Our goal is to develop a method to compute cohomology algebra and rational

homotopy group of fiber bundles.

1 CW complex, cellular homology/cohomology

Definition 1. (Attaching space with maps)
Given topological spaces X, Y, closed subset A C X, and continuous map f : A — y.
We define
XUy YEXUY/~
where z ~ yif 2 € Aand f(z) = y. Inthe case X = D", A =9D" = S !, D"U; X

is said to be obtained by attaching to X the cell (D™, f).

Proposition 1. If f g : S"! — X are homotopic, then D" U; X and D" U, X
are homotopic.
Proof. Let F': S" ! x I — X be the homotopy between f,g. Then in fact

D"Up X ~ (D" x I)Up X ~ D" U, X

Definition 2. (Cell space, cell complex, cellular map)

1. A cell space is a topological space obtained from a finite set of points by
iterating the procedure of attaching cells of arbitrary dimension, with the

condition that only finitely many cells of each dimension are attached.

2. If each cell is attached to cells of lower dimension, then the cell space X
is called a cell complex. Define the n—skeleton of X to be the subcomplex

consisting of cells of dimension less than n, denoted by X,.

3. A continuous map f between cell complexes X, Y is called cellular if it sends

X to Y}, for all k.

Proposition 2. 1. Every cell space is homotopic to a cell complex.



2. Every continuous map between cell complexes is homotopic to a cellular map.

Proof. (a)Given o% = (D*, f) is attached to X. Since D¥ = S*~! is compact,

Sk =1Y is covered by interior of finitely many cells.
f( y y many
F(SF1) € Ui(o)°

Say o; has the highest dimension among {o;}. If | > k — 1, then by Sard’s theorem,
image of f has measure zero in (0;)°. Hence can construct a homotopy f ~ f , with
f(SFY Ny = f(S¥ 1) N do,. Repeat in this way we see f is homotopic to f with

f(S* 1) C Xy
b) Similar. O

Definition 3. (Cellular chain complex)

Define cellular chain as the following
Cel(X;G) & {Z giof | g1 € G,of are cells of dimension k}.
!
Also define the boundary operator

0:Cr(X;G) = Cr1(X;5G)

oF Z[ak ak_l]af_l
i

[

where [0%, 0%71] is called the incidence number, defined to be the degree of the

[

composite map F; (oF = (D*, f))

Sk_l L) Xk,1 —_— kal/Xk72 ;> \/Sf_l

|

k-1
Si

where \/ Sf’l is a bouquet of sphere. Each sphere corresponds to a k& — 1 cell.

Extend 0 to be a G — module homomorphism.

Proposition 3.

0od =0

Proof. Assume the following two facts without proof.
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1. f,g: M"—= S" f~g<degf=degg

2. If A C X is a closed subset, we have a long exact sequence of homotopy group
oo = mp(A) = (X)) = (X, A) = g (A) — -
First we construct a map « : mu(Xg, Xp_1) — Cr(X;Z). Given f : (DF, S*1) —
(Xk, Xx_1), let F; be the composite map

DF =L X) —— X/ X — \ SF

|
st

We define o([f]) = (deg F;)o¥. Note that o* = a([c*]).

S 771@(ka1> E— 7Tk<Xk)7Tk(Xk7Xk71) L) kal(kal) —_—

IE

7Tk71<Xk71:Xk72)

|5

kal(kal)

By definition

dot = a(jo 3([0'“]))
900" = a(jodojod(o"]))

where j o D=0 by exactness. Il

Definition 4. (Cellular homology, cohomology)
The cellular cycle, boundary, homology is defined as the following

A

7 & ker 9,
A

B & Tmd,,

HeM £ 7,/ By
For cellular cohomology, we define cellular cochain
C*(X; G) £ {linear map from Ci(X;G) to G}

3



§: CHX;G) = C"(X;G)

a— aod
VAR £ kerd,
A
By = Imdyiq
n A n n
cell — Z /B

In fact cellular homology/cohomology is isomorphic to the singular one, this
can be proved by induction of dimension and the long exact sequence of singular

homology.
e — Hz(Xk) — Hz(Xk—H) — Hz‘(Xk+17Xl<:) — Hi—l(Xk) —

I will give another proof using spectral sequence in the following section.

2 Homology/cohomology of product space, cup
product

If K, K, are cell complexes, write K; = Uo*, K, = Uo!. Then K; x K, has cell
decomposition Us* x ¢!, Since we can identify (D¥, f) ~ (I*, f), (I*, f) x (I',g) ~
(I**1 F) for some F' defines on 0% appropriately. From the construction of £ we
see
(ot x o) = (00?) x o} + (=1)'a! x (9a))

Proposition 4. (Kunneth formula)
For G arbitrary ring, I’ arbitrary field,

Cu(Ky x Kp;G) = Y Cpu(K13G) @ Co(Ky; G)

m-+n=~k

Hy(Ky x Ky F) 2 Y Hp(Ky; F) @ Hy(Ko; F)
m-+n=~k
o™ x ol 0™ @ o
HYK) x Ky F)= Y H™(Ki;F)® H'(Ky; F)
m+tn==k

—

o™ X gl 1 0mQ gl



When F' is not a field, the map is still defined.

Proof. The first isomorphism is illustrated above.
For the second isomorphism, we choose a 'good’ basis for the vector space C). We

can always find {xy;, Yk, hi, } basis for Cy, such that

0Tk; = Yo—1,  Ok; =0, Ohpy =0

Le.
{Yk.j, hi } basis for Zj
{yr;} basis for By
{hy,} basis for H,
For Hy(Kq; F) ® H)(K3), we have basis
k=

Ty ® 2y, yr @ + (—1)Fa @y, Tp @ hy, h®@m
Yr ® 11 + (—1)k56k+1 X Y1, (_1>k+1(yk+1 QY1+ Ykt1 QYi—1), Y@ hy, he @y, hi @ hy

Hence {hy ® h;} form basis for H(K; x K3). Thus the isomorphism. Cohomology
case is similar. It is easy to check the map is still defined when F' is not a field.

]

Now we can introduce multiplicative structure on H*(X; R). Let A be the

diagnoal map

A X =X xX

x = (x,7)

Define cup product to be the composite of the following maps

H*(X;R) x H(X;R) —— H*(X;R) ® H'(X; R) —— H*!(X x X)
\ lA*
Hl+k

Proposition 5. 1. Cup product is associative
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2. ot — B =(-1)"8—«
3. There is a multiplicative identity.

Proof. 1. Define A, Ny : X x X — X x X x X.

Ay (zyy) = (z,2,y)
AQ : (m,y) = (xvyvy)

HYX)® H(X)® H™(X) —— HMHm(X x X x X)

/ I

Hk+l+m(X % X Hk+l+m(X % X)

T —

Hk+l+m(

While A} o A* = ASo A* since Ao Ay = Aoy
2. It is just orientation.

3.If X is connected, then we can assume there is only one 0—cell *.Let

p: XxX—>X
(z,y) =

Then po A = id

= (po Aol = A*(pat) = A% (o x *)

3 Spectral sequence

In the section above, we know how to get cell decomposition and homology/cohomology
from those of base space and fiber space if the fiber bundle is trivial. For general
fiber bundles, we can still derive their cell decomposition from the bases and fibers.
Since each cell is contractible, every fiber bundle over a cell is trivial. If the base

space B and the fiber space F have cell decomposition B = Uck, F = Ucl., then



the total space E has cell decomposition E = Ua% x ot. While in this case we do

not have the formula
0(0}") = 8o x 0F) = (90) X o + (=1)'o; x (Do)
In fact if the base space is simply-connected we will have
A(o%T) = (90%) x o + (1) 0%y X (D0}) + Dot + Dyol + - -

where 005"

is a linear combination of the product of the (¢ — k)—dimensional
cell of the space and (j + k — 1)—dimensional cell of the fiber. In this chapter we

introduce spectral sequence to deal with this case.

Definition 5. (filtered complex)

Given a chain complex C\, a filtration is an increasing sequence of subset of C,
- C Fp_lCi C FpCZ C Fp+1CZ' [GEEENE CZ

With the boundary operator 0 sends F,C; to F,C;_1. (F,Ci,0) is called a filtered

complex.
In our case, we take C, to be the sellular chain complex of fiber bundle E.

F,C; 2 {0 € CyE) | n(o) C By}

where 7 is the projection map, B, is the p—skeleton of the base space B.

Let GpCZ £ FpOi/Fp—ICia 0: Gpcz — GpC’i_l is well-defined. Define

Eg,q = GpCprq = FpCpiq/ Fpig-1
A 9. 10 0
80 =0: Equ — Ep,q—l
1 a kerdy
P4 Tm 0,

In fact,
Bl — {z € FyCprq | Oz € Fp1Cpig}
P prlcerq + 8(chp+q+1)
Define 0; on E;’q as following. For representative 8 € F,Cpiy, 08 € F,_1Cpiq-1,

81 : E;,q — E;—l,q
18] — [96]



It is well-defined and 0,0; = 0. Define E;q = %. Can define 0y and so on.

Theorem 1. Let (F,C,,0) be a filtered complex, define

- {z € FyCpyq | Oz € FpryCprg}
P Fp—lcerq + a(Fp—rcp+q—1)

LA A
here the fraction £ means 4°5.

L. 0 induces 0, : E} , — E}

p—r,q+r—1 ara?” =0
2. B! is the homology chain complex (E",d,). Le.

e ker(0, : B — E;—r,q+r—1)
pa " Im(, B, — E5 )

3. E;,q = Hp1y(G,CL)

4. If the filtration of C} is bounded for each i. I.e. F_, =0, Fy, = C; for s >> 0.
Then for r sufficiently large

E} = GpHpig(Cl)

p.q

And
> B, =Hy(C.)

pt+a=Fk

Proof. The proof is straight forward check and is notationally tedious. If you have

problem, feel free to ask me for help. O

Similarly for cohomology case. Run through the proof of the theorem, we’ll see
in our case we have the following theorem.

F— F
Theorem 2. Given fiber bundle lﬂ with B, F' are cell complexes

B
and B is simply-connected. We have the following tool to compute homology /cohomology

with coefficient is a field.

Homology:

1. (Define) E2 = H,(B) ® Hy(F)



2. Thereisd, : £, ,— E) . ., 1 induced by boundary operator on E.

ker(d, : E} , — Ey . .\ 1)

Er+1 —
p,q Im(dr . E;—T,q_"‘—i—l - E;vq)
3. For r >> 0,
r r4-1 A (o9} o0
E,,= Ep:; == By, Z Epq = Hi(E)
pt+a=Fk

Cohomology:
1. (Define) E®? = H?(B) ® HI(F)
2. There is d; : BP9 — EPtra—r+l (49?2 =0, B, | = H*(E:, d)

TIyr

3. For r >> 0,

B = B = 2 ELI, S B = HE(E)

r+l —
ptq=k

4. Given cup product on C*(E), it induces sup product on EP:.

dy(o— B) = (dy) — B+ a — (d;5)



1 Example for computing cohomology ring by us-
ing spectral sequence

Recall the last theorem in the previous note.

F— F
Theorem 1. Given fiber bundle lﬁ with B, F' are cell complexes

B
and B is simply-connected. We have the following tool to compute homology /cohomology

with coefficient is a field.

Homology:
1. E;q = H,(B)® H,(F)

2. Thereisd, : E, ,— E; ., 1 induced by boundary operator on E.

ker(d, : By — Ey . )

p

Er—i—l —
y20) .
m(d, : B,y i1 — B,

3. For r >> 0,

roo_ r+1 __ Ay [e'e) oo __
Ep,q - Epﬁq - = Ep,q’ Z Ep,q = Hy(E)
pt+q=Fk

Cohomology:
1. EY = H?(B) ® HY(F)
2. There is d; : BP9 — EPtra—r+l (45?2 =0, EX, | = H*(EX, d)
3. Forr >> 0,

EM = E}y=--- £ E, Y BRI = HY(E)
pt+q=k

4. Given cup product on C*(E), it induces sup product on EP:.
dp(a— B) = (d7) — B+t a — (d;B)

Furthermore, we can derive the following fact for homology from the proof.



1. iy : Hy(F) — H,(F) may be computed as follows:

2. p.: H,(F) — H,(B) may be computed as follows:

H.(E)=EX,=E,,C E., C H,(B)

We give some examples.

1.1 H*(CP")

consider the fiber bundle
Sl S2n+1

|

CP"
Since EY? = HP(CP") @ HI(S'), EY? = 0 for ¢ > 1. Hence E5? = ( for ¢ > 2. Thus
dy =0 for r > 3. Thus

EPa — E?Z)%q’ Hk<52n+1) _ Eéc,o + E§_1’1
This implies By = By "' =0 for k # 0,2n + 1.
Note E21’0 is in kernel of dj and not in image of it. Hence Hl((ClPl) = E21’0 —

Ey° = 0. This gives By = H'(CP') @ H'(S') = 0. Therefore E5" is not in image

and hence equal to zero. Repeat in this way we see
H?1(CP™) = 0.

Let u denotes a generator of Ey'. dj(u) must be nonzero since Fy® = 0. Say

di(u) = v. By E3° =0 we see E;° = (v).
ds(u @ v) = dj(u)v + udj(v) = v*
Similarly v? = di(u ®v) # 0 if 2n # 2, and E3° = (v2). Repeat in this way,
H?*(CP") = (%), for k <n

2



When k& = n + 1 we have
H2n+1(52n+1) — E§n+1,0 + Egn,l _ Egn,l

So 0 = dj(u ®v™) = v+,
Conclusion:

(W)  fork=2j, 0<j<n
H*(CP") =
0 , otherwise.

1.2 H*(SU(n);R)

First we have SU(2) = 53, thus Hy(SU(2)) = H3(SU(2)) = R, H°(SU(2)) =
H3(SU(2)) =R. For SU(n), n > 3, we need the following fact.

Fact: The cohomology algebra of a (finite-dimensional) connected Lie group is a
finitely generated free exterior algebra A[yi, - - yn]-

This fact comes from the group structure of Lie groups (or generally an H-space).

Vv GxGE—=G

(91, 92) — 9192

It induces
v*: H*(G) — H*(G) ® H*(G)
After some purely algebraic argument we can obtain the fact. Now we use this fact

to compute H*(SU(3)). We can let SU(3) acts on a five-dimensional sphere in C?,

with isotropy group SU(2). This give us a fiber bundle

SU2) —— SU(3)

|

55

We have cell decomposition SU(2) = 6% U c%., S° = 6% U o%. Thus SU(3) has cell
decomposition of SU(3)

8 5 3

0 =0y X 0% o0°=0%xoh

o' =o% xob o°

=o% xo¥, o

3



Thus the cohomology group is R in degree 0, 3,5, 8. from the fact we know H*(SU(3)) =
Alys, ys] where y3, y5 are generators of H3(SU(3)), H>(SU(3)).

Claim 1. H*(SU(n)) = Alys, ¥s, -+ s Yon—1]-

Proof. Use induction on n. Let SU(n) acts on a (2n — 1)—dimensional sphere in

C", we get fiber bundle

SU(n —1) —— SU(n)

|

Sanl

Let’s see EY? & HP(B) ® HY(F). Since H*(S*"" ') =0 for 1 < k < 2n — 1,
Ey?=0forl <k <2n—1. Sod*: EP9 — EPra=—+1 are all zero for 1 < r < 2n—2,
so every nonzero element is in kernel and not in image of d¥, thus EP? = EX for

2<r<2n-1.

Next see di, _, : Ea>"7? — E?10 or equivalently E*""% — E2. By induc-
tion hypothesis we know every element in Ey>""> = H?>*2(SU(n — 1)) is linear
combination of @ — 3. By the Leibniz rule of d5,_; and triviality of d3,_, on
EYF for k < 2n — 2, we have di,_, : ES?"? — E2""10 i trivial, and similarly

ds, o BP9 — EPTaTTH g trivial for all p,q. Thus
P,q — P,q
Eoo - E2

And let s, 1 denote a generator of EQQ"_I’O.

.

HY(SU(2n — 1)) Jforp=20
EPT = ¢ (yan_1)r @ HI(SU(2n — 1)) forp=2n—1

0 , otherwise

\

Hence

H*(SU(n)) = > ER? = EP" = Nlys, g5, - yon-1]



2 Eilenberg-Maclane Space

Definition 1. (Eilenberg-Maclane space)
We say a topological space X is a K(D,n) if

D Jifi=n
mi(X) =

0 otherwise.

If D is a finitely generated abelian group, then such space always exists. In fact

we can construct a cell complexes which is K (D, n) as follows.

Stepl.

Assume D is generated by {ai,---a}. Let K" is a single point. Attach k n—cell to
K° to get K™ 22 \/¥_ 7. Next for each relation 3 bia; = 0, attach a (n 4 1)—cell
to K™ with the attaching map compose with projection to S;* has degree b;. We get

a (n+ 1)—dimensional complex K" with 7,(K"*) = D, 7;(K"*) = 0 for i < n.

Step2.
Just as we attach cells to kill the relation in m, (K™), now we attach cells to kill 7,
for j > n. What needs to be checked is after we attach (n + 2)—cell to K™*!, the

n—th homotopy group is invariant. But this holds by Sard’s theorem.

Proposition 1. We have several facts:
1. If cell complexes X, Y are K(D,n), then X ~ Y.
2. K(Dl,n) X K(Dg,n) = K(.Dl X Dg,n).

3. Q(K(D,n)) = K(D,n —1) for n > 1. Where Q(X) is the loop space of X.

(We can omit the base point since the fundamental group is trivial).

Proof. We skip the proof of 1. here. We’ll go back to this proposition later.
2. comes from

(X xXY) 2 m(X) x m(Y)



3. comes from the long exact sequence of homotopy group of fibration. Fix a base
point g € X. Let E be the space of paths in X start from xg . Let 7 : ' — X
sends each path to its endpoint. Then this becomes a fibration with fiber being loop

space. Since E is contractible, m;(E) = 0.

o —— (E) —— mp(B) —— mp 1 (F) —— w1 (E) — -

|
0 0

We are interested in cohomology algebra of K (D,n).

Theorem 2. (Hurewicz isomorphism theorem)
For an n—connected cell complex K, where n > 0, the groups 7,1 (K) and H,, 1 (K;7Z)

are naturally isomorphic.

Proof. Stepl: If K is n—connected, we may assume K has only one 0—cell and no
k—cell for 0 < k < n.
We have proved that K is homotopic to another cell complex which has only one

0—cell. Now prove the following claim and stepl. follows by using induction.

Claim 2. If K is a n—connected cell complex with only one cell and no k—cell for
0 <k <n—1. Then K is homotopic to a space with only one 0—cell and no k—cell

for0 < k <n.

By hypothesis, the n—th skeleton of K is a bouquet of sphere, each sphere
corresponds to a n—cell. Since 7,(K) = 0, there are maps F; : D""' — K with
F; |sn=o. The image of F; contains the 0—cell. And their union is contractible to

this 0—cell. We deduce that

While the latter space has no n—cell.

Step2: Construct the isomorphism.



Let u be the generator of H,1(S""!;Z). Define the Hurewicz homomorphism as

follows

H:m(K) — Hi(K;Z)

This homomorphism well-defined for general K. We check it is bijective in our case.
Injectivity:

Under our assumption, K,,; = \/ S’ f is determined by its degree to each
sphere. Write f ~ (ay,---,ax) if the degree of f composes with projection to
S'*Lis ;. Then by definition, f.(u) = [32F , a;0™*Y]. f.(u) = 0 if and only if
S aottt = 9(0™?). Then the characteristic map of ¢"*2 is F : D"*? — K,

F'|gne1= f, hence [f] = 0.

Surjectivity:
As in the argument above, f ~ (ay,--- ,a;) then f.(u) = [3.F, a;07*']. The char-

L gives f ~ (0,---,1,---0) with 1 is in the i—th position. [

acteristic map of o
Corollary 1.
H,(K(D,n);Z) = D
Next we want to compute H"(K (D, n); Q).

Lemma 1. For G is an abelian group, we have

H"(K(D,n);G) = Hom(D, G).

Proof. Let a € C"(K(D,n);G), a sends C,(K(D,n);Z) to G. If furthermore
da = 0, then « sends H,(K(D,n);Z) = D to G. If a = §f3, then a sends every
element to zero since O(C,,(K(D,n);Z

LHS to RHS. Check it is bijective.

)) = 0 in any case. So this gives the map from

Injectivity:
If [« sends every element in H,(K(D,n);Z) to zero, then « sends every element in

Cn(K(D,n);G) to zero, hence [a] = 0.



Surjectivity:
Given f € Hom(D, G), define ay € C"(K(D,n); G) as follows.
Co(K(D,n);Z) — Hy(K(D,n);Z) =D % G
It is obvious that ay is sent to f under our map from LHS to RHS. 0

Corollary 2.
H"(K(D,n);Q) = Hom(D, Q)

Finally we compute the cohomology algebra for K(D,n) by using spectral se-

quence.

Theorem 3. For any finitely generated abelian group D, the cohomology algebra
H*(K(D,n);Q) is a free skew-commutative algebra, generated by elements of the
vector space H"(K (D, n); Q) = Hom(D,Q) = D*.

Proof. By fundamental theorem of finitely generated abelian group and the fact

K(D1,n) x K(Dy,n) = K(D; x Dy,n). It suffices to prove that

1. HY(K(Zy,n);Q) =0
2. H*(K(Z,2n+1); Q) = Aluznt1]

3. H*(K(Z,2n); Q) = Qluzn]
For 1, we use induction on n. When n =1, K(Z /mZ,n) is S/ Z,,, whose cellular
decomposition can be written down and H*(S*°/ Z,,, Q) = 0 follows.
Assume the hypothesis holds for n < k. Then for n = k, consider the fiber space as
in the proof of proposition 1.3.
K(Zpy,n—1)=QK(Zy,n) — FE
|
K(Zy,,n)
See the spectral sequence. EY? = HP(K(Z,,,n)) @ HY(K(Zy,n — 1)). It is zero
when ¢ > 0, hence d = 0 for r > 2. Hence ES? = EP4.

0=H'E)= ) B =3 B§'=E"=H"K(Znn)

ptq=k ptq=k

8



For 2.3. Use induction on n. When n =1, K(Z,1) = S*. H*(S') = Q[u4] holds.
For n=2k+1, assume the proposition holds for all n = 2k. Still consider the fiber
bundle as in 1.

EY = HP(K(Z,2n+ 1)) ® HY(K(Z,,2n))
It is zero when ¢ is not divided by 2n. Thus dF =0 for 1 <r < 2n + 1.
Ey*™ = (u5,)0

The same argument as before, B;"""" 5 v £ dj, ., (usn) # 0, and H>**(K(Z, 2n +

1); Q) = (v)g. Hence

Ey" T = (uf,0)g

and 2v* = (d,,)*u® = 0. So define ugp1 = v,

H*(K(Z,2n +1);Q) = /\[U2n+1]

The case n = 2k is similar. OJ



The goal of today’s note is to prove the Cartan-Serre theorem.

Theorem 1. (Cartan-Serre)

Let X be a simply-connected complex. Suppose that there is a dimension preserving
isomorphism from the subgroup of the rational cohomology algebra of X generated
by the elements of dimension < k, to the corresponding subgroup of some free
skew-commutative algebra A (whose algebra generators of dimension < k occur in

dimensions say). Then the following assertions are valid:

(i) The Hurewicz homomorphism
H:m(X)®Q— H,(X;Q)
has trivial kernel for all ¢ < k.

(ii) The image H(m;(X)®Q) consists precisely of those elements of H;(X; Q) which
have zero scalar product with every element x of H*(X;Q) decomposing non-
trivially as a product x = yz with degy > 0,degz > 0. Consequently, for
i < k — 1 the group is isomorphism (in fact its image is dual) to the quotient
group H(X;Q)/T', where I is generated by all elements of H'(X;Q) which

decompose non-trivially as products.

Recall the proposition we proved last time
H*(K(D,n);Q) = /\(H"(K;Q)

The conditions of the theorem are fulfilled for K(D,n) for k = co. The Hurewicz
homomorphism is isomorphism for ¢ = n and zero for others, so the first statement
holds. The second statement also holds by the proposition. The theorem is also

true for

K:K(Dl,Oél) XK(DQ,OCQ) Xoee

To prove the general case X, we try to construct a map f : X — K. Here K is
as above, where D, is free abelian group of rank equal to the free generators of

H*(X;Q) of dimension «;. We require this map induces isomorphism of rational

1



cohomology group of dimension < k.

We construct this map as follows. First define on X; to be constant map, and
then try to extend this map to be defined on X;,;, X;,2, and so on. Now the ques-
tion is when can we extend such map? we postpone the proof of the theorem and

give some examples of this kind of extension problem.

Example 1. If we have defined f : X;, — Y, we want to extend f to be defined on
each (k + 1)—cell. Given any (k + 1)—cell o**1 : (DFF SF) — (X*+1 X)), since f
is defined on o*™1(S*), f o o*1|gk is an element in 7, (Y). It is clear that f can be

k+1

extend to be defined on ¢ if and only if this element homologous to a constant

map. Especially if m(Y) = 0.

Example 2. We give a geometric meaning of H"(X; D).

Proposition 1. Give any (connected) cell complex X, each homotopy class of
maps f: X — K(D,n) is fully and canonically determined by some element of the
cohomology group H"(X; D), and vice versa. There is thus a natural one-to-one

correspondence

[X,K(D,n)] +» H"(X; D)

Proof. We first describe the correspondence from LHS to RHS. Given [f] € [X, K],
it induces

f*H"(K;D)— H"(X;D)
Recall last time we have proved that for all abelian group G,
H"(K(D,n),G) = Hom(D, G)

Thus
H"(K; D) = Hom(D, D)

which admits a ring structure. Let u denotes the element in H"(K'; D) corresponding



to identity in Hom(D, D). Then the correspondence is given by
[X, K] = H"(X; D)
[f] = fru

We check this map is bijective.

Surjectivity:

Given oo € H"(X; D), we construct f as follows:

Stepl.

Define f on X,,_1 to be constant map, sending each point in X;_; to the only one
zero cell in K(D,n).

Step2.

Define f on n—cells. Given n—cell o™ : (D", S" 1) — (X, X,_1), a(c™) € D =
7,(K) can be seen as a map from D" to K which sends S™! to a single point.

Define f on o™ as follows:

n

(D", 5" 1) — 72— o™ C (X, X1)

w f

(K(D,n),*)
Thus we define f on each n—cell, hence on X,,.
Step3.
Define f on X, ;1. Given (n+1)—cell 0" = (D"*! g), g : S™ — X,,. By definition

we have

a(@o‘n+1) =fog

since « is cocycle we have fog =0 € 7,(K). Hence we can extend f to be defined
on X, 1.
Step4.
Define f on Xy, k > n+ 1. Note that mx(K) = 0 for £ > n. If we have defined f
on Xy, given (k + 1)—cell o8 = (D*1 h), 0 = m,(K) > ho f = 0. Thus f can be
extended to X 1.

By construction we have a = f*u.

Injectivity:



If ffu = fiu, we assume fy, f1 sends X,,_; to the same single point. Given any
singular n—cycle ¢" : I" — X, u(foo0") = u(fy o ™). This means fy o 0" and
f1o0™ represent the same element in H,(K;Z) = D by the definition of u. So there

exists o"t1 : I" x I — K such that
0"+1(m,0) = fooo"(x), U”+1(:p, 1) = fio0"(z), J”H(@]",t) = %

I.e. a homotopy between fyoo and f;oo. Finding o™ *! for each o™ gives a homotopy
between fy|x, and fi|x,. We want to extend this homotopy to F' : X x I — K
between fy, fi.

Stepl.

Define F'on X x {0, 1} to be fy, f1 respectively. Define F'on X,,_; X I to be constant.
Step2.

Define F' on X,, x I to be

(I, 01™) x T 2% (X, Xpo1) x 1

X“) |F
(K(D,n)

7*)

Step3.
Extend F on X, 11 X I. Given (n+ 1)—cell 7, F' restricts on boundary of 7 x I gives
an element in m,.1(K) = 0. So We can extend F on X, ; X I. And similarly on

Xgr1 x I for k > n. Il
Corollary 1. If XY are cell complexes and K(D,n), then X ~ Y.

This can be derived from the proof above. Note that
[X,Y] =Y, X]| =Hom(D, D)

Composition of elements in [X, Y] and [Y, X| gives composition of Hom(D, D). Let
the elements correspond to identity in [X, Y], [Y, X] are f, g respectively. By the

injectivity of the correspondence, we see f o g ~idy, go f ~idx.

Definition 1. (Cohomology operation)

A cohomology operation @ is a natural transformation of the functors H*(—;G,)

4



and H'(—;Gy). In other words, it is a map
0: H*(X;G,) — H'(X;Gy)
defined for all cell complex X. And given any continuous map f: X — Y
0= 0f

Cohomology operation is an importance tool to study homotopy group. We will

see its usage next time. By the proposition above we have the following corollary.

Corollary 2. The cohomology operations 6 : H"(—, D) — H?(—, G) are in natural

one-to-one correspondence with the elements of the group H?(K(D,n);G).
{6 :H"(—,D) - H?(—,G)} +» H?(K(D,n); Q)

Proof. we state the correspondence and omit the check.
Given such cohomology operation, let w € H"(K (D, n); D) as before, the correspon-
dence from LHS to RHS is given by

0 — 0(u)
Given y € HP(K(D,n); G). By the proposition

H™(X; D) + [X, K(D,n)]
frue[f]

The correspondence from RHS to LHS is

y—=10: fru— [y
[l

Example 3. Given f: X — Y we can convert it to a fiber bundle projection as
following (and thus can use spectral sequence). If f is injective, we may consider
this map is an inclusion. Let E(X,Y’) be the path space consists of all paths start
in X end in Y. The projection map sends each path to its endpoint. It is clear that



E ~ X. If f is not injective, define

f:Xx{1} =Y
(x,1) = f(z)
The mapping cylinder is defined by
Cp=XxIU;Y
It is clear that X x I ~ X, Ut ~ Y, and now the map X x I — C} is an inclusion

and we can apply the argument above.

X —~5 E(X x I,Cy)

I |

Y e ¢

It can be checked that f ~ F. We can prove the following proposition by this

construction.

Proposition 2. Assume X,Y is simply-connected. If f : X — Y induces iso-
morphism of rational cohomology group of dimension < k, and isomorphism for

mo(X) — m(Y'). Then it induces isomorphism of rational homotopy group < k — 1.

Proof. Stepl. We convert this map to fiber bundle projection.

F—

< >

Claim 1. H'(F;Q)=0for0<i<k—1.

Recall the proposition we state last time. p, : H,(E) — H,(B) may be com-
puted as follows:
H,(E)=Ey,=E,, C Er%,o C H,(B)

Y

Now the projection map induces isomorphism H;(X) = H;(Y) for i < k. So

EﬁO:E%, EX =0forp#0, i<k

1=p;p



From this we see E7 is in kernel of d, for all r. See Ef , we have
0= E = Eq,

So every element in EF?, is in image of dy : B2, — E?., which is zero map. So
0,1 2,0 0,1

0=Eg, ¥ Hi(F;Q), E2,~H,Y)®H(F)=0Vp

pl —

Similarly we get H'(F;Q) = H;(F;Q) =0 for 0 <i < k — 1.

Step2. By assumption and long exact sequence for homotopy group, we see F

is simply-connected.

Claim 2. If the cohomology groups of a simply connected space F' are trivial for

i < k — 1, then the groups m; F' ® Q are also trivial for i < k — 1.

If this claim is true, then we have
—>7TZ(F) —)W,(X) —>7Tl(Y) —>7TZ_1(F) —

tensor with @Q and note that tensor is right exact, we have

o () Q — m(X)®Q — (V) ®9Q — m(F) @ Q — -

)
0 0
Thus we are done. Now prove this claim.

Assume the first nontrivial homotopy group is 7s(F') for s > 1. Since the Hurewicz

homomorphism is isomorphism for the first nontrivial homotopy group, this gives

Le. m4(F) is finite. We construct f : F — K(ms(F),s) such that it induces iso-
morphism for the s—th homotopy group. This is possible since we may assume
Fo 1y =% F, = \/ézl S?, and K, = \/ﬁ.:1 S?. f is defined on s—skeleton, it can
extend to be defined on (s + 1)—skeleton by Hurewicz isomorphism theorem, and

extend to higher dimensional skeleton by the higher homotopy groups of K is trivial.



We convert f to fiber bundle projection.

r— F

!

K(m(F), s)

See long exact sequence of homotopy groups gives
ws(F1) =0, m(F) =m(F) fori#s

Also see the cohomology spectral sequence of this fiber bundle, since H*(K (75(F), s), Q)
is generated by
H(K,Q) = Hy(K,Q) =m,(K)®Q=0

We have H (F1;Q) =0 for i < k — 1.

Since F) satisfies the condition in claim, we may apply the same trick to F}

until s = k£ — 2. O]

After these examples we start our proof of Cartan-Serre theorem.

Proof. of Cartan-Serre theorem.

As in the beginning, now we know it is possible to construct the map f: X — K
with the induced homomorphism f* : H/(K;Q) — H'(X;Q) is isomorphism for
1 < k. We may take D; to be the first nontrivial homotopy group of X rather than
the free abelian group, then f induces isomorphism of the second homotopy group.

Now apply proposition 2 above, we get
m(X) @ Q= m(K)®Q
And the commutative diagram completes the proof.

m(X)®Q —L m(K)®Q



The goal of today’s note is to state some corollaries and applications of Cartan-

Serre theorem, and to compute first few nontrivial stable homotopy group of sphere.

1 corollary of Cartan-Serre theorem

Corollary 1. For any Lie group G the nontrivial rational homotopy groups 7;(G)®
Q correspond one-toone with the free generators of the cohomology algebra H*(G; Q) =

Alzi,, ..., ] of the same dimension. In particular,

mor(G) @ Q =0

Corollary 2. If X is an (n — 1)-connected complex, then for all ¢ < 2n — 1 the

rational Hurewicz homomorphism is isomorphism.

H:m(X)®Q— Hy(X)®Q

These two corollaries are immediate. Next we compute rational homotopy of
sphere. If n = 2k + 1, then H*(S™;Q) = Alugni1] is a free skew-commutative

algebra, so by Cartan-Serre theorem

Jfor j =
(5" ©Q = Q orj=n

0 , otherwise

If n us even, then its cohomological algebra is not free skew-commutative. In this
case we consider its loop space. By simply computation using spectral sequence we

H*(Q(5");Q) = /\[37n71] ® [T2n—2]

So by Cartan-Serre theorem

Q Jor j=n—1,2n—-2
m(Q(S™) © Q =

0 , otherwise
\

So

Q Jor j=mn.,2n—1
mi(8") @ Q =

0 , otherwise

\



2 First few nontrivial stable homotopy group of

sphere

2.1 Suspension homomorphism

We want to compute 7,44(S™) when £ is small. It makes sense to say “the homotopy
group of S™” since for n large enough, we have

Ttk (S") = 7T(n+1)+k(5n+1)

via the suspension homomorphism defined as follows.
Definition 1. (reduced suspension, suspension homomorphism)
1. Given topological space X, we define the reduced suspension XX as follows
YX 2 X xI/(X x{0)U(X x {0 U x1T)
for some base point .
2. Define a natural map ¢ : X — QXX by sending = to the loop (t — (z,t) €
¥ X). The suspension homomorphism F is defined as follows

mi(X) . mi(QEX)

.

Ti+1 EX)
Note that 28" ~ S+t

Proposition 1. If X is (n — 1)—connected, then the suspension homomorphism

is isomorphism for i < 2n — 1.

Proof. By using Mayer-Vietoris sequence of reduced homology group, it can be
shown that
Hi(X) = H; 1 (2X)

Consider the fiber bundle
XX —— F

|

XX



Lemma 1. homolgy long exact sequence of fiber bundle

If we have a fiber bundle whose total space denoted by FE, base space denoted by
B and fiber denoted by F. Provided that H;B = 0 for 0 < i < p, H;(F) = 0 for
0 < j < q, then we have the long exact sequence of homology group. There is a

similar version for cohomology.

Proof. of lemma.
By assumption we have EZQJ =0for 0 <i<por0<j<q. Thus the only nonzero
terms in the triangle {E7?; | i +j < p+q — 1} are {Ej;} and {E7,}. And we have
fork<p+q—1

= Y ES=E}+E

i+j=k

Due to the position of E?; and Ef ; we have
Ey=Ely=kerdi1: Ejg— Eo;1, EgS=E =E;/Imd; i B}, — Ej,
So it means the short exact sequence splits.
0— Egh' = Hy(E) — Ef g — 0

Hence the long exact sequence

Tk * dpyq—
Hp+q—1(F) —_— Hp—i—q—l(E) T Hp—l—q—l(B) s Hp+q—2(F)

~

]

Where F is the space of path. Note that the base space and the fiber space are
n, (n — 1)—connected respectively. From the homology spectral sequence we see for

k<2n—1

. —— Hy(E) —— H(2X) —— H, 1(O2X) —— Hy ((E) — ---

-] /

Hp1(X

It can be shown that the triangle commutes. [

So 71, (S™) is independent of n provided n > k + 2. And these are the cases

we are interested in.

~



2.2 Bockstein homomorphism and Steenrod squares

We give some definitions, propositions and facts.

Definition 2. A cohomology operation is said to be stable if it is defined on mod
p cohomology (i.e. HI(—;Z,) — H?™(—;Z,) ) and commutes with the suspension

homomorphism.

From the discussion above, we are interested in cohomology which commutes
with suspension homomorphism. Furthermore we require it is defined on mod p
cohomology since Z, is a field so we can apply spectral sequence. And we can

recover H(F;Z) by H*(F';Z) in the following sense.

Definition 3. V[y| € HY(X;Z,,), choose a representative y € C?(X). We have
oy = mu
for some u € C9"(X;Z). Define the Bockstein homomorphism

0 H(X; Zp,) — HqH(X;Zm)
] -6 = ]

This homomorphism is well-defined.

We may define 6y : ker §; — HI(X;Z)/Imé; as follows: If [z] € ker d;, that
is L(0z) = my + 6z, then

Sy ker0; — HIYH(X;Z)/Im 6,

(2] > [y] = [= (=02 — 62)]

m m

It is again well-defined. The image can be seen as [16;(z)] in H9(X;Z)/Im 6.
We may similarly define 8, : Ny ker 6; — HI™Y(X; Z,,)/ Ui<i Im §; iteratively

Gel[#]) = [ (612

Proposition 2. If [o] € HY(X;Z,) is an image under ¢, but not an image under

§; for i < k, then x represents a basic generator [Z] of HY(X;Z) of order p*.

4



Proof. Assume [a] = di[z], then p[a] = [dx_1x] so by induction the proposition

holds. OJ

Note conversely, if [a] is an element in H9(X; Z) with order p*, then p*a = §(f3),
then d;[(0]) = [a] in Z, cohomology. If we define
O : Hy(X;Zy) — Hy1(X;Zy)

1
7] = [00]

We may define 0 similarly. And similar proposition holds hence if we know the

structure H,1(F;Z,) and the action of 0y, then we can determine the p—component

of mp1(F).
Fact 1.

1. Corresponding to each integer ¢ > 0, there is a stable cohomology operation 6, a

"Steenrod square”, denoted by Sq’, which is a homomorphism on each HY:
Sq': HY(X,Zy) — HT™(X, Zy)
and which has the following properties:

1. S¢'(z) =0 for ¢ < i

3. S¢(x) =z —=x forq=1;

=~

. Sq'(vy) = D ki Sq’(x)Sq* (y);

2. For each odd prime p and each integer ¢ > 0, there is stable cohomology operations
St!: HY(X,Z,) - H"" (X, Z,)
such that
L. Sti(z) =0 for ¢ < 2i;

0—1.
2. S =1



3. Sti(x) =aP for q = 2i;

4. Sty(xy) = 32, s SE(2)Sty(y);
3. In mod p cohomology all stable cohomology operations are composite of the ”Steen-
rod operations”.
4. (Adam’s relation) For a < 2b,

b—c—1
Sanqb _ Z ( o )Sanrchqc

Cc

where the binomial coefficient is taken mod 2. Hence
Sq¢'Sqt =61 =0
Sql Sq2 — SqS
Sq15q3 — 07 SqISqu — Sq2q+1
S¢*Sq* = S¢°Sq', Sq*Sq® = Sq¢® + Sq*Sq', Sq*Sq* = Sq°Sq* + Sq°
Sq?)SqS — SqBSql
We skip the proof of these facts. There is another property of stable cohomology

operation that we should know. In a spectral sequence, there is a many-valued

homomorphism
7 HYF) D EYA? 2N, kerd: — HI(B)
a— dio
In fact this map can be equivalently defined as
=)

where p is the fiber projection, 6* : HY(F) — H?'(E, F) is the coboundary homo-
morphism. From this we know 7 and S¢, 6y commute. Since if y € 7(x), it means

p*y = 6*x, and by property of § = S¢’, 6, we have
p Oy = 0p*y = 00"x = §*0x

This homomorphism is called the transgression homomorphism. Later we will see

in our case 7 is one-valued. It helps us a lot in the computation.

6



2.3 Computation of m,.1(5"), m12(S™, m,13(S™))

Assume we have already gotten the following tables of generators of several coho-

mology groups.

H"(K(Z,n); Zs):

g=0|1 2 3 4 5 6 7 8 9

Sqbu Sq"u Sqdu Sq¢’u
u [0]S¢%u | S¢Pu | S¢*u | S¢Pu | S¢*S¢Pu | S¢®SqPu | S¢®SqPu | Sq"Sq*u
Sq®Squ

H" U K(Zyyn,n); Zs),

g=0 1 | 2 3 4
S¢*u | Sqtu
u dnu | SqPu
S¢?6pu | SEonu

g=0112] - |2p—2|2p—1

U 010 O Stzl,u 515t;)u

q=0] 1 | 2]--- | 2p—2 | 2p—1
5151511)U

u opu | 0| 0 | Styu

Stzlﬁhu

Recall in the proof of Cartan-Serre theorem last time. For a (s — 1)—connected F,
we construct a fiber bundle

r — F

|

K(ms(F), s)

Then we have shown that
ws(F1) =0, m(F) =m(F) fori#s

7



This time we take F' = 5", m,(S") = Z.

F,— 5"

|

K(Z,n)
Here F) is m—connected. We want to compute H,1(F};Z), then by Hurewicz
theorem
Hy 1 (F1Z) = g1 (F1) = g1 (S™)
By the discussion in section 2.2, we have to compute H"*'(Fy;Z,) for all p prime.

Since Z,, is a field we can use spectral sequence. In this case we know H4(S™; Z,) =0

for ¢ #n and H(Fy) =0 for i < n. So for m < 2n

0= 1S = Y B = Eply+ B,
i+j=m

Hence di,,, = 7: H™(F};Z,) = B — ENT Y = H™H(K; Z,) is bijective. So
H"(F;7,) = HWY K Z,) 0<qg<n

Now use the tables of H"*4(K(Z,n)Z,) we get the table of H"*(F};Z,) where
p>2

g=01]1/|"-- 2p—3 2p — 2
0 |0 0 |Styr(u)=v | 6Stym(u) =1 (v)
Let the dual of §;(v) in H,19,-2(F1;7Z,) to be 0. Then 010 € H, 19,3 is the dual

of v, hence nonzero. By the proposition of Bockstein homomorphism we see the
p—component of H""*73(Fy;Z) is Z,, and the p—component of HY(Fy;Z) is 0 for
0<j<n+2p—3<2n. So

mi(R) =0 =m0 (") p>2
W,g@q(Fl) =0= Wﬁﬂq(S") , p>2, 0<q<2p—3<mnin Modern Geometry(??7)

When p = 2, from the table of H"t9(K(Z,n),Zy), we get the table of H"™4(F'; Zs)

g=1 2 3 4 5 6
ST (u) ST (u) Sq*v | S¢Pw
v=2S8¢7(u) | =S¢ S¢*(u) | w=Sqg*r(u) | = Sq*Sq¢*r(u) + S¢S (u)
= Sq'v (Sq?v = 0) = Sq*w S¢?w | Sq¢°v




We omit the computation of ¢ = 5,6. For the same reason we see
2 2 n
777(1421(1;1) =Ly = 7T7(L+)1(S )
7Tn+1(8n) = ZQ
Next we see 7,12(S™). We consider fiber bundle
FR——m F
|7
K(ZQ, n+ 1)
Assume (77) is true. Then 7T££22(F2> = ﬁfﬂQ(Fl) = 0 for p # 2. When p = 2, see

the spectral sequence of coefficient Z,. Since the base is n—connected and the fiber

is (n + 1)-connected, we can use the long exact sequence of cohomology for g < 2n.

H (Fy: Zy) —5s H(Fy; o) —Ts H™HY(K ) ——s HOH () Z,)

We know f* : H""'(Fy) — H""Y(K) is isomorphism, so f*(u) = v where u,v are
generator of each group. Thus f*(H"19(K;Z,)) are precisely the image of v under
Steenrod operations. Since S¢?v = 0,Sq¢?u # 0, there must be an x € H"?(F)
with 7(z) = Sq¢*u by exactness.

Also, w is not in image f*, so i*w 2 W # 0. According to these We can write

down the table of H""(Fy; Zs)

q=2 3 4 ) 6
W (S¢*w = 0) Sq*w S
r=71"Sq¢*v)
Sqlz | S¢Px = o(w) | (S¢®x =0) | Sq'x

We explain the information in the table.
First Sq¢'(z) # 0 since 7(Sq'(x)) = S¢*S¢*v = S¢®v # 0.
This give us

Tna2(S™) = Zs

Next Sq¢lw = 0 since
Sq'w = Sq¢ti*w = i*Sq¢tw = i*S¢*Sqtv = S¢*Sq¢ti*(v) = 0
To see S¢*x = §(w) and Sq¢*z = 0 we need the following lemma

9



Lemma 2. If a = f*(@) = 6w and b = 7716,(a), then the elements b,w €
H*(Fy; Zsy) satisfy b = 0 10.

We omit the proof of this lemma. We take a = S¢*w = S¢?Sq¢*v = f*(S¢?Sq'u),
b=1"0(8¢5¢"u) = 771 (Sq' S Sqtu = 77 S Sqtu = TSP S P u = S¢Px
By the lemma S¢?z = dw. To seeSq¢*r = 0,
S¢*r = Sq¢tS¢Pr = 6,0, =0

Finally to compute 7,3(S™) we take the fiber bundle

Fy —— F

|1

Similarly we have the long exact sequence
H™(Fy; Zy) —“s H'(Fy; Zy) —— HM YK Zy) —L— H™HY(Ey; Z,)

f* is isomorphism at ¢ = 2, it means image of f*(x) = u where x is as above, and

u is generator of H" (K (Zy,n + 2);Zs). Next see
H" (K Ly) —— H" (Fy Zy) —— H'WTH By Ly) —— HY (K L)
We find that w € H3(Fy,Zs,) is not in image of f*. So we let @ = i*(w).
H™ 3 (Fy; ) = (W)

Next see every element in H™"(F}) is image of f*, so i* : H"™)Fy, — H" " (Fy) is

zero. By S¢x = 0= f*(Sq¢3u), we have
H*(Fy, Zs) = (17 (Sq’u))
By the lemma, take a = Sq*u, a = f*(a) = S¢*x = 5y,
7S¢ u) = 7716,5¢ P = Sw

So we get the table of H"™9(F3;7Zs).

g=2|31| 4
0

(53w

£

SO
777, 3( ) == 7n 3( ) X H’I’L 3( )—Z:gXZg—ZQz
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