
RX8 h?2 G27b+?2ix h?2Q`2K QM (1, 1)@+H�bb2b

�b �M �TTHB+�iBQM Q7 a2``2 p�MBb?BM; i?2Q`2K- r2 rBHH +QKTH2i2 Qm` TB+im`2 Q7 i?2 +Q``2@
bTQM/2M+2b �KQM; /BpBbQ`b- HBM2 #mM/H2b- �M/ *?2`M +H�bb2b QM � +QKTH2t bm#K�MB7QH/ Q7
T`QD2+iBp2 bT�+2X 6B`bi- r2 ?�p2 i?2

S`QTQbBiBQMX G2i M ⊆ PN #2 � bm#K�MB7QH/X h?2M 2p2`v HBM2 #mM/H2 QM M Bb Q7 i?2
7Q`K L = [D] 7Q` bQK2 /BpBbQ` D- BX2X-

SB+(M) ∼=
.Bp(M)

HBM2�` 2[mBp�H2M+2 .

S`QQ7X hQ T`Qp2 i?Bb- r2 ?�p2 iQ b?Qr i?�i 2p2`v HBM2 #mM/H2 QM M ?�b � ;HQ#�H K2`QKQ`@
T?B+ b2+iBQMX hQ }M/ bm+? � b2+iBQM- H2i H /2MQi2 i?2 `2bi`B+iBQM iQ M Q7 i?2 ?vT2`TH�M2
#mM/H2 QM PN X q2 rBHH b?Qr i?�i 7Q` µ # 0- L+µH ?�b � MQMi`BpB�H ;HQ#�H K2`QKQ`T?B+
b2+iBQM sc i?2M B7 t Bb �Mv ;HQ#�H ?QHQKQ`T?B+ b2+iBQM Q7 [H] Qp2` M - s/tµ rBHH #2 � ;HQ#�H
K2`QKQ`T?B+ b2+iBQM Q7 L �b /2bB`2/X

q2 T`Q+22/ #v BM/m+iBQM QM n = /BKM , �bbmK2 i?�i 7Q` 2p2`v bm#K�MB7QH/ V ⊆ Pn

Q7 /BK2MbBQM H2bb i?�i n �M/ 2p2`v HBM2 #mM/H2 L → V - H0(V,O(L+µH)) %= 0 7Q` µ # 0X
"v "2`iBMBǶb i?2Q`2K r2 +�M }M/ � ?vT2`TH�M2 PN−1 ⊂ PN rBi? V = PN−1 ∩M bKQQi?c
r2 +QMbB/2` i?2 2t�+i b?2�7 b2[m2M+2

0 −→ OM(L+ (µ− 1)H) −→ OM(L+ µH) −→ OV (L+ µH) −→ 0.

6Q` µ # 0 r2 ?�p2 #Qi? H0(V,O(L+ µH)) %= 0 #v BM/m+iBQM �M/

H0(M,O(L+ µH)) −→ H0(V,O(L+ µH)) −→ H1(M,O(L+ (µ− 1)H)) = 0

#v a2``2 p�MBb?BM; i?2Q`2KX h?mb H0(M,O(L+ µH)) %= 0- �M/ i?2 `2bmHi Bb T`Qp2/X !

q2 MQr +QMbB/2` 7Q` � KQK2Mi i?2 ;2M2`�H T`Q#H2K Q7 �M�HviB+ +v+H2bX PM � +QKT�+i
E ?H2` K�MB7QH/ M - i?2 >Q/;2 /2+QKTQbBiBQM

Hr(M,C) =
⊕

p+q=r

Hp,q(M)

QM +QKTH2t +Q?QKQHQ;v ;Bp2b � bHB;?iHv +Q�`b2` /2+QKTQbBiBQM Q7 `2�H +Q?QKQHQ;v

Hr(M,R) =
⊕

p+q=r
p≤q

(Hp,q(M)⊕Hq,p(M)) ∩Hr(M,R).
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� M�im`�H [m2biBQM iQ �bF Bb r?2i?2` r2 +�M +?�`�+i2`Bx2 ;2QK2i`B+�HHv i?2 +H�bb2b BM
?QKQHQ;v i?�i �`2 SQBM+�`û /m�H iQ +H�bb2b BM QM2 Q7 i?2b2 7�+iQ`bX

.2}MBiBQMX q2 b�v � ?QKQHQ;v +H�bb γ ∈ H2p(M,Z) Bb �M�HviB+ B7 Bi Bb � `�iBQM�H HBM@
2�` +QK#BM�iBQM Q7 7mM/�K2Mi�H +H�bb2b Q7 �M�HviB+ bm#p�`B2iB2b Q7 M c /m�HHv- r2 b�v �
+Q?QKQHQ;v +H�bb Bb �M�HviB+ B7 Bib SQBM+�`û /m�H BbX

LQi2 i?�i B7 V ⊂ M Bb �M �M�HviB+ bm#p�`B2iv Q7 +Q/BK2MbBQM p �M/ ψ �Mv (2n− 2p)@
7Q`K QM M ∫

V

ψ =

∫

V

ψn−p,n−p.

h?mb B7 η Bb i?2 ?�`KQMB+ 7Q`K QM M `2T`2b2MiBM; i?2 +Q?QKQHQ;v +H�bb ηV �M/ ψ �Mv
?�`KQMB+ 7Q`K- ∫

M

ψ ∧ η =

∫

V

ψ =

∫

V

ψn−p,n−p =

∫

M

ψ ∧ ηp,p,

BX2X- η = ηp,p- �M/ bQ r2 b22 i?�i �Mv �M�HviB+ +Q?QKQHQ;v +H�bb Q7 /2;`22 2p Bb Q7 Tm`2 ivT2
(p, p)X h?2 7�KQmb >Q/;2 *QMD2+im`2 �bb2`ib i?�i i?2 +QMp2`b2 Bb �HbQ i`m2, PM M ⊆ PN �
bm#K�MB7QH/ Q7 T`QD2+iBp2 bT�+2 2p2`v `�iBQM�H +Q?QKQHQ;v +H�bb Q7 ivT2 (p, p) Bb �M�HviB+X
h?2 QMHv +�b2 r?B+? ?�b #22M T`Qp2/ BM ;2M2`�H Bb i?2 +�b2 p = 1X

h?2Q`2K UG27b+?2ix h?2Q`2K QM (1, 1)@+H�bb2bVX 6Q` M ⊆ PN � bm#K�MB7QH/- 2p2`v
+Q?QKQHQ;v +H�bb

γ ∈ H1,1(M) ∩H2(M,Z)

Bb �M�HviB+c BM 7�+i γ = ηD 7Q` bQK2 /BpBbQ` D QM M X

>2`2- r2 r`Bi2 H2(M,Z) 7Q` Bib BK�;2 BM H2(M,R)X

S`QQ7X *QMbB/2` �;�BM i?2 2t�+i b2[m2M+2

0 −→ Z −→ O −→ O∗ −→ 0

�M/ i?2 �bbQ+B�i2/ +Q?QKQHQ;v b2[m2M+2

H1(M,O∗)
c1−→ H2(M,Z) i∗−→ H2(M,O) ∼= H0,2(M).

q2 +H�BK i?�i i?2 K�T i∗ Bb ;Bp2M #v }`bi K�TTBM; H2(M,Z) → H2(M,C) �M/ i?2M
T`QD2+iBM; QMiQ i?2 (0, 2)@7�+iQ` Q7 H2(M,C) BM i?2 >Q/;2 /2+QKTQbBiBQMc BX2X- i?�i i?2
/B�;`�K

Rk



H2(M,Z) H2(M,O)

H2(M,C)

H2
/_(M,C) H0,2

∂
(M)

i∗

+QKKmi2bX Uh?2 K�T π0,2 Bb /2}M2/ QM i?2 7Q`K H2p2H- bBM+2 7Q` ω = ω2,0 + ω1,1 + ω0,2 ∈

Z2
d(M)- ∂ω0,2 = (dω)0,3 = 0VX hQ b22 i?Bb- H2i z = {zαβγ} ∈ Z2(M,C)c iQ }M/ i?2 BK�;2

Q7 z mM/2` i?2 /2 _?�K BbQKQ`T?BbK- r2 i�F2 fαβ ∈ A0(Uα ∩ Uβ) bm+? i?�i

zαβγ = fβγ + fγα + fαβ BM Uα ∩ Uβ ∩ Uγ;

bBM+2 zαβγ Bb +QMbi�Mi- dfβγ + dfγα + dfαβ = 0- bQ {dfαβ} ∈ Z1(M,Z 1
d ) �M/ r2 +�M }M/

ωα ∈ A1(Uα) bm+? i?�i

dfαβ = ωβ − ωα BM Uα ∩ Uβ.

h?2 ;HQ#�H 2@7Q`K dωα = dωβ i?2M `2T`2b2Mib i?2 BK�;2 Q7 z BM H2
/_(M,C)X PM i?2 Qi?2`

?�M/- i�F2 i?2 BK�;2 Q7 i∗z mM/2` i?2 .QH#2�mHi BbQKQ`T?BKc r2 r`Bi2

zαβγ = fβγ + fγα + fαβ, ∂fαβ = ω0,1
β − ω0,1

α ,

�M/ r2 b22 i?�i ∂ω0,1
α = (dωα)

0,2 `2T`2b2Mib z BM H0,2

∂
(M)X

LQr- ;Bp2M γ ∈ H1,1(M) ∩ H2(M,Z)- r2 ?�p2 i∗(γ) = 0- �M/ ?2M+2 γ = c1(L) 7Q`
bQK2 HBM2 #mM/H2 L ∈ H1(M,O∗)X q`BiBM; L = [D] 7Q` bQK2 /BpBbQ` D-

γ = c1([D]) = ηD. !

k h?2 EQ/�B`� 1K#2//BM; h?2Q`2K

q2 rBHH #2 +QM+2`M2/ BM i?Bb b2+iBQM rBi? /2i2`KBMBM; 2t�+iHv r?2M � +QKT�+i +QKTH2t
K�MB7QH/ Bb �M �H;2#`�B+ p�`B2iv- BX2X- r?2M Bi +�M #2 2K#2//2/ BM T`QD2+iBp2 bT�+2X

_2+�HH i?�i r2 ?�p2 � #�bB+ /B+iBQM�`v





MQM/2;2M2`�i2 K�Tb
f : M → PN - KQ/mHQ
T`QD2+iBp2 i`�Mb7Q`K�iBQMb





"






HBM2 #mM/H2b L → M

rBi? E ⊆ H0(M,O(L))

bm+? i?�i |E| ?�b MQ #�b2 TQBMib
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r?2`2 i?2 +?QB+2 Q7 ?QKQ;2M2Qmb +QQ`/BM�i2b QM PN +Q``2bTQM/b iQ i?2 +?QB+2 Q7 #�bBb
s0, . . . , sN 7Q` EX q2 rBHH Q7i2M r`Bi2 ιL 7Q` ιH0(M,O(L)) �M/ ιD 7Q` ι[D]X

q2 K�v bi�i2 i?2 [m2biBQM �b, :Bp2M L → M � ?QHQKQ`T?B+ HBM2 #mM/H2- r?2M Bb
ιL : M → PN �M 2K#2//BM;\ 6B`bi- BM Q`/2` 7Q` ιL iQ #2 r2HH@/2}M2/ i?2 HBM2�` bvbi2K
|L| +�MMQi ?�p2 �Mv #�b2 TQBMib- BX2X- 7Q` 2�+? x ∈ M i?2 `2bi`B+iBQM K�T

H0(M,O(L))
rx−→ Lx

Kmbi #2 bm`D2+iBp2X :`�Mi2/ i?Bb- ιL rBHH #2 �M 2K#2//BM; B7

RX ιG Bb QM2@iQ@QM2X *H2�`Hv i?Bb Bb i?2 +�b2 B7 �M/ QMHv B7 7Q` �HH x �M/ y BM M, i?2`2 2tBbib
� b2+iBQM s ∈ H0(M,O(L)) p�MBb?BM; �i x #mi MQi �i y BX2X- B7 �M/ QMHv B7 i?2 `2bi`B+iBQM
K�T

U♠V H0(M,O(L))
rx,y−→ Lx ⊕ Ly

Bb bm`D2+iBp2 7Q` �HH x %= y ∈ M X LQi2 i?�i B7 L b�iBb}2b i?Bb +QM/BiBQM- i?2M |L| Kmbi
#2 #�b2@TQBMi@7`22X

kX ιL ?�b MQMx2`Q /Bz2`2MiB�H 2p2`vr?2`2X A7 ϕα Bb � i`BpB�HBx�iBQM Q7 L M2�` x- i?2M i?Bb Bb
i?2 +�b2 B7 �M/ QMHv B7 7Q` �HH v∗ ∈ T ∗

x (M)- i?2`2 2tBbib s ∈ H0(M,O(L)) rBi? sα(x) = 0

�M/ dsα(x) = v∗- r?2`2 sα = ϕ∗
αsX G2i Ix ⊂ O /2MQi2 i?2 b?2�7 Q7 ?QHQKQ`T?B+

7mM+iBQMb QM M p�MBb?BM; �i x- �M/ H2i Ix(L) #2 i?2 b?2�7 Q7 b2+iBQMb Q7 L p�MBb?BM;
�i xX A7 s Bb �Mv b2+iBQM Q7 Ix(L) /2}M2/ M2�` x- �M/ ϕα,ϕβ �`2 i`BpB�HBx�iBQMb Q7 L BM
� M2B;?#Q`?QQ/ U Q7 x- i?2M r`BiBM; sα = ϕ∗

αs- sβ = ϕ∗
βs- sα = gαβsβ- r2 ?�p2

dsα = dsβ · gαβ + dgαβ · sβ = dsβ · gαβ �i x.

h?mb r2 ?�p2 � r2HH@/2}M2/ b?2�7 K�T

dx : Ix(L) −→ T ∗
x
′ ⊗ Lx

�M/ +QM/BiBQM k +�M #2 bi�i2/ �b `2[mB`BM; i?�i i?2 K�T

U♣V H0(M,Ix(L))
dx−→ T ∗

x
′ ⊗ Lx

#2 bm`D2+iBp2 7Q` �HH x ∈ M X

LQi2 i?�i U♣V Bb i?2 HBKBiBM; +�b2 Q7 U♠V r?2M y → xX

R9



h?2Q`2K UEQ/�B`� 1K#2//BM; h?2Q`2KVX G2i M #2 � +QKT�+i +QKTH2t K�MB7QH/ �M/
L → M � TQbBiBp2 HBM2 #mM/H2X h?2M i?2`2 2tBbib k0 bm+? i?�i 7Q` k ≥ k0- i?2 K�T

ιLk : M −→ PN

Bb r2HH@/2}M2/ �M/ Bb �M 2K#2//BM; Q7 M X

S`QQ7X q2 r�Mi iQ T`Qp2 i?�i i?2`2 2tBbib k0 bm+? i?�i

RX h?2 `2bi`B+iBQM K�T

H0(M,O(Lk))
rx,y−→ Lk

x ⊕ Lk
y

Bb bm`D2+iBp2 7Q` �HH x %= y ∈ M - k ≥ k0c �M/

kX h?2 /Bz2`2MiB�H K�T

H0(M,Ix(L
k))

dx−→ T ∗
x
′ ⊗ Lk

x

Bb bm`D2+iBp2 7Q` �HH x ∈ M - k ≥ k0X

hQ T`Qp2 �bb2`iBQM R- H2i M̃
π→ M /2MQi2 i?2 #HQr@mT Q7 M �i #Qi? x �M/ y-

Ex = π−1(x) �M/ Ey = π−1(y) i?2 2t+2TiBQM�H /BpBbQ`b Q7 i?2 #HQr@mTc 7Q` MQi�iBQM�H
+QMp2MB2M+2- H2i E /2MQi2 i?2 /BpBbQ` Ex + EyX U>2`2 r2 �`2 i�+BiHv �bbmKBM; i?�i
n = /BK(M) ≥ 2c BM +�b2 M Bb � _B2K�MM bm`7�+2- �HH i?2 �`;mK2Mib i?�i 7QHHQr rBHH
#2 p�HB/ 7Q` M̃ = M - π = B/XV

*QMbB/2` i?2 TmHH#�+F K�T QM b2+iBQMb

π∗ : H0(M,OM(Lk)) → H0(M̃,OM̃(π∗Lk)).

6Q` �Mv ;HQ#�H b2+iBQM σ̃ Q7 π∗L- i?2 b2+iBQM Q7 Lk ;Bp2M #v σ Qp2` M − {x, y} 2ti2M/b
#v >�`iQ;bǶ i?2Q`2K iQ � ;HQ#�H b2+iBQM σ ∈ H0

(
M,O

(
Lk

))
- �M/ bQ r2 b22 i?�i π∗ Bb �M

BbQKQ`T?BbKX 6m`i?2`KQ`2- #v /2}MBiBQM π∗Lk Bb i`BpB�H �HQM; Ex �M/ Ey- BX2X-

(π∗Lk)
∣∣
Ex

= Ex × Lk
x, (π∗Lk)

∣∣
E
= Ey × Lk

y,

bQ i?�i

H0(E,OE(π
∗Lk)) ∼= Lk

x ⊕ Lk
y,

�M/ B7 rE /2MQi2b i?2 `2bi`B+BiBQM K�T iQ E- i?2 /B�;`�K

R8



H0(M̃,OM̃(π∗Lk)) H0(E,OE(π
∗Lk))

H0(M,O(Lk)) Lk
x ⊕ Lk

y

rE

rx,y

+QKKmi2bX h?mb iQ T`Qp2 �bb2`iBQM R 7Q` x �M/ y- r2 ?�p2 iQ b?Qr i?2 K�T rE Bb bm`D2+iBp2X
LQr- QM M̃ r2 ?�p2 i?2 2t�+i b?2�7 b2[m2M+2

0 −→ OM̃(π∗Lk − E) −→ OM̃(π∗Lk)
rE−→ OE(π

∗Lk) −→ 0.

*?QQb2 k1 bm+? i?�i Lk1 − KM Bb TQbBiBp2 QM M X AM 7�+i- r2 +�M +?QQb2 k2 bm+? i?�i
π∗Lk − nE Bb TQbBiBp2 QM M̃ 7Q` k ≥ k2- r?B+? rBHH #2 T`Qp2/ BM i?2 M2ti T`QTQbBiBQMX
LQi2 i?�i

KM̃ = π∗KM + (n− 1)E.

aQ 7Q` k ≥ k0 = k1 + k2-

OM̃(π∗Lk − E) = Ωn
M̃
(π∗Lk − E −KM̃) = Ωn

M̃
((π∗Lk1 −KM̃) + (π∗Lk′ − E))

rBi? k′ ≥ k2X LQr #v ?vTQi?2bBb- π∗Lk′ − nE ?�b � TQbBiBp2 /2}MBi2 +m`p�im`2 7Q`K QM
M̃ c Lk1 −KM ?�b � TQbBiBp2 +m`p�im`2 7Q`K QM M - �M/ bQ π∗Lk1 − π∗KM ?�b � TQbBiBp2
b2KB/2}MBi2 QM2 QM M̃ X h?mb i?2 HBM2 #mM/H2

(π∗Lk1 −KM̃) + (π∗Lk′ − E) = (π∗Lk1 − π∗KM) + (π∗Lk′ − nE)

Bb TQbBiBp2 QM M̃ - �M/ #v i?2 EQ/B�`� p�MBb?BM; i?2Q`2K-

H1(M̃,OM̃(π∗Lk − E)) = H1(M̃,Ωn
M̃
((π∗Lk1 −KM̃) + (π∗Lk′ − E))) = 0

7Q` k ≥ k0X >2M+2 i?2 K�T

rE : H0(M̃,OM̃(π∗Lk)) −→ H0(E,OE(π
∗Lk))

Bb bm`D2+iBp2 7Q` k ≥ k0- �M/ bQ �bb2`iBQM R Bb T`Qp2/ 7Q` x �M/ yX
�bb2`iBQM k Bb T`Qp2/ bBKBH�`HvX G2i M̃

π→ M MQr /2MQi2 i?2 #HQr@mT Q7 M �i x-
E = π−1(x) i?2 2t+2TiBQM�H /BpBbQ`X �;�BM- i?2 TmHH#�+F K�T

π∗ : H0(M,OM(Lk)) −→ H0(M̃,OM̃(π∗Lk))

Bb �M BbQKQ`T?BbKX 6m`i?2`- B7 σ ∈ H0(M,OM(Lk))- i?2M σ(x) = 0 B7 �M/ QMHv B7 σ̃ = π∗σ

p�MBb?2b QM Ec i?mb π∗ `2bi`B+ib iQ ;Bp2 �M BbQKQ`T?BbK

π∗ : H0(M,Ix(L
k)) −→ H0(M̃,OM̃(π∗Lk − E)).

Re



�b #27Q`2- r2 +�M B/2MiB7v

H0(E,OE(π
∗Lk − E)) = Lk

x ⊗H0(E,OE(−E)) ∼= Lk
x ⊗ T ∗

x
′,

�M/ i?2 /B�;`�K

H0(M̃,OM̃(π∗Lk − E)) H0(E,OE(π
∗Lk − E))

H0(M,Ix(L
k)) Lk

x ⊗ T ∗
x
′

rE

dx

+QKKmi2bX h?mb r2 Kmbi T`Qp2 i?�i rE Bb bm`D2+iBp2 7Q` k # 0X
PM M̃ - i?2`2 Bb �M 2t�+i b2[m2M+2

0 −→ OM̃(π∗Lk − 2E) −→ OM̃(π∗Lk − E)
rE−→ OE(π

∗Lk − E) −→ 0.

�;�BM- +?QQb2 k1 bm+? i?�i Lk1 −KM Bb TQbBiBp2 QM M �M/ k2 bm+? i?�i π∗Lk′ − (n+1)E

Bb TQbBiBp2 QM M̃ 7Q` k′ ≥ k2X 6Q` k ≥ k0 = k1 + k2-

OM̃(π∗Lk − 2E) = Ωn
M̃
((π∗Lk1 − π∗KM)⊗ (π∗Lk′ − (n+ 1)E))

rBi? k′ ≥ k2X Ai 7QHHQrb #v i?2 EQ/�B`� p�MBb?BM; i?2Q`2K i?�i

H1(M̃,OM̃(π∗Lk − 2E)) = 0

7Q` k ≥ k0c ?2M+2 rE Bb bm`D2+iBp2 QM ;HQ#�H b2+iBQMb �M/ �bb2`iBQM k Bb T`Qp2/ 7Q` �`#Bi`�`v
}t2/ xX

�HH i?�i `2K�BMb MQr iQ #2 T`Qp2/ Bb i?�i r2 +�M }M/ QM2 p�Hm2 Q7 k0 bm+? i?�i
�bb2`iBQMb R �M/ k ?QH/ 7Q` �HH +?QB+2b Q7 x �M/ y �M/ �HH k ≥ k0X "mi +H2�`Hv B7 ιLk Bb
/2}M2/ �i x �M/ y �M/ ιLk(x) %= ιLk(y)- i?2 b�K2 rBHH #2 i`m2 7Q` x′ M2�` x �M/ y′ M2�`
y- �M/ HBF2rBb2 B7 ιLk Bb bKQQi? �i x Bi rBHH #2 bKQQi? �i x′ M2�` x �M/ b2T�`�i2 TQBMib
x′ %= x′′- M2�` xX aBM+2 M Bb +QKT�+i- i?2M- i?2 `2bmHi 7QHHQrbX !

S`QTQbBiBQMX G2i M̃ π→ M /2MQi2 i?2 #HQr@mT Q7 M �i x- �M/ E i?2 2t+2TiBQM�H b2i Q7
πX amTTQb2 L → M Bb � TQbBiBp2 HBM2 #mM/H2X h?2M 7Q` �Mv m- π∗Lk −mE Bb TQbBiBp2 7Q`
k # 0X

S`QQ7X Ai bm{+2b iQ b?Qr i?2 bi�i2K2Mi ?QH/b 7Q` m = 1X *QMbB/2` i?2 +QKTH2t bi`m+im`2
Q7 � #HQrmT #v mbBM; � 2tTHB+Bi +?�`iX G2i z1, . . . , zn #2 � HQ+�H +QQ`/BM�i2 BM �M QT2M
+QQ`/BM�i2 U Q7 xX h?2M

Ũ := π−1(U) =
{
(z, l) ∈ U × Pn−1 | zilj = zjli

}
.

Rd



6Q` i = 1, . . . , n- Ũi = Ũ\ {(li = 0)} 7Q`Kb �M QT2M +Qp2` Q7 U - �M/ QM2 +�M 2M/Qr Ũi

rBi? +QQ`/BM�i2b

z(i)j =






zj
zi

=
lj
li

j %= i

zi j = i

h?Bb ;Bp2b i?2 +?�`i
(
Ũi,ϕi

)
r?2`2 ϕi Bb ;Bp2M #v

ϕi :Ũi −→ Cn

(z, l) 1−→
(
z1
zi
, . . . , zi, . . . ,

zn
zi

)
= (z(i)1, . . . , z(i)i, . . . , z(i)n)

h?2M 7Q` i < j- i?2 +?�M;2 Q7 +QQ`/BM�i2b Bb ;Bp2M #v

ϕj ◦ ϕ−1
i

∣∣
Uj∩Ui

(z(i)1, . . . , z(i)i, . . . , z(i)j, . . . , z(i)n)

=

(
z(i)1
z(i)j

. . . ,
1

z(j)i
, . . . , z(i)iz(i)j, . . . ,

z(i)n
z(i)j

)

aBM+2 i?2 i`�MbBiBQM 7mM+iBQMb Q7 i?2 HBM2 #mM/H2 [E] QM M̃ �`2 ;Bp2M #v

gij = z(j)i =
zi
zj

=
li
lj

BM Ũi ∩ Ũj,

QM2 +�M `2�HBx2 [E] QM Ũ #v B/2MiB7vBM; i?2 }#`2 �i (z, l) rBi? i?2 +QKTH2t HBM2 BM Cn

T�bbBM; i?`Qm;? (l1, . . . , ln)X

LQr r2 �`2 ;QBM; iQ +QMbi`m+i � ?2`KBiB�M K2i`B+ h QM [E]X

RX aBM+2 i?2 }#`2 Q7 i?2 HBM2 #mM/H2 [E]|Ũi
Qp2` � TQBMi (z, l) +�M #2 B/2MiB}2/ rBi? i?2

+QKTH2t HBM2 {λ (l1, . . . , ln) | λ ∈ C}- r2 KB;?i H2i h1 #2 i?2 K2i`B+ QM [E]|Ũ ;Bp2M
#v |(l1, . . . , ln)|2

kX G2i h2 #2 i?2 K2i`B+ QM [E]|M̃\E bm+? i?�i h2(σ) ≡ 1, r?2`2 σ ∈ H0(M̃, E) Bb i?2
;HQ#�H b2+iBQM Q7 [E]|M̃ +Q``2bTQM/BM; iQ E

6Q` ε > 0, Uε := {z ∈ U | ‖z‖ < ε} �M/ Ũε := π−1 (Uε) . G2i ρ1, ρ2 #2 � T�`iBQM Q7 mMBiv
`2H�iBp2 iQ i?2 +Qp2`

¶
Ũ2ε, M̃\Ũε

©
Q7 M̃ X h?2M r2 +�M /2}M2 � ;HQ#�H ?2`KBiB�M K2i`B+ h

r?B+? Bb ;Bp2M #v

h = ρ1h1 + ρ2h2

q2 rBHH +QKTmi2 i?2 TQbBiBpBiv Q7 i?2 }`bi *?2`M +H�bb Q7 [−E] rBi? i?2 K2i`B+ hX

R3



RX PM M̃\Ũ2ε, ρ2 ≡ 1 �M/ ?2M+2 h(σ) ≡ 1, BX2X BM i?2 i`BpB�HBx�iBQM �#Qp2 hα |σα|2 = 1,

�M/
c1([−E]) = ddc HQ; 1

|σ|2 = 0

bBM+2 HQ; 1

|σ|2 Bb � ?�`KQMB+ 7mM+iBQMX

kX PM Ũε, ρ2 ≡ 0X .2MQi2
π′ : Ũε −→ Pn−1

(z, l) 1−→ l

G2i F #2 i?2 HBM2 #mM/H2 QM Pn−1 ;Bp2M #v {λ (l1, . . . , ln) | λ ∈ C}X _2+�HH i?�i F Bb
i?2 /m�H Q7 � ?vT2`TH�M2 #mM/H2X aBM+2 i?2 TmHH#�+F Q7 F pB� π∗ Bb Dmbi [E]- QM2 +�M
b22 i?�i

c1([−E]) = ddc HQ; ‖l‖2 = (π′)∗ ωFS

r?2`2 ωFS Bb i?2 �bbQ+B�i2/ (1, 1)@7Q`K Q7 i?2 6m#BMB@aim/v K2i`B+X h?2`27Q`2-
c1(−E) Bb b2KB@TQbBiBp2 QM UεX AM T�`iB+mH�`- Bi Bb TQbBiBp2 QM E bBM+2 π′|E ;Bp2b �M
BbQKQ`T?BbKX

hQ bmK mT-

c1(−E) =






0 QM M̃\Ũ2ε

≥ 0 QM Ũε

> 0 QM T1,0(E)z ⊂ T1,0(M̃)z ∀z ∈ E

q2 i?2M im`M iQ +QKTmi2 i?2 TQbBiBpBiv Q7 π∗LkX LQi2 i?�i 7Q` �Mv x ∈ E �M/
v ∈ T (M̃)x-

c1 (π
∗L) (v, v̄) = c1(L) (π∗v, π∗v) ≥ 0

c1 (π
∗L) = π∗c1(L)

�M/ 2[m�HBiv ?QH/b B7 �M/ QMHv B7 π∗v = 0. q2 +QM+Hm/2 i?�i

c1 (π
∗L) =





= 0 QM T1,0(E)z ⊂ T1,0(M̃)z ∀z ∈ E

> 0 2p2`vr?2`2 2Hb2

*QMb2[m2MiHv- c1
(
π∗Lk ⊗ (−E)

)
= kc1 (π

∗L)−c1(E) Bb TQbBiBp2 QM Ũε �M/ QM M̃\Ũ2ε 7Q` ε
bK�HH 2MQm;?X 6m`i?2`KQ`2- bBM+2 Ũ2ε\Ũε Bb `2H�iBp2Hv +QKT�+i- −c1(E) Bb #QmM/2/ #2HQr
�M/ c1 (π

∗L) Bb bi`B+iHv TQbBiBp2 QM i?Bb `2;BQM- i?2M 7Q` k H�`;2 2MQm;? π∗Lk ⊗ (−E) Bb �
TQbBiBp2 HBM2 #mM/H2 QM M̃

!
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_2K�`FX �++Q`/BM; iQ EQ/�B`� 2K#2//BM; i?2Q`2K- r2 b22 i?�i �KTH2M2bb �M/ TQbB@
iBpBiv +QBM+B/2 QM � +QKT�+i E ?H2` +QKTH2t K�MB7QH/X

.2}MBiBQMX q2 b�v i?�i � HBM2 #mM/H2 L → M Qp2` �M �H;2#`�B+ p�`B2iv Bb p2`v �KTH2 B7
H0(M,O(L)) ;Bp2b �M 2K#2//BM; M → PN - BX2X- B7 i?2`2 2tBbib �M 2K#2//BM; f : M ↪→ PN

bm+? i?�i L = f ∗HX

h?2 7QHHQrBM; FMQrM `2bmHi +�M #2 /2`Bp2/ 7`QK i?2 EQ/�B`� 1K#2//BM; i?2Q`2KX

*Q`QHH�`vX A7 E → M Bb �Mv HBM2 #mM/H2 �M/ L → M � TQbBiBp2 HBM2 #mM/H2- i?2M 7Q`
k # 0- i?2 HBM2 #mM/H2 Lk + E Bb p2`v �KTH2X

AM +QM+HmbBQM- r2 +�M ;Bp2 � bQK2 r?�i KQ`2 BMi`BMbB+ `2bi�i2K2Mi Q7 i?2 i?2Q`2K,

h?2Q`2K UEQ/�B`� 1K#2//BM; h?2Q`2KVX � +QKT�+i +QKTH2t K�MB7QH/ M Bb �M �H;2@
#`�B+ p�`B2iv B7 �M/ QMHv B7 Bi ?�b � +HQb2/- TQbBiBp2 (1, 1)@7Q`K ω r?Qb2 +Q?QKQHQ;v +H�bb
[ω] Bb `�iBQM�HX

S`QQ7X A7 M Bb �H;2#`�B+- b�v i : M → PN - i?2M L = i∗[H] BM/m+2b � +HQb2/ (1, 1)@7Q`K ω

bm+? i?�i

[ω] = c1(L) ∈ H2(M,Z) → H2(M,Q).

aBM+2 [H] → PN Bb TQbBiBp2- ω Bb TQbBiBp2X

A7 [ω] ∈ H2(M,Q)- i?2M 7Q` bQK2 k ∈ N- [kω] ∈ H2(M,Z)c BM i?2 2t�+i b2[m2M+2

H1(M,O∗) −→ H2(M,Z) i∗−→ H2(M,O),

i∗([kω]) = 0- �M/ bQ i?2`2 2tBbib � ?QHQKQ`T?B+ HBM2 #mM/H2 L → M rBi? c1(L) = [kω]X
h?2 HBM2 #mM/H2 L rBHH i?2M #2 TQbBiBp2X !

� K2i`B+ r?Qb2 (1, 1)@7Q`K Bb `�iBQM�H Bb +�HH2/ � >Q/;2 K2i`B+X

*Q`QHH�`vX A7 M - M ′ �`2 �H;2#`�B+ p�`B2iB2b- i?2M M ×M ′ BbX

S`QQ7X A7 ω- ω′ �`2 +HQb2/- BMi2;`�H- TQbBiBp2 (1, 1)@7Q`Kb QM M - M ′- `2bT2+iBp2Hv- �M/
π : M ×M ′ → M - π′ : M ×M ′ → M ′ �`2 i?2 T`QD2+iBQM K�Tb- i?2M π∗ω + π′∗ω′ Bb �;�BM
+HQb2/- BMi2;`�H- �M/ TQbBiBp2 Q7 ivT2 (1, 1)X !
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*Q`QHH�`vX A7 M Bb �M �H;2#`�B+ p�`B2iv- M̃ π→ M i?2 #HQr@mT Q7 M �i � TQBMi x- i?2M
M̃ Bb �H;2#`�B+X

S`QQ7X q2 ?�p2 b22M BM i?2 +Qm`b2 Q7 i?2 T`QQ7 Q7 i?2 2K#2//BM; i?2Q`2K i?�i B7 L → M

Bb TQbBiBp2 �M/ E = π−1(x)- i?2M π∗Lk − E Bb TQbBiBp2 7Q` k # 0X !

*Q`QHH�`vX A7 M̃ π→ M Bb � }MBi2 mM#`�M+?2/ +Qp2`BM; Q7 +QKT�+i +QKTH2t K�MB7QH/b-
i?2M M Bb �H;2#`�B+ B7 �M/ QMHv B7 M̃ BbX

S`QQ7X *H2�`Hv- B7 L → M Bb TQbBiBp2- i?2M c1(π
∗L) = π∗c1(L) BKTHB2b i?�i π∗L Bb TQbBiBp2X

*QMp2`b2Hv- b�v ω̃ Bb �M BMi2;`�H- TQbBiBp2 (1, 1)@7Q`K QM M̃ X 6Q` �Mv p ∈ M - r2 ?�p2
BbQKQ`T?BbKb Q7 � M2B;?#Q`?QQ/ U Q7 p BM M rBi? M2B;?#Q`?QQ/b Ui Q7 i?2 TQBMib qi ∈

π−1(p)c r2 +�M /2}M2 � (1, 1)@7Q`K ω QM M #v

ω(p) =
∑

q∈π−1(p)

ω̃(q).

h?2M ω Bb +HQb2/ �M/ Q7 ivT2 (1, 1)- �M/ B7 η ∈ H2n−2
/_ (M) Bb �Mv BMi2;`�H +Q?QKQHQ;v +H�bb-

i?2M ∫

M

ω ∧ η =
1

m

∫

M̃

ω̃ ∧ π∗η ∈ Q,

r?2`2 m Bb i?2 MmK#2` Q7 b?22ib Q7 i?2 +Qp2`X h?mb [ω′] Bb `�iBQM�HX !
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