
h`�Mb+2M/2Mi�H J2i?Q/b

CmM2 Rd- kyky

y S`2HBKBM�`B2b

G2i M #2 � +QKTH2t K�MB7QH/X .2MQi2 i?2 ?QHQKQ`T?B+ i�M;2Mi bT�+2 �M/ �MiB?QHQKQ`@
T?B+ i�M;2Mi bT�+2 �i z ∈ M #v T ′

z(M), T ′′
z (M)X �HbQ- H2i T ∗

z
′(M), T ∗

z
′′(M) /2MQi2 i?2B`

/m�H bT�+2bX q2 r`Bi2

An(M) := {+QKTH2t@p�Hm2/ n@7Q`Kb} =
⊕

p+q=n

Ap,q(M),

�b � /2+QKTQbBiBQM Q7 7Q`Kb Q7 ivT2 (p, q) r?2`2

Ap,q(M) = {ϕ ∈ An(M) : ϕ(z) ∈
∧p

T ∗
z
′(M)⊗

∧q
T ∗
z
′′(M) 7Q` �HH z ∈ M}.

G2i
πp,q : A∗(M) → Ap,q(M), πr =

⊕

p+q=r

πp,q : A∗(M) → Ar(M)

/2MQi2 i?2 T`QD2+iBQMb �M/ /2}M2 i?2 QT2`�iQ`b

∂ = πp+1,q ◦ d : Ap,q(M) → Ap+1,q(M), ∂ = πp,q+1 ◦ d : Ap,q(M) → Ap,q+1(M).

�++Q`/BM;Hv- r2 ?�p2 d = ∂+∂X AM i2`Kb Q7 HQ+�H +QQ`/BM�i2b z = (z1, . . . , zm)- B7 r2 r`Bi2
� 7Q`K ϕ ∈ Ap,q(M) �b

ϕ(z) =
∑

|I|=p,|J |=q

ϕIJ(z) dzI ∧ dzJ ,

i?2 QT2`�iQ`b ∂ �M/ ∂ �`2 i?2M ;Bp2M #v

∂ϕ(z) =
∑

I,J,k

∂

∂zk
ϕIJ(z) dzk ∧ dzI ∧ dzJ ,

∂ϕ(z) =
∑

I,J,k

∂

∂zk
ϕIJ(z) dzk ∧ dzI ∧ dzJ .

R



AM T�`iB+mH�`- r2 b�v i?�i � 7Q`K ϕ Q7 ivT2 (p, 0) Bb ?QHQKQ`T?B+ B7 ∂ϕ = 0X q2 /2}M2
i?2 .QH#2�mHi +Q?QKQHQ;v ;`QmTb iQ #2

Hp,q

∂
(M) =

Zp,q

∂
(M)

∂(Ap,q−1(M))

�M/ i?2 /2 _?�K +Q?QKQHQ;v iQ #2

Hr
/_(M) =

Zr
d(M)

dAr−1(M)
,

r?2`2 Z∗,∗
∂

(M), Z∗
d(M) �`2 i?2 ∂@+HQb2/ �M/ d@+HQb2/ 7Q`Kb- `2bT2+iBp2HvX

G2i n #2 i?2 /BK2MbBQM Q7 M X � ?2`KBiB�M K2i`B+ QM M Bb ;Bp2M #v � TQbBiBp2 /2}MBi2
?2`KBiB�M BMM2` T`Q/m+i

〈 , 〉z : T ′
z(M)⊗ T ′

z(M) → C

/2T2M/BM; bKQQi?Hv QM zX q`BiBM; Bi BM i2`Kb Q7 i?2 #�bBb {dzi⊗ dzj}- i?2 K2i`B+ Bb ;Bp2M
#v

ds2 =
∑

i,j

hjk(z)dzj ⊗ dzk.

� +Q7`�K2 7Q` i?2 ?2`KBiB�M K2i`B+ Bb �M n@imTH2 Q7 7Q`Kb (ϕ1, . . . ,ϕm) Q7 ivT2 (1, 0)

bm+? i?�i

ds2 =
∑

j

ϕj ⊗ ϕj.

Ai Bb +H2�` i?�i +Q7`�K2b �Hr�vb 2tBbi HQ+�HHv, r2 +�M +QMbi`m+i QM2 #v �TTHvBM; i?2 :`�K@
a+?KB/i T`Q+2bbX

aBM+2 r2 ?�p2 � M�im`�H R@HBM2�` BbQKQ`T?BbK

TR,z(M) → T ′
z(M),

r2 b22 i?�i 7Q` � ?2`KBiB�M K2i`B+ ds2 QM M - _2 ds2 Bb � _B2K�MMB�M K2i`B+ QM M X q?2M
r2 bT2�F Q7 /Bbi�M+2- �`2�- Q` pQHmK2 QM � +QKTH2t K�MB7QH/ rBi? ?2`KBiB�M K2i`B+- r2
�Hr�vb `272` iQ i?2 BM/m+2/ _B2K�MMB�M K2i`B+X q2 �HbQ b22 i?�i bBM+2 i?2 [m�/`�iB+ 7Q`K
AK ds2 Bb �Hi2`M�iBM;- Bi `2T`2b2Mib � `2�H /Bz2`2MiB�H 7Q`K Q7 /2;`22 2c

ω = − AK ds2 =
i

2

∑

j

ϕj ∧ ϕj

Bb +�HH2/ i?2 �bbQ+B�i2/ (1, 1)@7Q`K Q7 i?2 K2i`B+X

k



h?2Q`2K UqB`iBM;2`VX G2i M #2 � +QKTH2t K�MB7QH/- ds2 � ?2`KBiB�M K2i`B+ QM M

rBi? �bbQ+B�i2/ (1, 1)@7Q`K ωX G2i S ⊆ M #2 � +QKTH2t bm#K�MB7QH/ Q7 /BK2MbBQM dX
h?2M

oQH(S) = 1

d!

∫

S

ωd.

S`QQ7X q2 QMHv M22/ iQ /Q i?2 +�b2 r?2M S = M X G2i z = (z1, . . . , zn) #2 � HQ+�H
+QQ`/BM�i2b QM M - �M/ ds2 =

∑

j

ϕj ⊗ ϕjX q`Bi2 ϕj = αj + iβjc i?2M i?2 �bbQ+B�i2/

_B2K�MMB�M K2i`B+ QM M Bb

_2 ds2 = 1

2
(ds2 + ds2) =

∑

j

αj ⊗ αj + βj ⊗ βj,

�M/ i?2 pQHmK2 2H2K2Mi �bbQ+B�i2/ iQ _2 ds2 Bb ;Bp2M #v

Φ = α1 ∧ β1 ∧ · · · ∧ αn ∧ βn.

PM i?2 Qi?2` ?�M/- r2 ?�p2 ω =
∑

j

αj ∧ βj- bQ i?�i i?2 ni? 2ti2`BQ` TQr2`

ωn = n!α1 ∧ β1 ∧ · · · ∧ αn ∧ βn = n!Φ. !

1t�KTH2 U6m#BMB@aim/v K2i`B+VX G2i Z0, . . . , Zn #2 +QQ`/BM�i2b QM Cn+1 �M/ π : Cn+1−

{0} → Pn i?2 bi�M/�`/ T`QD2+iBQM K�TX G2i U ⊆ Pn #2 �M QT2M b2i �M/ Z : U →

Cn+1 − {0} � HB7iBM; Q7 U c +QMbB/2` i?2 /Bz2`2MiB�H 7Q`K

ω =
i

2π
∂∂ HQ; ‖Z‖2.

h?2M ω Bb BM/2T2M/2Mi Q7 i?2 HB7iBM; +?Qb2Mc bBM+2 HB7iBM; �Hr�vb 2tBbi HQ+�HHv- ω Bb ;HQ#�HHv
/2}M2/ /Bz2`2MiB�H 7Q`K BM PnX *H2�`Hv ω Bb Q7 ivT2 (1, 1)X hQ b22 i?�i ω Bb TQbBiBp2-
}`bi MQi2 i?�i i?2 mMBi�`v ;`QmT U(n + 1) �+ib i`�MbBiBp2Hv QM Pn �M/ H2�p2b i?2 7Q`K
ω BMp�`B�Mi- bQ i?�i ω Bb TQbBiBp2 2p2`vr?2`2 B7 Bi Bb TQbBiBp2 �i QM2 TQBMiX �i i?2 TQBMi
[1 : 0 : · · · : 0]-

ω =
i

2π

∑

j

dwj ∧ dwj > 0,

r?2`2 wj = Zj/Z0X h?Bb ω /2}M2b � ?2`KBiB�M K2i`B+ QM PnX

yXR h?2 >Q/;2 h?2Q`2K

G2i M #2 � +QMM2+i2/- +QKT�+i +QKTH2t K�MB7QH/ Q7 +QKTH2t /BK2MbBQM nX q2 +?QQb2
� ?2`KBiB�M K2i`B+ ds2 rBi? �bbQ+B�i2/ (1, 1)@7Q`K ω =

i

2

∑

j

ϕj ∧ ϕj BM i2`Kb Q7 �

j



mMBi�`v +Q7`�K2 {ϕ1, . . . ,ϕn}X h?2 K2i`B+ ds2 BM/m+2b � ?2`KBiB�M K2i`B+ QM �HH i2M@
bQ` #mM/H2b T ∗(p,q)(M)c i?2 BMM2` T`Q/m+i BM T ∗(p,q)

z (M) Bb ;Bp2M #v i�FBM; i?2 #�bBb
{ϕI(z) ∧ ϕJ(z)}|I|=p,|J |=q iQ #2 Q`i?Q;QM�H �M/ Q7 H2M;i? ‖ϕI ∧ ϕJ‖2 = 2p+q U`2+�HH i?�i
‖dzj‖2 = 2 QM CnVX G2i Φ #2 i?2 pQHmK2 7Q`K- i?2M i?2 ;HQ#�H BMM2` T`Q/m+i

〈ψ, η〉 =
∫

M

〈ψ(z), η(z)〉Φ(z)

K�F2b i?2 bT�+2 Ap,q(M) BMiQ � T`2@>BH#2`i bT�+2X
q2 /2}M2 i?2 bi�`- Q` /m�HBiv QT2`�iQ`-

∗ : Ap,q(M) −→ An−p,n−q(M)

#v `2[mB`BM;
〈ψ(z), η(z)〉Φ(z) = ψ(z) ∧ ∗ η(z)

7Q` �HH ψ ∈ Ap,q(M)X h?Bb Bb �M �H;2#`�B+ QT2`�iQ`- r?B+? Bb ;Bp2M HQ+�HHv �b 7QHHQrb, B7 r2
r`Bi2 η =

∑

I,J

ηIJ ϕI ∧ ϕJ - i?2M

∗ η = 2p+q−n
∑

I,J

εI,JηIJ ϕI! ∧ ϕJ! ,

r?2`2 I! = {1, . . . , n} − I- J! = {1, . . . , n} − J �M/ r2 r`Bi2 εI,J 7Q` i?2 bB;M Q7 i?2
T2`Kmi�iBQM

(1, . . . , n, 1, . . . , n) −→ (i1, . . . , ip, j1, . . . , jq, i
!
1, . . . , i

!
n−p, j

!
1, . . . , j

!
n−q).

h?2 bB;Mb rQ`F Qmi bQ i?�i ∗ ∗ η = (−1)p+qηX
AM 7�+i- i?2 bT�+2 Ap,q(M) Bb +QKTH2i2 �M/ ∂ Bb #QmM/2/- bQ r2 +�M /2}M2 i?2 �/DQBMi

QT2`�iQ`
∂
∗
: Ap,q(M) → Ap,q−1(M)

#v `2[mB`BM; i?�i 〈∂∗ψ, η〉 = 〈ψ, ∂η〉 7Q` �HH η ∈ Ap,q−1(M)X h?2 ∂@G�TH�+B�M Bb /2}M2/ #v
,∂ = ∂∂

∗
+ ∂

∗
∂X .Bz2`2MiB�H 7Q`Kb b�iBb7vBM; i?2 G�TH�+2 2[m�iBQM ,∂ψ = 0 �`2 +�HH2/

?�`KQMB+ 7Q`Kbc i?2 bT�+2 Q7 ?�`KQMB+ 7Q`Kb Q7 ivT2 (p, q) Bb /2MQi2/ Hp,q(M) �M/ +�HH2/
i?2 ?�`KQMB+ bT�+2X

h?2Q`2K U>Q/;2VX lbBM; i?2 MQi�iBQM �#Qp2- r2 ?�p2

RX /BKHp,q

∂
(M) < ∞c �M/

9



kX #2+�mb2 Q7 i?Bb- i?2 Q`i?Q;QM�H T`QD2+iBQM H∂ : Ap,q(M) → Hp,q

∂
(M) Bb r2HH@/2}M2/X

�M/ i?2`2 2tBbib � mMB[m2 QT2`�iQ`- i?2 :`22MǶb QT2`�iQ`-

G∂ : Ap,q(M) → Ap,q(M),

rBi? G∂(H
p,q

∂
(M)) = 0- [G∂ , ∂] = [G∂ , ∂

∗
] = 0 �M/

U♠V B/ = H∂ +,∂G∂

QM Ap,q(M)X

h?2 2[m�iBQM U♠V BM i?2 7Q`K

ψ = H∂(ψ) + ∂
(
∂
∗
G∂ψ

)
+ ∂

∗ (
∂G∂ψ

)

Bb +�HH2/ i?2 >Q/;2 /2+QKTQbBiBQM QM 7Q`Kb- bBM+2 Bi /B`2+iHv BKTHB2b i?2 Q`i?Q;QM�H /B`2+i@
bmK /2+QKTQbBiBQM

Ap,q(M) = Hp,q

∂
(M)⊕ ∂Ap,q−1(M)⊕ ∂

∗
Ap,q+1(M).

_2K�`FX PM � +QKT�+i _B2K�MMB�M K�MB7QH/ M r2 K�v /2}M2 i?2 �/DQBMi d∗ Q7 d-
7Q`K i?2 G�TH�+B�M ,d = dd∗ + d∗d- �M/ �``Bp2 �i i?2 2t�+i b�K2 7Q`K�HBbK �b 7Q` ∂ QM
+QKTH2t K�MB7QH/bX h?2 >Q/;2 i?2Q`2K Bb �HbQ i`m2 �M/ i?2 T`QQ7 Bb i?2 b�K2 �b i?2 QM2
BM i?2 +QKTH2t +�b2X

yXk �TTHB+�iBQM Q7 i?2 >Q/;2 h?2Q`2K

q2 }`bi `2+�HH i?2 .QH#2�mHi i?2Q`2K

h?2Q`2K U.QH#2�mHiVX 6Q` +QKTH2t K�MB7QH/ M - r2 ?�p2 i?2 BbQKQ`T?BbK

Hq(M,Ωp) ∼= Hp,q

∂
(M).

LQr- #v i?2 >Q/;2 /2+QKTQbBiBQM 2p2`v ∂@+HQb2/ 7Q`K ψ ∈ Zp,q

∂
(M) +�M #2 r`Bii2M �b

ψ = H∂(ψ) + ∂
(
∂
∗
Gψ
)
,

bBM+2 ∂Gψ = G∂ψ = 0X h?2`27Q`2- r2 ?�p2 i?2 BbQKQ`T?BbK

Hp,q

∂
(M) ∼= Hp,q

∂
(M).

*QK#BMBM; i?Bb rBi? i?2 .QH#2�mHi BbQKQ`T?BbK- r2 }M/

Hp,q

∂
(M) ∼= Hq(M,Ωp).

8



R E ?H2` J�MB7QH/b

RXR h?2 E ?H2` *QM/BiBQM

G2i M #2 � +QKT�+i +QKTH2t K�MB7QH/ rBi? >2`KBiB�M K2i`B+ ds2- �M/ bmTTQb2 i?�i BM
bQK2 QT2M b2i U ⊆ M - ds2 Bb 1m+HB/2�Mc i?�i Bb- i?2`2 2tBbi HQ+�H ?QHQKQ`T?B+ +QQ`/BM�i2b
z = (z1, . . . , zn) bm+? i?�i

ds2 =
∑

j

dzj ⊗ dzj.

q`Bi2 zj = xj + iyjc QM2 K�v /B`2+iHv p2`B7v i?�i 7Q` � /Bz2`2MiB�H 7Q`K

ϕ =
∑

I,J

ϕIJdzI ∧ dzJ

+QKT�+iHv bmTTQ`i2/ BM U -

,∂(ϕ) = −2
∑

I,J,j

∂2

∂zj∂zj
ϕIJ dzI ∧ dzJ

= −1

2

∑

I,J,j

(
∂2

∂x2
j

+
∂2

∂y2j

)
ϕIJ dzI ∧ dzJ

=
1

2
,d(ϕ)

BX2X- i?2 ∂@G�TH�+B�M Bb 2[m�H iQ i?2 Q`/BM�`v d@G�TH�+B�M BM U - mT iQ � +QMbi�Mi U+7X
a2+iBQM eVX P7 +Qm`b2- p2`v 72r +QKT�+i +QKTH2t K�MB7QH/b ?�p2 2p2`vr?2`2 1m+HB/2�M
K2i`B+b- #mi �b Bi im`Mb Qmi BM Q`/2` iQ BMbm`2 i?2 B/2MiBiv

,∂ =
1

2
,d

QM � +QKTH2t K�MB7QH/- Bi Bb bm{+B2Mi i?�i i?2 K2i`B+ �TT`QtBK�i2 i?2 1m+HB/2�M K2i`B+
iQ Q`/2` 2 �i 2�+? TQBMiX h?Bb Bb i?2 E ?H2` +QM/BiBQM- �M/ r2 rBHH bT2M/ i?2 ;`2�i2` T�`i
Q7 i?Bb b2+iBQM /Bb+mbbBM; i?2 +QM/BiBQM �M/ Bib +QMb2[m2M+2bX

q2 bi�`i #v ;BpBM; i?`22 �Hi2`M�i2 7Q`Kb Q7 i?2 E ?H2` +QM/BiBQMX

.2}MBiBQM@S`QTQbBiBQMX G2i M #2 � +QKTH2t K�MB7QH/ rBi? � >2`KBiB�M K2i`B+

ds2 =
∑

j

ϕj ⊗ ϕj.

q2 b�v i?�i ds2 Bb E ?H2` B7 QM2 Q7 i?2 7QHHQrBM; 2[mBp�H2Mi bi�i2K2Mib ?QH/b,

e



UBV i?2 �bbQ+B�i2/ (1, 1)@7Q`K ω Bb d@+HQb2/- �M/

UBBV ds2 Qb+mH�i2b iQ Q`/2` 2 iQ i?2 1m+HB/2�M K2i`B+c i?�i Bb- 7Q` 2p2`v TQBMi z ∈ M r2
+�M }M/ � ?QHQKQ`T?B+ +QQ`/BM�i2 bvbi2K (zj) BM � M2B;?#Q`?QQ/ Q7 z 7Q` r?B+?

ds2 =
∑

j,k

(δjk + gjk) dzj ⊗ dzk,

r?2`2 gjk p�MBb?2b mT iQ Q`/2` 2 �i zX q2 mbm�HHv r`Bi2

ds2 =
∑

j,k

(δjk + [2]) dzj ⊗ dzk.

JQ`2Qp2`- � K�MB7QH/ Bb +�HH2/ E ?H2` B7 Bi �/KBib � E ?H2` K2i`B+X

S`QQ7X PM2 /B`2+iBQM Bb +H2�`X *QMp2`b2Hv- r2 +�M �Hr�vb }M/ +QQ`/BM�i2b (zj) 7Q` r?B+?
hjk(z) = δjkc BX2X-

ω =
i

2

∑

j,k,"

(δjk + ajk"z" + ajk"z" + [2]) dzj ∧ dzk;

MQi2 i?�i

hjk = hkj 4⇒ akj" = ajk"

�M/

dω = 0 4⇒ ajk" = a"kj.

q2 r�Mi iQ }M/ � +?�M;2 Q7 +QQ`/BM�i2b

zj = wj +
1

2

∑

k,"

bjk"wkw"

bm+? i?�i

U♠V ω =
i

2

∑

j,k

(δjk + [2]) dwj ∧ dwk;

r2 MQ`K�HBx2 #v `2[mB`BM;

bjk" = bj"k.

h?2M

dzj = dwj +
∑

k,"

bjk"wk dw",

d



bQ i?�i

−2iω =
∑

j

(
dwj +

∑

k,"

bjk"wk dw"

)
∧
∑

m

(
dwm +

∑

p,q

bmpqwp dwq

)

+
∑

j,k,"

(
ajk"w" + ajk"w"

)
dwj ∧ dwk + [2]

=
∑

j,k,"

(
δjk +

∑

"

(
ajk"w" + ajk"w" + bk"jw" + bj"kw"

)
)
dwj ∧ dwk + [2].

A7 r2 b2i

bk"j = −ajk";

i?2M

bk"j = −ajk" = −a"kj = bkj"

�M/

bj"k = −akj" = −akj",

bQ i?�i i?2 +QQ`/BM�i2 +?�M;2 /Q2b BM 7�+i b�iBb7v i?2 +QM/BiBQM U♠VX !

_2K�`FX �MQi?2` r�v Q7 2tT`2bbBM; i?Bb +QM/BiBQM i?�i Bb mb27mH BM +QKTmi�iBQM Bb iQ
b�v i?�i 7Q` 2�+? TQBMi z ∈ M r2 +�M }M/ � mMBi�`v +Q7`�K2 ϕ1, . . . ,ϕn 7Q` i?2 K2i`B+ BM
bQK2 M2B;?#Q`?QQ/ Q7 z bm+? i?�i dϕj(z) = 0X

1t�KTH2bX X

RX �Mv K2i`B+ QM � +QKT�+i _B2K�MM bm`7�+2 Bb E ?H2`- bBM+2 dω = 0 7Q` �Mv 2@7Q`K ωX

kX A7 Λ Bb � H�iiB+2 BM Cn- i?2 +QKTH2t iQ`mb T = Cn/Λ Bb E ?H2` rBi? i?2 1m+HB/2�M
K2i`B+ ds2 =

∑

j

dzj ⊗ dzjX

jX A7 M �M/ N �`2 E ?H2`- i?2M M ×N Bb E ?H2` rBi? i?2 T`Q/m+i K2i`B+X

9X A7 S ⊆ M Bb � bm#K�MB7QH/- i?2M #v i?2 �M�HQ;m2 Q7 BKTHB+Bi 7mM+iBQM i?2Q`2K- i?2
�bbQ+B�i2/ (1, 1)@7Q`K Q7 i?2 BM/m+2/ K2i`B+ QM S Bb Dmbi i?2 TmHH#�+F Q7 i?2 �bbQ+B�i2/
(1, 1)@7Q`K Q7 i?2 K2i`B+ QM M X h?mb M Bb E ?H2` BKTHB2b S Bb E ?H2`X

8X _2+�HH i?�i i?2 6m#BMB@aim/v K2i`B+ QM Pn Bb ;Bp2M #v Bib �bbQ+B�i2/ (1, 1)@7Q`K

ω =
i

2π
∂∂ HQ; ‖Z‖2 = i

4π
d
(
(∂ − ∂) HQ; ‖Z‖2

)
,

3



bQ r2 b22 i?�i ω Bb +HQb2/- �M/ i?2 6m#BMB@aim/v K2i`B+ Bb E ?H2`X

LQi2, Ai Bb +QMp2MB2Mi iQ /2}M2 �M QT2`�iQ` dc #v

dc =
i

4π
(∂ − ∂).

d �M/ dc �`2 #Qi? `2�H /Bz2`2MiB�H QT2`�iQ`b- �M/

ddc = −dcd =
i

2π
∂∂.

q2 +�M +QMb2[m2MiHv r`Bi2
ω = ddc HQ; ‖Z‖2.

_2K�`FX LQi2 i?�i #v i?2 H�bi irQ 2t�KTH2b- �Mv +QKT�+i K�MB7QH/ i?�i +�M #2 2K@
#2//2/ BM T`QD2+iBp2 bT�+2 Pn Bb E ?H2`X

RXk h?2 E ?H2` A/2MiBiB2b

G2i M #2 � +QKT�+i +QKTH2t K�MB7QH/ rBi? ?2`KBiB�M K2i`B+ ds2 �M/ �bbQ+B�i2/ (1, 1)@
7Q`K ωX q2 /2}M2 �M �//BiBQM�H QT2`�iQ`

L : Ap,q(M) −→ Ap+1,q+1(M)

#v L(η) = η ∧ ω �M/ H2i

Λ = L∗ : Ap,q(M) −→ Ap−1,q−1(M)

#2 Bib �/DQBMiX
LQr- 7Q` ;2M2`�H M i?2`2 �`2 MQ MQM@Q#pBQmb `2H�iBQMb?BTb �KQM; i?2b2 p�`BQmb QT2`@

�iQ`bX A7 r2 �bbmK2 i?�i i?2 K2i`B+ QM M Bb E ?H2`- ?Qr2p2`- r2 ;2i � ?Qbi Q7 B/2MiBiB2b
`2H�iBM; i?2K- +�HH2/ i?2 E ?H2` B/2MiBiB2bX AM/22/- i?2 E ?H2` +QM/BiBQM Bb 2t�+iHv i?�i
r?B+? BMbm`2b � bi`QM; BMi2`TH�v #2ir22M i?2 `2�H TQi2MiB�H i?2Q`v i?�i �bbQ+B�i2/ iQ i?2
_B2K�MMB�M K2i`B+ �M/ i?2 mM/2`HvBM; +QKTH2t bi`m+im`2X

G2KK�X PM Ap,q(M)- r2 ?�p2 Λ = (−1)p+q ∗L ∗X

S`QQ7X 6Q` �Mv ψ ∈ Ap,q(M)- η ∈ Ap+1,q+1-

〈Lψ, η〉 =
∫

M

〈ψ ∧ ω, η〉Φ =

∫

M

ψ ∧ ω ∧ (∗ η)

〈ψ, (−1)p+q ∗L ∗ η〉 =
∫

M

〈ψ, (−1)p+q ∗ ((∗ η) ∧ ω)〉Φ =

∫

M

ψ ∧ ∗ (−1)p+q ∗ ((∗ η) ∧ ω).

h?2M i?2 `2bmHi 7QHHQrb 7`QK ω ∧ (∗ η) = (∗ η) ∧ ω �M/ ∗ ∗ = (−1)p+q QM An−p,n−qX !
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h?2Q`2K UE ?H2` B/2MiBiB2bVX qBi? i?2 �#Qp2 MQi�iBQMb- r2 ?�p2 i?2 7QHHQrBM; B/2MiB@
iB2b,

[Λ, d] = −4πdc∗, [L, d∗] = 4πdc.

S`QQ7X *H2�`Hv- i?2b2 irQ B/2MiBiB2b �`2 Dmbi 2[mBp�H2MiX "v /2+QKTQbBiBQM BMiQ ivT2- i?2
}`bi B/2MiBiv Bb 2[mBp�H2Mi iQ

[Λ, ∂] = i∂
∗ �M/ [Λ, ∂] = −i∂∗.

aBM+2 Λ Bb � `2�H QT2`�iQ`- 2Bi?2` Q7 i?2b2 BKTHB2b i?2 Qi?2`X aQ Bi bm{+2b iQ T`Qp2
[Λ, ∂] = i∂

∗X q2 K�v }`bi K�F2 i?2 +QKTmi�iBQM QM Cn rBi? i?2 1m+HB/2�M K2i`B+X 6Q`
2�+? k = 1, . . . , n- H2i

ek : A
p,q
c (Cn) → Ap+1,q

c (Cn), ek(ϕ) = dzk ∧ ϕ,

ek : A
p,q
c (Cn) → Ap,q+1

c (Cn), ek(ϕ) = dzk ∧ ϕ.

G2i ik �M/ ik #2 �/DQBMib Q7 ek �M/ ek- `2bT2+iBp2HvX LQi2 i?�i ek- ek- ik �M/ ik �`2 �HH
HBM2�` Qp2` C∞(Cn)- �M/

ik(dzJ ∧ dzK) = 0, B7 k /∈ J, ik(dzk ∧ dzJ ∧ dzK) = 2 dzJ ∧ dzK ,

ik(dzJ ∧ dzK) = 0, B7 k /∈ K, ik(dzk ∧ dzJ ∧ dzK) = 2 dzJ ∧ dzK .

AM/22/- r2 ?�p2 7Q` �Mv KmHiB@BM/B+2b L �M/ M

〈ik(dzJ ∧ dzK), dzL ∧ dzM〉 = 〈dzJ ∧ dzK , dzk ∧ dzL ∧ dzM〉 = 0,

bQ ik(dzJ ∧ dzK) = 0- �M/

〈ik(dzk ∧ dzJ ∧ dzK), dzL ∧ dzM〉 = 〈dzk ∧ dzJ ∧ dzK , dzk ∧ dzL ∧ dzM〉

= 2〈dzJ ∧ dzK , dzL ∧ dzM〉.

h?2M 7Q` �Mv KQMQKB�H dzJ ∧ dzK -

ik(ek(dzJ ∧ dzK)) =






0, B7 k ∈ J,

2 dzJ ∧ dzK , B7 k /∈ J

r?BH2

ek(ik(dzJ ∧ dzK)) =






2 dzJ ∧ dzK , B7 k ∈ J,

0, B7 k /∈ J.
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h?2`27Q`2- r2 ?�p2 ikek + ekik = 2X PM i?2 Qi?2` ?�M/- 7Q` k 3= + r2 ?�p2

ik(e"(dzk ∧ dzJ ∧ dzK)) = ik(dz" ∧ dzk ∧ dzJ ∧ dzK)

= ik(−dzk ∧ dz" ∧ dzJ ∧ dzK)

= −2 dz" ∧ dzJ ∧ dzK

= −2e"(dzJ ∧ dzK)

= −e"(ik(dzk ∧ dzJ ∧ dzK)),

r?BH2 ik(e"(dzJ ∧ dzK)) = e"(ik(dzJ ∧ dzK)) = 0 BM i?2 +�b2 k /∈ J - bQ r2 +QM+Hm/2

eki" + i"ek = 2δk".

aBKBH�`Hv- ike" + e"ik = 2δk"X q2 �HbQ /2}M2 QT2`�iQ`b ∂k �M/ ∂k QM Ap,q
c (Cn) #v

∂k(ϕIJ dzI ∧ dzJ) =
∂ϕIJ

∂zk
dzI ∧ dzJ �M/ ∂k(ϕIJ dzI ∧ dzJ) =

∂ϕIJ

∂zk
dzI ∧ dzJ .

LQi2 i?�i ∂k �M/ ∂k +QKKmi2 rBi? e"- e"- i"- �M/ i" �M/ rBi? 2�+? Qi?2`X PM2 +�M b22
i?�i i?2 �/DQBMi Q7 ∂k Bb −∂k, 7Q` �Mv ϕ =

∑

I,J

ϕIJ dzI ∧dzJ �M/ �Mv +QKT�+iHv bmTTQ`i2/

7Q`K ψ dzL ∧ dzM - r2 ?�p2

〈−∂kϕ,ψ dzL ∧ dzM〉 =
≠
− ∂

∂zk
(ϕLM) dzL ∧ dzM ,ψ dzL ∧ dzM

∑

= 2|L|+|M |
∫

Cn

− ∂

∂zk
(ϕLM)ψ

= 2|L|+|M |
∫

Cn

ϕLM

∂

∂zk
(ψ)

= 2|L|+|M |
∫

Cn

ϕLM

∂

∂zk
(ψ)

= 〈ϕLM dzL ∧ dzM , ∂k(ψ dzL ∧ dzM)〉

= 〈ϕ, ∂k(ψ dzL ∧ dzM)〉.

GBF2rBb2- i?2 �/DQBMi Q7 ∂k Bb −∂kX
q2 +�M 2tT`2bb �HH Q7 Qm` QT2`�iQ`b QM A∗

c(Cn) BM i2`Kb Q7 i?2b2 2H2K2Mi�`v QT2`�iQ`b,
+H2�`Hv

∂ =
∑

k

∂kek =
∑

k

ek∂k, ∂ =
∑

k

∂kek =
∑

k

ek∂k,

�M/- i�FBM; �/DQBMib-
∂
∗
= −

∑

k

∂kik, ∂∗ = −
∑

k

∂kik.
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JQ`2Qp2`- L Bb /2}M2/ �b 2ti2`BQ` T`Q/m+i rBi? i?2 bi�M/�`/ E ?H2` 7Q`K /2}M2/ QM
Cn- bQ

L =
i

2

∑

k

ekek

�M/- i�FBM; i?2 �/DQBMi-

Λ = − i

2

∑

k

ikik.

h?2`27Q`2-

Λ∂ = − i

2

∑

k,"

ikik∂"e"

= − i

2

∑

k,"

∂"ikike"

= − i

2

∑

k,"

∂"ik(2δk" − e"ik)

= −i
∑

k

∂kik +
i

2

∑

k,"

∂"e"ikik = i∂
∗
+ ∂Λ.

h?mb i?2 B/2MiBiv Bb T`Qp2/ QM CnX

hQ T`Qp2 i?2 `2bmHi �M � E ?H2` K�MB7QH/ M r2 mb2 i?2 +QM/BiBQM Q7 Qb+mH�iBQM iQ b?Qr
i?�i i?2 B/2MiBiv ?QH/b �i �Mv TQBMi, 7Q` z ∈ M - r2 +�M +?QQb2 � ?QHQKQ`T?B+ +QQ`/BM�i2
bvbi2K (zj) BM � M2B;?#Q`?QQ/ Q7 z 7Q` r?B+?

ds2 =
∑

j,k

(δjk + [2]) dzj ⊗ dzk.

h?2M ω =
i

2

∑

j,k

(δjk + [2]) dzj ∧ dzk, �M/ ?2M+2 L =
i

2

∑

j,k

(δjk + [2]) ejekX >2M+2 #v i?2

H2KK� �#Qp2-

Λ = − i

2

∑

j,k

(δjk + [2]) ikij

aBM+2 [Λ, ∂] QM M rBHH #2 i?2 b�K2 �b Bi QM Cn rBi? i?2 1m+HB/2�M K2i`B+ 2t+2Ti 7Q`
�//BiBQM�H i2`Kb Q7 Q`/2` MQ H2bb i?�M 1- BX2X i?2v p�MBb? �i z- r2 b22 i?�i i?2 B/2MiBiv
?QH/b �i �Mv z ∈ M - �M/ ?2M+2 2p2`vr?2`2X !

*Q`QHH�`vX q2 ?�p2 [L,,d] = 0- Q`- 2[mBp�H2MiHv- [Λ,,d] = 0X

S`QQ7X aBM+2 ω Bb d@+HQb2/- r2 ?�p2 d(ω∧η) = ω∧dηX aQ [L, d] = 0- �M/ ?2M+2 [Λ, d∗] = 0X
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h?2M

Λ(dd∗ + d∗d) = (dΛd∗ − 4πdc∗d∗) + d∗Λd

= dΛd∗ + (4πd∗dc∗ + d∗Λd)

= (dd∗ + d∗d)Λ. !

*Q`QHH�`vX ,d = 2,∂ = 2,∂X AM T�`iB+mH�`- ,d T`2b2`p2b #B@/2;`22- BX2X [,d, π
p,q] = 0X

S`QQ7X aBM+2 Λ∂ − ∂Λ = i∂
∗- r2 ?�p2

i(∂∂
∗
+ ∂

∗
∂) = ∂(Λ∂ − ∂Λ) + (Λ∂ − ∂Λ)∂ = ∂Λ∂ − ∂Λ∂ = 0,

r?B+? BKTH2b ∂∂∗ + ∂
∗
∂ = 0X h?2M

,d = (∂ + ∂)(∂∗ + ∂
∗
) + (∂∗ + ∂

∗
)(∂ + ∂)

= (∂∂∗ + ∂∗∂) + (∂∂
∗
+ ∂

∗
∂) = ,∂ +,∂ ,

aQ Bi bm{+2b iQ b?Qr ,∂ = ,∂X LQi2 i?�i

−i,∂ = ∂(Λ∂ − ∂Λ) + (Λ∂ − ∂Λ)∂ = ∂Λ∂ − ∂∂Λ+ Λ∂∂ − ∂Λ∂

*QMb2[m2MiHv-

i,∂ =
(
∂(Λ∂ − ∂Λ) + (Λ∂ − ∂Λ)∂

)
= i,∂

bBM+2 ∂∂ = −∂∂X !

RXj h?2 >Q/;2 .2+QKTQbBiBQM

a2i

Hp,q
d (M) =

Zp,q
d (M)

dA∗(M) ∩ Zp,q
d (M)

,

Hp,q
d (M) = {η ∈ Ap,q(M) | ,dη = 0},

Hr
d(M) = {η ∈ Ar(M) | ,dη = 0}.

LQi2 i?2 i?2 }`bi ;`QmT Bb BMi`BMbB+�HHv /2}M2/ #v i?2 +QKTH2t bi`m+im`2- r?BH2 i?2 H�ii2`
irQ /2T2M/ QM i?2 T�`iB+mH�` K2i`B+X
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h?2Q`2K U>Q/;2 .2+QKTQbBiBQMVX 6Q` � +QKT�+i E ?H2` K�MB7QH/ M - i?2 +QKTH2t
+Q?QKQHQ;v b�iBb}2b 





Hr(M,C) ∼=
⊕

p+q=r

Hp,q
d (M),

Hp,q
d (M) = Hq,p

d (M).

S`QQ7X "v i?2 +QKKmi�iBpBiv Q7 ,d �M/ πp,q �M/ i?2 7�+i i?�i ,d Bb `2�H- i?2 ?�`KQMB+
7Q`Kb b�iBb7v

U♣V






Hr
d(M) =

⊕

p+q=r

Hp,q
d (M),

Hp,q
d (M) = Hq,p

d (M).

PM i?2 Qi?2` ?�M/- 7Q` η � +HQb2/ 7Q`K Q7 Tm`2 ivT2 (p, q)- η = Hd(η)+dd∗G(η)- r?2`2
i?2 ?�`KQMB+ T�`i η �HbQ ?�b Tm`2 ivT2 (p, q)X h?mb

Hp,q
d (M) ∼= Hp,q

d (M).

*QK#BMBM; i?Bb rBi? U♣V �M/ �M �TTHB+�iBQM Q7 i?2 >Q/;2 i?2Q`2K 7Q` ,d

H∗
/_(M) ∼= H∗

d(M),

r2 ;2i i?2 /2+QKTQbBiBQM Q7 Hr(M,C) = Hr
/_(M) #v /2 _?�K BbQKQ`T?BbKX !

*Q`QHH�`vX Hp,q(M) ∼= Hq(M,Ωp)X AM T�`iB+mH�`- i?2 ?QHQKQ`T?B+ 7Q`Kb �`2 ?�`KQMB+
7Q` �Mv E ?H2` K2i`B+ QM � +QKT�+i K�MB7QH/X

S`QQ7X aBM+2 ,d = 2,∂- r2 ?�p2 Hp,q
d (M) = Hp,q

∂
(M)X *QMb2[m2MiHv- r2 Q#i�BM

Hp,q(M) ∼= Hp,q

∂
(M) ∼= Hq(M,Ωp).

"v i�FBM; q = 0- r2 b22 �HH ?QHQKQ`T?B+ p@7Q`Kb �`2 ?�`KQMB+X !

*Q`QHH�`vX

Hq(Pn,Ωp) = Hp,q

∂
(Pn) =






0, B7 p 3= q,

C, B7 p = q.

S`QQ7X aBM+2 H2k+1(Pn,Z) = 0- r2 ?�p2 Hp,q

∂
(Pn) = 0 7Q` p+q Q//c bBM+2 H2k(Pn,Z) = Z-

r2 ?�p2 7Q` p 3= k-

1 = b2k(Pn) ≥ hp,2k−p(Pn) + h2k−p,p(Pn) = 2hp,2k−p
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