
h`�Mb+2M/2Mi�H J2i?Q/b

CmHv j- kyky

R aQK2 o�MBb?BM; h?2Q`2Kb �M/ *Q`QHH�`B2b

RXR >Q/;2 i?2Q`v QM p2+iQ` #mM/H2b

G2i M #2 � +QKT�+i E ?H2` K�MB7QH/X
_2+�HH i?�i 7Q` �Mv ?QHQKQ`T?B+ p2+iQ` #mM/H2 E → M - i?2 ∂@QT2`�iQ`

∂ : Ap,q(E) → Ap,q+1(E)

Bb /2}M2/ 7Q` ;HQ#�H C∞ E@p�Hm2/ /Bz2`2MiB�H 7Q`Kb- �M/ b�iBb}2b ∂2 = 0X q2 H2i Zp,q

∂
(E)

�M/ Z p,q

∂
(E) /2MQi2 i?2 bT�+2 �M/ i?2 b?2�7 Q7 ∂@+HQb2/ E@p�Hm2/ /Bz2`2MiB�H 7Q`Kb Q7

ivT2 (p, q)- `2bT2+iBp2Hv- �M/ r2 /2}M2 i?2 .QH#2�mHi +Q?QKQHQ;v ;`QmTb Hp,q

∂
(E) Q7 E iQ

#2
Hp,q

∂
(E) =

Zp,q(E)

∂Ap,q−1(E)
.

h?2 2t�+i b?2�7 b2[m2M+2b

0 −→ Ωp(E) −→ C p,0(E)
∂−→ Z p,1

∂
(E) −→ 0

0 −→ Z p,q

∂
(E) −→ C p,q(E)

∂−→ Z p,q+1

∂
(E) −→ 0

;Bp2b mb BbQKQ`T?BbKb

H i(M,Z p,1

∂
(E))

∼−→ H i+1(M,Ωp(E)),

H i(M,Z p,q+1

∂
(E))

∼−→ H i+1(M,Z p,q

∂
(E)), i ≥ 1,

R



bBM+2 i?2 b?2�p2b C p,q(E) �/KBi T�`iBiBQMb Q7 mMBiv �M/ ?2M+2 ?�p2 MQ Ì2+? +Q?QKQHQ;vX
h?mb-

Hq(M,Ωp(E)) ∼= Hq−1(M,Z p,1

∂
) ∼= · · · ∼= H1(M,Z p,q−1

∂
)

∼=
H0(M,Z p,q

∂
)

∂H0(M,C p,q−1

∂
)
= Hp,q

∂
(E).

amTTQb2 r2 ?�p2 K2i`B+b ;Bp2M QM M �M/ Ec r2 ?�p2 i?2M BM/m+2/ K2i`B+b QM �HH
i�M;2MiB�H i2MbQ` #mM/H2b Q7 M i2MbQ`2/ rBi? E Q` E∗X AM T�`iB+mH�`- B7 {ϕj} Bb � HQ+�H
+Q7`�K2 7Q` i?2 K2i`B+ QM T ∗

M
′ �M/ {eα} � mMBi�`v 7`�K2 7Q` E- �Mv b2+iBQM η Q7 Ap,q(E)

+�M #2 r`Bii2M HQ+�HHv �b

η(z) =
1

p!q!

∑

I,J,α

ηI,J,α(z)ϕI ∧ ϕJ ⊗ eα;

7Q` η,ψ ∈ Ap,q(E)-

〈η(z),ψ(z)〉 = 2p+q−n

p!q!

∑

I,J,α

ηI,J,α(z) · ψI,J,α(z).

�;�BM- r2 /2}M2 �M BMM2` T`Q/m+i QM Ap,q(E) #v b2iiBM;

〈η,ψ〉 =
∫

M

〈η(z),ψ(z)〉Φ,

r?2`2 Φ Bb i?2 pQHmK2 7Q`K QM M X
q2 ?�p2 � ǳr2/;2 T`Q/m+iǴ

∧ : Ap,q(E)⊗ Ap′,q′(E∗) −→ Ap+p′,q+q′(M)

/2}M2/ #v
(η ⊗ s) ∧ (η′ ⊗ s′) = 〈〈s, s′〉〉 · η ∧ η′,

r?2`2 〈〈 , 〉〉 Bb i?2 #BHBM2�` T�B`BM; A0(E)⊗ A0(E ′) → A0(M)c r2 /2}M2 �M QT2`�iQ`

∗E : Ap,q(E) −→ An−p,n−q(E∗)

#v `2[mB`BM;- 7Q` η,ψ ∈ Ap,q(E)-

〈η,ψ〉 =
∫

M

η ∧ ∗Eψ.

1tTHB+BiHv- B7 {eα} �M/ {e∗α} �`2 /m�H mMBi�`v 7`�K2b 7Q` E �M/ E∗- i?2M 7Q` η ∈ Ap,q(E)

r`Bii2M �b η =
∑

α

ηα ⊗ eα- r2 ?�p2 ∗Eη =
∑

α

(∗ ηα) ⊗ e∗α- r?2`2 ∗ Bb i?2 mbm�H bi�`

QT2`�iQ` QM Ap,q(M)X

k



q2 i�F2

∂
∗
: Ap,q(E) −→ Ap,q−1(E)

iQ #2 ;Bp2M #v ∂∗ = −∗E∗ ∂ ∗Ec �b #27Q`2- ∂∗ Bb i?2 �/DQBMi Q7 ∂X 6BM�HHv- i?2 ∂@G�TH�+B�M
QM E Bb /2}M2/ #v

+E = ∂∂
∗
+ ∂

∗
∂ : Ap,q(E) −→ Ap,q(E).

�M E@p�Hm2/ 7Q`K ϕ Bb +�HH2/ ?�`KQMB+ B7 +Eϕ = 0X q2 H2i

Hp,q(E) = F2`+E

#2 i?2 ?�`KQMB+ bT�+2X

h?2Q`2K U>Q/;2VX lbBM; i?2 MQi�iBQM �#Qp2- r2 ?�p2

RX /BKHp,q(E) < ∞X

kX A7 H /2MQi2b i?2 Q`i?Q;QM�H T`QD2+iBQM H : Ap,q(E) → Hp,q(E)- i?2`2 2tBbib �M QT2`�iQ`

G : Ap,q(E) −→ Ap,q(E),

rBi? G(Hp,q(E)) = 0- [G, ∂] = [G, ∂
∗
] = 0 �M/

U♠EV B/ = H ++EG

QM Ap,q(E)X

jX *QMb2[m2MiHv- i?2`2 Bb �M BbQKQ`T?BbK

Hp,q(E) −→ Hp,q

∂
(E).

9X h?2 ∗@QT2`�iQ` ;Bp2b �M BbQKQ`T?BbK

Hq(M,Ωp(E)) ∼= Hn−q(M,Ωn−p(E∗))∗.

6Q` p = 0- i?Bb H�bi `2bmHi `2�/b

Hq(M,O(E)) ∼= Hn−q(M,O(E∗ ⊗KM))∗.

h?Bb BbQKQ`T?BbK Bb +�HH2/ EQ/�B`�@a2``2 /m�HBivX

j



LQr B7 M Bb E ?H2` rBi? �bbQ+B�i2/ (1, 1)@7Q`K ω- r2 /2}M2 i?2 QT2`�iQ`

L : Ap,q(E) −→ Ap+1,q+1(E)

#v b2iiBM;- 7Q` η ∈ Ap,q(M) �M/ s ∈ A0(E)-

L(η ⊗ s) = ω ∧ η ⊗ s;

H2i Λ = L∗ #2 i?2 �/DQBMi Q7 LX A7 ∇ = ∇′ + ∂ Bb i?2 K2i`B+ +QMM2+iBQM QM E- i?2M r2
?�p2 i?2 #�bB+ B/2MiBiv

[Λ, ∂] = −i∇′∗.

h?Bb B/2MiBiv 7QHHQrb 7`QK i?2 �M�HQ;Qmb B/2MiBiv [Λ, ∂] = −i∂∗ QM b+�H�` 7Q`Kb
Ap,q(M)- r?B+? r2 ?�p2 �H`2�/v T`Qp2/X hQ b22 i?Bb- TB+F � HQ+�H 7`�K2 {eα} 7Q` Ec
B7 A = A1,0 + A0,1 Bb i?2 +QMM2+iBQM K�i`Bt 7Q` ∇ BM i2`Kb Q7 {eα}- r2 +�M r`Bi2- 7Q`
η ∈ Ap,q(E)-

η =
∑

α

ηα ⊗ eα, ∂η =
∑

α

∂ηα ⊗ eα +
∑

α,β

(ηα ∧ A0,1
αβ)⊗ eβ,

�M/ Λη =
∑

α

Λ(ηα)⊗ eα- bQ

[Λ, ∂]η =
∑

α

(
[Λ, ∂]ηα

)
⊗ eα + [Λ, A0,1]η = −i

∑

α

∂∗ηα ⊗ eα + [Λ, A0,1]η.

aBKBH�`Hv-
∇′η =

∑

α

∂ηα ⊗ eα +
∑

α,β

(ηα ∧ A1,0
αβ)⊗ eβ,

BX2X-
∇′∗η =

∑

α

∂∗ηα ⊗ eα + (A1,0)
∗
η.

LQr- r2 +?QQb2 �i 2�+? z ∈ M � 7`�K2 7Q` E BM � M2B;?#Q`?QQ/ Q7 z 7Q` r?B+? A(z)

p�MBb?2bX AM/22/- � ;Bp2M i`BpB�HBx�iBQM +�M #2 +?�M;2/ #v � HQ+�H φ : U → GL(r,C),

r?Qb2 h�vHQ` 2tT�MbBQM Bb Q7 i?2 7Q`K

φ(z1, . . . , zn) = B/ −
∑

j

zjAj(0) + ?B;?2` Q`/2` i2`KbX

>2`2- z1, . . . , zn �`2 HQ+�H +QQ`/BM�i2b rBi? z �b i?2 Q`B;BM �M/ A =
∑

AjdzjX h?2M r2
b22 i?�i

[Λ, ∂] + i∇′∗ = [Λ, A0,1] + i(A1,0)
∗
= 0.

9



RXk h?2 EQ/�B`� o�MBb?BM; h?2Q`2K

.2}MBiBQMX � HBM2 #mM/H2 L → M Bb TQbBiBp2 B7 i?2`2 2tBbib � K2i`B+ QM L rBi? +m`p�im`2
7Q`K Θ bm+? i?�i (i/2π)Θ Bb � TQbBiBp2 (1, 1)@7Q`K- BX2X- 7Q` �Mv z ∈ M �M/ 0 /= v ∈ T ′

zM -

−i

≠
i

2π
Θ(z), v ∧ v

∑
=

1

2π
〈Θ(z), v ∧ v〉 > 0;

L Bb M2;�iBp2 B7 L∗ Bb TQbBiBp2X � /BpBbQ` D QM M Bb TQbBiBp2 B7 i?2 HBM2 #mM/H2 [D] BbX

S`QTQbBiBQMX A7 ω Bb �Mv `2�H- +HQb2/ (1, 1)@7Q`K rBi?

[ω] = c1(L) ∈ H2
/_(M),

i?2M i?2`2 2tBbib � K2i`B+ +QMM2+iBQM QM L rBi? +m`p�im`2 7Q`K Θ = −2πiωX h?mb L Bb
TQbBiBp2 Bz Bib *?2`M +H�bb K�v #2 `2T`2b2Mi2/ #v � TQbBiBp2 7Q`K BM H2

/_(M)X

S`QQ7X G2i | · |2 #2 � K2i`B+ QM L rBi? +m`p�im`2 7Q`K ΘX A7 ϕ : LU → U × C Bb �
i`BpB�HBx�iBQM Q7 L Qp2` �M QT2M b2i U - s � b2+iBQM Q7 L Qp2` U �M/ sU i?2 +Q``2bTQM/BM;
?QHQKQ`T?B+ 7mM+iBQM- i?2M

|s|2 = h(z) · |sU |2

7Q` bQK2 TQbBiBp2 7mM+iBQM hX h?2 +m`p�im`2 7Q`K �M/ *?2`M +H�bb �`2 ;Bp2M #v

Θ = −∂∂ HQ;h(z), c1(L) =

[
i

2π
Θ

]
∈ H2

/_(M).

LQr H2i |̃ · |
2

#2 �MQi?2` K2i`B+ QM L rBi? +m`p�im`2 7Q`K Θ̃X h?2M |̃s|
2
/|s|2 = eρ 7Q` bQK2

`2�H C∞ 7mM+iBQM ρ QM M - �M/ 7`QK i?2 HQ+�H 7Q`KmH�

h̃(z) = eρ(z)h(z)

Bi 7QHHQrb i?�i Θ = ∂∂ρ+ Θ̃X
qQ`FBM; BM i?2 Qi?2` /B`2+iBQM- H2i Θ̃ = −2πiωX A7 r2 +�M bQHp2 i?2 2[m�iBQM

Θ = ∂∂ρ+ Θ̃

7Q` � `2�H C∞ 7mM+iBQM ρ- i?2M i?2 K2i`B+ eρ|s|2 QM L rBHH ?�p2 +m`p�im`2 7Q`K ϕX
G2i η = Θ − Θ̃ �M/ H2i Gd /2MQi2 i?2 :`22MǶb QT2`�iQ` �bbQ+B�i2/ iQ i?2 G�TH�+B�M

+d- �M/ bBKBH�`Hv 7Q` G∂ �M/ G∂X 6`QK i?2 #�bB+ B/2MiBiv

1

2
+d = +∂ = +∂ ,

8



Bi 7QHHQrb }`bi i?�i 2Gd = G∂ = G∂- �M/ i?2M i?�i �HH i?2 QT2`�iQ`b d- ∂- ∂- d∗- ∂∗- �M/
∂
∗ +QKKmi2 rBi? i?2 :`22MǶb QT2`�iQ`bX

LQr- bBM+2 η Bb d@2t�+i- Bib ?�`KQMB+ T`QD2+iBQM mM/2` �Mv Q7 i?2 �#Qp2 G�TH�+B�Mb Bb
x2`QX "v i?2 /2+QKTQbBiBQM 7Q` ∂-

η = H∂(η) + ∂
∗
∂G∂η + ∂∂

∗
G∂η = ∂∂

∗
G∂η.

"mi ∂∗G∂η ?�b Tm`2 ivT2 (1, 0) �M/ bQ

∂(∂
∗
G∂η) = −∂∗G∂(∂η) = 0.

aBM+2 i?2 ?�`KQMB+ bT�+2 7Q` ∂ Bb i?2 b�K2 �b i?2 ?�`KQMB+ bT�+2 7Q` ∂ �M/ ?2M+2 Bb
Q`i?Q;QM�H iQ i?2 `�M;2 Q7 ∂∗- r2 /2/m+2 #v i?2 /2+QKTQbBiBQM 7Q` ∂ i?�i

∂
∗
G∂η = H∂(∂

∗
G∂η) + ∂∗∂G∂(∂

∗
G∂η) + ∂∂∗G∂(∂

∗
G∂η) = ∂∂∗G∂(∂

∗
G∂η).

aBM+2 iη Bb `2�H- ρ = −∂∗∂∗G2
∂η Bb �HbQ `2�H- �M/ r2 �`2 /QM2X !

G2i J #2 i?2 i�miQHQ;B+�H HBM2 #mM/H2 Q7 Pn- r?B+? Bb i?2 /m�H Q7 i?2 ?vT2`TH�M2 #mM/H2
[H]c r2 +�M Tmi � K2i`B+ QM J #v b2iiBM; |(Z0, . . . , Zn)|2 =

∑

i

|Zi|2X A7 Z Bb �Mv MQMx2`Q

b2+iBQM Q7 J - i?2M i?2 +m`p�im`2 7Q`K BM J Bb ;Bp2M #v

Θ∗ = ∂∂ HQ; ‖Z‖2 = 2πiddc HQ; ‖Z‖2.

h?2 +m`p�im`2 7Q`K Θ 7Q` i?2 /m�H K2i`B+ BM [H] Bb i?2M −Θ∗- �M/ +QMb2[m2MiHv

i

2π
Θ = ddc HQ; ‖Z‖2,

BX2X- (i/2π)Θ Bb Dmbi i?2 �bbQ+B�i2/ (1, 1)@7Q`K ω Q7 i?2 6m#BMB@aim/v K2i`B+ QM Pn- r?B+?
r2 ?�p2 b22M Bb TQbBiBp2X

LQi2 i?�i bBM+2 i?2 `2bi`B+iBQM iQ � bm#K�MB7QH/ V ⊆ M Q7 � TQbBiBp2 7Q`K Bb �;�BM
TQbBiBp2- L|V → V rBHH #2 TQbBiBp2 B7 L → M BbX AM T�`iB+mH�`- i?2 ?vT2`TH�M2 #mM/H2 QM
�Mv +QKTH2t bm#K�MB7QH/ Q7 Pn Bb TQbBiBp2X

h?2Q`2K UEQ/�B`�@L�F�MQ o�MBb?BM; h?2Q`2KVX A7 L → M Bb � TQbBiBp2 HBM2 #mM/H2-
i?2M

Hq(M,Ωp(L)) = 0 7Q` p+ q > n.

e



S`QQ7X "v ?vTQi?2bBb r2 +�M }M/ � K2i`B+ BM L r?Qb2 +m`p�im`2 7Q`K Θ Bb −2πiω- r?2`2
ω Bb i?2 �bbQ+B�i2/ (1, 1)@7Q`K Q7 � E ?H2` K2i`B+X LQr #v ?�`KQMB+ i?2Q`v

Hq(M,Ωp(L)) ∼= Hp,q

∂
(L) ∼= Hp,q(L).

G2i η ∈ Hp,q(L) #2 � ?�`KQMB+ 7Q`KX h?2M

Θ = ∇2 = ∂∇′ +∇′∂,

bQ 7`QK ∂η = 0- ∂∗η = 0- �M/ Θη = ∂∇′η-

i〈ΛΘη, η〉 = i〈Λ∂∇′η, η〉

= i
〈(
∂Λ− i∇′∗)∇′η, η

〉

= 〈∇′∗∇′η, η〉 = ‖∇′η‖2 ≥ 0,

bBM+2 〈∂Λ∇′η, η〉 = 〈Λ∇′η, ∂
∗
η〉 = 0X aBKBH�`Hv-

i〈ΘΛη, η〉 = i〈∇′∂Λη, η〉

= i
〈
∇′ (Λ∂ + i∇′∗) η, η

〉

= −〈∇′∇′∗η, η〉 = −‖∇′∗η‖2 ≤ 0.

*QK#BMBM;- i 〈[Λ,Θ]η, η〉 ≥ 0X "mi Θ = −2πiL- �M/ bQ

0 ≤ i〈[Λ,Θ]η, η〉 = 2π 〈[Λ, L]η, η〉 = 2π(n− p− q)‖η‖2.

h?mb p+ q > n BKTHB2b η = 0X !

.m�HBxBM; i?2 EQ/�B`� p�MBb?BM; i?2Q`2K- r2 Q#i�BM,

Hq(M,Ωp(L)) = 0 7Q` p+ q < n BM +�b2 L → M Bb � M2;�iBp2 HBM2 #mM/H2X

1t�KTH2X �b �M BKK2/B�i2 +QMb2[m2M+2 Q7 i?2 p�MBb?BM; i?2Q`2K- r2 b22 i?�i

Hq(Pn,OPn(kH)) = 0 7Q` 1 ≤ q ≤ n− 1, �HH k.

h?Bb 7QHHQr /B`2+iHv 7`QK i?2 /m�HBx2/ p2`bBQM Q7 i?2 p�MBb?BM; i?2Q`2K BM +�b2 k Bb M2;�@
iBp2c B7 k Bb MQMM2;�iBp2-

Hq(Pn,OPn(kH)) = Hq(Pn,Ωn
Pn(kH −KPn)) = Hq(Pn,Ωn

Pn((k + n+ 1)H)) = 0

#v i?2 Q`B;BM�H p2`bBQM Q7 i?2 i?2Q`2KX

d



RXj h?2 a2``2 o�MBb?BM; h?2Q`2K

Pm` b2+QM/ p�MBb?BM; i?2Q`2K 7Q` i?2 +Q?QKQHQ;v Q7 ?QHQKQ`T?B+ p2+iQ` #mM/H2b Bb H2bb
T`2+Bb2 #mi #`Q�/2` BM b+QT2 i?�M i?2 EQ/�B`� o�MBb?BM; h?2Q`2KX

h?2Q`2K Ua2``2 o�MBb?BM; h?2Q`2KVX G2i M #2 � +QKT�+i- +QKTH2t K�MB7QH/ �M/
L → M � TQbBiBp2 HBM2 #mM/H2X h?2M 7Q` �Mv ?QHQKQ`T?B+ p2+iQ` #mM/H2 E- i?2`2 2tBbib
µ0 bm+? i?�i

Hq(M,O(Lµ ⊗ E)) = 0 7Q` q > 0, µ ≥ µ0.

S`QQ7X 6B`bi- #v EQ/�B`�@a2``2 /m�HBiv-

Hq(M,O(Lµ ⊗ E)) ∼= Hn−q(M,O(L−µ ⊗ E∗ ⊗KM)),

bQ Bi rBHH #2 bm{+B2Mi iQ T`Qp2 i?�i 7Q` �Mv E- i?2`2 2tBbib µ0 bm+? i?�i

H0,q

∂
(M,L−µ ⊗ E) ∼= Hq(M,O(L−µ ⊗ E)) = 0

7Q` µ ≥ µ0- q < nX
*?QQb2 � K2i`B+ BM L bm+? i?�i ω = (i/2π)ΘL Bb TQbBiBp2c H2i i?2 K2i`B+ QM M #2 i?2

QM2 ;Bp2M #v ωX LQr r2 ?�p2 b22M i?�i B7 E- E ′ �`2 irQ ?2`KBiB�M p2+iQ` #mM/H2b �M/ B7
r2 ;Bp2 E ⊗ E ′ i?2 BM/m+2/ K2i`B+- i?2M

∇E⊗E′ = ∇E ⊗ 1 + 1⊗∇E′

�M/ bQ
ΘE⊗E′ = ΘE ⊗ 1 + 1⊗ΘE′ .

AM T�`iB+mH�`- 7Q` L �M/ E �b �#Qp2 rBi? �Mv K2i`B+ QM E-

ΘL−µ⊗E = 2πiµω ⊗ 1E +ΘE.

G2i η ∈ H0,q(L−µ ⊗ E) #2 ?�`KQMB+X q`BiBM; Θ 7Q` ΘL−µ⊗E- ∇ 7Q` ∇L−µ⊗E- r2 ?�p2
i〈[Λ,Θ]η, η〉 ≥ 0 #v i?2 T`QQ7 Q7 EQ/�B`� i?2Q`2KX "mi MQr

Θ = ΘL−µ⊗E = ΘE + 2πiµω,

�M/ bQ

i〈[Λ,Θ]η, η〉 = i〈[Λ,ΘE]η, η〉 − 2πµ〈[Λ, L]η, η〉

= i〈[Λ,ΘE]η, η〉 − 2πµ(n− q)‖η‖2.

3



LQr [Λ,ΘE] Bb #QmM/2/ QM A0,q(L−µ ⊗ E)- bQ r2 +�M r`Bi2

|〈[Λ,ΘE]η, η〉| ≤ ‖[Λ,ΘE]η‖ · ‖η‖ ≤ C‖η‖2,

�M/ +QMb2[m2MiHv 7Q` q < n-
µ >

C

2π
4⇒ η = 0,

BX2X- H0,q(L−µ ⊗ E) = 0 7Q` µ > C/(2π)- q < nX !

RX9 h?2 G27b+?2ix h?2Q`2K QM >vT2`TH�M2 a2+iBQMb

lbBM; i?2 EQ/�B`� p�MBb?BM; i?2Q`2K- r2 +�M ;Bp2 � T`QQ7 Q7 i?2 7�KQmb G27b+?2ix i?2Q`2K
`2H�iBM; i?2 ?QKQHQ;v Q7 � T`QD2+iBp2 p�`B2iv iQ i?�i Q7 Bib ?vT2`TH�M2 b2+iBQMbX

h?2Q`2K UG27b+?2ix >vT2`TH�M2 h?2Q`2KVX G2i M #2 �M n@/BK2MbBQM�H +QKT�+i- +QK@
TH2t K�MB7QH/ �M/ V ⊂ M � bKQQi? ?vT2`bm`7�+2 rBi? L = [V ] TQbBiBp2X h?2M i?2 K�T

Hr(M,Q) −→ Hr(V,Q)

BM/m+2/ #v i?2 BM+HmbBQM i : V ↪→ M Bb �M BbQKQ`T?BbK 7Q` r ≤ n − 2 �M/ BMD2+iBp2 7Q`
r = n− 1X

S`QQ7X Ai rBHH bm{+2 iQ T`Qp2 i?2 `2bmHi Qp2` CX "v i?2 >Q/;2 /2+QKTQbBiBQM �M/ .QH@
#2�mHi-

Hr(M,C) =
⊕

p+q=r

Hp,q(M) ∼=
⊕

p+q=r

Hp,q

∂
(M) ∼=

⊕

p+q=r

Hq(M,Ωp
M).

h?2 b�K2 ?QH/BM; 7Q` V - Bi Bb bm{+B2Mi iQ T`Qp2 i?�i i?2 K�T

Hq(M,Ωp
M) −→ Hq(V,Ωp

V )

Bb �M BbQKQ`T?BbK 7Q` p+ q ≤ n− 2- �M/ BMD2+iBp2 7Q` p+ q = n− 1X
hQ b22 i?Bb- r2 7�+iQ` i?2 `2bi`B+iBQM K�T Ωp

M → Ωp
V #v

Ωp
M

`2b−→ Ωp
M |V

i−→ Ωp
V ,

r?2`2 Ωp
M |V Bb i?2 b?2�7 Q7 b2+iBQMb Q7 (

∧p
T ∗
M

′)
∣∣∣
V

X h?2 F2`M2H Q7 i?2 `2bi`B+iBQM K�T
Bb +H2�`Hv Dmbi i?2 b?2�7 Q7 ?QHQKQ`T?B+ p@7Q`Kb QM M p�MBb?BM; �HQM; V - bQ r2 ?�p2 �M
2t�+i b2[m2M+2 Q7 b?2�p2b QM M

U♥V 0 −→ Ωp
M(−V ) −→ Ωp

M
`2b−→ Ωp

M |V −→ 0.

N



6Q` z ∈ V - i?2 b2[m2M+2

0 −→ N∗
V,z −→ T ∗

z
′M −→ T ∗

z
′V −→ 0,

vB2H/b- #v HBM2�` �H;2#`�-

0 −→ N∗
V,z ⊗

∧p−1
T ∗
z
′V −→

∧p
T ∗
z
′M −→

∧p
T ∗
z
′V −→ 0,

�M/ +QMb2[m2MiHv �M 2t�+i b2[m2M+2 Q7 b?2�p2b QM V

0 −→ Ωp−1
V (N∗

V ) −→ Ωp
M |V

i−→ Ωp
V −→ 0.

"v �/DmM+iBQM 7Q`KmH� A- N∗
V = [−V ]|V c r2 +�M i?mb `2r`Bi2 i?Bb H�bi b2[m2M+2 �b

U♦V 0 −→ Ωp−1
V (−V ) −→ Ωp

M |V −→ Ωp
V −→ 0.

LQr [−V ] Bb M2;�iBp2 QM M - �M/ HBF2rBb2 [−V ]|V Bb M2;�iBp2 QM V X h?2 EQ/�B`�
p�MBb?BM; i?2Q`2K ;Bp2b

Hq(M,Ωp
M(−V )) = Hq(V,Ωp−1

V (−V )) = 0, p+ q < n.

"v i?2 2t�+i +Q?QKQHQ;v b2[m2M+2b �bbQ+B�i2/ iQ i?2 b?2�7 b2[m2M+2b U♥V �M/ U♦V-

Hq(M,Ωp
M)

∼−→ Hq(M, Ωp
M |V ) = Hq(V, Ωp

M |V )
∼−→ Hq(V,Ωp

V )

7Q` p+ q ≤ n− 2- �M/ rBi? #Qi? K�Tb BMD2+iBp2 7Q` p+ q = n− 1X !

1t�KTH2X q?2M n = 2ěĜBX2X- M Bb � U+QMM2+i2/ �M/ +QKT�+iV +QKTH2t bm`7�+2ěĜ�M/
V ⊂ M Bb � _B2K�MM bm`7�+2 2K#2//2/ �b � TQbBiBp2 /BpBbQ`- i?2M i?2 G27b+?2ix i?2Q`2K
;Bp2b

H0(V,Z) ∼= H0(M,Z) = Z, H1(V,Z) −→ H1(M,Z) −→ 0,

BX2X- �HH Q7 i?2 }`bi ?QKQHQ;v Q7 i?2 4@K�MB7QH/ M HB2b QM i?2 B``2/m+B#H2 2K#2//2/ _B2K�MM
bm`7�+2 V X

Ry


