try to find out the &/
variable to be the solution of (2.3). We now pick arbitrary & variable and try
to find out which kind of 2* coordinates we should choose. If we find out such
2¥, they shall give as a system like (2.3) and the ¢7 will autometically satisfy the

system! For this purpose, let’s see our 2',---, 2" as functions of ¢*,---,{™ Set
0 - 0
dj = " dj = -
a¢i a¢;

If w satifies (2.3), then the Cauchy-Riemann Equation with respect to {7 becomes

0=dw= a_wa_zk + 6_w6_zk
T T B2k ¢l Ozk B¢
= Gywd;2* + aFOwd;z*
= Bkw((szk + afn(sz’")

provided

(3.7) d;2* + ak d;z™ = 0
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Converserly, if z* satisfies 3.7, then
0 = djw = d;2*Gw + d;Z°w
= —afncszmakw + szkgkw
= d,;Z2"(Bw — atdw)

Thus the Cauchy-Riemann euqations d;w = 0 are equaivalent to the system
(2.3) if 27 satisfies (3.7) and the matrix [d;z*] is nonsingular.

The system (3.7) is convenient because the differentiation occurs with respect
to only one of the indepentdent variable in each equation. _ _

Also we set the similar operator T7 and T by replacing all 9; with d;. Set
= {z!,---,2"} and denote a!, by ai (Z) as it is a function of 2!,--- 2"

Furthermore, setting

(3.8) filZ] = —ai,d;z™ and define F'={f},---,fi}
The corresponding integral system of (3.7) is
(39) 2 =("+T(F'Z]) - 2|Z], where zi=TF'Z| (lmm =0

4. A SPECIAL NORMED LINEAR SPACE

Throughout this section, we use Dy to denote both dj and dy and D* =
D;, ---D;, be the mixed derivative. Also, similarly, D*J denotes all ij,--- ,%
are distinct to j. Further, the seminorms and norms use in the following section
are still denoted with the super-script *.

Consider complex valued functions of {1, - -+ ,{™ in the polycylinder |(7| < r < %
for all 7 and r > 0 to be determine later.

Definition. Fized 0 < a < 1, the difference quotient operators of Hoélder
type 9; is defined by

_f(C:l)"'7<j+5<j7'.")cn)-f j j
= TR 10+ <,

and denote 0™ = 6j, -+ 0;,,, 0<m < m, j1,- -, jm are dinstinct.
Clearly, 6; commute with Dy for j # k.

Definition. Given a function z in polycylinder, we define a semi-norm
* . e m
[2]G = mZ=o T Sup 187
If z € C™, instead of the standard norm on C™, we equip the following norm

el ZFSUP D

Similarly, for z € C™*, we use the norm

n k+ma
2l = Z E sup| Dkz]a < Z Tl sup |5’"D"z|
k,m=0

and denote C™* = {z|l|z|l} & < 00}
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Finally, since the requirement of f;, we introduce the norm
n T'k y
“f”n La — ZFSUP[D ,Jf]a
k=1

It is not difficult to see that (5’"’0’; | - II7, &) is @ Banach algebra under the usual
addition and multiplication.

Now for n-tuples of functions Z = {2%,--- ,2"} and F = {f1, -+, fu}, we define
the norm

121 = max |||l

n,a?

“F“:L—la max”f]“n—la

We denote B = {Z|2% € C™*, Vj} with the norm || - g
Our first lemma is to estimate a(Z) if Z € B, especially for a(0) = 0.

Lemma 4.1. Suppose that || Z\|}, , < 1 and that a(Z) has continuous derivative
up to 2n—1 order and bounded, say by K. Then there exists a constant ¢ = c(n, @)
such that foralll1<m <n

(4.1) Na(2)IIR7 4 < K.
If moreover, a(0) = 0, then
(42) ”a’(ZIHn—l a — CKHZ“na

Proof. We use D¥ to denote the derivative of a. Observe that by mean-valued
Theorem for the case a(0) = 0

K,
(43) a(2)] < {aKuzn if a(0) = 0.

For j > 0, by chain rule D’a may be express as a linear combination of terms ¢
of the from

t = (Dfa)(Djlz‘il) . (Djszia)(Djs+lzis+l) .. _Djkzik, 1<k<j.

with D7t ... D# = Di. So ri|t| < K||Z||;, , and hence /| Dia| < ¢K || Z]]3, ,
combining with (4.3), we get

. cK,
(4.4) la(2)|I% <{c"K||Z|| if a(0) = 0.

Now we turn to the estimation of r7[D7a]’ for j < n. First by mean-value
Theorem, we get
(4.5) [2]5 < cllzll%
Indeed,

Z - sup | D™ ()67 < el

If 7 = 0, then from (4. ) nd (4.4), we have

cK,

a(2)); < cle(Z)]); < {cK”Z”;;a
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For 7 > 1, consider
r[t]s < cDZalL )| 217,
By (4.5) < cl| DZalllI 2115 o
Of course, (4.4) also holds for D¥a, we have
[ty < K25 4
Combine all the inequality, we finally have
rj[Dja]; < cK||Z||:l,a, 1<j<n
the result follows. a

5. POTENTIAL THEORETIC LEMMAS

In the previous seciton, we get the estmation of a(Z) whenever || Z]}, , < 1. In
this section, we prove the properties of the integral operator 77. Our main goal
in this section is to show the next Theorem

Theorem 5.1. There exists a constant C = C(n,«) such that
ITF|[}qo < Crl|F]5

n—1,a°

Before states next lemma, we observe that as (3.2), we also have there exists
¢ = c(n, a)

(5.1)
sup |T7y| + r*sup |6;T7y| + r sup | D;T?y| + r'** sup |d; D; T7y|

< cr | sup |y| + r%sup |5;y] |,

for y defined in the cylinder.

Lemma 5.2.
HT]D f”n 1a—cl|f||n—lon ],l=1,,nwzth]7él

Proof. Tt suffice to give such a bound of the functions r**™2§™D*TIiD, f 0 < k <
n—1and 0 <m <n. For j1, -+, jm distinct and different from j, and 11, , 1k
distinct and different from 7, [, consider

yzéjl"'éijil"‘DiijDjf-

We see that it suffice to derive such a bound for the functions n = r**+™*TJy,
r®8;n, rD;n, and r'*2§;D;n. From (5.1), we see that these four functions are
bounded by

erf e | sup |y| + r%sup |85yl | < cllFl5t 4
and the result follows. O
Similar argument we may prove

Lemma 5.3.

||T](gh)”n 1,a _CT“g”n la”h“n l,a .77l=]-a b
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Corollary 5.4.
”TJg”n_l L < ”g”n—l o jl=1--n
crllgllnts o

Lemma 5.5.

HTJf”n l,a — cr”f”n—la
Proof. From Corollary 5.4 we already have ||[T7f|[;, < cr|f[2? 1o+ 1t remains

to show the functions r"D"T7f and r"*§'D"T? f are bounded by cr| f||2%, .
However, the proof is similar as to Theorem 5.2 by using (5.1).

It is clear that Theorem 5.1 follows immediately from Lemma 5.2 and 5.5.

6. EXISTENCE THEOREM
In this section we will prove

Theorem 6.1. If the coefficents aj- have bounded derivative up to order 2n for r
small, the system (3.9) has a unique solution Z in B satisfying also (3.7) such
that the transformation from the ¢ coordinates to z coordiantes has non-vanishing
Jacobian.

We simplify (3.9) by Z = Z[Z]. Our strategy is
Lemma 6.2. For the integral system (3.9), if || Z||na ||2||n,a < 4r, then
17[2]|lna < 4r

6. ~ ~
eV 1712) = 71Z)lne < 212 - Zlna

for then the usual iteration scheme yields a unique fized point of 7 [Z] in || Z]] < 4r
by contraction mapping Theorem.

Recall our defintion of f}[Z] = —ajd;z* and a} vanish at Z = 0 and have
bounded derivative up to order 2n, say by K.

Lemma 6.3. If | Z]];, ., ]Z”na <Adr, then forall1<i,5<n
15121156 < cKr
I£12] = 12130 < cKI|Z - Z)E
Proof. We first observe that
(6.2) 1Difll721a < “f“na

By the multiplication property of our norms we have

n—1l,a

[FEEA] S Z (AT |d 2" n1a
< 402 laklla-1,a
k

by (4.2) < 4e(ncK4r).

This proves the first part of lemma.
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Similarly, by Lemma 4.1 and (6.2), we find that

;—n

155121 - F1Z11E 10 Z H2) (= F e + Z 14,25 (a}(Z) = ak(2)) 17 1.

X

=D _llak (277, alld; (25 = 29)1172 1Q+led I allak(2) — al(D)]177 1

<ncK4c|Z - Z||;_, , + 462 lak(Z) — ai(Z )”n lLa

By mean-value Theorem we have there exists Z’ with || Z2'||7 _, o < 4r such that

I|a’;c( ) Zl”n-—la = Z”ama’k n la+Zamak 'n. l,a ”Z Z”n—la

By Lemma, 5.2, we have
llai(z) - ai(Z)”:l’Zl,a <cK|Z - Z||n,a-
and second part of theorem follows. O

Proof of Lemma 6.2. Set F*[Z] = {f}[Z],--- , fi[Z]} and denote the i-th component
of 7[Z] by y*[Z] i.e.
(2] = ¢ + TF'|Z] - 5[ Z]
Observe that
1V [Z2]l56 < ICIl5 o + 2AITF (2]

by Theorem 5.1 < (24 2'"*)r + 2C7||F*[Z]|[}_1 o

by Lemma 6.3 < (2 + 2'*)r +2CrcKr

< 4r for r sufficient small.

(6.4)

and this prove the first part of Lemma 6.2. To prove second part, directly calculate
19°12) - V12,0 < 2T(F¥(2] - (2Dl
by Theorem 5.1 < 2Cr||F*[Z] — F[Z]||%_, a
by Lemma 6.3 < 2CrcK||Z — Z||n,a

1 -
§ —2—||Z — ZH;_Q for 7 sufficient small
]

Proof of Theorem 6.1. By contraction mapping Theorem, there exists a fixpoint
Z for r sufficient small. As we show that ||TF’[Z II5.o < cCKT?, it follows that
for r sufficient small, the Jacobian of the z* with respect to ¢* varlable is different
from zero and that the matrix [d;2z¥] is closed to identity.

So far, the integrablility condition is not used. It comes out for the proof that
the solution ZJs also a solution of (3.7).

Differetiate (3.9) with respect to ¢/ and by (3.6), we have

n—

g

. 1) e - o o
d;2" = ( n )2)!2 T%d;, - - T%d;, - THd; fi — di f) — a3, d; 2™

= (8

So if we set g} = d;z* + ai,d;z™, then

I
o
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(6.5) Z; s+§) SYThG, - Td,  TH S - df)

Put the definition of f; = —afcd_,-ik into (6.5) and chain rule, we get
Gfi - duf! = dat dyz™ — dyh G
G P0,0 47" + AP B,k 4 — (278,00 A7 + dy7PBal ™
= [Gpat, (2P d;Z™ — d;2PdkZ™)) + [(Dpas, — Omay)dk2Pd;Z™]
For first part, directly compute
Opat, (d;z2™gh — Jk:‘cmgf) 8,0k, |d;Z™ (di2? — aPdy2®) — dz™(d;2P — a2d;z°))
= 0,0 [(dx2Pd;2™ — d;2Pdk2™) + (aBd;2°dk 2™ — aPdz°d;2™))
= 0,0t (dy2Pd;Z™ — d;2PdZ™)
For second part, use integrability condition, we have
(Byat, — Omal)di2Pd;Z™ = (a30,al, — a5,0:a;)dk2Pd;z™ = 0
Put all of these into (6.5), we have
n—2

. ~1)® . o -
(6.6) 9; = Z (s + )2)|Z T9d;, - - T%d;, - T*[8,05,(d; 2™ g} — diZ™g)]

By Lemma 5.3 5.5 and Lemma 5.2, we get
Sl <er 3230 [18,5,d52™ 17 o 981121 + 19y 0™ 2, ol G212 o]

i,Jm k#j

< cr max ”a am”n lama‘x ”dkzmun la I:Z “gp”n la:I
1’1.7! Yp Yk

pJ

by (4.1) and (6.2) < cK7 > ||gFl2 10
P
If we further choose r small such that ¢cKr < 1, then gJ'- = 0 and completes the
proof. O

7. PROOF OF THEOREM 2.1

We have construct a solution Z = {z',--- , 2"} of (3.7) in the polycylinder |(?| <
r for small r; this solution vanishes at origin and has nonvanishing Jacobian with
respect to . So the functions z?,- - , 2" maps the polycylinder homeomorphically
onto a neighborhood of U of origin in the z space. In U, the coordinates (!,--- , ("
are solutions of (2.3).

To complete the proof, it remains to show that the differentiability of (7.
Observe that since r small(hence a¥, is small), so (3.7) is elliptic system of functions
z1,- .., 2* of variable ¢, ¢7. These functions are C1® with respect to ¢7, {7. Since
Z € B, so zF is C? and by inverse function theorem (* is also C?. Moreover, ¢’
satisfy the eqation

Bjéjw - 8J-a§8kw =0
which is elliptic for r small. Then Theorem 2.1 follows the well-known regularity
theorem
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Theorem 7.1 (Theorem 6.17 in [5]). Let L be a second order elliptic operator and
u € C*(Q) be a solution of Lu = f where f and the coefficient of L lie in C*2,
Then u € C*t2e,
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For we hove ds*= & = 1p1>dwdi = | pl” [du*+ do™),

ard tonverSely $¢ < ds’ A(du dvt) = ANdwdn > dw= T,'i"4>



Vel A function ) i a domain Ve R @ oid +o Sa‘hs{:y
n Helder condition of crder N, D A=l denoted ;7 £ ()

(3)  MHieyi- i y < Crh, Vixy), (X, y)ep,

where C R a conctant and v= Jm ¥y

_K_e;L"_L_emma. let D=3 zeClizi<cky, Flz.2) be a oomylfix-
HE‘P:‘( o TAA DS "fmwwm‘ Mmoo SatiS]C)ﬂ\g

[Ttz 2)- frz, 20 < Byy, v,z - za[, Va .z ey,

where A, B ore constants, Dexc |, Lot F(3,.%) be defined !7

] . o0 diezrdade {12.2) dud,
T F(g,5): iy gl FE {}fD \_S—Z_:-é T ey
Then €3 Fy | Fe oxmt ond Fg =1,

G I iz 2] < A, Vzey . then

_ - At
P uRA, IRt 20 g

— _ - A
(P88 Fin, £ <08 2 pag)

Rels 2P, 5] ¢ uin) Bid, 55 e B8
Thin . In O, Jet Zu- AlzZ)wy + blzZ)wy be o differential
operator with a, be Co (v), OcA<|, and al0.0)= bl0.0) =0
et x(2%)e €O 00) Lk

the same A, ol2) be camFlPx N\a|7{4c.
W“t“‘ c(0)y=90. The/\

~r 7,1/ NLELE
SWWIEEY = ““+z°(—v3—)’“ dzdz = 017), Tey
has o unigue solutioh w sit. (Z+0)w e COND), Pyo\zcﬂeﬂ that
R R Suﬂl‘denflf small

. . 4

, : : SRR ST ~"--.-~1!:muf AR
T R P N ) PV SUSE SREoANTes THR VNG 4
ihen f.)(‘-ii elntenol Soheaed

I3 [0)0“‘{';;},‘ .



3.

Cor. Sv/ﬁ:ose m o domaine D of the (xy)- plane, E,F,6eC™Np)
DeXN<). Then every point of D has o ne«r}«m/nooﬁ M Which I
there exizt zothermal coovdinates .

(pf) Moy assume (0,0) €D and onl); tonsider 19.0) .

Assume  Elo,0)= Glo,0)= 1, Flo,0)=0, and

(60 = A%, {ez)m)wk}, (2 $lo0 = dx+idy <4z )

ie. = (lazD)de + bz, 2)d7 il 2lo,0) = b(0.0) = O
Adw= #4> & Wz = % We = ;ﬁ S U-8)rz-bwg= 0

&= Wi = ZX}J W)‘l&fe Z;W: aW-Z +bwz

%« I}y&L there exsts o colution wiz, 2> of

1

re EWTE) pade < 5(5) . TeD sl 0

w3 -

Since Zws & CD')\( V), Wz = AN b)l ;\Yz,"‘;gﬁ_—“’m“\ w. 0

"
!

ST i, g )+

(729

-
!

s prove Key lemma | e first have

5 S B i
Lemma . iet D be a duwnain of the (. y3-plane brunged o
a cwrve £ 13,9) be a point st. tre veclor }ornﬁhﬁ fif'&l‘) 1o {xy)

revenses {k-) times. Then

E T r»im(’; 3!:::'5 2, A0

lj‘fy "‘* %:E sx i A<o (3.9 40,

v‘ <

where ""t-' Tt AT omax v, 5T oavn Y.
(’( i} *’(7 'I) s A 4{,7}ec ,j,(,;,‘;éc

EyenYdyalw -5y 1¥) 5
of) I B Cl then &(am e )""—"——*—é}ff’) = gJ-— dxady,
ank thaz oy () d D, se that the mfenrﬂm&s have no swg. t’mﬂ/

) ot - e ey ;
Ty £ bty [ q SRS



The formda & still tme when (5 €DNC, provided that

the mteqral on te lefc converges, and gloy=0. I foet,

a’pylj the formuia 4o the danain 9‘&«;“5,']))‘ ond nite
é-w«-amsy -0 8% ¢ 0 Ly the

£enveraen ce of the mfmm! on the QE}C{, ond <t

a’(v) \

\.l ;\) ?Xd:i ;)ﬁ
' () LN ERT U Ry
Ha siu; py 4 ). B
¢ { '[ ; %‘ ‘«-!]w;:nf-i; ;lii‘-og z)
FBe ) 1T =T =

o e . e .50
(3T xS £} D as
lqterl- 2 Jébe ) 3 T lete) 0
! W m g L6 o Tyt doxdy
\l‘l"\&"‘t fé{ﬂ’ 7 * P S 'H‘te” ‘W‘) ‘("’f (i!a’!/ " /

CONVEENLS 't'f A-x41 > -f, 7o AZO.
T e el Lo g0
Flence, |§39‘“‘“{:4} A !3)) ﬁ‘“&}“

oy ijl_ﬁl—lk

‘Q(Y}

Je

""‘“S YM1A5E, where 6 = the anﬁie belwien the x-oaxid
c ' :

and the veetor joinflm?- (3,']) 49 (x,y),

<,2—1A)‘ ;‘f 5 0
< o 4
‘e
| 2kT 5™, 37 ~<0, @A})#D_ i
-A

Fi(&g): ERALEA )||'m t(ﬂm— -F(x/)')HF(x/‘/*g)-ile/7’))
: fy (PS4 R BT +2L 5 0)-HD).

h>o0
(22) f&z) (22 fngﬂ 4
“ 5w w5 | L;—K -'r——‘: ) Azdz

ﬂz,’z’_)_ _ f(z,z)
oM Lh;-,.,—f o( -g) gl—;—) [2_3)[2_;_%},))0024(2»




1 -
- g i 40, (- F D sty e gy ) e

dzd
-5 ft; 3’agﬁ; 202 - -
By the assumption that f e CON D), the limut and the miegral con
exdmnﬂe, and thus the fvst term & 0.
On the other }w\l

3 ROy ALy _ vul?:'
ﬁpé;-,f';wﬁm <l = ¢ SN

ABokY) Zep?

i

L TN W Z= Y& p(i izd®
'Zﬁgas.,m(z-?'z)& Ed'
151 v
= T d
’&, ST ) T &Y
= —).ﬁ-‘-é—l-
~aMi Y

From the formula, we wnclude that F§(§,§)-'~F(§ 3)

B)! the same arﬁurneht we obtwin Fy = ﬁ).ﬁl‘%ﬁﬁj Az
By Lemmal., IFi=13%( -‘E'—zr—-“ig,(,,yR 1A ﬁ 12-3)

DW&*A)'
< A 3T 2R = yRA, since |z-3) € 121413 €
Siw’ulafly, |Fy| = 2B ﬂp ’:S\l; 255 R BRI = i:\ik"&
[FELED -FG 8] € IR 153 ) + L Fg 1185, ] = (B0 R e+ A) Y
For the last mequahiy, let D= DA R (2)’,;)(3.,3;6&,( )9 By,ra) e D)
i (R (3L 8)- Fels,B) =

} \W fzE)- f3,8) 25 ds ﬂ fed)- k.5, %) 45 de
Do Vo

(Z-%,)?

(2-%,)2
(1) =
3 3 1
+ﬁo_|>9 (.F(zlz)'ﬁgugo))(T;‘;—‘); -(.—z-?g‘";)iixg
‘" afzb(z
:f({(gnr | {(Sz ;2 )332 SSD Do Z- gl

(™)



B7 Lomma |, 1] € YB“ ‘; i‘l"\ < WB (3%2)™ . Since

|2-%,] € 12-%:1+)38, - §2} € 22 42 = 3Y2

T ST

N |
(m) = mp 5, (flzd)- iz, ;‘))ys -~ g; z.Myl

<y OB fiz,%)- fiz,2) 3,30 -{15.%)
455:(15&7-\7.. (2-3)3 Ay | + \“ (2-3)° Mﬂ)w

3
sef” (gff l S T 5 -3 1A
5!; ( D-Vo 12-%V? 7t HD \7,.‘;-“3

% (B 2T a4 -
PR A s o)

(shee 12-31 2 12- 5,1~ 13-%,| = 2V - vy = ¥i2)
< b BY,Q(;’;+l)

AZdkz 43 dz
.W\)—\7. -2_-—3-, N \) 'i’zwf; B &‘S\\?o

dxdy )|

2- §; —‘2T|§1+D =2 (W)=0
We may set uir)= 3 ;'\ ,\; Mgl ). O

Now me make move ectimates 1v P'ye‘;a..ﬂre Jfoy the }mo"f Of M
Let D, a b x, 6,2 be osm Thml, e. D={ze€|rRI=RY;
Db, xe CPMNp) d<A<), afo,0)=kblo,0)s0; Z= 05__;: +bf% .
o [/omylex anabﬂdc with 610)=p .

Since © fe €MD), b<A<Y, géc‘(‘”” /h?‘i_es
Hﬂ(l.,‘g.)-fg[zz.ﬁz)le %i_'_'f(z\,f.)—{{E,,gz))%(i.,i‘)i

+] 2405, 8005, 50) |
= CYI§\+C'Y|2 < (C*C')Y:): "FOY 7z smal\,
je. {ﬁ é C'.);’-(D) ma Fass'\l,lj cmeller v,

We may assume thal (Z+a)o = b+ 0o e YD),



7
Hence, we }n{«/ fn\ﬂ a constant M st
<M, laleM, lol<sM,

| A%, €) - ABL o)) € My, where h=d,b, &, o

(Z+ o) 515, - (Z4et) O18,) | £ %—!Y.i"

Since o, b, (Z+) 0 vanzhes at o,

lats. )l e MIBI* ¢ MRY, (L)< MRY |zs)o | e L pre pipr

Consequently, for the £ and F as m _%_LC_M_"‘,A'

| (Z+)F | = \aFg+bFy v aF | < M;zA A+ MR ——-—R)B-‘ M 4RA
= MR (HuR A 21 R’B)

| (Z+2) FL3,50) - (2+0) F(5.5,) |

= | af (3.8 -af(8,,8,) + bR (3, - bF (8, 5) + xFLX,, %) - kF (5, &) |
£ Cals, B -ats, ) TsuEn | + | ats ) (f1a5) - fi530) |
(bR, T - b 5)) R (30, 5 |+ bUE, 500 Ry (3,50 - R (32,5)) |

+ (38D - a5, %)) B3 S0 |+ | (s, 5) (F3,5) - FS, 5) |
Mid- A+ MRY - Brh + Mrfh- 255 R7B + MRM

A

M) BYD
+ Mr) . 4RA+ M-;(mé;—'/z)g)v,,
- AM2 T en
= Mh’z‘LMA(uRuY.',AH RR* 1+ 2— 3’ +,u|,\)+—"Yn 3)

Mrd A+ AGRY 2R ) 4 B((Hlﬁ;—'ml%’) R?+ 7\’2)>
My | A+ AguR)+ g%,tlz)).
(pF of Thmi )

Assume that UR <), 2™ )\ﬂ

1

R\’)\

and chowse a constant c()\) st
)\+Z A A
~N  am ¥ EC

Hﬂl/\)+i—)‘{‘—2— e (D c>t)



We oonstruct the <olution L): successive appyoximatiom
Vefme >T0WolZ.8)= o(3),
)TTle\(§ T)= S‘S\ _(ZW‘\'D(W)(Z,____Z )d ﬂ? h> 0

z-3
and w3, I Z\Wnli.?.)

Forma"y, wll ) » a solutione to

m?w(’;,i)arj"g‘)gﬂ%_vé)(zlﬁd e

We ]Msﬁ{’}' the defimition of wn and iy by the fu\lowinj Thez(mliﬁes :

Iwnl € M(ecMRMY"

(Z+o) wn | = M{ cMRM) "™

| Wn( 30,80 wal$,, ;| € M[cMRM"r.’;,

|Z+o) Wnl50,8,) - (Z40) Wa (32,5 )] €
By the last i 'heolua'rfy, we know  (Z+w) Wné C""‘(D)
J\AS't\‘FylV\j the m'teﬁml ofe'FW"j Wht) -
And the st mequal'rty TmPheS that the mtmite senes Jefming W
obnvorﬁes abs D[u‘fel] and umﬁm.!/ Pyov’td’eog thoat R & sufFTaien—tl/
small st. MR <y, and thus W R ad:uall)/ o solufion st.
(Z+x) w e C7 (D).

vy

We prove these iequalities by mduction tw ..
For n=o, the mez‘uahﬁes have al)’ep\&/ been mode true on P, shee ¢>1
B} QV___LS_’"ﬂ_ ond the induction }vad«es‘s

| Wy | < 4R M LMRM)™! & MUCMRM)™! (- 4R=1)
‘Wn;|(5|,§:)‘WM|(§z,§:)\ < J(MchR")""-»_%ﬁ:\R’\ -‘—"4—2(¢;MR")") "
MEeMRMM (> L1+ Z)nd)
MlCMR)‘)M‘Y.z 3 A2 R)" A

M (cMRN™ ¥y

A

IN

IN



9.

Fyom the ectimatims on P7,

| (Z4%) Wiy | < MR’\((—H'TLR"'\)A MIMRY™ 4 i}k*-%*;f(cm*)")
= MUeMRM™ - e (14 4R™+ 2 )
<M (c.MR"‘)"*2 c“(A;—Z-+ ll—-—);;jl)\q)
£ M (eMRM™

| (Z400) Wiy (30, 80) = L 2o400) Wiyt (32, T |

< MR (MieMR)™ oIt

"g.(P) )
cM (c HR)\)M\Y'\z - ( zkaﬁ,‘{R)) * R'A%'Ak))'_

3]

)’\(Hé‘(k) )+ R ﬁ,(R) = 2"[I+U»R+>> ARr A)+,Q ((‘*""*M(M)R "—'R)
1+ ALY + 27 (R + )+ R llH——)
|+ AN + Ne [;-n--;) - _;l—y\-p Ut );\-\—z)

2

i}

(1)

\+m>\)+}_>\;_1>>~

N

C.

For wiqueness uf the solution, let WI(Z 2) be onsther so|ution
st. (Z+) W e COND).
Then W= w-w’' saticfies
amiw(sT) = [ Zr)Wlez) (%)
555 deda

Z-3 - - — -

_ _ [(24u)w(§\,§\)—lz+°()wt§z,§)I
let Ar= ¢ Z+o)W Re= $u - /]
_ R se“g\( | , R §.,§ZE9 Y.::‘

L#3,
Aﬂaﬁn ?rvm the estimation on P9,

Aps MR |+L+R)"*,Q+ 22! R Br)

< MR mw;z)"*AR, +
- 0 as R>0
From the equation ), W=0. 0O

R"Bg/) for R<R’



1. Ihéu{fidem%/ Uf ocontinuens E, F, &
We fust observe that wv are rothermal coordinates of w)
ﬁc and cm\y T‘f u, v So\ﬁs{y the Co\uch)/-kien\mr\— Reltrami equations

) VUx = Fux- Eu), , 91)7, = GUx- FM7, where D= jEC’l’FZ
In 'FM{

=T::“E C"'l'F)OeZ *>(E"’€1}JZJ2+H: GH),,F),,(Z )
(Aiu/&on) /Aéz*«dz) = (xlo(zatﬁpﬂ;g\

E + _
__C:\rzi-o([;
C (E-G)Y+ 1> ’)
b X2
> =’,;(E+e,+zjge‘»;> ), ﬁ;i%‘(’iﬁ_

Adw+ d0*) = A Adwl®= A|wpdz +wzdE| = X‘Wzl:\di*%&i"l)
So we must have wWz= fuwg .
After some lengthy computation, w3 =Bwe can Le converted

into (W),

Next, we state o lemma on m}\omoﬁeneows Cm\d\/~ Riemonn

equations CU’IoQ use 1t to prowe the exwtence of Qa
continwous metric hot a&mthnﬂ Rothermal coovobnortes

Lemma 2, Let % B be continuous functions on D= Ro(R).

Then the system
Ux-Vy = x(%y), Uy + V= 3%y)

/w\vinﬂ C' solutions u, v on some BolR’) implies the exittence of
C m VT Yg,y [ &(reos8, y3inG) cos20+ B(yc0sH, vSing) sina6 ) dr 49



hm 2. Jhere exints continuous metric (1) on, 507 p= BD[E)/ R<y,
such that in we7 nojj}\};uyhoop@ vf (0,0), theve Aves not
et C' wv. which 'bmnsﬁrm () mto {x)

140620 _ "l~
(pF) et ny) W TW | where Y= x+7 g=ton~'L

‘ hl0.0):= 0.
Then h € C(D)
let Elx,y)=1l Fley)=o. Glouyls (|+hlx,7))‘==@(,<,>,)>
Gley) >0 for R SuFF;(;en-tbz small, so this defmes a continuous
metdc on D= BolR) for some small R
The Cmud\/—/ziemann— Beltrami equations become
(8 Vx = "J”‘*] s Uy = qUx
We claim that there 2 no C' solutions (u,v) vf (6) ot.
Uxlo,0)=1, Uylo,0)=0 -
let (w,v) be a C' solution to (£)
Then oy m=(l—%)ux,/3=(|-g")uj continnons,  (u,v) »
a solution +to Ux-Vy =, uyﬂ_),(:(&

Ux(0,0)=1, Uyl0,0)=0 D Y=z [4001), uy = ol1)

7 oo et
f= (\a Yoty ={i-(1+h)™)

- o) = 4 o0 = O(W)
= j\ S\ . (owa&>9*/3$m>9)dr&9*§ (quﬁyl) (- —+o(‘))p(r
P W as $-50D

B/ Lemma 2., -y = o, Uy +0c= 2 conntt have C' solutions
If the So—(ﬁef’m& metric odmits Rotherma| cooydinates w,v St.
uy), Vixy) € C'1D), then overy nsual ambﬁc function
SV +itw) 2 transformed mto stey)+itiey) st
styy) ond Hxy) satichy (5, but B wntradicts the clpim . 0



(pf of Lemma2.)
The system Ue-Dy= & Wy+De=2 con be whtten as W
where W= K+TD, = o(*T/A.

[y Green’s theorem,
r we o, Wy (W -
Ja9-apye) & 42 _QD-B;&)(— & )7* .(3,2))0&&7

- 3(2)
ﬂ\) By 4) T 4 7

let €20+, WI(E, '\)+>W'§ V;‘Z) Az _:_zi_n_g\c “6(_2) &7(&7

Hence, f(an) = [§ T8 4ug, e c‘@)

> ‘6(2) by wrif
> > “Bzua)(z a4 S S (Y50 +1rsimd )* rdr&9

j\z S,: v (ot f)( tos B-isinB) dvd@

P (e oos28 + B(2) sin39 ) drd8

+Tj‘m gf, v ( -A(2)Sn >0 + (3\1—)@5}9 ) o(,y&e

In Fmﬁw\o«r

SZS uL(YwSB,YSI"Q)CosLQ*{;(Y(»SB ysme)su\%ﬂ&rﬂg <00 [



The Riemann-Roch-Hirzebruch Theorem and
Kodaira Vanishing Theorem

SHIH-KAI CHIU ‘ﬂ? :;% %n/

AssTRacT. This is the final report for MATH7302 (Differential Geometry (II)) in NTU.
In this report, we develop basic properties of a holomorphic vector bundle E on a complex
manifold M. Then we proceed to associate a Clifford structure on the bundle A(T°’1M e
E. The index of the Dirac operator v2(8 + 8*) coincides with the Euler number of E.
Then we derive a Lichnerowicz formula, called the Bochner-Kodaira formula, to get the
Kodaira vanishing theorem. Finally, we apply the index theorem to derive the Riemann-
Roch-Hirzebruch theorem. This report follows mainly the contents in sections 3.6 and 4.1 of
Getzler’s book, Heat Kernels and Dirac Operators. :

1. HoLOMORPHIC VECTOR BUNDLES

Definition 1. Let M be a complex manifold. A holomorphic vector bundle n: E— M is a complex
vector bundle together with the structure of a complex manifold on E, such that for all z € M, there
ezist an open neighborhood U of x and a trivialization ¢y: Ey — U x CF that is a bikolomorphic
map of complex manifolds. Such a trivialization is called a holomorphic trivialization.

In the rest of this report, we always assume that M is a compact complex manifold and that
E is a holomorphic vector bundle over M. Before proceeding, we set up some notations:

Notation 2.
AM,E)=T(M,A(TM)*®E)
AP (M, E)=T(M,A(T*"°M)*QA(T*'M)*Q E)

Thus A(M,E)=3 7", 2p+q=k AP9(M, E). Recall that TM g C=T"°M & T%'M, where
T'OM and TO!'M are the +i eigenspaces of the complex structure J € End(TM), respectively.

On a holomorphic vector bundle, we can define the Dolbeault operator 8: A”9(M, E) —
AP 9+1(M, E). Let {e1,",ex} be a local holomorphic frame of E. If « € A?*4(M, E), then locally
we can write =3 . o; ® ¢;. We define 0 by

da= Z (5&;) ®e;.

If {ef, -, ek} is another local holomorphic frame and e; = g;;ej, then a =3, g;jo; @ €], and we
compute:

5&=Z 6(g,-,-a,-)®e§-=z gij{;ai@e;:Z (Be;) ® e;,

since g;; is holomorphic. We see that the Dolbeault operator is well-defined. It’s clear from defi-
nition that 80 =0. So we obtain the following chain complex

0— 4%, E)-2 4% (M, B) -2 492, E) 2 ...

This is called the Dolbeault chain complex. Its cohomology is called the Dolbealt cohomology.
By Dolbeault's theorem (see Griffiths&Harris, p. 45), this cohomology is isomorphic to the sheaf
cohomology space H' (M, O(E)). In order to apply Hodge’s theorem, we need to define 8 *: AP*9(M,
E)— AP9~Y(M, E). Before doing this, we introduce the hermitian metric on E.

Definition 3. A hermitian vector bundle is a holomorphic vector bundle E — M together with a
hermitian metric on it. More precisely, for each x € M, there associates a hermitian inner product
(-, )z on Eg such that this inner product varies smoothly on M.

‘We adopt the convention that the hermitian inner product is C-linear in the first variable and C-
conjugate linear in the second variable. If E is a hermitian vector bundle, then there exists a unique
connection V on E such that V is compatible with the metric and the complex structure of M:
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Proposition 4. Let E be a hermitian vector bundle. Then there exists a unique connection V
such that

1. d(u,v)=(Vu,v) + (u, Vv), and
2. VOly=34u
for allu,v e (M, E). Here V%!u denotes the (0,1)-part of the E-valued 1-form Vu.

Proof. Suppose such V exists. Let {e;} be a local holomorphic frame of E and let h;; = (e;, €;).
Denote the connection 1-form of V as 6. Since V%! =3, we see that 8 only has the (1, 0) part.
Now we compute

dh;; = (Ve ej) + (es, Ve;)
(Girer, e;) +_(e,-, 0;xer)
= hk,-a,-k + h,-kojk.

By comparing types, we have

ah,'j = hqu,-k i.e. (?h=0h,
5’1{]‘ = hikojk i.e. 6h=h6_",

and we see that § = Oh - A~! is the unique solution. Since # is determined by the conditions of
compatibility, 8 is well-defined globally. O

From now on, we let M be a compact Kahler manifold. The Levi-Civita connection V- on
A(TM)* restricting to A(T®M)* is also a connection on A(T%!M)*, since V-C- preserves the
types. Denote the connection on E obtained from the previous proposition as VZ. We aquire a
connection V=V2C ®141® VF on the hermitian vector bundle A(T%'M)*® E. The following
proposition shows that don AP'9(M, E) can be written in terms of the composition of covariant
derivatives and exterior products.

Lemma 5. Let {e;} be a holomorphic frame of T*°M and let {e'} be its dual frame on (T1OM)*.
Then

5 = e(e_i)Vgi.

Proof. We already know that on AP9(M), d = e(€*)VL:C + €(e!)VLC. Thus on APY(M), § =
€(€%)Ve,. Let {0;} be a holomorphic frame on E. If a € AP M, E), then locally a = a; ® 0;.
Therfore

e(e"')Vg'.a = (e(é‘)Vé‘Caj) ®o;+ e(é‘)aj ® Vgaj
(_3(1]) ®0;
= Oa

since VEo ;=80 (&) and §o; =0, for ‘{aj} is a holomorphic frame. a

_ The adjoint of 8 with respect to the L? Hermitian inner product on A% (M, E) is denoted as
&*. We have a similar expression for J *:

Lemma 6. Let {e;} be a unitary frame of TV°M and let {e'} be its dual frame on (TV°M)*. Then

3" =—(e)VE.

Proof. Let a€ AP9~}(M, E) and let S € API(M,E). Let x € M. Then

(8o, B)s = (el#)Vea, B,

(Vea,(€')B)s .

éi(a, L(e'-),B)z — (o, Vcib(_e'),@)z
€i(a, (e} B)z + (o, — (') Ve B)-

Il
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Here we use the fact that V,i(e')=V,,i(&) = (V&) + 1(&) V., and the fact that M is Kahler.
It remains to show that the integral of €;(a, t(e*)3); vanishes. Denote fi(z) = (a, ¢(e*)8); We
may assume that e; = 527 for computational convenience. The volume form at = is dz! A...Adz™ A

dzIA...Adz™ Then

EfidZI A . ANdZ"AdZINADE™ = 5(( Dr+i=lfdal AL AdZPAdZIA.. AAZIAAdED )
- d((—l)”‘“'—lf;dzl/\.../\dz"/\dzl/\.../\dz"/\.../\dz‘")
= dw.

We must show that w is globally defined. If % is another unitary basis, then

)2).

(a, L(dz")ﬁ)z = (a, L( g;;
ozt

= %J(a t(dw?)B)g.
On the other hand
—~ 1 . n .
d2IA... ANd2"AdZIAN...ADdZ*A...AdZ" = ;ja wh AL 8z. dwi» A
71 57 ozn
z E Zt ks z k.
5oF doF A A _k‘dw" A"'Aawkndwk

Hence
(=1)" =Y a, 1(d2*) B)zd 2t A .. /\dz"/\dzl/\ AdZIAAdE™ =

n . . ——
(=1)n+i- 1;: ;:J" gjkl S " (@, o(dw) B)edw A .. Adwin Ad Bk ANdTE A ... AdiTFn =

(=D Ya, (dw)) B)dw A... Adw™ /\dwl.../\d'zﬁ"/\.../\du‘)",

since the change of basis is unitary.
0

By Hodge’s theorem, for each cohomology class in H'(M,O(E)), there exist a unique represe-

tative @ € [a] such that da =8 *a=0.
Definition 7. The Euler number of a holomorphic vector bundle E is defined as

dimc M
Eu(E)= ) (-1)dim(H'M,O(E))).

i=0

2. THE CLIFFORD STRUCTURE ON A(T®M)*® E

Recall that ¢(M)=&(TM)*/{v@w+w®v+2(v,w)|v,we (TM)*} is the Clifford algebra on M.
In order to apply the powerful index theorem of Dirac operators, first we need to define a Clifford
action c: ¢(M) — End(A(T%'M)* ® E). Let f € (TM)*. We decompose f as f= f104 fO1, We
define the Clifford action of f on A(T%!M)*® E by

e(f) = V2(e(£21) = o(£19)).

To see that this really defines a Clifford action, we compute in local coordinates. Recall that
dz*=3(dz* +d z%) and dy' =5 (d2* — dz*). Then

c(dz)c(dz’) = (ﬁ(e(%dzi)—L(%dZ’)))z
- —%(e(di")L(dz") +u(dz)e(d 7))
_ _%g,-;

l

|
-——
)
Hﬂ.
ry
8
};
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catan) = (VAo hae)-(a)))

= —(dy*,dy").

and

Let V be the connection on the Clifford bundle A(T%'M)* ® E defined in the previous section. It
is easy to see that V is a Clifford connection with respect to the Clifford action just defined. Now
we obtain the Dirac operator on A% (M, E) associated to V:

D = ¢coV
c(dz')V_ o +c(dy')V_e
. Bzt i oyt
c(dz*)V_ e +c(dz*)V o
axi 8xt
ﬁ(e(dzi)vi—b(dzi)vi_)

ort Oxt

V2(8 +6%),

I

]

where the last equality assumes that our frame is unitary. From the last equality, we see that the
index of the Dirac operator D is

ind(D) = Eul(E).

Now we prove some vanishing theorems. Before we proceed, we define the generalized Laplacian
A% on A% (M, E) by the formula

/ (Ao"s,s)d:z:=/ (VO1s, VO 1s)dz.
M M

Lemma 8. Let e; be a local unitary frame of TH°M. Then locally we have

A»=-3"V.V,,.
i

Proof. By definition, (V%1s, V%®1s), = (€' ® V5,6 7@ V,8). =Y, (Ve,$, Ve,8)z, where we use
the fact that e; is a unitary frame. Then, by the property of metric connections,

(VO1s5,V01s), = 3 (Ves, Ves)e

1

= Z €i(Ves,8)z — (Ve,Ve,s, 8)z-

1

Integrating both sides over M, the lemma follows. O

The canonical line bundle of a Kahler manifold is the holomorphic line bundle K = A™(T0M)*
on M. The curvature of K*= A(T"9M) with respect the Levi-Civita connection is the (1, 1)-form
FK" =% (R(,)8;,0;), where R is the Riemannian curvature of M.

The Lichnerowicz formula for the square of the operator 8 + 8 * is called the Bochner-Kodaira
formula:

Lemma 9. Let E be a Hermitian holomorphic vector bundle over the Kahler manifold M. In a
local unitary coordinate system,

80" +5"5 =A%+ (dz)i(d2?) FEOK" (8,5, ;).
i3



SHin-Kai Cuiu 5

Proof. The right hand side is invariant under any change of unitary basis. Thus we can choose
the normal local coordinates such that the connection form vanishes at one point. We compute:

00" = —e(dz¥)Vi((d27)V;)
= —e(dz¥(d27)V;V;
e(d29)(d27)(V;V; — ViV ,) — e(d 29)(d29)V; V7,
{429V (~dZ9v3)
—(dz7)e(d2¥)V,;V5).

9%0

Therefore

86*+876 = Z (e(@2H)u(d27)(VV;— ViV;) — (e(d 29)e(d27) + o(d2%)e(d %))V, V)
S c(dZld=)(R* (35, 55) + FB(3;, 69) + A

ij

I

where R* is the curvature of A(T%M)*. It remains to show that
D e(dz)u(d2))RH(8;,87) = e(dz)u(d2T)FX"(8;,0).
ij i

(The above equation seems to be invalid. But R*(,) on the line bundle A*(T%1M)* is just a 2-
form with value in C. Therefore the equation is valid by this identification.)
To prove the above equation, we write the right hand side as

> €(dz)u(d2)RY(9;,07) = Y e(dZ*)u(dz?)e(d 2Y)u(dz*)(R(D;,55)0k, Or)
7 ijkl
= Z €(d 2%)¢(d2*)(R(8;, O5)0k, O5).

ijk

By the first Bianchi identity, we see that
R(0;,0;)0k + R(0k, 0;)0; + R(0r, 0k)0; =0.
But R(k,d;) =0. Thus R(0;,0;)0x = —R(0O, 0;)0;. It follows that

Z e(d 2%)1(d 2*)(R(6k, 6;)9;, 05)

Z e(d 2*)1(d2*)(R(;, 0;) Ok, O5)

ijk ijk
= Z e(d z2%)e(d2*)FK" (8, 65).
ik
This proves the lemma. ]

Definition 10. Let L be a Hermitian holomorphic line bundle. We say that L is positive if L has the
curvature form F =3 F;jdz* Adz7 such that the Hermitian form v F(v,7) on T*OM is positive.

Warning 11. The above definition is different from the usual one. The usual definition says that
L is positive if v/—1F is positive. Also note that the curvature obtained from the Chern connection
is a purely imaginary (1,1)-form.

Theorem 12. (Kodaira) (1) If L is a Hermitian holomorphic line bundle on a compact Kahler
manifold M such that L @ K* s positive, then

Hi(M,0(L))=0 ¥i>0.

(2) If L is a positive Hermitian holomorphic line bundle and E is a Hermitian holomoprhic vector
bundle over M, then for m sufficiently large,

H{(M,0(L™® E))=0 Vi>0.
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Proof. (1) Let a € A%(M, L). Denote the curvature of L® K* by FL®K = FL®K"g,ip 75 Let
A(FL®X") be the endomorphism 3, . €(d Z4u(d29) FL®%" on AYT%*M)*. By Bochner-Kodaira
formula,

/M((55‘+a"‘5)a,a) - /M (VOla, VOla) + /M (A(FLEK")q, )

L®K'aa'
> /M<A<F Jer, @)

The right hand side is strictly postive if >0 and a# 0. Thus the conditions a =0 and § *a =0
imply that a=0.
(2) For the bundle L™ ® E, the Bochner-Kodaira formula gives

80" + 878 = A% +mA(FF) + other curvature terms independent of m.

For m sufficiently large the terms mA(FL) dominates the other curvature terms, and we obtain (2).
O
3. THE RIEMANN-ROCH-HIRZEBRUCH THEOREM

In this section, we apply the local index theorem of Dirac operators to obtain the Riemann-Roch-
Hirzebruch theorem. This theorem, together with the vanishing theorem in the previous section,
gives us some information of the dimension of holomorphic sections on a Hermitian holomorphic
vector bundle. The combination of an index theorem with a vanishing theorem is a powerful
technique in differential geometry.

We quote the index theorem:

Theorem 13. The index of a Dirac operator D on a Clifford module E over a compact oriented
even-dimensional manifold is given by the cohomological formula

ind(D) = (2i)~"/2 / A(M)ch(E/S),
M
where the A-hat genus A(M) = det/? (F:(/;W and the Chern character is defined as ch(E) =
Strg(exp (—FF)).

Let M be a compact Kahler manifold, and consider the Clifford bundle E = A(T%'M)*. Let
VZ be the Levi-Civita connection on E. Let (2!,-+,2") be a local coordinate system such that 8;
is a unitary basis of T'°M at one point. Then we can write the curvature of E as

(VB2 =" (R(,), Or)e(dz)uld2*),
ki

where R is the Riemannian curvature. Recall that (VE)2= RE 4 FE/S where RF is the action of
Riemannian curvature on E. In fact, we have

RE = 23~ (R(,)%, p)eldz)e(ds*) +
kl

T3 (R(,)21, B)e(dze(dz)
ki
Therefore we have
1
(VE2=RE 4 3 > (R(,)8%, )-
k

If W is a holomorphic Hermitian vector bundle and V is the Clifford connection on E =
A(T®IM)*® W as in section 1, then we obtain

FBIS =2 Trnop(RY) + FY,



SHIE-Kal CHIU 7

where RT now denotes the curvature of the holomorphic bundle T1:0M. Since TM Qg C=T1M ¢
T%1M, we have R = ( RT 0 ), where R~ is the curvature of T%'M. In fact, R~ = —(R*)T as

0 R™
~ R+

matrices and we have

Rt O

o R- ) is a diagonal matrix.

(This is seen by the splitting principle. We may assume that R= (

A — 2 R/2 _ 2 R*/2 R™/2
The’;hwe get A(M)=det!/ (sinh (R]2) ) =det/ (sinh (R¥/2) )detl/z(sinh &-/2) ))
us
A(M)ch(E/S) = A(M)exp(—Tr(R+/2))ch(W)
Td(M)ch(W),

where Td(M) is the Todd genus of the complex manifold M:

Ta(M) =det |~ ) mdet | ——F Vexp(—Tr(R*/2))
=de R 7)™ RT2_ R exp .

We obtain the following theorem:

Theorem 14. (Riemann-Roch-hirzebruch) The Euler number of the holomorphic bundle W is
given by the formula

Eul(W) = (2mi)~"/2 / Td(M)ch(W).
M

As an exmaple, we consider the case when M is a compact Riemann surface with Rt € A%2(M,C)
and L is a line bundle with curvature F' € A?(M,C). Then Td(M)=1- R*/2 and ch(L)=1-F.

We obtain the classical Riemann-Roch theorem
dim HO(M , O(L)) — dim H(M, O(L)) = ‘1‘—;— / R+ +2F,
M

If we take L =C, we see that
dim HO(M) — dim HO (M) =1— g=_—1_/ R*,
47 J oy
where g =dim H%!(M)=dim H"Y(M) = -;-dim HY(M) is the genus of M. If we define the degree

deg (L) € Z of the line bundle L by the formula

-1
=—| F
deg (L) 2mi fpr ]
we may restate the classical Rjema.nn—Roch theorem

Eul(L)=1- g+deg(L).
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A REPORT ON THE BOTT

5%‘] ‘f z%/ i

June 14

Abstract

This report follows the line of John Milnor's book [1]. The Bott
periodicity theorem, first proved by Raoul Bott, is a foundational
result of K-theory. Bott's original proof made use of Morse theory.
Later in [2], the the periodicity theorem was related to the periodic-
ity of Clifford algebra. In this report we briefly review the proof in
[1] and use Clifford algebra to interpret the theorem, along the line
of [2].

1 Preliminaries

We state without proof the necessary ingredients for the Bott pe-
riodicity theorem here. Proofs can be found in [1]. Henceforth we
denote by M a C'"*° riemannian manifold.

1.1 Path Spaces

Let M be a C*° connected riemannian manifold and denote the
distance on M by p(p, q) for p,q € M.

Definition 1. The path space fromp € M toq € M, denoted



PERIODICITY THEOREM
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L, 2013
by Q = Q(M;p,q) consists of all piecewise C* paths from p to q

parametrised by the unit interval, equipped with the topology defined
by the metric, forw,w’ € Q(M;p,q)

1/2

SCRCIRN

Definition 2. An energy functional E® on Q) is defined by f | | dt,
for0<a<b< 1

d(w,w') = Oiltlglp(w(t) ,w(t'))+

It is not difficult to see the path space (2 is a Banach manifold,
with tangent space T;,§) all piecewise C'*° along w vanishing at 0
and 1.

Proposition 3. The critical points of E = E} are precisely the
geodesics from p to q.

1.2 Morse Theory
Theorem 4. The set of Morse functions is dense in C>°(M).

The foundation of Morse theory is the following.

Theorem 5. Let f be a C™ function without degenerate critical
points. Then M is homotopy equivalent to a CW-complex, each cell of



which corresponding to a critical point of f, with its dimension equal
to the index of the hessian of f at that critical point.

The following result provide a formula to compute the index of a
geodesic.

Theorem 6. Let v € S be a geodesic. The index A of the hessian
Hess., E{} has finite index, which equals to the number of 0 < t < 1
such that ~y(t) is conjugate to y(0), counted with multiplicity.

2 Reduction of the path space

The key portion of the proof of Bott periodicity theorem is to
study the loop space 0SU(n). There reduction of 2SU(n) is divided
into steps that are elaborated in this section.

2.1 Approximation by piecewise C* paths

The metric d makes the energy functional F continuous. Let *
be the (C°-) path space from p to ¢ with compact-open topology.
We have a natural continuous map {2 — Q*, which is injective.

Lemma 7. The map Q2 — Q* is a homotopy equivalence.

We may henceforth identify the two spaces {2, )" in the homo-
topy category.

2.2 Change of end points

Lemma 8. Let p,q,p’,q' € M. The spaces Q(M; p,q) is homotopy
equivalent to Q(M; p',q').



Proof. The proof is straightforward. O

2.3 Approximation by piecewise geodesics

Given a subdivisiont = (to = 0,%1,...,tx = 1) of the unit inter- '.
val [0, 1]

Definition 9. The geodesic path space fromp € M toq € M with
respect to t, denoted by S}(t) consists of all piecewise geodesic C*
paths with respect to t, from p to q, parametrised by the unit interval,
with the subspace topology from Q(M;p, q).

In order to make it a finite dimensional manifold, we obtain sub-
spaces by limiting the energy E;

Definition 10. For ¢ > 0, let ()¢ be the subspace of ) consisting of
pathsw € Q with E} (w) < c and let Int ) be the subspace consisting
of paths w € Q with E}(w) < c. Denote Q¢(t) = Q° N Q(t) and
Int Q°(t) = Int Q° N Q(t).

Proposition 11. Fix ¢ > 0. For all subdivision t = (to,...,tx) fine
enough, the space Q°(t) is a C* manifold of dimension|t|—1 = k—1.

Proof. Take a open covering consisting of geodesically strictly con-
vex open sets (i.e. each pair p, ¢ in the open set is joined by a unique
minimal geodesic inside the open set) and let A be the Lebesgue
constant of the covering. If t is a subdivion of mesh < A?/c, then
each path w € Q°(t) is determined uniquely by the points w(t;),
j=0,...,k d

Proposition 12. For a < c, the set Q* (t) is a deformation retract of
Qe.



2.4 Approximation by minimal geodesics

Let d = p(p, q).

Lemma 13. Suppose Q¢(M;p,q) is a C° manifold and that all of
the non-minimal geodesics from p to q have indices > Xy. Then
i (UM p, q), Q4 (M;p,q)) =0 for0 < i < Ao

3 Bott periodicity theorem for the unitary
group

3.1 Outline of the proof

Equip SU(n) and U(n) with the riemannian metric (A, B) =
Retr AB* on their Lie algebras. Consider the space of geodesics
from I € SU(2m) to —I € SU(2m). The geodesics on SU(2m)
are given by exptA for t € [0,1] and A € su(2m). In order
that exp A = —1, it is necessary and sufficient that each eigen-
value of A be an odd integral multiplicity of im. Moreover, in or-
der that exp tA is a minimal geodesic, it is necessary and sufficient
that each eigenvalue of A be +im. Such matrices are determined by
the splits of (+im)-eigenspaces, both of which are of dimension m
since tr A = 0. Thus the minimal geodesics from I to —I are in one-
to-one correspondence to m-dimensional linear subspaces of C>™.
Thus

Lemma 14. The space of minimal geodesics from I to —1I in SU(2m)
is homeomorphic to the complex grassmannian manifold G, (C*™).

The following lemma exhibit that the non-minimal geodesics are
somehow redundant.

Lemma 15. Let~y be a non-minimal geodesic from I to—1I inSU(2m).



Then the hessian Hess., (EJ) has index > 2m+2. In other words, there
are > 2m + 2 points along -y conjugate to I

Combining Lemma 13, Lemma 14, and Lemma 15.

Lemma 16. The inclusion G, (C*™) < Q(M; p, q) induces isomor-
phisms

7 (G (C*™)) = m; (ASU(2m); I, 1)) = mi1 (SU(2m)),

fori < 2m.

The second isomorphism in the lemma follows from the fact
that  (SU(2m); I, —1I) is homotopy equivalent to the loop space
QSU(2m) and that 7; (2SU(2m)) 2= ;41 (SU(2m)).

Using the fibration

-left block
( ) upper

U(m U(m+1) = U(m + 1)/U(m) =~ §*™*1,

we see m; (U(m)) = m; (U(m + 1)) for 2 < 2m through the inclu-
sion. Hence by induction, m;(U(m) = m,(U(M)) for i < 2m and
M > m through the inclusion into the upper-left block. Using the
fibration

upper-left block
—_— >

U(m) U(2m) — U(2m)/U(m),

we see that m; (U(2m)/U(m)) = 0 fori < 2m — 1. Using the
fibration :

U(m) lower-right block U(Qm)/U(m) N Gm (C2m)

we then see that 7,41 (G, (C?™)) = m; (U(m)) for i < 2m — 1.
Finally, using the fibration

SU(m) — U(m) 2% §1

we see that m; (SU(m)) = m; (U(m)) for i # 1.

Put the isomorphisms and Lemma 16 altogether,



Theorem 17 (Bott periodicity theorem). LetU = | J.-_, U(m). Then
mi1 (U) = 140 (U),
fori> 1.
Remark. The periodicity theorem can be reformulated as
m; (U) = m; (Q*U)  fori > 0.

Hence by Whitehead's theorem, which states that every weak homo-
topy equivalence between CW-complexes is a homotopy equivalence,
we have a homotopy equivalence U ~ Q2U .

4 Proofs of auxiliary results

4.1 Proof of Proposition 12

Proof. Denote by A\ the Lebesgue constant of the geodesically
strictly convex covering. Let w € €2%. A retraction r can be de-

fined by taking r(w) as the unique minimal geodesic from

1—1,b4

w(t;—1) to w(t;). We may extend this retraction to a homotopy r,,
from the identity map to r. For t;_; <wu <, set

rn)| =)

[0,ti-1] B [Oyti—ll,

ry (W) [ - minimal geodesic from w(t;_1) to w(u),
0,t; 1

7y (W =w .
( ) [w,1] fa,1]



4.2 Proof of Lemma 7

Proof. Leti: 2 — §2* be the natural injective map. We cover M by
geodesically strictly convex open sets and denote by U this cov-
ering and by A the Lebesgue constant of i{. For k € Zs, let
ty = (0, 1/2%,...,7/2%,...,1) a partition of I. Let {0 and Q be
the subset of {2 and €2* respectively, consisting of paths w such that
w [(j — 1)/2%, j /2] is contained insome U € U, forj = 1,...,2~.

Define a function h: Q — Qi by setting h(w)’ to
[(G—-1)/2%.5/2"]

be the unique minimal geodesic from w ((j — 1)/2¥) to w (j/2F).

Then argue as in the proof of Proposition 12 to show h is a homotopy

inverse to 'L\ . Passing to direct Homotopy limit k¥ — oo, we obtain
Qg
a homotopy inverse h: * — (2 to 1. (]

4.3 Proof of Lemma 13

The virtue of the lemma is to apply Morse theory to the energy
functional E, to show that Q¢ is the (Ao — 1)-skeleton of Q2. The
following result concerning the index of smooth functions provide a
base for a smooth function to be approximated by a Morse function.

Lemma 18. Let K C M be a compact subset and let f be a C*
function defined on M whose critical points in K have index > X¢.
Then for all C* function g sufficiently closed to f in C?, the critical
points of g in K have index > Xg.

The proof is straightforward.

Let f be a C*° function on a manifold with minimum 0, and sup-
pose that for each ¢ > 0, M® = f~' [0, ] is compact.

Lemma 19. If the set M° is a C° manifold, and if every critical point
in M \ M has index > g, then (M, M®) = 0 for0 < r < Ag.



Remark. Actually, the assumption on the range of f can be dropped.

Proof. Firstly observe that M is a neighbourhood retract (actually
M? is an ANR), say M® C U C M. We may assume U is small
enough such that U can be deformed to the corresponding point in

M0 via geodesics within M. Let h: (I",f’) — (M, M°). We
must show that k is homotopic rel I” to a map h”: (I r I T) —

(MO, MO). Letc = SUpy, 1y f. Let 36 > 0 be the minimum of f on
M\U.

Approximate f by a Morse function g on M¢+?% in C2. We shall
choose g closed enough to f such that |f — g| < § on M*2?%, and
that the critical points of g in the compact set f~! [§, ¢ + 26] has
index > A\g. Thus g71[26,¢+ 8] C f~1[4, ¢+ 2], and by Theo-
rem 5, g~!]oo, ¢ + 4] has the homotopy type of g~!]|oo, 28] with
cells of dimension > )\ attached. Via cellular approximation, h
is homotopic to a map h’: (I’",f’) — (g7 0,26}, M?). As
g 1]00,26] C U and U can be deformed to M, b’ is homotopic
to a map h”: (I’", fr) — (MO, MO). 0

Proof of Lemma 13. Recall d = p(p,q) is the length of minimal
geodesic between p, g, so that M? is the space of minimal geodesics.
It suffices to prove ; (Int Qe, Qd) = O for ¢ > 0. Moreover, accord-
ing to Proposition 12, we actually need to show 7; (Int Q¢(t), %) =
0, where t is a partition of I = [0, 1] such that IntQ°(t) is a C™°
manifold, but this follows from Lemma 19. 7

4.4 Proof of Lemma 15

In order to prove Lemma 15, we invoke a lemma that counts the
index of a geodesic in a locally symmetric space.



Definition 20. A riemannian manifold M is called a locally symmet-
ric space if for every geodesic y and every parallel vector fields U,V
and W along v, R(U, V)W is also parallel along .

For example, a Lie group with an invariant metric is a locally sym-
metric space. Now let v: R — M be a geodesic on a locally sym-
metric space. Denote v(0) = p and V = +/(0). Define a linear
transformation Ky : T,M — T,M by Ky (W) = R(W,V)V. We
have

Lemma 21. The conjugate points to p along ~y are the points
y (wk / \/6_1) where k is any non-zero integer, and e; is any positive
eigenvalue of K. The multiplicity of y(t) as a conjugate point is
equal to the number of e; such thatt is a multiple of /. /e;.

Remark. In view of Theorem 6, the number is exactly the index of y.

Proof. First note that Ky is self-adjoint due to the symmetry of Rie-
mann curvature tensor. Thus there is an orthonormal basis {U; }.-_,
for T, M such that Ky (U;) = e;U;, where ey, . .. , e, are eigenval-
ues. We may extend U; to a vector field along 7 by parallel transla-
tion. Then R(V,U;)V = e;U; along -y by the local symmetry. Let
W (t) = Y, w;V; be a vector field along ~y. Then W is a Jacobi field
if and only if
d>w;
ViVW + Ky (W) = Uit Ze w;U; = 0.

1

By the linear independence of {U;}, ¢ —r + e;w; = 0. Fore; > 0,
the equation has solution csin /e;t w1th a constant ¢ € R. For
e; = 0, the solution is ¢t with a constant ¢. For e;, the solution is
csinh \/—e; with a constant ¢ € R. The lemma is now clear from
the solution space of the set of equations. O

Proof of Lemma 15. Now return to SU(n) where n = 2m, denoting
= su(n). Let y(t) = exp tA be a geodesic from I to —1I, the index



of 7y is determined by K 4: g — g, where K4(W) = R(W, A)A =
1A, W], A]. A is conjugate to a matrix diag (imk1, ..., imk,)
where where k; > --- > k, are odd integers. Then for W =

(wﬂ)j,l’

71.2

Ka¥) = (7 Oy = k)

al

The differences of matrix basis elements E;; — FEj; and
i (Ej; — Ey;) are eigenvectors of eigenvalue ”Tz (k; — k;)*, each

counted twice. For each positive eigenvalue e = "Tz (kj — k1)® >0,

invoking Lemma 21, we see the conjugate points along -y are

2 4 6
t= 2 3 gt = , , yeen-
IV 2TV 3 e e
Hence the number of conjugate points lying strictly between I and
—1 along vy is equal to k; — k; — 2, counted with multiplicity (= 2).
Thus, summing over j, [, we obtain the index A of ¥

A=Y (kj—ki-2).

ki>k
If v is minimal, then k; = --- =k, = —kpy1 = = —kop = 1,
so A = 0. If v is non-minimal, by an elementary argument one see
that A > 2m + 2. ([l

5 Bott periodicity theorem for the orthogo-
nal group

The strategry of the proof is roughly the same as for U. We study
the space of minimal geodesics, and claim that the non-minimal
geodesics only contribute cells of high dimensions. ALso, construct
a fibration over S* as in the complex case SU(n) — U(n) — S.
However, the proof is rather technical, so we skip many details, and
instead, draw a conceptual proof.



5.1 Clifford algebra

We briefly state some results of the Clifford algebra C, = C(R¥).
For proofs and details, see [2]. Let F" denote either of R, C, H], and
let F(n) denote the n x n matrix algebra over F.

Proposition 22. The structures of Clifford algebras Cy, are given by:

* Co =R,

« C1=C,

« Oy 2 H,

« C3=2HoH,

. Cy = H(2),

. Cs = C(4),

. Cs = R(8),

. C7 2 R(8) D R(8),

e Crys = Cr ®r R(16) fork > 0.

In particular, Cy, is semisimple artinian for k > 0 and is simple for

k #3 (mod 4).

Therefore, all finite dimensional modules are completely re-
ducible. Let M (C}) be the Grothendieck group of finite dimensional
Ci-modules. We have

Proposition 23. » M(Cy) = Z,
« M(C1) =Z,
e M(Cs) 27,



e M(C3)=Z DL,

* M(Cy) = Z,

* M(Cs) = Z,

* M(Cs) = Z,

s M(C7)=Z & Z,

e M(Ckis) = M(Cy) fork > 0.

Let vy be a class of irreducible Cg-module. Multiplication by y gives

an isomorphism M (Cy) = M (Cis).

The inclusion i: RF <« Rk*1 gives rise to i: Cy < Ci41 and
i*: M(Ck4+1) — M(Cy) in a natural way. Denote by Ay the cok-
ernel of i*: M(Ci4+1) = M(Cy). Then

Proposition 24. + A(C)) = Z,,
- A(Ch) = Zy,
e A(Cy) =0,
- A(C3) = 7Z,
« A(Cy) =0,
e A(Cs5) =0,
« A(Cg) =0,
« A(C7) = Z,
o A(Cyyg) = A(Cyk) fork > 0.

Let ~y be a class of irreducible Cs-module. Multiplication by y gives
an isomorphism A(Cy) = A(Cl4s)-



Let V be a real vector bundle over M and denoted by II(V') the
Thom space of V. Let M (V') be the Grothendieck group of graded
C(V)-modules, and let A(V') be the cokernel of the natural homo-
morphism M(V & 1) — M(V). Also, denoted by KO(M) the
Grothendieck group of real bundles and by I/(\é(M ) the cokernel of
KO({pt}) > KO(M).

Theorem 25. There is a group homomorphism A(V') — I/(TE(H(V))

Another form of Bott periodicity states Ax = KO (TI(V)).

Definition 26. LetV be a finite dimensional Cy.-module on which Cy,
acts isometrically. Define Auts, = l_ig;v Autg, (V).

By the classification Proposition 22 and Morita equivalence be-
tween Cy, and Cy ®@g R(n), we have

Proposition 27.  + Auty, = O,
e Autg, =0,
* Autg, = Sp,
* Autg, = Sp x Sp,

b AutC4 = Sp,

1%

. Autc5 U,
b AUtCe =~ O,
hd AlltC7 =20 x O,

¢ Autg, , = Autg, fork > 0.



5.2 Idea of the proof

We begin by a definition of isometry groups over Clifford alge-
bras.

Definition 28. LetV be a finite dimensional Cy-module on which C},
acts isometrically. Define Autc, = lir_}nv Aute, (V).

Since we have Cy < Ci41, there is an inclusion Autg, (V) =
Autg, (V), passing to colimit Autg, , — Autg,. Let Zp =
Autc, /Autc, ., be the quotient homogeneous space of or-
bits. We see from Proposition 22 that Autg, ., /Autg, =~
Autg, /Autg, . by Morita equivalence. The key lemma is the fol-
lowing:

Theorem 29. (For proof, see [1], §24) For k > 0, there is a homotopy
equivalence

Zkt1 ~ QZ, k=0,3 (mod 4),
Zpt1 X L~ Q=, k=2 (mod 4);
Epp1 ~QE xZ, k=1 (mod4).

Applying the theorem, we obtain

T, (0) 2 mi (Aute, / Aute,) = mi (E7)
= m_g (E1s) = me—g (E7) = mr_5 (0) .
This concludes

Theorem 30 (Bott periodicity theorem, real case).

73 (0) = w348 (0),
fori > 0.

Remark. Actually, the space Autc, corresponds to the Grothendieck
group My, as Aut e, is the structure group of C.-bundles. On the other
hand, the space Autc, / Autg, , | corresponds to the cokernel Ay.



5.3 Sketch of the proof of Theorem 29

As written at the beginning of this section, we shall estimate the
index of non-minimal geodesics, and construct fibrations in special
cases.

Firstly, when k # 2 (mod 4), the space =y is simply connected,
and thus Q= is connected. As we have done in the complex case,
we split the space V into irreducible components (as we diago-
nalised A), construct eigenvectors of K 4, and then apply Lemma 21
to obtain a formula that counts the index. Since we are interested in
non-minimal geodesics exp t A, we assume some block in the block
matrix A has entry k; > 3, and then conclude that the index is
> n/my, — 1, where my is the dimension of irreducible Cy-modules.

The troublesome case is k = 2 (mod 4). In this case Ej has
its fundamental group Z. The way to overcome such difficulties
is to construct a fibration =, — S, in analogy to the fibration
SU(n) — U(n) — S!. In this way we can impose a condition
on the summation | ; k; of matrix entries. The remaining affairs
are then quite similar to those of the previous cases, that we shall
not repeat here.
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Abstract

We will give a quick review of complex orientation, some basic algebraic topology, and then
- prove the structure theorem for the complex cobordism ring.
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Notations

By a manifold I mean a (connected) C* manifolds. By a theorem of Whitney, it can be embedded
into some Euclidean space RN. A morphism between manifolds is a C* map of manifolds.

1 Introduction

The complex cobordism theory was established by J. Milnor [Mil60] and R. Thom [Tho54]. There
are several ways to define the complex cobordism ring. One is using the “complex orientation”, as

1



I will do later. Instead of this, one can also use the concept of “stable tangent (normal) bundles”.
For the second, see [Mil60] for the detail. To understand what I am doing, I will review some facts
about “real cobordism theory”.

We say that two n-dimensional manifolds, say M and N, are cobordant, if there exists an (n +
1)-dimensional manifold W so that dW = M - N. Let (), be the set of all cobordant classes of
n-dimensional manifolds. The Cartesian product operation gives an associative bilinear product

operation
O x Oy = Qyn-

And use the operation “disjoint union” as the addition operation. Then
Q=0
n20

will be a ring. This is the (oriented) cobordism ring. The main theorem of this part is that

Theorem 1.1. Q),, is finite if n + 0 (mod 4), and Q)y, is a finitely generated group with rank p(r), the number
of partition of r, when n = 4r.

The main reference here is [MS74].

Indeed, Let B := Gr(k, p + k) be the grassmannian variety and E be its universal k-plane bundle.
Pick any bundle metric g on E and let T(E) be the associated Thom space. We may define a map F
from 7y, ,(T(E), to) ® Q to Q ® 2. Here ¢ is the base point. By a theorem of Thom, F is actually an
isomorphism.

To compute the oriented cobordism ring (tensoring with Q), it suffices to compute the group
Tk, p(T(E), to) ® Q. Now by a theorem of Hurewicz type, we have an isomorphism Hy, ,(T(E), o) ®
Q= Hp(B,Q).

We have established the isomorphism between Q ® (), and H,(B,Q). The structure theorem
follows from an explicit computation of H,(B, Q).

An immediate corollary is that

Corollary 1.2. ) ® Q is a polynomial algebra over Q with independent generators CPN,N=2,4,6,---.

I will prove a similar result in complex setting. But the first obstruction is that we can’t define the
“cobordism” for complex manifold since the dimension is not even. Instead of this, we define a new
concept “stably almost complex structure”, which is defined by allowing a direct sum. In the first
section, I will define a relative version of “stably almost complex structure”, called the “complex
orientation”. And then prove a structure theorem for the complex setting.

2 Complex Orientation and the Complex Cobordism Ring

Given a morphism f : Z » X between manifolds. Assume that the dimension of f, i.e., dim, Z -
dimy(,) X for any z € Z, is even. A complex orientation of f is a factorization Z > E - X with
i:Z - E an embedding endowed with a complex structure on its normal bundle v;and p: E - X a
complex vector vector bundle over X. We denote such a factorization by (E, i, p) when f is specific.

2



We say that two factorizations, say (E,i,p) and (E’,i’,p’), are equivalent if E and E’ can be
embedded into as sub-vector buhdles of an E”, such thatin E”, i and i’ are isotopic compatible with
the normal complex structure. In other words, the isotopy is given by an embedding i” : Z x I —
E” x I over I endowed with a complex structure on its normal bundle which matches to that of i and
i’ in E” at end points.

A complex orientation for a morphism of odd dimension f : Z - X is defined by the orientation
of the composition Z - X » X xR, or equivalently, the factorization of the form Z - E xR —» X with
E - X a complex vector bundle and the normal bundle of E - Z xR is a complex vector bundle.

If f: Z - X is a complex-oriented morphism and g : Y - X is any morphism which is transversal
to f, then we can define the “pull-back” of f by g as the complex orientation of the morphism
YxyZ Y.

Two proper complex-oriented morphisms f; : Z; - X are said to be cobordant if there exist a
proper complex-oriented morphism b : W - X x R and morphisms €; : X - X xR, €;(x) = (x,1), is
transversal to b and the pull-back of b by €;, with the induced complex orientation, is isomorphic to

fi-

Definition 2.1. The collection of cobordism classes of proper complex-oriented morphisms over X
of dimension -4 is called the g-th complex cobordism ring over X and is denoted by U9(X). Write
U*(X) = Ugez U9(X).

Remark 2.2. The original definition of the complex cobordism ring is not the same as we defined
above. For another definition, see [Mil60] or [Sto68].

It’s quite easy to define sum and product on U*(X) to make it a ring.

The cobordism ring is somehow uniquely determined in the following sense:

Let h be a contravariant functor from the category of differentiable manifolds to the category
of sets. For any morphism g : X - Y, let g* : h(Y) - h(X) be the corresponding morphism.
Suppose furthermore, for each complex-oriented morphism f : Z - X, there is a given morphism
fx : h(Z) > h(X) such that the following conditions are satisfied:

(i) Assume that

/

YxxZ -2 z

AR

y —2.,x

is a fibred product, where g is transversal to f. Then g* f. = fig"* - h(Z) - h(Y).
(ii) If fo is homotopic to fi, then f = fF.

(iii) If f: Z -> X and g : X - Y are proper complex-oriented maps, and if gf is endowed with the
composite complex orientation, then (gf)« = g« f«.

Proposition 2.3. Given an element a € h(pt), there exists a unique morphism 6 : U* — h of functors
commuting with Gysin maps and such that 6(1) = a.



Proof. Let x € U*(X) be a cobordism class represented by a proper complex-oriented morphism
f:Z - X. Then x = f, 7,1, where 717 : Z — pt is the canonical map. So we must have 0(x) = f.75a.
This proves the uniqueness of 8. For the existence, it suffices to show that f, 7174 only depends on x.

So suppose g : T — X is cobordant to f via b: W - X xR. g is the pull-back of b by €1 and f is
the one obtained by €. Then

0(x) = furtya = egb.rtyy1 = €1b. 1 = gty = 6(x).

We state a well-known result and close this section. For a proof, see [Sto68].

Proposition 2.4. If X is of the homotopy type of a finite complex, then U9(X) is finitely generated abelian
group.

3 Some Algebraic Topology

3.1 Formal Group Laws

A power series F(Ty, T) with coefficients in a commutative ring R is said to be a one-dimensional
(commutative) formal group law over R if the following identities hold:

1. F(0,T) = E(T,0) = 0.
2. F(T1,F(T, T3)) = F(F(T1, Ta), T3)-
3. F(T,Ty) = F(To, Ty).

Let F be a formal group law over R. If S is a commutative algebra over R, then we can form a
group in the following way: Let N be the set of nilpotent elements in S. Define a new multiplicative
operation on N via F, that is, for x, y € N, x-y := F(x,y). The point is that this is well-defined since
we evaluate on the nilpotent elements. The construction is clear functorial. So we have construct

Proposition 3.1. For any group law F over a commutative ring R, there exits a functor A from the category
of commutative algebras over R to the category of groups.

There is a universal commutative one-dimensional formal group law over a universal commu-
tative ring defined as follows.

Let F(x,y) = x+y + ¥ c;;x'y/ for indeterminates c; ;.

We define the universal ring R to be the commutative ring generated by the elements c; ; with
the relations given by the associativity and commutativity laws for formal group laws. More or less
by definition, the ring R> has the following universal property:

For any commutative ring S, one-dimensional formal group laws over S correspond to ring
homomorphisms from R* to S.

In other words, we have



Proposition 3.2. The functor A is representable, and is represented by R*, i.e., there exists a natural trans-
formation of functors A(-) - Hom(R*>,-).

In [Laz75], Lazard proved the universal ring R* is just a polynomial ring over Z on generators
of even degrees. The degree of ¢; ; is 2(i + j - 1). See also [Qui69].

Proposition 3.3. There exists a unique series F(Ty, Ty) = ¥ ¢ T Tg with c; j e U*~2-2](pt) such that
e(L1®Ly) = F(e(L1),e(L2))
for any two line bundles over the same manifold X.

Proof. By Leray-Hirsch theorem for projective bundles, we have the ring isomorphism
U*(CP" x CP") = U* (pt)[z1,22]/ (21, 251),

where z; is the Euler class of the bundle pr; O(1). Using the ring isomorphism, we may find unique
¢l f such that
e(priO(1) @ pr30(1)) = 3 ¢} .z42).
i,j<n

Let n — oo. The coefficients clff]. doesn’t change. We get a well-defined power series F(T7,T;) with
coefficients in U*(pt).

Any line bundle is a pull-back of O(1) via some map to CPN for some N. Let L1 = f*O(1) and
L, = g*O(1) with f,g: X > CPN. (We may choose an N such that it works for L; and L,.)

Consider the composite map h; = Ao(fxg)opr;: X >CPN.hy = fand h; = g.

Li=h7O(1) = A*(f xg)*pr; O(1).

The theorem follows from the functoriality. O

3.2 The Landweber-Novikov Operations

Let t;, i > 0, be a sequence of indeterminates of degree -2i. For any complex rank n vector bundle
E - X, leti: X - E be the zero section. Then i*i.1 ¢ U?*(X) is defined to be the Euler class of E,
denoted by e(E).
We define
ct(E) := Norm (Z tje(O(l))j)
j20

Note that this is well-defined since we have the Leray-Hirsch theorem for complex projective bun-
dles. Sorting by degree, we may write

ci(E) = ) t*cq(E),

where the sum is taken for all & = (&1, a,---) with all but finitely many «; = 0.



If f:Z - X is a complex-oriented map of even dimension, whose orientation is given by Z -
E - X, then the difference v¢ := f*E -v; can be viewed as an element in K(Z). The Landweber-

Novikov operation
spi= .ty UM (X) - U (X)[t]

is defined by f.1+~ fici(vy).
Proposition 3.4. The operator s; is well-defined.

Proof. Define a Gysin homomorphism f; on the functor F : X - U*(X)[¢] by a twisted pushforward

Si(x) = fuler(vy) - x)

Then by functoriality of the cobordism theory, s; is well-defined. a

3.3 The Steenrod Operation

Let G be a group acting on the set {1,2,---,k} and let h be a G-equivariant theory. The external

Steenrod operation
Pyt : u—Zq(X) - h_zqk(Xk)

is defined by Pext(f«1) = f¥1. f: Z - X is a proper complex-oriented map of even dimension 2g
and f : Zk - Xk is the k-fold product. It can be though as a G-map. In this case, f* has a natural
equivariant complex orientation since the dimension of f is even.

Again, use the argument in proposition 1.3, we can show that this definition is independent of
the choice of the map f. Pull-back by diagonal map A : X - XX, we obtained the Steenrod operation

P(f.1):= A" fH1.
We have the following proposition

Proposition 3.5. Suppose G acts transitively on {1,---,k}, and let p denote the corresponding representation
of G on the subspace of (zy, -+, zx) in Ck such that ¥ z; = 0. Let f : Z - X be a proper complex-oriented map
of dimension 2q and m is an integer larger than dimension of Z, so that me + vy is a vector bundle over Z,
well-defined up to isomorphism, where € is the trivial complex line bundle. Then

e(p)"P(f:1) = f:(e(p & (me +vy)))
in h2m(k—1)—2qk(X)_

The proof is actually using some techniques in equivairant cohomology theory. The proof is
elementary. For the detail of the proof, see [Qui71].

Consider G = Z, the cyclic group of order k, and # representation of Z; on C. Let F(T}, T;) be
formal group law introduced before. Let C be the subring of U¢"¢"(pt) generated by the coefficients
of F. If i is an integer, we let [i]p(T) € C[[T]] be the operation of “multiplication by i” for the formal
group. We have the following formula:



L [i]¢(T) = F(T, [i - 1]p(T)).
2. [1]g(T) =T.
3. [i]g(T) = iT+ higher order terms.

Now consider the cohomology theory h(-) = U*(Q xg —). Let L be a line bundle equipped with
a trivial G-action. e(p ® L) will be the Euler class in U*(B x Z) of the bundle induced from p and the
bundle L. Let v = e(y7) € U?(B), we have

k-1 k-1 .
e(pol)=TTe(n'®L)=T] F([i]le(v),e(L)) =w+ ) a;(v)e(L).
i=1 i=1 21
a;(T) e C[[T]] and w = e(p) = (k- 1)!ok~1 + T bjvl.
For the vectorbundle E=Li® L, ® @ L,, we have

epol)= Y w®(a())(E),

r
i=1 I(a)<r

e(p®E) =

where /() = Y «;. Using a standard argument of splitting principle, we obtains the formula for
general vector bundle E. See [BT82] for the detail.
Pluging this, we obtain:

Proposition 3.6. Let Q — B be a principal Z-bundle and let P be the Steenrod k-th operation. Let v be the
Euler class of the line bundle over B induced from the character sending the generator to e2™/X, Let w be the
Euler class of the bundle induced from the reduced regular representation p. Then the Steenrod operation is
related to the Landweber-Novikov operations by the formula

w™iPx= Y w" N ®a(v)¥s,(x)
{a)<n
where x € U=24(X). Here n is a sufficiently large integer, depends on dim X and q. a;(T) are power series
with coefficients in the subring C of U¢ve" (pt) generated by the coefficients of the formal group law F.

4 Structure of U*(X)

4.1 A Key Lemma

For any positive integer k, we define ®(T) := [k]g(T)/T. Under power series expansion, we may

write
O(T) =k +d,T+dpT? + -,

where d; € C. For any fixed manifold Y, we consider the cobordism theory h7(X) := U7(X x Y). Let
Zj act on $2"-1 c C" with the generator acting via multiplication with e?™/k. Let v, € h2(S2"-1/Zy)
be the Euler class of the line bundle induced from 7 : Zy = {(¢) - C*, 0 » €?™/k. Finally let j, :
§2n-1/Z, - S"*1/Z, be induced by the natural inclusion of C" to C"*1.



Proposition 4.1. Let x € hi(S¥"+1/Zy) such that v,.1-x = 0. Then there exists a y € hi(pt) such that
Y- ®(vn) = jrx in h1(S2-1/Zy).

Proof. Recall that if E is a complex vector bundle of (complex) dimension n over X and 71 : SE - X
be its sphere bundle under any Riemannian metric, then there exists an exact "Gysin” sequence

W2 (X) — s pA(X) s RA(SE) Tt Re-2n41(X).

Consider the map py, : $2*~1 xz, S! » S1/Z;, the projection on the second factor. Think it as a sphere
bundle of the bundle over 51/Z; induced from the representation ny.
One obtains the following commutative diagram:

n+l
pn+l,u—

s mA(SYZy) L pa(S4l g STy P pa-2n-1(51/7,)

g | J
i, hq(Sl/Zk) L hq(sZn—l X7, Sl) _pl*_, hq—2n+1(sl/zk)

The first diagram is commutative. For the second, note that the inclusion j;, can be thought as an
inclusion of sphere bundles. This follows from the following claim: _

Claim: Let E, F be two complex vector bundles over X, and let f : S(E®@F) - X, g: SE - X be
the associated sphere bundles. If j : SE - S(E @ F) is the inclusion, then

g.j'z = e(F)- fuz
forany z € hi*(S(E® F)).

Proof of the claim. The projection p : S(E @ F) — F is transversal to the zero section s : X — F and the
pull-back of s by p is isomorphic to j, hence

j«l=p*s.1=f"s*s,1 = f*e(F).
Here, we need the fact that p and s f are homotopic. Thus,

g*]'*Z :f*j*]'*z =f*(]‘*1.z) :f*(f*e(F)-z) :e(F) 'f*Z.
O

To complete the proof, consider the element vy € h?(S!/Z;). The element v; comes from an
element in U2(S1/Z;). v; = 0 because of the dimension reason.

Let 71,1 : $2%+1 xz, S1 —» 52141 /7, be the projection to the first factor. Then we may regard 7,.1
the sphere bundle over §2"+1/Z; of the line bundle induced from 7. Again, we have the exact Gysin
sequence

hq+1(52n+1 X7, Sl) m hq(52n+l/zk) i, hq+2(52n+1/zk)

iL*J ;';J

hq+1(52n—l X7, Sl) Tax hq(52n—1/Zk).
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Using a standard exact sequence argument, we know that x = 7,,1.z for some z. So jix =
Tinafh 2. jiiz = ppz’ for some 2z’ € h1*1(S1/Z,). Leti: pt » S1/Z, be the natural inclusion. Then we
have the decomposition

2=y 1+y-i,],

where y’ € h9*1(pt) and y € h9(pt). Indeed, consider the commutative diagram

Wl (pt) —2 W (pt) S RS s ha(pt)

| |

W(pt) — HY1(S1/Z;) —= hi(pt)

The composition of the lower diagram is the identity map. Using an exact sequence argument, we
obtain the decomposition. Now note that 7r,.py1 = 0since 1 = p;;1 = ;1.

On the other hand, consider the morphism pry : U*(-) = U*(- xY) = h*(-). This morphism
commutes with Gysin maps by functoriality. Now i,1 is the cobordism class of the morphism i :
pt - S1/Zy. So pyi,1is the cobordism class of the morphism §27-1 = 5211 x5 7, - §2-1 x5 S1.So
Ttn. Prix 1 is the cobordism class of the projection map 52*-1 —» §27-1/Z, . The proof will be completed
if we prove the following:

Proposition 4.2. Let f : Q — B be a principal Z-bundle with B being compact and let L := Q xz, C be the
line bundle associated to the character . Then f.1 = ®(e(L)) in UO(B).

Proof of the proposition. Let i be the zero section of L and let g : L — B be the projection. Then the
line bundle ¢g*L has a tautological section s, which is transversal to zero and vanishing on i(B). The
bundle g¢*L with the trivialization off i(B) given by s. Hence the line bundle g*L extends to a line
bundler M over the one-point compactification Lu {oo}. Let i, : U9(B) = U7*2(Lu {00}, {o0}) be the
Thom isomorphism and we have e(M) =1i,1.

A similar trick applies. The bundle g*L* with the section s* extends to the bundle Mk. Let
j : Q = L be the natural inclusion and ¢ be the section defined by

H(z,j(9)) = ((2.j(2)), (2, j(9)%))
By projection formula, we have
jol = e(M®*) = [K]p(i1) = i1 @(i,1) = i ®(e(L)).
Finally, note that i, is an isomorphism and j, = i. f,. This completes the proof. a

We have shown that 7,.p;1 = 0 and 7. p;i.1 = $(vy,). It follows that
Jnx = Tonapnz’ =y - P(vn)

as expected. O



4.2 The Main Theorem

Theorem 4.3. Let U*(X) be the ideal consisting of elements in U*(X) which vanish when restrict to any
point of X. If X is of the homotopy type of a finite complex, e.g., X is a manifold, then

us(X)=C- Y Ui(x), I*(X)=C- Y U%X).
g20 g>0

Here C c U¢v"(p) is the subring (with unity) generated by the coefficients of the formal group law F.

Proof. By suspension isomorphisms,

UZ-1(xX) = 0% (S x X/p x X), 1)
U (X) = U**2(S2x X[p x X), (2)
O%1(X) 2 0% (ST x X/px X u St x {xq}). (3)

For the details, see [Spa66] and [Hat02]. It suffices to show that

aeen(X) =C- Y U (X).
g>0
Let R := C- ¥4, U%(X). By localisation, it suffices to show that R,y = U**"(X),) for any prime
pe.
Proceeding by descending induction, suppose we have shown that R(_;; = U-%(X)(y) forj < gq.
Notice that the initial case g = 0 is trivially true. Pick x ¢ U-21(X). By the formula between the
Steenrod operation and Landweber-Novikov operations, we may find a sufficiently large n so that

w™iPx= Y w'®g(v)*s,(x) 4

{a)<n

in the cohomology theory U?"-21(52m+1/Z,, x X) for all m.

Since p is a prime, (p~1)! is a unit in the localisation ring Z( ). Thus, we may write v7-1 = w-6(v),
where 6(v) is a formal power series with coefficients in C(,,). By induction hypothesis, s,(x) € R.
Hence the equation above becomes v™(wPx - x) = §(v) in the theory U*(§¥"+1/Z, x X )(p) With

IIJ(T) ER(p)l:[T]]' .
Suppose m > 1 is the smallest integer so that the equation holds. Let i* : U*(52+1/Z fK}> U*(X)
be the ring homomorphism induced from the inclusion of a point in $?"*1 /7, We obtain

i (0" (w?Px - x)) = i* (P(0)).

Note that when we restrict the equation to X, the class v vanishes by the functoriality of Euler
classes. So ¢(v) = 0 and we may write Y(T) = Ty (T) with 1(T) € R(,)[[T]] and

(o™ N (wIPx - x) - 1 (v)) = 0.
By previous lemma, there exists a y € U*(X)(,) of degree 2(m - 1) ~2q such that
0" (WIPx - x) - 1 (0) = y- (o)
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in U*(S2"1/Z, x X) (1)

Again, one notices that the class x will vanish when restricting on a base point of X and by
definition, 1 (T) will also vanish since its coefficients lying in R(,). One obtains y'®(v) = 0, where
y' is the component of y in U*(pt) ;). Subtracting y from y’, we may assume y € u* (X)(p)-

Now if m > 1, then y € R(;,) by induction hypothesis, and 9;(v) + y®(v) sits in R,)[[v]]. This
contradicts to the minimality of m. Hence m = 1.

Apply i* again, as g > 0, one obtains

—x=191(0)+py in U2(X)(. )
Since x is arbitrary, we have U21(X) c R(—g + pU~24(X)(,)- By Nakayama lemma, since U-21(X) is
finitely generated abelian group, U21(X) ) = R_;? :

If g = 0, then we have x” - x = ¢;(0) + py. Note that U%(X) is nilpotent. So x = x? - 11(0) - py

can be reduce to ~x = ¢1(0) + py for some ¢} and y’. In any case we have U™24(X),) = R(_;?. This

completes the induction step.
a

It's easy to see that U¢v¢"(pt) = Z and U49(pt) =0 for q > 0. So the theorem implies the following
Corollary 4.4. Uev"(pt) = C and U°%(pt) = 0.

4.3 A Special Case: X = pt

There is a unique natural transformation from U*(X) to H*(X,Z) compatible with Gysin homo-
morphisms. It is called the Thom homomorphism, denoted by €. Let B be the composition of
Landweber-Novikov operator and €,

B: U (X) ~ H*(X)[t].
Indeed, it is defined by
B(f.z) = fu(cf (vf)- B2) (6)

for a proper complex-oriented map f : Z - X. Suppose now X is a point, then the formula shows
that Bx is the polynomial with coefficients being Chern numbers of x.
Recall that ¢;(L) = %50 t]-e(L)f with tp = 1. Together with , we have

B(eY(L)) = S ti(eH(L))*!, to=1.

j20

Replacing L by L1 ® L,, we obtain the formula
BF(0:(Th),6/(T2)) = 0/(T1 + T2),

where 0,(T) = L0 t;T/*1L.
Therefore, there are ring homomorphisms

b B *
R*® —— U*(pt) —— Z[t], Funin+~ F~0;(T1 +T2).
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Theorem 4.5. ¢ is an isomorphism, and B is an injection. Consequently, U*(pt) is a polynomial ring over
Z with one generator of degree —2q for each q > 0, and any element in U*(pt) is determined by the set of its
Chern numbers.

Proof. By previous corollary, the map ¢ is onto. Tensoring with Q, we will claim the map R®* @ Q -
Q[t] is an isomorphism.
Indeed, fixed a Q-algebra R, amap u: Z[t] - R is completely determined by a power series

Ou:=> u(t) TN

By our notation, the composition 5 may be identified with the formal group 6;(T; + T;). By
formal Lie theory, any formal group law over R is of the form 6,. Here we used the fact that R is a
Q-algebra.

Thus, for a Q-algebra R, Bé induces a 1-1 correspondence between maps Z[t] - R and maps
R>® — R. So Q® BJ is an isomorphism. By structure theorem of R*, the ring is torsion free. 84 is
injective. So § is an injection, and hence an isomorphism. Consequently, B is an injection. O
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