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. __1Riemapn-Hilbert corvespandence for helonomic D-modules . |

§ I. IND-SHEAVES

(A) IND-SHEAVES AND TEMPERED SOLUTIONS

Definition (Indization). _ [KSol, §1.1]

C: category ~y C > £ := Functor (€, (Set) by Yoneda'’s lemma

X —> Homt(-, X)

Inductive limits : Limg 1n €, "Uim’" 1n €}

The category Ind(C): objects: those A€ E” such that A &f’_ﬂ%;”oc : XeC H% Homt(x,“(i))_]
I’I"J’;S“TT"" of T) Morphisms: _induced from €4

T Full
~5 L < Ind(@) < &4,

Definition (Ind-sheaves). [ksel, §4.1] k= field, X=4go0d topological space

Mod®(ky) = § F ¢ Mod (ke | Supp F i compact} (Hausdort, locally compact, countable at infinity,

WWT’FMTH&WHMDHI
o Thy = Ind (Mad“(ky) the category of

frd=sheaves vfkg=modudes:

—Wwwmﬁﬁnmﬁﬂwmwb—m%fa«s
(cf Cksol, Thm3.2.3 & 33.141)

Definition/ Proposition (Operations on ind~sheaves). CkSol, §4.2%§431 f: X=> Y continuous.

4. Inteynal ® and internal hom:

® : Teg)x Thy —> Thy, ("9_«%_::;"?;)@("_%;_"&5) - ”%’;;3" Fi®Gy,

hom (L) x Ty > They , Ihvom ("Tirg P, "8n'G;) = L U5 Yo (¥i. ).
There is a @-Shem adjunction: Homlkx(kS’F, G) == Homz, (F, Shem(K, &),

2. External operations:

£ Ty — Thy, §7'(‘lin'6;) = Li's-G,

fx: Thy o Tky, if(”&‘m Fi) = g;"-g;f*(ﬂn).

fu: Thy —> Tky, fu ("E;"J.'"F,;) = "&;.g"f! Fi  (proper direct image).

Note that (', fs) is an adjvint pair (w.rt. Homyy).

Deﬂmtwn/Provosmon (Operations pn derived categories of ind-sheaves). [kSol, §5.1~53]1 £: XY

y Continuous,
Pliey = § 7 "G | Gj € Mod (e} ; &?(kx),—frezgjr is quasi-Tnjective]. '

we. Homy (-, F)lMoa‘(k,o is exact, or

equivalently, Fos "Ling"F; each Fi€ Mod(ky) Tnjective
(ef LKS oL, Pr%ﬁzmj) ’ ™

1. Pl x Jgliex) is Homyy, -, Shem— and dlem-imective

~ get RHomg, , (R#fom): D™ (1)’ x D(Th) - D*1k) (07 (ko)

RStom: D~ (ko™ x D*(Thy) - D*(Tky)

2.y k) i f3- and fu- Injeckive ~ get Ry, Rfu: DThg - D¥(They). Note: (£ Rfs) adjojnt pair._

3. §': DTk o D*(Tko) is the vight adjoint of Rfu.
Remark. The functors ivtroduced above may not be commutative 5 cf. [KSol, §53].



Propogition I.I. CkSol, Thim 527 & Prop5381 £: XY continuous.
4. For FeDYTky and Ge DY (Tky, Rfu(f'6GOF) = GORAF.
2. For K€D (Tky) and G €D (Thy), ' RIBom(K, G) & ROem (7K, £'6),
PYOposf-tivn I.2 (Base changg}. [ksol, Thm.52.9%5.3.10 53]
ity 4 Rfieg™! o glo ey - DTk - DThy),
L 0 |9 2. Rf o9 = g'oRfy: DHIkY - DH(Thkyi).
X2 3 Rfiog! = g'oRfn: DH(Tko— DHTKY)

o
7"

[ [ 4 L4

M: real amalytic manifold;

De'ani-tioMTempered;Funcﬁons). [DK!5, Def5.11, 5.2.1] X—complex maﬁ;fcfs manclold:

1 Dby : the sheaf of Schwarty's distvibutions on M
Dbt : the subanalytic sheaf of tempered distributions on M, defined by
V subanalytic €M > Dby (V) :=_im(Dby(M) - Dby(W) DbM(M)/ [y (M, Dby,
2. 0% := Ri#lom,, (Og, Dbé) =L p»* 2> Db 2 . 2 pptledimed] ¢ ph(Iny

Do!bwulf reSolutmn % Spencer resolution

(cf. Oy = R¥fomy, (95, Dbxg) = [Dbyg 2 Dy B>

Q%=0,8 Ox € DYIDY)
Definition (de Rham & solution functors). [Dki5, Not.522]
1. Classical : DRy : DP(Dy) » DXC), M & D.ng-
Sofy: DP(D)P > D(CY, M > RHemy, (M,0x).
2. Tempered: DRy DY) - DHICY, M+ 5@ M.

(0.dimg x)]

-2 Dbx by Dolbeault resolution)

Sofy - DAY > DHICH), M > Ribomp, (M, 0%), gt X, dy=dimg Y
Theorem 1.3. [DKI5, Thm 52.3; cf also[KSol, Thm. 341, 246, 7412]. - x—>Y complex analytic map.
1. 6§ N\J"’Dva(@ 5 ldyd in DYIfDy).
2. For any_NG Db(Dv)l DR (DF*N)[dy] = v DRVIN)U\/] in DH(ICy)
3 For M€ ngd(Dx) such that Supp(M) is proper over Y, DRY(PfyM o Rfu DRE(M) iy DH(IC)

(A Dy-module M is good if it is coherent and quasi-good j “quasi-good” means that

¥ U open cc X, Mly is the sum of a filtrant family of coherent Oxly - submodules.)
4 For L ¢ D (Dy), O%® L~ Rowm (Solx(L),0%) in DP(IDy);

i partindar, foy Y CX dosed hypersurface, 05 g@x(*f‘l)mll%m((fxw,@f)
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I. Ind-sheaves . , . . .,
(B) BORDERED SPACES
Definition ( Quoetient CaTegaYies). [ Dkis, §3.1

D: triangulated category L __the quotient category D/N :=Ds (localization)

V)
N : full triangulated subcateqory I where 3 is the mubtiplicative System in D defined by
T:= (X5 Y) ¢ Hom, (X, [ 3 distinguished A : X4 Y @53

|

Basic properties. [kSob,§10] [et Q: D> D/N=Ds be the [vcalization functor.

1. For Xe N, @(X)=0 in D/N. S - ,
E .. D =D

2. For D5D fraangulafed functory such that F(X)~o for all X¢N, QJ.' (;7 é’;',F\.
D/N - .

Definition (Bordered spaces). [Dk!5, Def-32.1]
The category of bordered spaces is defined as follows:
objects: (M/M) with M < M_open embedding of good topological spaces
moyphisms : (M, M) 2 (N,N) which is a continuous map £:M— N such that
Mx N > graphtf] — M (canonical projection) is proper.

We vegard (go00d topological s;mgg% < (gyol;dzred spaces) by M = (M,M).
SupLateqory

Definition (Devived categories of ind-sheaves on bordered Spaces). [DKI5, Def.3.2.6]
D2(Thepy i) = D (Tle)/ DY They )
Definition (Operations on boydered spaces). [ki5, §331 f: (M,M) - (N,N)
The functors ® and Réhem on DP(Tky) induce
{ ®: D*(Tkpy,w) x DP(Thim o) —> D (Thip 1)
LRt : D3k ) D(Tk0,) = DTk )
We also define the following functors: (%%Z“ig PW')CC’“'U”S)

Rfu : DP(Thyni9) = DN Thiy,ip), RF1t (F) := Reatt (Rgraphiss ® 4;'F). )
y b ‘ generalizations
Rfx = D (Ik(m:m))a D (Ik(N:,:',)), RF¢(F):= R4 xR Shom (k F .
£ DY( Ty, ) = DTk, £7(6) = R%11 (Rgympneg) ® 47'6x). on_ Db(Tky)

£+ DP(Tkqy, ) = DP(Thh)), '(6) = RYyx Rom (Rypgpper, 42 G).

_ Remark. A typical example of bordered spaces which we shall encounter often later is
the. "extended veal |ine” Rep:=(R, RU{tw}) Ty +his case D(Ikp )= —-——iﬁ—?}bﬁi’z’;} L

So it seems that this i§ devised to doal with the infinity points. But in my opinion one
. I i
may just veaard D*(Tiy ) 2 DY(Tkg )" fivst to  get a whole picture,

7 4
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§I. EXPONENTIAL D-MODULES

Definition (Exponential D-modules) [DKI15, Def6.1.1]
Y : compflex amalutic

h
— ypersurface of X The exponentiad D-module
&A X complex anadytic manifold 4, := Dye? (xY) € Mod(Dy)
U:= X\Y \‘P € Oy (xY) where Dye¥= D’f/fPéDx! Pefl =a}

Basic properties.

1. €8x 1S a holonomic Dy-module which satisfies oty ~ Ex1e(*Y) and sing.supp (E4pd € Y.

| o?
2. We have a canonicaf isomovphism of Oy - modules - (9,((*‘/)—5—) 9421)(#%

Notation: [DKI5, Not.6.2.0]

¢ Coopen'= L,m Crepce € ICy, where {Repcc}={xeU|Repm<c) X

b El 1% = RM(C‘KI CRIW(*) € D (ICX)

Proposition T.1. [ DKI5, Prop.62.2]

Y closed in X, other setting as in the above definition of exponential D-modules
= DRY(€,8) ~Ef 1dd in DYICY)

(Proof) The proof comsists of 5 steps.

Stepd : DR,(e,,f,)_Rm(ca DR,((a,T;)) [DKvs,Lem625J

(Proof) DRE(S:5) = 0 5 ¢% - 0t B(sX &0, (xy) (o (418 2t )Q me
~ RIhom(Cy, 2 1) Eoh, & RIwm(Cy, ot @ €alln). g

x Thm.I3#4

Defipition. 4: M — X a Cohwfzn-ﬁcwhan of M

Yeal manifold

~v DR} (M) = DbYY @ M = &' DRUMILT € DHICH)

p(Dp t—Dbf;, = Dby ® Oty @lg, 4~ 2y & 4’0y (4]

Step2: Rax':i}/

/7
v, 1 — . [ [vF b
[DKI5, ] ¢ In D¥(1Cp),

LTlemb24l v
" T _ . DR* (Smg) W(CR, C'xcx) (1]




, 1. Exponential Drmodales, . . | . . | e T2

(Proof of Prop L., cont’d)

(Proof of Step2)

1. DRE(Seip) = vb“g c,z~%an(c,g, b*”)g; €30 (cf Stepa)
> (sdp)" @an(cg Dbp) ( Reca” ()= Qx,@() DB = D)

~T, + 9)("’ —. @
- .

I 7

&) (»

(Cap)= [Dg(w)“’*" P (xy)] —EDE(*V)—WE(W;J
-1

t=1r to)

DbP is tempered = ”l¥Y)" fs absorbed in &

2 H(Q) = Shom(Cp, Cxcs) and H'(Q)=0

(thus DR (£g%p) = 8 o [hom(Cp Cxce) = o] = Sham (€, Cyes) [1):

(&) (v)

A ) y ,
H(8) Ohem (Tg, Dbp) = i HomTa, Dby)
[«

~o H'(§) = fim {e* N Hom(Cy, Dbf) = %_@ Hom (g, Cxce)

subanalytic er (251 = <o ’\e"e Db (UNR) &> UNR. ¢ bounded above

= L%W"l(CR Cxex). (ie. lyng tempared)

Ha(g): Dbp(R) Dbp (PJ

J i) éd/b)' definition of Dbt (U: Subanal)rac)

(Db unR) Wvbr(un R))=> thus surjective .. H(§) = coker ( @n Db,,(ung)"* Tgi_ pb,,(unnzy

= 0.

K"'/ \V

3. B’y 1. and 2, DRE(E;?;;») =8 [HS) — 0] = H(SII = Yhom(Cp, Cxew) [1] #

Step3: BOC3%: covrdinate (C=P\foh) = In DYICp), DRp(Ep) = EZpUD.  [DKIS, Lem.625]
(Proof) Considey the moyphisms

BPY) Es (cRT ST

- 43
E4 U!;f tayoni ik}
Pzt ix,y) > 3=x+Fy \IP

1 DRE(£7p) o Rhem(Cc, DRE(E:Tp)  (Stepl)

~ Rjpi ' DRE (§35)  ([Dk5, Lem3337)

~ Ra*r'vk e (€ g.g-og)r-dwcz] o Rigg™ ((sc.pw),,a Dbp, ) (-1,

rk ) i'p t z(?,, ai'H) ”D ]
2

as illustrated bef ow Column vector matyix !eft muttaplicakiony

€cip=LDp Gy pﬂ,] \/) \w(debﬁe complex_ associates Snraple complex)

F (05+1,-3) - (35,%+)
Op i[Dﬂ?Q_ P —-‘->D|v] (g 'gDEJ gc@ QE (D =% D PP —— DP_xJZJ(*Y)

o)
Spencer resolution (E@JE@@E) [D-asﬂ 23) Dz-(—?}’——; D](*Y)

r T T T T T T T T T T T T T

w«” be abSorbed by Db
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(Proof of PropIL.1, cont'd.)

(Proof of Step3, cont’d)

3. Applying £ on the complex in 2. and hoticing that £ '1&},&'*"%;2 (CDK15, Prop.5.43])

we get: 9;__L<; =J-19), 25 ‘L(ax+~/—9)‘)/ and some |J€n‘h’ﬁca‘f/mn$

K ((e;{zsa@,)g Db )¢ [ k' Dbt M(k"pbﬁ)zm_’é bS]

~ "((er,pmz‘r")é Dbia)  (€*3(wv) > (uvg = (x.y) €R?)

“iffe-u D rk t
e—wy ]A’ %1 p? )
K Dbt = k'DbE:
?)I «> 9):-J:i

4 By 1. and 3,

Db (Ecty) = RixRfx k' ((E4] @(9_2) Q Dbfa) -]
= Ris Rfs k' ((Ecip)" Q P Dbp) -1 ([DKi5, Lem.532)

il RJ* RJC* k-, Pl DRP( EC]E) — RJ* R.)C* k_'P[-'Cx<*DJ (S"”@PZ)

= Riaq! Cregyca lil & RIPam(Ce, Cougppes)0) = EQipl] 4y

(CDK15, lem33.P)

~ulv

Step4: €9 (wv): coordinates = In D*’{Im) DRE: (€741 2) = Emmz [2]. [DKI5, Lem.626]

(Proof) Consider the blow-up

C3xXP D €= B, %= { ((uw), 3,:3) € C*xP | u3, =33,

Pj \‘ir (pg: prgjeohons)

(“V)GC E3(Go 3))("‘) 5" -E_—

AL @cz(*ftr-ﬁ)gDP*P? ee

= DRE (647 2) o DRE: (Ga(*fv=07) DpeD4* € dp)

= Rhom(Coyo, DRe2 (DR DG* € 3p). (Thim.13,#4)

Also, DRE2(DpeDg* g‘gm)'v RR4 (DR (Ec5p)) [0 (ThinI3, #2 &#3)

= Rpy ¢’ Rohom (€, Crezcn) (Step3)

~ Rpy RMom (§'Cc, 4' Crezes) (Prop.T1, 42)
~ Rpy RIhem (47'Cc, 47 Crezc ) 12) (& is smovth with fiber C) (9

Theyefo re,

DR,e( ) RIhom (Cyso, RPx RIHom (4 €, 47 Cpoz <4 )21

& RpeRIMm (1" Cuso, § ' Crozen) B (p(ve0) € §(0)

~ RpgRIWem(p' Cuso, p ' Creupicx) 121 (§(Re3cc)n p'(v40) = p(Re(up)< c), c€R)

~ R\%wm(cvdco,cke(ulv)(*)f?] (Plyxo s an isomorphism)

T T T T T T E“IV T T T T Y T T T T T T T

vio|C? EZJ #
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(Proof of Prop.T.I, cont'd)
Step5 : End of proof of Prop. IL1.

Write @=a/b where a, b€ Oy such that Y=b"(0).

Consider f="(a:h): X = C*3(uV): covrdinates. Then

_[—““ -~ (f’(v#o)—'—u
j \v’ﬁ)*—"b—w‘—"\/—#

- ul
2 81(?;)( = Dft gv::o‘;(;z.

Also, DRy (DF*€74l c2) = £ (DREa (€7851¢2) [2-dxT (Thm.L3 #2)

~ ' RIBom (Cuso, Cpe(uwhoc)[4-dy] (Step4).

Thus we deduce:

DRE (£28,) & £' Rhom(Cugo, Cretuprcs) [4-dyd

~ R\%wm(Cu,f"jCze(u/vx*) (¢-dy] (Prop.T.142 & £7(v¥0)=U)
& RIeom (Co, £ 'Cpe(upy<x) Tdd  ([DKI5, Prop.2243) ()

& RIbom(Cut, Cpepen)ld] = Ef T, 4
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Riemamm—Hilbert wwegpmdgn@{gr haolonemnic D-medules . .

1

I ENHANCED IND-SHEAVES (k=Field)
(A) CONVOLUTIONS

Notation: R= R Ufte} & [, (2- point comat«ﬁcamn) ~ Ros= (R, R) bordered space

44"( N
('SHR.,., projectio R;id) \’M @od -topofo_qiu\l space

Remark, Roo=(R,R) = (R, P=RP') as bordered spaces.

_ Definition { Convelutions). [DKI5, Def4.1.2]
& : DXTkup.) x DX(Tkyyp.) — DP(Thuxg), Ki® ke :=Rpu(4'k @8 k)

pem : DY (Tkuup )% DA Thyug) —> DP(Thkuxp.), Shom (Ki, Kz):= R4 RSom (%5 k), 1’ Ka).

Remarks.
1. We call & the "convolution operator.” This is perhaps motivated by its "cowespondence

to the classical convolution vperator on usual functions:

153 /KZ 5
. 1, L ~
2 —- A * v u ’ .
‘ k2 i \f’ L ot (kIQKZ)t =" Jtit,=t K ) Kaltz)
<« N
b K \AJ—* f K (t-tz) Kz (t:)dt, &« Convolution
/ T 07(' K, and k;_
141 : 7~
f|_;t'

2. Shem' is the right adjoint of & under Hompb/y, yj Mmoyre precisely, for
- L 2d \-L'\Mx - L 7

K ko, Ks € DX (Tkmxp), (Hom= Homy ., w2} be low)

Hom (K & ks, Kz) = Hom (Rpu (37K ® 8. k), K3) & Hom(4, 'K, 47Kz, 'K)

=~ Hom (8, R¥Pom (95 k2, u'k3))  (“Hom —® adjunction “)

~ Hom (Ki, R§yx Réhem (8, ks, u'k3)) = Hom (K, $homt (K2, K3))

[DKI5, Prop.4J.5]

) lem.4.1.4, b
Basic properties. [DKIS, Prop4.15, Lem.43.1] Let K, K;e D*(Tkmxg.,) and L € D(Tim)

1. Klékzckzéﬁ'; (K]ékz)ékgﬁ’ Qé(kzéki).

2. Shem* (K, B ks, K3) = Ihem' (K1, Shom' (s, k),

3. TLekdk) = (Lo k) dk;

Rbom (7L, Shom* (£, k) = Shan' (7L ® Ky, K2) & $ham' (Ki, RSAom ('L, K2).,

Proof of 2) By &— Ihom' adjunction and 4, one can deduce that for any K ¢ D*(Tkmep.),

Hom (K, Shem’ (K @Kz, ks)) = Hom (£, Swm* (K), Shem' (ks ,K3)). Then 2. follows £rom Yoneda lemma#

4 T [

T T I
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II. Enhanced ind-shenves, (A) Conyolutions
kt=p = Rstyt1e MxR] =0} }

Nutation: kg = kS{x+)@Mypl+>nl i

other nofamns hke Rtza, ktca are Similarly defined
Lemma 1. [DKI5, Com 421l For k e DA Tkyyp,),

k‘t—a é K~ Ko (%m'{"(kt—o K).

Thus (D"(Ikmg._L é) 5 a commutative tensor category with unit object ki=p

(Proof) jfié S
e i e
A \ ey The ﬁgure on +he left shows that
P N
123 k ™ f (ktwék)t & (k@K).t = K-[; for each te R
) AN
Kooy 41 /o > k=0 @ K=K The other isomorphism is similarly olfained.
+ >t #
0
Lemmall.2. [DKI5, Lem4.23] The -FaHowing are_isomorphisms in DY(Tkuxp):
L kyyy @ key, ook 3. k20 ® ke lid 0
2. kizp § k<o ~0 4 ktp é k<o U] & k3o,
1 *
(Proof) 4. % XY/ /) compack 2 7 Y ot —ComPaL
/ - % e e \\ local sections o }U(g"'kfy/g@‘s;'hp,q)
ofo N, T L—fﬂ—mnsw
‘/ 1;' '////
Ww

el

“—

[ VFFTIYIYS t t=-0 .___f-mﬁ,«.ﬁ-fa

9

3. duS'hnawSth A in Db(Ikng_)

kt3o
g) kt30 @ kt30 2 kizo B ktzo —> ke @ ke I] T

kf.zo = k=0 = Ry D]
I1. I Il'ﬂ\us
ktzo ktzo

4 Rizp® [ kizg®ktco = brzp = kplil 5] =[ktzp ™ kizo = kezp Ok kg (715]

= kizp é kpli] =0,

k>0 & [ktzo—> kt<ol] — kgl 357 = [z, — k3o ék«,m-a 0 —9]

= Rizo O ksco (] & keng. #

Remark. In the proofs of Lemmall.i & W2, we have implicitly used the fact (or the "quess”?)

that kizp and ktz, are quasi-imjective in Tkuep,, so that we can dyop the "R” in "Rpw”

divectly ; but from lemmaTl2 items 3. %4, it seems that Reso is not pu- injective

(or not quasi-injective in Tkyyg,,).
Lemma T3, [DKIS, Lem 4.32] Foy ke DP(Tkmep) and L¢ Db(IkM)/

LK o (7L ®kim)® K and RShem (1L, k) = Shami' ('L ® kpeo, K) in D (Tkuur).

I(Pnyf-)jhiﬁs va{ows'fwm Basic property 3. & Lewmallll y =~~~
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Proposition T.4. [DKI5, Prop.43.0, modified] For K e DP(Tkuyp,), there is a distinguished A :
T = kip g @ K = Shami Uktg, K) 2> (acR)

where L€ DY(Tky) is given by (cf the notation at the beginning of $IL(A))

L = Ry (ksmoy ® Rimx K) & R0 Shom' (kino, K) & R (ki & K).

(Proof) “The proof consists of 3 steps.

Stepd: MxRwxR Y, MxRey  There are twp isomorphisms in DP(Tkueg.,):
"11: o 1“ 1 ks B K~ R (ktyctiea ® % 'K,

R OTFT M 2 thew*(kesa k) & Ry R (kesacts, 5 E)

(H—zf: R*> (t ) : WWJ“"M“) Here, K= Rime K € Db(IkMxE).

(Proof) 4. [leesp & KI,€ Ky, <yn < [RBN(ke2t4a @8, D],

.(g:_;_.,;z:/,< -/ /s . .’tF‘/ ) é:t z\iﬁM
e N /"t P r\\\(‘-wtzS‘h-f-a.
A s AN
"" ' t(:'tl"'t» : "_e,‘
THrd g b 74

2 [Shwm'(keza, K01, € Kiyopon € [ B8y ROBOM (Kt sasts, @!gﬂ

+ t; K _thtasts
2Y ¥t

y \
SR IY. Z?% K & >k
* '\“j\\f’ L t=t+t; tink -~ \-)/ Lethra

& ; ool <
k>3 1 <
-—T—'-Jr—"' t+a b ,L
v L TH
———%—)tl E ___.)-t' #

Step2: There are two isomorphisms in DP(Tkuxp.):

1 kiz-a OK = Ry (ke x  x(\ §-o0p) ® RIBOM ("ﬁ(fmﬁllz! E)

2. Ohomt (leyzp, K) = Ry (kmy g  (R\§of) ® ROBOM (bt asty, ﬁk)).

(Proof) We remark first that 3o F = 3 'FO) for Fe DAThuxi).

1. k-tz-géK &= R-{l!!(kfx<{',+a QTiz—PE) (S‘fePi; #1)

xRy (ngyge ® RIom (Kiyctiva, kg?) 0% BED) () ] R
= R (knper? ® RSom (kpctrtalll, BN, (COKIS, Propa3ad) £ S;E*f*ff,‘gr
But for any F € D"(Tky32) (in partidar for F=%'K), Y t
byte ot @R I ktycty g, F) o BRI (s, FE] 67 [5col
& R (kz ® R (K01, B'E) 0. Y campica peecton

VETUMRx$+ ) OB <t ta) =P g

So 4. follows.

2 The proof 1s similar to #1 (first use Stepd #2, etc). 4
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(Proof of Prop.J.4, cont’d)
Step3: End of the proof:

1 Apply R?l*("MxM@RM('/?;'E)) to the distinguished A

ktiract, = ktyctall = kuegr 07 =L

and use the result from Step2, we get a distinguished A
L > kipa® k - Shom(ktza, k) 2

with T =R%ix(kmep «(B\$-0d) ® R Ihom (kniy g2 1], %K) e DP(T M Raw).

2. RIhom (kpugr, T K) = Rhom(% ' kpp, %R = ' RIbome K) = &K

> kxR x (B\iot) @ RO (kg 201, 5 K) &% Ris-0o® 5 ELLT

o é-l-'k’t#—oc ® ?zv‘E o é-z-’(k't#—w@z) = il (k{-.-]:.”@E) [."U

= from 2, TRy Blkesn ORI & 7L with L= RTelkeposo ® Rima )

'Ry (base change, f. the commutative diagram in Step4)

3. L= RTg (ke o ® Rimuk) o Ry (kyz, @ K) (similarly L= Ry Shomi* (e, ) :

Ry (7L — kt>-a 8K = Shom' (b2, K) 57T, _,

= [ Ry 'L — R (kizo & K) — Rty St (keno k) 5]

Sl SICDK15, Lem.4:3.4]

L Rt%wm(Rmi kfso, RyKz) =0
= L & Riry(etzo B K). °
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(B) ENHANCED IND-SHEAVES AND OPERATIONS ON THEM

The,category of enhanced ind-sheaves on M over k is

Definition (Enhanced ind-sheaves) [DKis, Def441 M: good topological space.
triangulated

Eb(IkM) = Db(Ikng“)/ICt*;n

where TCixmg = $K€ DX (Thyxp) | (kzo ® kt<o)® K0}

We alko set EL(Thkp) := TCipsny/TCirmp where ICattsp =3 K € D(Thnpe) | kstco® K =03,

Lemma T.5 (Characterization of ICi¥=o). [DKI5 Lem443) (Recall TT: MR a3 M)

Ty =3 K (k20 O ke<o)® K = 0} S5kl hom'(keso @ k<o, K) =03

e skl"ﬂ-'kﬂxk sk =3kl Kos 'Rkl

@j‘ K| Kew'L for some Le DT} = $K| K=1'L for some L e DHThu)}

= 3KI K S kuyp (] ékf‘—‘-‘%’ K| Shom* (kg (1], K) S K9,

(Proof)Let’s state the following lemma whose provf can be found in [DKI5, Lem436% Cor433]:

Lemma. : Foy K € D*(Tkueg.) and L€ DXThy),

1. DS K & 7 (LORmK); Shemt (7L K) = 7' RSpom (L, R K) ;

Shem' (K, ') ~ ' Rotem (RmuK, L).

2. (kizp Bkteo)d 'L 05 Shom' (ki3 kigo, 7'L) 20

3. kMxRé K~w'Rmuk; ohom' (kpep, K) = T RT4K.

Back to the proof:

@ Prop. W4 with a=0o = 3 dist. A:T=[n"L> ktz, ® K = Ihom' (k130 K) T5]

Shom (kezo,%T) = [ Shom' (keso, 77L) —> Shomit (letz0, Be3o® K) = Shomt' (ktz0 Ghom (kezo, k) 55]

SI Len:ﬂ_///’ $1 by adjunction
0 Ohom' (les20,K) (Basic Prop.4t2)

kizo & T =Ltz @ 1L = Rezo ® K> ktz0® Shom kezo,K) 5], So @ holds,

lommatz_—

@ Tt follows from the dist. A Lemmall L, Lomma #3 above

[ ktzo @ligo = kizp — kg (1 il?]é K. < [ (o @ kec)®K > K = 7RIk [7 3]

@ "c” follows from @; ">" follows from Lemma#2, #

e
Definition/ Proposition (Adjoint functors of quotient functor D°>EP). [DKI5, 444-444]
LE: EP(Thy) = “TCop ={K | (ktro@ bt ©K 35 k3 € D Thuep), K Fo(ktzo® ki) D K.

RE: E¥(Thyy) —> TCon., = { K| Ihom ey, @ kesy, K) 25 K} DA Thigup,), Ko o (byo®htco, K).

E E quoﬁcnfb
They satisfy: 4. L (Yesy. R®) is the left adjoint (vesp. right adjoint)of Q:Db(r_km_) —> E(Thy).

2. Shom! (LEQF), LEQF,) = Shom (LEQF, Fa) = o' (F1, REQR) (F,F € D*(Thue)

3. Hompy,, (9F, QF2) = Homepr, (CQF,Fa) & Hompye,  (FLREQF)

(Fi. F2 € DX Tkpu).
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. J1. Enhanced. indrsheaves, (B) Enhanced ind-<heaves and operations
\

Definition/ Proposition (Operations on enhanced ind-sheaves). [DK15, §4.51 f: M—N comtinuous

We_have the following functors induced by their Counterpart on D*(Tkmxg):

[ ®: Eb(Thy) x EXTky) — EX(Ty)

z%cm*: E2(Thpy)Px EP(Thpg) — EP(Tkpy)

(Efu, Efy: E%Ikm)——) Eb(Tk,) (from Rfu and Rfy)

1 Ef~ Ef': Eb(Tky) — EX(Tky) (From £7, £9),

Here are Some of their properties:
1 FOY kl/ kz, k< € Eb(IkM)/ H"”"E”(Ik,.,.) ( K ékz, K%) o HDME‘Z(I.‘:M)(k" \91Wm+(’<2/ KB))

2. For KeEXThw) and L ¢ EX(Thy), § EfiK = Rfn LEK ~ RE1REK n Eb(Thy) (may replace fu by fx);

LEf L= 47 LEL = £REL in E¥(Tka) (1may rveplace £/ by £)

3. (Base change) M LN (EqleEfu o Efy.Eq7 Eb(Tky) — EYTE, )

g/ o |3 iEg’-E&':Ef;vK”:E"(IkM>—>E"(IkJ«'>-

M—?N

We aISQ dgﬁng the "exfen‘or convolution” é by:

MxN
B2 EP(Thky) x Eb(Thy) —> EP(Tkyy), KL = E' K@ EP;'L (where r:(/ \,‘:: projections)
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. IL Enhanced, indrsheaves , . | | .
(C)STABLE OBJECTS
: Ry = 2im ey, = "Fim’ ko They are ob; b1 )

There is a disﬁngug'sbgd A in DP(Thycg ): Ruxp = kiso = kiex [ 35

Basic property: In D*(Tkmup,), kt»oé keo 3 Repo and kesa Dkino ™ kiny (a€R),

(Proof of [st fsom) ¥ L€2, Y Kemprs]
H' (et & kpmg) = RAMu (8 58" k20 ® 4 P km) )- 777
" 1 - _ b
9"" R!F"( 41 ktza @4 kj) = 35, HYCe +>5€®§$>$_> bidh /< tetitt
~ H* (k-t>n+l.) P H'q( 9" ;Blﬂfb) Ha(h'b») \ ' VK‘"
—a "“"" I /a+b
——-#*H'H"'Hﬁf]

Notation: kg :=(the image of kso via the quotient functor D*(Thuuga)-> E¥Tky)) € EX(Tky)
FE:= k§ @'F for F e Db(ky)

Basic property: LERE o kewo REkM Rece [,

(Proof of 2nd isom) Consider RE[KmuR =2 ktwo - ktcx T3] and note @:o_ #

Proposition 1.6 (Stable objects) [DKI5, Prop4#51 Foy K€ EX(Tku), the following are equivalent:

alrea
v'l"km = 5’7 in EP(Tkpy)

1. K '::kf;,_&é K for any ae Rz, 5. Kee kB @ L for some L € EThy)
2. K= Shom (kizg, K) for any a€Rxzo 6. K= Jhem' (kE L) for some L € EX(Thy).
3 K~ kE @K

4. K & Shom (k5 , K)
If K satisfies one of these equivalent conditions, we call K a “stable object.”

(Proof) Qbservation: by PropT4 and Lemma ILS5, [17L = ktz-a @ K > ot Cegna, ) 2 in DTk
OV/m E5(Zkyp) th ?(IkM) (ae®R)

n E° U-EM’
= Yhom' (kiza, K) k-t>..aéK for any aeR.

Therefore: X ~k"’“5k (aeR)

[/ 4
1 =.—_.—¢3. 5. “/ (cf. [pKi5, Prop.2.21 & Cor.223] foy z :3)
2. =>4 6.

T

K & Ghoni(keza, k) (a¢R) #+

Examples of stable objects (in E¥(Thn)):
1._kE,.
2 KE® K (K¢ E¥(Tky),
3. Shom'(kE, K) (K € E¥(Tkw).
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[DKI5, Prop p4 340
Proposition 1.7 For Fe D*(kmup,) and K¢ Eb(Tkn) such that T (Supp(Rim:F) is compact,

Homebyz)  (KE B F, kE B K) = L% Homgiy, (F, ktzadk)

~ ﬁi"; Homi%;( kis-a®F, K).
(Proof of [$t isom)

Homguize (KE @ F, KEGK) & Hompury ) (s o B F, k5 6 K)

> Homppyry,, 9 (Ro 1 (kizo® ), Rimy (kto ® LEK) (2

—,';'1 HW"nbm le)(IZ:JMLU?v,aéF)/ Rimx (Eea® LEK) (LDKI5, Cor223)

= ’A HOM;L(-E&")(F, kt>a ék) A

LemmoTI 8. [DkIS5, Lem4.710] For FGD"(kM,gQ and K€ EXTkw),

kE, & Shom' (F,K) 25 Sham’ (F, kE,&K) in EP(Thy)

Lemma L9 CDKS, Cor.4.2.11] For KeE¥Tkp) and F e Db(le),
KE, & R $hom(17'F, k) = RIhom (v 'F, k5 & K).




ie -Hil nce for holonomic D-modudes. . . . \ |
él’y. NORMAL FORMS QOF HQLONOMIC D-MODULES

(A) REAL BLOW-UP

Definition (Real blow-u —up _along a Smooth closed hypersurface). [DKI5, §%2.1]
X emp mplex P”Q RxsS' ']

T — 4m_DI'F0!d N.wt N LT S/ ;
+= < N [
A >,+{, XD _—L ’ I ~gl52 wa Jl
Sm losed <ok 7T i
D: hvvpers:r?aca . (+.7, w)
~ | (g=f§,w)
e AN =
L Cs; w
‘i'"'\"’; get the "total read blow-up” {;;:r « unvamified 2-$heeted Covering over X\D
(of Xalmg D) ¥
[ Rzoxs! _C\ B,
Also, locally define //,{*"’ ~ x ™!
Ngo = {(‘f‘, T w) e ’)‘(;)m ’ 170? : YP \'t=° lw
Ry := {3 e Xyt 20} ~ "Teal wi! [Ty, i
~ ~ T A ={ P
Xp o= $(t.3,w) eXp* [t}  ----- S T L] 2P xC
- Nofe:{:'x""‘P ———9/\\1/: T3
Xp =w (D) .

Definition (Read blow-up alon g a a hormal Crossing diviser). [DK!5,§3.
compl»zx P
L ek by o oI

Xt Kt . x X 7n =)’Z.,°x x?(:f’
} v ™N HUYM' —~Y ¥ T K or ML 4 X X "r
D=Du--UDy Crvssing L’Wmf lm:‘ﬁf-@g!’zp
—r—7 divisor®
e“d" D; j’:ﬁu ms' X X
Note: w: Xp = Xp - Xy == X\D. -
___Definition (Sheaves of functions on the real blow-up). [DKI5, Not. 721 % §5.1] PR
T TG \ P kL (vn X
X complex manifyld ~ vt tot ~ !
~ X = Xp (nvratwnTC——-a X—= Ap

D hormad cmssmq, Jﬂwsor closed lmbeddm?

1 C~,‘l’emp .

ie. ¥ denvatives W of u, I peK, < X % const. E:ZD

st lu('x)l< C dist(K\ (va¥*), z)" fvr any xe Kn(Vn¥™).

A—;ﬁ:[’)’( >V 5 UE C”’“””(V)l i is holomorphic on VN X>%3] sheaf of rings on X.
3, DC""’W'"P E"'mr @. "

D'g 74"" W'Dy
4, Db, = 37 S (Do, Dbee) o RO Co, ' Db - 0 DG ormadebe.

T T w
OF = Rifompi, (w07, DBY) € D”(ro*)




1 IV. Normal forms of holonvmic D—moMes (ﬁ) Real bfow-up . | AR | X
Theorem IV.4. [DKI5, Thm3.2. n Cor 7qu for: DP(ID§) - D"(Iw 'Dx) +he Fomtm functor.
4 for(08) = ! RShem(Cxap, DBE) in DP(ITR). (= w'RIAem(Grp, PE) 75 & D - module)
2, E‘g*(?:? o RIem(Cp, O%) in DP(IDY).
(Proof) We need a [¢mma (and we shall assume it):
Lemma [DKI5, Lemb532] f M-N rea| analytic map ~r complexification X=Y
~» £ Dby, & DN(—M® Dby, (where Dyepm = Dyexlv @ ory @£ ony),
1. W' RIom(Cyrp, Dby) R#hm(cpv w'DbY) ( Prav LI#2)
= Rbom (€, Drge gt @W Dbg) (Lemma)

= Dxee X2t ®D~M’ Db'-' Dxge X2t 8 9 D”"""(*Xr)w - XC7DL§
‘ e _/Retle
o DbL — S
I 74 X - ~M(*’i0 ¥
4 +DmPI|#;7 rKSDl Cor5.351 C

2. R’W*(% RW* RM(’W 'CX\D,’W (.9)() X R\%DM(RWHW—'CX\DI ©r) ~ Rvﬂwm(cx\p,@x) #

Proposition IV.2. (DK15, Prop. 2.240] shy =~ oty (9.\., é—f—-——-\

(We omit the proof because it is somewhat involved.) De-Fmrtmn For M= good topobegical space
[KSol,§33 #*= s&u{; af, *- aﬁ\gzbm;
Y befetz] 2
M?ne
*py = T = Ind(Mod“(#) ~> Med (A)
"ﬂ-"""F; — ﬂw E:
Wﬁ ich is exact and is the
Zeftodjoint vf e ratwrak—————
Incdlusion functor
by - Mod(A) — TA
F > Homy (- fupatt, F).
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(B) NORMAL FORMS

Setting : X complex manifold b"‘u?’”“"' X C">G, 3w : coordinates

e ——— 4

J? hormal cybssing divisor (NeD) & print of D D 131--3y=0}.

Recall the rea| blow-up X XD

o
X

Notation. [DK15, Not. 73] For M € DD, M* .= DF ‘Q w'M.
Lemma IV.3. L'DK'S, Lem. 'T'BZJM holonomic Dx—moduk, sing.supp(M) € D, and M 25 M (D),

*
Then M D;( vax

L facd
ook 11* =} § v = (Ay W) 5, M = Ay § o i
' x il GylxD)

iy e—- M (s 'Hﬂt/@x sin¢e | £lat

’7 "Dx Ko X T 'wx g &

Definition ( Normal form) [DK!5, Def %3.3]

A holonomic Dy~modwle M has a normal form along D if the -FoHowin_q Statements all hold:
L. Me=MED) > ie the set of ponts of X where

2[sing supp (M < D char(M) IS not contained Tn the jevo-sechion of T*X [DKI5,$25]

3. ¢ xeX’, dwtg e Uv?cg"x and ¢, ¥s € [, O(¥D) (r20) and x e V.S w (W)

such that (MM, & (@( \Dlru)* V2

Example: Tt is clear that each Ey\p,h{‘ (¢ €9 (*D) has a normal form aﬂong, D.
Definition (Ramification) [DK15, §%3]

A yamification of X along D on U: neighborhood of x in X, x¢D,

/ Y o n-r - : —
is a finite mM';ﬁJx locally looking Rike * :c X CHT > (s e )

(Hear %) v v €]
U U=C"xC"5 G~ ;Y"J Sre1,-=, §n)

D={3)-3y=v (™, W' Wiy, -~ Wn), (M)~ my) G(Z»)e)-’

_ Definition (Buasi-normal form). [DKI5, Def.7.3.4 & Rmk.73.5]

A holonomic D-modwle M has a gquasi-normal form along D if 1. %2 below all hold:
1. MeM*D), sing.supp(M)}< D (cf. def. of normal form)

2. ¥% €D, 3 ramification 5 x "2 P 01 such that Dp*(Mly) has a normal form

X 2 , Y > Dnt along 7 (Dn ).

open

In this case, we have the -Fv”uw'mq, propeyties:

« Dp*(Mly) & Dpy Dp*(Mla) both concentrate at degree 0. :

e Mly is a direct Summand of DpeDp*(Mly) : For example, if P;ili i$_given in (%),
_and if D *(Mlu)- pasnixls then Dy Dp*(Mly) = (Mra)@"" " @

—T — T
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The following deep theorem will be used to prove an important reduction tool (LemmaIV.s)

Theovem IV.4. (DKI5, Thm?3.d; cf. also [Kelo] and [Kell]

M: holvnam ' Df*M)l*D)Z XD 7X Complex manifold

v Uy~m
X~ 1, 3" X'> U projective morphism

%

= there exist MY /@Y cloged analytic hypersurface < U

TOmpIE:
Y X: mam—Fvil mu open neighborhood of x

Such that: 4. sing.supp(M)NUC Y,

= £7Y) is & noymal cossing divisor of X'

3 flynp X'\D =5 UNY,

4.0f*M)(xD) +has a_quasi-normal form along, D

Remark. This theorem, quoted from [DK15, ThmT:36], seems to be derived from the "formal version”

discussed in [Kelol and [Kell, but the mechanism from “formal” to “analytic” is pot

very clear and heeds move discussion, at least for me; nevertheless we still use this thm. first

Lemma IV.5 ("Reduction to normal form along. a NCD") [Dki15, Lem.T3.7]

Let Px(M) be a statement concerning & complex manifold X and a_holonomic object M €Dgy (D)

Then Py(M) is true for any X: complex manifpld and M€ DgoPx), if the following all hold:

(i) For X= Ui an open covering, we have: Px(M) is true & Pu (M) is true for all 4€X.

(ii) Px(M) is true => Py(Min) is true for any neZ.

(ii) For a_distinguished A [M'> M 5 M"#5] jn Dy (D), R(M) and PM) are true = P(M) is true.

(i) For M, M’ € Modgg(Dx), Px(M®M") is true = Px(M) {$ true.

ovd

W) For f:X>Y a projective morphism and M: ric. Dx-module, P(M) is true = Py(DEM) s true.

i) If M is a holonomic Dy -module with a normal form alam} 4 _hormal Crvssing divisor
of X, then Py(M) 15 true.

(Proof) 1. The case "M = good holonomic Dy-module with a quasi-noymal form along a NCD DCX”

X
is true: 3 (locally) & yamification yp st Dp*M has a normal foym; then

is a darect
PxADp*M) s true by (vi) = P((DpxDp*M) s true by (v) = Py(M) is true Since fﬁ and o

2. Greneral MeDf (D0): By (ii)iii) & the dist. A [T54M = M - 1*4"M 5], may assume

M€ Mody (D) by (i) may also assume M is good.

(dim X <T)

Now we prove this Pe(M) (M€ Modgag, g0 (D)) is true by induction on{dim{S:suPP(M)) (1)

« Initial case "dimX=0": This reduces to 1.

7

(See the viext page)

T T T T T T T T T T T T T T T
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(Proof of Lemma IV.5, 2. General M€ D2y (Dx), cont’s)
- The case  "S=X": We apply Thm.IV.4 and its notations to any point xeX.
Then Py (Df*M(xD) is true by 4.(We may shrink the neighborhood U of % so that X' is
small enough to ensure that DE*M (xD) is g00d.)
So M(+Y) = DfyDF*M(*D) is good holonomic => Py (M&Y) is true by (v).
Consider a_distinguished 4: [M - M(¥Y) > N 5]

A
-h?;«e true! (dimsuppN< dimX = apply induction hypothesis
on dim X)

= by Gi)iii), Pu(M) is true; since U runs over X, by (i) Px(M) is true.
- The other case "S<X”: By Hironaka's desingulavization theorem,

/
there exist: LS} compex manifold
Zh =18 '\ closed hypersurface

sz’
SSing, the é -F PYOJMVC "wrpﬂ,gm SMCh fhﬁt .F‘Ls
Singadar g g \)ﬁ
bl o S 55

Then N:=Df*M (¥2)[ds-dy] is a @ood)holonomic Dyr-module can always be assumed
== / Oz We have holomomicy

= Py(N) i true (. dim S'cdim¥ = apply induction hypothesis on dimX)

= Px(DHN) is true by (v).

Consider another d4$~(’ln&ul9ﬁed A: [Mo Dﬁl\/ YRy

¢
'h’ue true! (suppLC S'smq_:> apply induction hypothesis
on dimG)

23

= by (i)iii), Py(M) is true.
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& V. ENHANCED DE RHAM AND SOLUTION FUNCTORS
(A) DEFINITIONS AND FIRST PROPERTIES
Definition (Enhanced tempared distvibutions) [DKI5, Def.8.1.1] M: real analytic manifold

P= ﬂZE 2 FE st=tlp . M x Roo | Dbly:=j R#m'l—p..(grlp D‘?Mxp) [ € DX (ICuye)
& [7 hatun ] E - b R
P= ﬁjﬂ? ) C 5T Mx P morpism ) Dby, -= (image o-f Dby via D(ICu.p,) = EX(ICM)

Remark. By & similar argument as "Step2” in }_-m_emof of Prop.TLI, we get H(Dbl)=0 for k-1,
Remark. By [DKI5, Prop 8131, for any 420, Dbl = Shom'(Ctzo, Dbry) = Shewi (C3a, DbYy) in DTCuup);
therefore DbE, is a_stable object (cf. Prop IL6).
Definition (Enhanced tempered holomorphic functioms). € DklMeF 820 X : complex mavald
Cotot=tlpg eR & 1:XxRo = X xP natwral morphism. (r:M o> M"'= ﬂ;&m side-changing)
~ Ox = 4'((20.»'@ O%ep) U3 = 3 Ritomp, (5 1p, Oy p)[2] o R¥Mom-1p (07, Dby, ) € EX(IDY
szxg OF o4 (Q;‘,h £ erp) 0] ¢ EX(IDYD)
Remark. (CF L&t §5.2]) In terms of complexes,
Dbry = [ Dbgyep H=45 Dby,pl (17— o)
O = (Db 265 ppTio? B, - 26 pT00dme] (gth, 15t o (fimgx)I™),
Remark. By [DKI5, Thm 822 & Corg.23], (9,! is & stable object in EX(ICy).
Definition (Enhanced de Rham and Solution functors). [DK15, Def. 4.1, L'l (cf. the last def for notations)
X: complex manifold L DRE: DAy - Eb(TCY), M > 05 M ~i'DRE, p (MR ESE) [1]
a: XxR .~ XxP canonicad } 3015 : DYDY EB(IC), M RﬂmD,(M, 08) =4 Solm(M@‘Zc]z)[z]
Notation: [DKI5, §9.3]

X2 Y: complex analytic hypersurface ) .
U=X\Y; e Ol*Y) kf wa(w = CE é R%m(cu)(g, 0:1-=g¢<,) € Eb(ICx)_
(cf. E«le before Prop.T.1)

St= Zetp%zi(fx,f)euxk{’c=ke<p(¢)}cXKP7
The following propusition reveals (one of) the mission(s) of the auxiliary variable teéR in EXEGY:
Proposition \.4. [DKI5, Lem43.0 Settings as in the above notation. Then (dx=dimeX)

DRE (£81) & RIbom (Cyg, €5 & Copeg) 1l o E5 (@) in ENICY).
(Proof) DRE (£51) & ' DRE p (€5, 8 E7p) [0 & i DRE p (£ x p) [0 € Sy BETpe £t
~ R&%wm(cu&if;;_uum [dy+2]) (Prop.T1 + Prop.I.1%2)
~ R9Mem (Cuxg, &'; Ct-pepca ldxt1) (. Cuxp®34’ Czc(r-wxa = Ct-pegcal-0)
~ Rt (Coep. "t Ling’ Cyypza Lid) € in EXIEY), CCs e = Copagrd™ Ceoprpeali]
~ R¥hem (Cyxp , CE 5 Ct=ze?) (dyd « c’czaé Ct=pep = Ct-Repza
* €58 RShwm(Cyup, Coepee) U (Lemmal 95 Cysi’Cd
= Ei!x(‘ﬁ Cdyd. ¥#




. 1V.Enhanced, de Rham and solution functors (A) Definitions .and first properties . . V-2, |
____Remark. Later we will prove a similay formuda for SolE(€§); the formdla for Sof (€5
is_somewhat moye concise in view of calelations, but to prove this formula we need more
prepavations oh the notions ”constructibibity” and "duality” which are to be discussed in
(8) and (0).
We will need the following Theoyems V2 and V.4 in (C),
Theorem V.2 [DKI5, Thm‘fllJ f: X—-"/ compfex analytic map. (10: MxRoo > M)
1 EF'6 (dy) & Dyey @ 05040 in EXTfDy)
2. VN € D¥(By), DRE (DF*N)[d3 = Ef'DRE (N)[dyd in EB(ICy).
3. W M€ D;md (30 (cf. ThmI3%3) st. SuppM is propey over Y, DREI(Df*M)Q E'fﬂDRE(M) in EX(TCy).
4. % LeDE(Dy) and MeDPDy), DRE(LOM) o RIem (i 'Soly (L), DRE(M)),
In pavticdar, if Y 15 a closed hypersurface of X, DRE(M(xY)e R Shom(v'Cyvy, DR (M)
(Proof) They follow from Thm.I3. &
Proposition V.3. [DK15, Prop.9.13] X : complex manifold.
For Le D.,*(D)Q,_ DR_L(L)"’CX ®1 ' DRy(L); in partindar, DRE (60 "’CE[J,(]
(Proof) Nevertheless we <hall prove DR%(9x) o CELdI fivst: With the map ay: X - {pt},
DRE (8y) = DR (Daf Cepny) o~ E g D'Zf.a (Coptd) [-dd (Thim.v.2 #2)
& Edy Cyey [1[-dyd = Eay Chg (-4 = €54
Sfepz of Prop.ILI in EP T[a;,{'—y C‘?’-’ % Cteg [0 55T (f. ().
For general L : DRE(L) & RIom (7'Sot (L), CEWy3)  (Thm.V.2#4 with M=6)
CE & RShom (7'Soly (L), Cezoldy)) (Lemmall q) dualizing complex
~ CE @' Dy (Soly (W(dd) (Dy:=R¥om(., w,:ﬁ wy = Cyl2dx] here)
=~ CF @ DRy (D). ( Dy (Sofy(L) [dyd) = DRx(L) #

Theorem V.4 (Enhanced de Rham and real blow-up). [DkI5, §4.2] (cf §IV for notations)
Y =X X x P

forgetfid

D : hormal cro%mqjvisor ilw X % By

Set QF = '.'(Qv,gg Ecipl) € EXIOP™) and DRE(L):=25 &, L € E4I€3) for L€ DADE) Then

1. Ewy QF o Rhem (w'Cyyp, %) in EXTD)). i

2, for(5) = Em' RIbam (v'Cy\p, Q%) in EX(Tw D).

3. For M€ Dy (Dy) such that MM (xD), we have DRG(M)e EwyDRE(M™) and DRE(M™) =~ Ew' DRE (M)
(Proof) 1. follows from Thm.1IV.A%2, and 2. follows from Thm IV.1#1.
3. We prove the 2" isom. heve, and the proof of +he 47 isom is Similar (cf. LDKI5, Corq:23):

L 2. L
DR (MY = 0% % M* 05 @ M = Ew'(Roham('Cx1p, 208 M) I
~ B! (g (94 n)§ M) = Ew'DRE(M). 4
X




V. Enhanced. de Rham and <olution functors . . | I = T

(B)DUALITY AND R-CONSTRUCTIBILITY IN ENHANCED IND-SHEAVES

This section serves as a prepara tion -For later results, so the pace will be rather rapid and
and omitted

many pyoofs will be vefered to [PKI5], However, as a first application of these new tools,

we will prove, following [DKI5], the “R - constructibility ” of DRE(M) for M € Dy o(Dy) in the end
of this Section (cf. Thm.V.i2)
put in objects

Definition (Enhanced duality functor). [DKI5, Def 4811 M: good topological Space, R field. m DYkny)
DE : E¥(Tky) — Eb(Tkm)”, K b DEK:= Shom' (K, wE). (cf the "classical” Dy = Ritem (" wu))
Proposition V.5 [DKI5, Prop. 4.3 % Cor4:84]
4. For Fe D*(kmxrs), DE(E &F)~ kE & o' DvupF (a:MxRZ, alxt):=(x-1)

2. Foy F€D* k), DE(kE @ w'E) > kE @' DuF. (similar to complex amlyﬁc sp<f. [negpmzsg. )
Subana!y'tlt space

Definition (R-constructible objects). [Ka8.§2, KSqo §83, DK15 Def 44.1%4.923 M: oy yoal analytic manifold.
1. Sheaf version: F € Mod(ky) is called R-constructible if there exists a subanalytic
stratification M=LLM; (ie each M; subanalytic, §Mi? locally finite, Mic Mj if M; 0 M; % &)
Such that each Flm;_is a Yocal system (ie. localliconstant of finite vank)

Lot Df = { F € Ml each HP) (62 is R-constriGe] Subanalyperty: 2 <M s
. Subanalytic 7+ VpeM,

2. Ind-sheaf version: (vecall Ro=(R,R= Ru{m})& J’“) T peWe Moy 0 i lens

LAY rta,)o Yoox—ar W?"“’

Db (k ;=1 F¢€ Db(k X Rj (k ; mapg .f(V) N(V) (V 1,2 ')7
We have Dg( mg,f£ D*(kmug) ﬁf DY (Tkuep.). st.ZAW= U(f"’(:\l,"’)\f“’(/\/!”))

_ pko, Dg (kuep) is stable by &, Shom', ® and Rhem.

3. Enhanced ind-sheaf version:
relativel compact

Eg-c(Tky) = { K € E¥(Tku) | ¥ U: open subanalytic € M, IF € Dg. Uemepad sit. 7'ky @K > EEDFY,

N full
EP(Tiesa

Note: K ¢ Ep. (Thy) = K Stable (f $1(c)
Remark (Characterization of Eg..(Tky). [DkI5, Lemma4.49]
K € E®(Tkw) is R-constructible if and only if
3 $Zidier ﬁomfh finite -melv of locally closed subanalytic subsets of M,

3 finite <ets A; (l ¢I), J continuous $uban%l,g|c g .(P;' 4 ZZ - REU{I 2 with ¥,a< ¥4 (i€, a¢A)),
ie. ﬂne!r 3mphs are subanalytic ih MxR

I maeZ (eI, achj),

-7

st. M=1LZ; and k7@ K =8 kS ® TSR L)

W - i




. 1V. Enhanced de.Rham and solution functors (B)Duality and Rrconstructibilivy . . . . V-4,

Proposition V.6. [DKI5, Prop.4.93 & 4.9.6]

1If k'K K" 3¢ a distinguished A in E¥(Tien) and if K', K € Ep.o(Thu), then K'¢ Eg. (Tky)

2 For Ki, Kz €E¥(Tky), Ki®K; €} (Tk,) €2 KKz ¢ EZ (Tky),

Notation (Enhanced support). [DK15, Not.44.10]

For K¢ E®(Tkw), suppB(K) := T{supp(Rimu LEK) < M. (cf. $TL(A) 15 notation)

Proposition V. 7. [DKI5, Prop.4.2.141 In this proposition f: M- N is a continuous map of good topological

spaces. Then 1. For K € EXThy), Efu(il &K) = kE & EfuK.
2. For L e EX(tky), EFREED = kS EFL and Ef (S = ki S EF'L,

Propusition V.8. [DKI5, Prop.4.4.10 £: M5N continuous subanalytic map.

1. Ef, Ef': Eg (Thy) = Eb_(Tky) ave well-defivied.

2. For K € Ep (Thyw) such that supp(k) is proper over N, EfuK o EfyK in Ep (Tky)

(This is & consequence of Pyop.V.%)

Theorem V.9. [DKI5, Thmgq.2]

If Ke€Ep (Tku), then DEK €Ep (Tky) and K = DEDEK canonically.

(Proof) 1. DEK € EL, (Tkn): May assume K=kE B F for some Fe Dp (kuxme). Then

DE K DE (kG & F) & & kg ® 4 ’DMxRF € EL, (Tku).

Prop. v 54| Dg_c (let xR

2. K % DE DG K: The morphism is given by the imagg of 1d through

HomEb(Mwm*(K, W), Shom'(K,WwE)) & Hompy, (Shem™ (K, wE )& K, WE)

Propvsr———t ~ Hompgs ( K, Ihom' (Shom' (K, Wit), W)= Homgs (K, DF DEK),

Then note that DEDEK ~ ‘gs (kE 3 a—'DM gF) > kMé DMxL §'F ~K, #

Proposition V.to. [DK!5, Prop.4.413] For K, K'¢ Ep(Tkw), the following are true:
1. K&K, Shomit(K,K)) € Ep., (Tky)

2. DE (K& K) = Shom*(K, DEK)); DE Shom™(k k)= KEDEK'; Shom' (K, k') = Ihem' (DE K/, DEK).

(Proof) DE(KBK!) = Sham' (KK, WE) = Shaw' (K, Shom' (K', wE)) = Shom' (K, DEK). ()

Thus Shemi' (K. K)) = DE (k& DE k) (by Thm.v.q & ). (#%)

K&K’ e Ep.(Tk) is immediate, so Shom'(K,K') € EB(Tky) by (x%) and Thm.v.9

The rest can be done with fhe help o-F Thm.V.4. #
Lle Ef C(Ikﬂl

Proposition V.11. (DK 15, Prop44.22] {4, Mz——b-lvz Subanalytic, £= : MxMz - N xNz e
= Ef"(l-@f-z) & E'ﬁ-"-lﬂ Efi LZ and Ef (hél—z)-’l-' Ef, L[éEszz (cf $T.(B) for def. of ﬁ)




V. Enhanced de Rham and <olution functory (B)Duality and R—comstructibibety . . . V-5,

Now we arrive at our first application of these tools,

Theorem V.12 (DRy and R- constructibility). (DKI5, Thm.9321 X : complex manifold.

If M€ Do (Dy), then DRE(M) € Eg (1€,

(Proof) We apply LemmaIV.5 to the statement Py(M)="DRE(M) is R-constructible.”
(i) and (i) are obviously true.

(i) [M'>M - M"¥5] in DE,(Dx) => [ DRE (M) DRE (M) DRE (M) 5] in EX(TC).

Then apply Prop.V.6 #1.

(i) DRE (M@M’) o DRE (M) @ DRE (M), Then apply Prop.V.6#2.

(v) DRE (DfxM) 2 EfuDRE (M) by Thm.V.24#3.
Then_apply Prop.v.8 42

(vi) Let M be a holonomic Dy-module with & normal form along a normad crvssing

finite
divisor D. Then M* is locally a, :hreof sum of some (Ennu) for @e Oy (D) (f§IV.(B)

Now each Dkq((fxmlx)") ~ Ew' DRL(&mlx) o Ew' EL pi () (43 € EL_, (TCg) by Prop V.8#41
;__._.—J

Thm V443 Prop V.l E,, (I1€x) by defirition
> DRE (M%) € Eg_(I€9) (by (i) or by noticing that R-constructibitity is a_ "locad property”)
(M) o~ EWy PRLMA) éjé. (¢ by Prop V.8 %2, cf [Dk15, 4434931

Thm V443 v #*




V. Enhanced de Rham and splution fumetors . . . . |, AT - TR
(C)DUALITY OF ENHANCED DE RHAM AND SOLUTION FUNCTORS
In this cection we will focus on the interplay of enhanced de Rham and solution functors via
duality ; again, Some fundamental but “functorial” properties will be stated but not be proved
ere, and their proofs will once more be refered o [DKIS].
Proposition V.13. [DK!5, Prop.824] X, Y: complex manifolds.
There is & canonicad morphism 05% 0% — 0t.y.
Theorem V.14 (DREL and ®). [DKI5, Thm4.33] X,Y: complex_manifolds.
For MLDL_DxZJ_&N_éMDv) the morphism DRE(M)ﬁ DRE(N)—a DRM (MBN)
induced by Prop.V.13 s an isom ozph:Sm
(Sketch of Drmh‘)

1. SlnceA-fhe isomorphism 1o be proved M and N are "independent with each other functorially,”
by Lemma IV.5 we may assume M and N are holonomic &nwc{ukmlvng normal crvssing
divisors Dyc X and Dy <Y respectively.

2.By Thm V.43, DRE(M) & DRE (W) ~E1zm,LD27(M*)§ DRE(N™) and
DRE .y (MBN) = E'mmgkm(M*mN*) So 1t suffices to show DRE(MAR DREINY = DRE (BN
for M=E\px and N= Evm. Iy (Pe0y(xD), ¥ €Oy(#Dy)) By Thm.V.4#3 and PYOPV”

DRE (M) DRE(NY) = E«w,,y(oz T DRE(N) and DRE,y(MABNA ~ Ewg DRE, (MEN),
S0 _how it _suffices to prove the original -rheorem for M=E\p,Ix and N= é{\mv

3 Dﬁﬁ}l&iﬂ & DRLE‘A]AJM) x ng( £X\D«|L’X| EV\ML)
= Ex\ml&(?)ﬁ EV\D\,IV(\‘;"’ E(X\Du)x(Y\Dv)fXxY (p+§) 0. £ LKIS, Pap g 2]]

Then prove D°[6) by utilizing Prop.V.5 and by nuticing that DE commutes with B, %

Definition (Adjunction in Eg (I€x) [VK15, Def.445Y Lem 9.44]

An_adjunction in E!—((ICX) Is a datum
X Ay :diogonal in X xX ng K2 B0 Ky
o ; - o Ttemd4d]
X: compllex manifold Er(IC) K&k Way /

[k Bk L khkdk S kB wE o idk via Homp(CE 8K, kil wE) £ fromgs( K, K05
o [ Kzli CE,( L kB k@ K, LN wi,ﬁ K]e idk, via Homg(hﬁcgyﬂgiylﬁ Kz)’lHDmrb(Kz, Kz).
Proposition V.15 (Adjunction and duality). [DKI5, Prop.44:61
1 For K€Eg (1€, there is a natural adjunction (K, DEK, 1, €)
2. If (Ki,Ke, Y, €) is an adjunction in Ep(ICY), then Ky DEK,




V. Enhanced.de Rham and Solution functors (€) Duality of, DRS and Soff . | V-1
Theovem V.16. [DKI5,Thm948] X: complex manifold. (dx =dimeX)
For M€ Dg,(Dg), Dy DRE (M) o DRE(BxM)_ (Recall: DyM := Réfomp, (M, Dy @ 027)[dd)
oof) Denote Ba, =Déx 04, where §: A, <> X xX i4 the dia embedding.
here is a natural adjuncts [ 7 MM&M%QA;(EJXJ)
in D2, (Dy), ie. they satm"y ([Dm w MSJ)
rLBA,L'JxJ@M Lmé leM&M 2, MB By, 4] ¢ idy and y
[DMB By 43 DMEM B DM 5 @, A BDM] & idp )
via HOMQ(BAJIJKJ@M M& B4, [dd) & Homps(M,M) and
\ Hom]L(lD,(M & Bay[-dxd, B, dy] LM) & Hompy (DxM, PyM) respectively. -
COMP X

Applying DRE() to ), using Thm.V.14 and substituting Wy Cyl2dimeX] if X= * manifold—
Dgi‘x(BA#[-AxJ) e Cj% and D?E,y(&\, [dy]) > C_E,( 243 zf%&y ThmV2#3 and PYOM.Z),
we find that (DR (M), DRE(DM), DRE,, (1), DRS . (8) is an adiunction in Ep (1€))
(note that DRE (M), DRE (De™) € ES (160 by Thm.V.12)_
So Prop.\.15 2 Tmplies DRE(DM) = DS DRE (M) #
From the_natural_isomorphism " DRE (D M) = So8 (M)T4,3 for M ¢ D*Dx)” and from the properties
of DRE derived <o -Fm we_can prove the following properties 'for Soi
Proposition V.11 (Prooerhes for SoKEL[DKDGLCor 94.9-94.10] - X—>Y wmm analytic mop.
4_For M€ D, (Dy), Sof%(M)dy] = DE (DRE(M) (= by Thm-V.4 & V.12, Soff (M)e EL_ (1Cy)
2. For N € Dy (Dy), Sof§ (DF*N) = EfSoRS(N) in E"(zc,o,
3. For Me DAAL(DX) n Dmi_xl such that suppM is proper ovey Y, SoXE(DﬂMEJ\Bz Efy SoAZ (M) L,
4 For MeDpy (DY) and N €D (Dy), S0l £ SogE(N) 2 S085,y (MBN)
Proposition V.18 (Moyre properties for Sef§). [DKI5, Cov.4.11-121 Y € X a closed hypersurface (X: myﬁc).
1.1f M €Dg,(Dy), then SofG(MGY) & 1! Cxry ® ok (M),
2. If ¢ € Ox(%Y), then Saﬂﬂif\nyL& cEd Ct=pop.
(Proof) 4. Sof5 (M(xY) & DE DR (M #Y)T-d (Prop. V. 1F41)
= Shom (Rom ('Cxry, DRE (M), W) [-dy] (Thm.v.2#4) me ViF#1)
~ T Cyy @ Shemit (DRE (M), wk) [-dyd = 17'Cy ® DE z,((wrd,a~ Ty ® Sol5 (M), g
2. S0 (Efwyix) = DE PRE (Efyi) -4 (Prop. V.17441)
> D RIMwm Gk , €5 8 Cezpeq) (Propv.2)
& Shomtt (RIbom (7'Cxay, €56 Ce=peg), W)
~ 7'Cxy ® Shom (CE® Co-peo, wE) =7 'Cxy ® DE(CE ® Ct=reg)
o~ C)Q\/(@(CE@ Ct_-—ggtp) (PYOLV 5#1)
~ Q",E é( 4CX\Y®CI=—gggg ~ € é C-(-_-ggf. #

S I R E— T T —



Riemann-Hilbert covrespondence for holonomic D-modules, . . . . . ., | VF
§ VI RIEMANN-HI| BERT CORRESPONDENCE FOR

HOLONOMIC D-MODULES (MAIN THEOREM)
We shall use the technigues and results develo ar to give & quick sketch to the
Riemann- Hilbert correspondence introduced in [DK15, Thm.4.53),
Definition VI.| (The functor #em®) [DKI5, Def.4.5.13] M= good topological space, % = field.
HomE - E%(Tky)*x EX(Tkr) = D"(kry) 5 defined by (cf. $T(A) | notation & § T (B) def. of LE/RE)
HomE (K1, Kz) o oy Ry RSBom (LEK,, LEK2) ] one may replace any LE by RE
~ Rﬂ*gm(gjml_ek, R i LEKs). fand any Rimy by Rim1 “here.
cf. [DKIE, Lem33.7(iv)] and note oo Ry ERMgoa (cf. Prop.1V.2 for def. of )

Proposition VI.2. [Dk15, Prop.4.5.1]
There is a functorial morphism in D*(Dy):
[D”(Dx)a M —> HomE(So0E (M), 05)].
(Proof) * 4 R Observe that Rie RESo15 (M) = R#orme-1p, (x'M, Rixs REGE)

x :I%R = 3 morphism Ty_ 'M - RM(M:(;RESME(M) Ryxs REOE) which induces the
X

X desived one through the following_adjunction :
Hom (7'M, R#tem (R jxx RESoLE (M), R4xxREOx))

~ Hom(M, R4 R#om (Riye RESoLL5 (M), RIx£REBL ) = Hom (M, Hom®(So8E (M), 0E) &

1._For MéD" (Dx), the mor, M - Howt (Sot5 (M), &ﬂd_&fmed in Prop.VI2 i$ an isomoyphism.
Thus we can reconstruct M iromMSoR &(M) oy from DREM.
2. The functoy DRE: Dy (D) —» Eg (1€ is fully faithful.
Therefore, SoR%: Db o (D% Ep_(I€) 15 also fully, faithfud
(Proof of Main thm. VI3 #1)
Step4: Reduction to the case "M is a hofonormc D moclufe with & hormad_form along
& _normal Cvussing divisor.” [DKI5, | Lem '162]

We would like to employ Lemma IV.5. Consider the statement Px(M):=" M= Homt (085 (M),08)"

where the_morphism is
_Verify LemmaIv.5(v): If f:XY projective and M : g00d holonomic Dy-module such that
Pu(M) is true, then Py(DfyM) is true because
Hom (S0t (DFeM), 08) & Rfy Hom®(So8§ (M), Dyey é@ﬁ) (Prop.v.17#3, Thm.V.2#1)
o~ R-F*(D\Lexéme(So!lE(M) )

= Rf*(DyexéMJ (P is frue) = DM,
" Thus i remains to vevr& Lemma IV.5 (v:) Le. our reduction is sucesshd.




V1. Riemann-Hi orrespondence foy tholonomic D-modules
(Proof of Main thm VI3 #1, cont’d)

Step2: Prove Main thin VI3 #4 for M: holonomic Dy-module with a_hormal form along

a normal crossing divisor D X. (Set U=X\D) [Dki5, 963-9.6.6]
(Sketch of proof)

1. For Ye X & complex analytic hypersurface and @€ Oy(xY), we have
Rwr*gmmuesozf(emx) RE0S) ~ £ mé@; (2> Hom(So8E (E& y1x), OF) = E&yIx);

N TR 4 o2

Pro V.I8#2
the proof rgu:teé,fhg Qn"egpondeggg of ind-sheaves/ subanalytic sheaves (cf. [KSol, $77)

and the stabilivy of OF ¢ EX(TC) (cf (D15, Cor.8.23]); details can be found in (KI5 9.63-965].
2. Set X=Xy, and then set Sof§(L):= RM(L 0%) € E*(1€g) for L € DXDY).

Then by using “0% = Ew' RMwm(wr"Cu,@x) and Wlyo: X>°=5 U etc., one can

Show that T 1'Cy ® SokG(M*) = EG 'SolE(M) (F: XxReo > X % Ros) (cf.[DKI5, Lom .66 p£iY)
3 We_can show M* 25 gtom’ (Solq(M"f) ©5): Indeed, may assume M= €8y with PeOy(xD),

and then one can show: (Tg: X x Roo 5 X)

2z o(&kn;fbjhpm('v_'LESoﬁE(M) 'REGE) base_cha
= i R o (LS5 (), REOE) (Prop L1342 Prop.L.2)
L oyt (MQ 95) ~ oy " L@ Réhwm (Cu,0%) (V)
oy (w'M wg# = Mt (PraP.IV.Z)Q (cf. [DKI5, Lem466 pf. (i)])
4 End of proof: One_can verify vsezete —'M®SDIE (M) (Prop V.18 #4)
M~ Rw MY 2 Ry HomE(SofE (MM, 6E) £ Hone® (Ewy Ew! 2E ), 05),

Hom® (So2Z(MH), € @qu oty Rz R Som (LESotE (MY @ By, 35 REGE)
base change
g

T
mmv #

(Proof of Main thm. VI.3#2)

Lemma: For K, K'€ E. p-c(Tkn) (M=q00d topologicad space, k=field),
(Papaass) 4homE(K K') = dtomF (D, K', DEK). Prapios#2
 (Proof) HewE (KK’ )~4&m5(kM,wm+<k,K')) %mE(kE Shemi' (DF K, DE K) = %meEt DEK).
stk (K, & Kz, K3) & HomE(K;, Showt (K3, K3) [DKI5, Lem4.5.15] & K ~kEBK

Now, for M, N ‘D:n(&)- we have:

#

HomE(DREM, DREN) o Yo (SoAEN, SoREM) (ThmV.12, Lemma, Prop V.17 #4)
~ HomE(SolEN N, RHlemp, (M, 0%) Mm_\gé#i

> Rdlomp, (M, HomE(SAEN, 65)) = Rﬂmm(m N) (%)
DREM, DREN) & H°RI(X, HamE(DREM, DREN)) = o7 rKe € EvlTo,

2] —

UH RI (X, Ry (M) & Homyy (M,N) (EDK:; Lem45|41)
I L L L T “ T ‘#;




Riemann-Hilbert covespondence. foy holonomic D-modles . . . . o . . . VI

§ VI EXAMPLES
(A) SCALAR QRDINARY DIFFERENTIAL EQUATIONS (cf [G1%], [KS15,§4.5])

Scalar ordinary differential equations on C with a_pole at 0€C may be_reqarded as & Dg-modufle:

Let 3€C be the covrdinate. Then

(57 $=-b6)4 with b@ €O, o] = [1"¥®:=Pe/ogpm¥® it P™:= 054b) € D],

In this exam.v[e We want to use various de Rham/ Solution functors introduced in this survey

to classify the "representatives” L™ with me2,, and b eC (constant function) upto De-isomorphism.

0. Removablesingavdurity at o:all Lm'ol meZs,, are isomvrﬂnfc in Mod(D¢); also, all 1 beC,

are iiomamhx in_Mod(Dp).

1. Regulay $mauMn'W at 0 [L"7: (cf. also [Ka#4] for the req«flar Riemann-Hilbert comespondence”)

Q- Qe _
- For b¥1, J 1$omwph:sm &b_"’_j_’ L+

o3
i a

Tplib _
+ Applying. Homp (-, Og) to the short exact sequence 0D P D 1" 0, one obtains

Solle (L) & St (L', 6¢) o %fpisrgg

. (Hozo, Hllgx = Socally constant sheaf of rank 4 (b€ C\Z)

. Ll
>Helsotgt T‘Lc* (beZ,0)

(beZga)
Therefore all L'"* are separated 1o the distinct isomopphism classes:

é L[ bearz?  @L°|beZy} @ILY beZeol > {these L™ in item o],
S distinit X conrespondsto distinlt 15om. dadd)

2. Trreguday (meromorphic) s:nqwlar.w at 0 [I"™F m>2 b+d]:

2.1. Classicad: SoZ{L”'"’)"'fgfﬁ——’@d and H(Sof{L™) = Cex, H'(Soke(L™) = Cgy (be CY)

~ Sol¢ provides no information.

2.2. Tempered: Note that Sa!r = Soflc _on D:’L(D,:) (item 4) [Ksol, Lem. 24.11]

DR,«(@) ~ RShom (Cex, C-&MKQEIJ by Prop.TA.

ﬁmr with @™b(3): #_,—w. (m>2,b%0)

The_ondy. non-trivia] wﬂmﬂ@%@z ok DRE(L™) are: (bio) HUDRE(L™) =~ Cep (U;

H U (DRE(L™) o Shom (€gx, G—Rdgg"‘fyq) < "L Ylgm (Cex cgg(i,ﬂp ~(neic) _

ﬂﬂm" C ”_f/‘ IIC i &:m 68')
he_graph Q;E {Re{smb c} is_illustrated in the fa”vw:ng, F.gweg
[rn-! l,e>0] [m-i1=1,¢<0] [m-i=2,¢>0] [m-1=3,¢c>0]

s

1/\‘-/ 0 N
KN




VIL, Examples (A) Scalay ordinary differential equations . . . . . ., NI,

(22Tempered case, cont'd)

Therefore, H™'(DRE (L™h) "LR,(L"‘"’)L@% m=m', arg(b)=arg(k) mod2m;

thus, if we set @me. _ _[L"'b[arg(b) =6 mod 21§ (m>2, 0<6<2m), then any two L
Lying.in_two different 8™ ave non-isomorphic as Dg-modulles.
But we still don’t know whether two L™ Lying in the same 8™ are_isomorphic or net.

23. Enhanced: Note first that by Prop.V.3, DRE = CE @1 'DRe (1r: €xRw>C) on DY, (Dg)

By PropV.1842,

SogE (L") = SoAE ( ?_m@) & Cf & Copetom = "4’ Cyg_pyipri) € EX(IC,).
Suppose L™ ¢ 8™ Then the apove y,elds

SOQE(LM"’) = "Lin" bin Cysfp L 1 g¢( ,) &—9 Ciza-1E pe(e®w™) with W= }L
If m=2, =0 (> b€ Ryo) for example, the graph of /XA

{tZa—'“ Re(e®wm")? = {t 2 a-bRe(w)? L
Sooks Litke the vight figure: (e4. a>0) = l
Thus for L""“I";' b ¢ guz'p, 5015 (L") SoRE(L™™) <= b = b, (¢ Ry, Ka—t&ﬁf -

Simifarfy we can conclude :
"all elements in_a fixed 8™ (m22, 0¢8<2m) are mutually non-isomerphic.”
h 2 in S m>2, b+o} aye mutu n-1spmoyphic as De- modules.
Conclusion: We may summarize the above discussion as follows:

e P, by o my by
< AYe L L.ga .

(ml/ "’zész bh bli(:)
isomorphic in Mod(Dg) ?

,b
_Stave! l Yes 2 LMo |25
Are my=m, <
ESZ anrd-bi=by2 1 ot lm"b' sé L"'z,bz
: V=21 No— =
Is my22 or
22 ¢ \\ " v L"I,,h,\, Lmz.
. mll”hsi ' 2- - or ﬁ’ ble Z>” ‘a MQ Lm"b’$ Lmllbl
\ vT V7 UTt 0 “
WmN YT Wl
\ llv'¥ L [ 24 .'
';"'I’_o\. [ by s b
T L T T T 1 T T 1 T — 1 ! —T T T
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(B) STOKES PHENOMENA (cf [Dk!5 8981 & [we5, §15])

__mM_e;%ﬁj&c_mﬁ_m)—a; and $G)=B3" in Og(vo)] "‘WeMar

(0#B e C; 3= coordinate onC; z<r62_J 5'"?“1“““’7 at 5'
Now suppose M is a holonomic Dg-module such that /—T\__7f_7~
M2 M(x0), Sing.supp(M) ={ob, and V6 eL°=S" I b¢ Ivgﬁs' Lg__/c
Such that M*z.p & Mg . &
(We say loosely that "M has the normad fowm M,.") L XJ‘”%
We "translate” the Stokes phenomena from the theory of ordinayy differentiod equations
into our framework of emhanced ind-sheaves introduced in -fh|$ Survey:
1. The Stokes Lines (separation yays): Fix a 6,€ R so fher-ﬁ [o-ple*®.
They_are the vays in §Re(p-f)=0}={3eC]I0¢R st. 3=e"* and cos(6,+r0)=0} Ufoj < C.
Observation : For any open sector S< C*with vertex 0€C, '\ ] Lr oL Stotkes
(S citRe(y-¥)>0} => Endpirrey(n'Cs®(FOG) = bE T~ Y bme
S contains exactly one Stokes fine = Endgbire, (' Cc®(FO G))x t) '

here, F:=CE& Ct-geg ’-‘-’ﬁ'%@:&gﬂ )

Al S

Gri= CE& Ciepoy = "Ly’ €y _poyza;
bt := { upper (+)/ Lower(-) triangudar matrices in M (€)%;
t:=b'n}p = -{d«'aqand matrices in Ma(€)3,
(Proof for the case S {Relp-¥)>0}.)

Endpbizcy (rCs ®(FO &) = End phiz¢,) (Cx 5(@1-24@-:@ Ci-petyg))

~ ﬂag Homeuze I(Ciz-aé(gpg‘%l & Ct=pe(ig), Ct=Reldg® Ci=re(io) (PropIL?)
> 9—"'—'3 H DmEb(IqL( Ct 2 Relvlg-a ® Ct2Re(vlg-a, Ct=Rel¥lg) © C&e(ﬁﬂg)
i Homge(C 1z - Homg (Ct> -
“"WL Homeo( Ct2relyle) -, Ct=pe(ty) Hompe (Cizpel¥g-a, Ctopel¥y’
~ b
. +&
Sincg Mg = ib “2° by the ‘fo”owing‘ figwe: ‘ : %/P ot ?Ww
(o @ a<o ) so—
teR Qg A
MH S5
From Thm.V.4#3, Prop.V.| & (4), ¥ ?f; o >>‘;;( -
e . ))-4
DRE (M) Retham ('€, H)[1 where v
H ¢ E4(1€g) such that 3 HL= T Co®H - ——  Re(Plg)-a>Re (k)
wLls =T [ ! (’A/\Myvlhere
~y 0 ' tokes Qines a in H, thus in DRE(M). | js Impossible. ¥

1

2. The Stokes multipliers of M, conespond to the transition maps induced from Qﬂwng, data of H.



