
r?B+? BKTHB2b hp,2k−p(Pn) = 0 �M/ ?2M+2 hp,p

∂
(Pn) = 1X h?mb Hp,p

∂
(Pn) ∼= CX !

LQi2 BM T�`iB+mH�` i?�i i?2`2 �`2 MQ MQMx2`Q ;HQ#�H ?QHQKQ`T?B+ 7Q`Kb QM PnX

RX9 h?2 G27b+?2ix .2+QKTQbBiBQM

sl2 Bb i?2 GB2 �H;2#`� Q7 SL2c Bi Bb `2�HBx2/ �b i?2 p2+iQ` bT�+2 Q7 2× 2 +QKTH2t K�i`B+2b
rBi? i`�+2 0- �M/ rBi? i?2 #`�+F2i [A,B] = AB − BAX q2 i�F2 �b bi�M/�`/ ;2M2`�iQ`b

x =



0 1

0 0



 , h =



1 0

0 −1



 , y =



0 0

1 0



 ,

rBi? i?2 `2H�iBQMb

[x, y] = h, [h, x] = 2x, [h, y] = −2y.

h?2 B``2/m+B#H2 U}MBi2@/BK2MbBQM�HV sl2@KQ/mH2b �`2 BM/2t2/ #v MQMM2;�iBp2 BMi2;2`b
nc 7Q` 2�+? bm+? n i?2 +Q``2bTQM/BM; sl2@KQ/mH2 V (n) ?�b /BK2MbBQM n+ 1X 1tTHB+BiHv-

V (n) ∼= Vn ⊕ Vn−2 ⊕ · · ·⊕ V−n+2 ⊕ V−n.

h?2 2B;2Mp�Hm2b Q7 h �+iBM; QM V (n) �`2 n, n − 2, . . . ,−n + 2,−n- 2�+? �TT2�`BM; rBi?
KmHiBTHB+Biv 1X

6Q` �Mv U}MBi2@/BK2MbBQM�HV sl2@KQ/mH2 V UrBi? ρ : sl2 → gl(V )V- MQi M2+2bb�`BHv
B``2/m+B#H2- r2 /2}M2 i?2 G27b+?2ix /2+QKTQbBiBQM Q7 V �b 7QHHQrb, H2i PV = F2` ρ(x)c
i?2M

V = PV ⊕ yPV ⊕ y2PV ⊕ · · · ,

�M/ i?Bb /2+QKTQbBiBQM Bb +QKT�iB#H2 rBi? i?2 /2+QKTQbBiBQM Q7 V BMiQ 2B;2MbT�+2b Vm

7Q` h bBM+2 yPV (n) = Vn−2kX q2 �HbQ b22 i?�i i?2 K�Tb

Vm
ym−→ V−m �M/ V−m

xm

−→ Vm

�`2 BbQKQ`T?BbKbX 6BM�HHv- BM ;2M2`�H-

F2`x ∩ Vk = F2`
(
yk+1 : Vk → V−k−2

)
.

q2 `2im`M MQr iQ Qm` +QKT�+i +QKTH2t K�MB7QH/ M rBi? E ?H2` K2i`B+

ds2 =
∑

j

ϕj ⊗ ϕj.

R8



6B`bi- r2 r�Mi iQ +QKTmi2 i?2 +QKKmi�iQ` [L,Λ] QM CnX _2+�HH i?�i

L =
i

2

∑

k

ekek �M/ Λ = − i

2

∑

k

ikik.

"v Qm` +QKKmi�iBQM `2H�iBQMb

eki" + i"ek = eki" + i"ek = 2δk" �M/ [ek, i"] = [ek, i"] = 0,

r2 ?�p2 i?2M

[L,Λ] =
1

4

(
∑

k,"

ekeki"i" −
∑

k,"

i"i"ekek

)

=
1

4

∑

k,"

(
2δk"(eki" − i"ek)− (eki"eki" − i"eki"ek)

)

=
1

2

∑

k

(ekik − ikek) =
1

2

∑

k

(2− ikek − ikek) = n− 1

2

∑

k

(ikek + ikek).

LQi2 i?�i ikek(dzJ ∧ dzK) Bb x2`Q B7 k ∈ J - �M/ 2 dzJ ∧ dzK Qi?2`rBb2c ikek(dzJ ∧ dzK) Bb
x2`Q B7 k ∈ K- �M/ 2 dzJ ∧ dzK B7 MQiX h?mb

∑

k

(ikek + ikek)(dzJ ∧ dzK) = 2
∑

k/∈J

dzJ ∧ dzK + 2
∑

k/∈K

dzJ ∧ dzK

= 2(2n− |J |− |K|) dzJ ∧ dzK .

�M/ bQ QM Ap,q
c (Cn)- [L,Λ] = p + q − nX aBM+2 L �M/ Λ �`2 #Qi? �H;2#`�B+ QT2`�iQ`b- i?Bb

B/2MiBiv rBHH ?QH/ QM �Mv E ?H2` K�MB7QH/X

h?2Q`2K U>�`/ G27b+?2ix h?2Q`2KVX h?2 K�T Lk : Hn−k(M) → Hn+k(M) Bb �M BbQ@
KQ`T?BbK- �M/ B7 r2 /2}M2 i?2 T`BKBiBp2 +Q?QKQHQ;v

P r(M) =






F2`
(
Ln−r+1

)
= F2`Λ ∩Hr(M), B7 r ≤ n,

0, 2Hb2-

i?2M r2 ?�p2
Hm(M) =

⊕

k≥0

LkPm−2k(M),

+�HH2/ i?2 G27b+?2ix /2+QKTQbBiBQMX

S`QQ7X a2i

h =
2n∑

r=0

(n− r)πr;

Re



bBM+2 L : Ar(M) → Ar+2(M) �M/ Λ : Ar(M) → Ar−2(M)- r2 Q#i�BM

(♥) [Λ, L] = h, [h, L] = −2L, [h,Λ] = 2Λ.

h?2 QT2`�iQ`b L- Λ- �M/ h �HH +QKKmi2 rBi? ,d- �M/ bQ �+i QM i?2 ?�`KQMB+ bT�+2
H∗

d(M) ∼= H∗(M) rBi? `2H�iBQMb U♥VX q2 K�v i?2`27Q`2 ;Bp2 � `2T`2b2Mi�iBQM Q7 sl2 QM
H∗(M) #v b2M/BM;



0 1

0 0



 -→ Λ,



0 0

1 0



 -→ L,



1 0

0 −1



 -→ h;

i?2 2B;2MbT�+2 7Q` h rBi? 2B;2Mp�Hm2 (n − r) rBHH #2 Hr(M)X �TTHvBM; i?2 `2bmHib QM
}MBi2@/BK2MbBQM�H `2T`2b2Mi�iBQMb Q7 sl2 iQ i?Bb `2T`2b2Mi�iBQM r2 ;2i i?2 `2bmHibX !

LQi2 i?�i i?2 G27b+?2ix /2+QKTQbBiBQM Bb +QKT�iB#H2 rBi? i?2 >Q/;2 /2+QKTQbBiBQM-
BX2X- B7 r2 b2i P p,q(M) = F2`Λ ∩Hp,q(M)- i?2M

P r(M) =
⊕

p+q=r

P p,q(M).

Rd



k .BpBbQ`b �M/ GBM2 "mM/H2b

G2i M #2 � +QKT�+i +QKTH2t K�MB7QH/ Q7 /BK2MbBQM nX q2 FMQr i?�i i?2 SB+�`/ ;`QmT
SB+(M) = H1(M,O∗) Bb i?2 b2i Q7 HBM2 #mM/H2b QM M X h?2 2t�+i b2[m2M+2 Q7 b?2�p2b

0 −→ Z −→ O 2tT−→ O∗ −→ 0

;Bp2b � #QmM/�`v K�T BM +Q?QKQHQ;v

SB+(M) = H1(M,O∗)
δ−→ H2(M,Z).

.2}MBiBQMX 6Q` � HBM2 #mM/H2 L- r2 /2}M2 i?2 }`bi *?2`M +H�bb c1(L) Q7 L UQ` bBKTHv
*?2`M +H�bbV iQ #2 δ(L) ∈ H2(M,Z)c 7Q` D � /BpBbQ` QM M - r2 /2}M2 i?2 *?2`M +H�bb Q7
D iQ #2 c1([D])X

q2 bQK2iBK2b r`Bi2 c1(L) ∈ H2
/_(M) 7Q` i?2 BK�;2 Q7 c1(L) mM/2` i?2 M�im`�H K�T

H2(M,Z) → H2
/_(M)X

G2i E → M #2 � p2+iQ` #mM/H2 Q7 `�MF k �M/ ∇ � +QMM2+iBQM QM E- i?2 +m`p�im`2
QT2`�iQ` Bb ∇2X GQ+�HHv- B7 ϕα Bb i`BpB�HBx�iBQM Q7 E Qp2` Uα- i?2M ∇ Bb `2T`2b2Mi2/ #v
d+A- r?2`2 A Bb � k× k K�i`Bt Q7 1@7Q`Kb- �M/ ∇2 Bb `2T`2b2Mi2/ #v Θα = dA−A∧A-
r?B+? Bb � k × k K�i`Bt Q7 2@7Q`KbX A7 ϕβ Bb �MQi?2` i`BpB�HBx�iBQM- r2 ?�p2

Θα = gαβ Θβ g
−1
αβ ,

r?2`2 gαβ : Uα∩Uβ → GLk Bb i?2 i`�MbBiBQM 7mM+iBQM `2H�iBp2 iQ ϕα �M/ ϕβX AM T�`iB+mH�`-
B7 E Bb � HBM2 #mM/H2- bBM+2 GL1 = C× Bb +QKKmi�iBp2- Θ = Θα = Θβ Bb � +HQb2/- ;HQ#�HHv
/2}M2/ /Bz2`2MiB�H 7Q`K Q7 /2;`22 2- +�HH2/ i?2 +m`p�im`2 7Q`K Q7 EX

.2}MBiBQMX 6Q` �Mv �M�HviB+ bm#p�`B2iv V ⊆ M Q7 /BK2MbBQM k- r2 /2}M2 i?2 7mM/�@
K2Mi�H +H�bb [V ] ∈ H2k(M,R) iQ #2 i?2 HBM2�` 7mM+iBQM�H

H2k
/_(M) −→ R

ϕ -→
∫

V

ϕ

r2 /2MQi2 Bib SQBM+�`û /m�H #v ηV X AM T�`iB+mH�`- r2 i�F2 i?2 7mM/�K2Mi�H +H�bb Q7 � /BpBbQ`
D =

∑

j

ajVj QM M iQ #2
∑

j

aj[Vj]- r2 /2MQi2 Bib SQBM+�`û /m�H #v ηD =
∑

j

ajηVj X

R3



S`QTQbBiBQMX 6Q` �Mv HBM2 #mM/H2 L rBi? +m`p�im`2 7Q`K Θ-

RX c1(L) =

[
i

2π
Θ

]
∈ H2

/_(M)X

kX A7 L = [D] 7Q` bQK2 D ∈ .Bp(M)- c1(L) = ηD ∈ H2
/_(M)X

S`QQ7X G2i ϕα #2 i`BpB�HBx�iBQMb �M/ H2i gαβ #2 i`�MbBiBQM 7mM+iBQMb `2H�iBp2 iQ � +Qp2`
U = {Uα} Q7 M X q2 K�v �bbmK2 i?2 QT2M b2ib Uα �`2 bBKTHv +QMM2+i2/ �M/ b2i

hαβ =
1

2πi
HQ; gαβ.

"v i?2 /2}MBiBQM Q7 δ- B7 r2 b2i

zαβγ = hβγ + hγα + hαβ =
1

2πi
(HQ; gβγ + HQ; gγα + HQ; gαβ),

i?2M {zαβγ} ∈ Z2(U ,Z) Bb � +Q+v+H2 `2T`2b2MiBM; c1(L)X
LQr +?QQb2 �Mv +QMM2+iBQM ∇ QM LX AM i2`Kb Q7 i?2 7`�K2 eα(z) = ϕ−1

α (z, 1) QM Uα-
∇ Bb ;Bp2M #v Bib +QMM2+iBQM K�i`Bt- r?B+? BM i?Bb +�b2 Bb � 1@7Q`K θαX AM Uα ∩ Uβ-

θα = gαβθβg
−1
αβ + dgαβ g

−1
αβ ,

BX2X- θβ − θα = −g−1
αβdgαβ = −d(HQ; gαβ)- �M/ i?2 +m`p�im`2 K�i`Bt Bb i?2 ;HQ#�H 2@7Q`K

Θ = dθα − θα ∧ θα = dθα = dθβ.

aBM+2 Θ Bb ;Bp2M �b � +HQb2/ 2@7Q`K �M/ c1(L) Bb ;Bp2M �b � Ì2+? +Q+v+H2- r2 Kmbi MQr
HQQF �i i?2 2tTHB+Bi 7Q`K Q7 i?2 /2 _?�K BbQKQ`T?BbKX G2i Z r

d #2 i?2 b?2�7 Q7 d@+HQb2/
r@7Q`Kb- i?2M r2 ?�p2 2t�+i b2[m2M+2b Q7 b?2�p2b

0 −→ C −→ C 0 −→ Z 1
d −→ 0,

0 −→ Z 1
d −→ C 1 −→ Z 2

d −→ 0,

;BpBM; mb #QmM/�`v BbQKQ`T?BbKb

H1(Z 1
d )

δ0−→ H2(C) �M/ H0(Z 2
d )

dH0(C 1)
δ1−→ H1(Z 1

d ).

q`Bi2 Θ HQ+�HHv �b {dθα}- r2 b22 7`QK i?2 /2}MBiBQM Q7 δ0 i?�i δ0(Θ) = {θβ−θα} ∈ Z1(Z 1
d )X

LQr θβ − θα = −d(HQ; gαβ)- bQ

δ0(δ1(Θ)) = δ0({θβ − θα}) = {−(HQ; gβγ + HQ; gγα + HQ; gαβ)} = −2πi c1(L).

RN



hQ T`Qp2 k r2 ?�p2 iQ b?Qr i?�i- 7Q` Θ � +m`p�im`2 K�i`Bt 7Q` i?2 #mM/H2 [D] �M/ 7Q`
2p2`v `2�H- +HQb2/ 7Q`K ψ ∈ A2n−2(M)-

i

2π

∫

M

Θ ∧ ψ =
∑

j

aj

∫

Vj

ψ.

q2 K�v �bbmK2 i?�i D = V Bb �M B``2/m+B#H2 bm#p�`B2ivX
6B`bi- r2 +QKTmi2 i?2 +m`p�im`2 7Q`K Q7 � K2i`B+ +QMM2+iBQM QM [V ]X hQ /Q i?Bb- H2i e

#2 � HQ+�H MQr?2`2 p�MBb?BM; ?QHQKQ`T?B+ b2+iBQM Q7 [V ] �M/ r`Bi2 |e(z)|2 = h(z)X h?2M
7Q` �Mv b2+iBQM s = λ · e- i?2 +QMM2+iBQM K�i`Bt A = θ 7Q` i?2 K2i`B+ +QMM2+iBQM ∇ BM
i2`Kb Q7 i?2 7`�K2 e Kmbi b�iBb7v θ = θ1,0 �M/

d(|s|2) = 〈∇s, s〉+ 〈s,∇s〉

= 〈(dλ+ θλ)e,λe〉+ 〈λe, (dλ+ θλ)e〉

= h · λ · dλ+ h · λ · dλ+ h · |λ|2(θ + θ).

PM i?2 Qi?2` ?�M/-

d(|s|2) = d(λ · λ · h) = h · λ · dλ+ h · λ · dλ+ |λ|2 · dh.

aQ r2 ?�p2 θ + θ = dh/h- BX2X- θ = ∂ HQ;h = ∂ HQ; |e|2- �M/

Θ = dθ − θ ∧ θ = dθ = ∂∂ HQ; |e|2 = 2πi ddc HQ; |e|2.

LQi2 i?�i i?Bb ?QH/b 7Q` �Mv MQr?2`2 p�MBb?BM; ?QHQKQ`T?B+ b2+iBQM eX
LQr H2i V #2 ;Bp2M #v HQ+�H 2[m�iBQM fα �M/ H2i s #2 � ;HQ#�H b2+iBQM {fα} Q7 [V ]

p�MBb?BM; 2t�+iHv QM V X a2i

D(ε) = {z ∈ M | |s(z)| < ε} ⊆ M.

6Q` bK�HH ε- D(ε) Bb Dmbi � im#mH�` M2B;?#Q`?QQ/ �`QmM/ V BM M - �M/
∫

M

Θ ∧ ψ = 2πi HBK
ε→0

∫

M−D(ε)

ddc HQ; |s|2 ∧ ψ = −2πi HBK
ε→0

∫

∂D(ε)

dc HQ; |s|2 ∧ ψ

#v aiQF2bǶ i?2Q`2K �M/ dψ = 0X AM Uα ∩D(ε)- r`Bi2

|s|2 = |fα|2 · hα = fα · fα · hα

rBi? hα > 0c r2 ?�p2

dc HQ; |s|2 = dc HQ;(fα · fα · hα) =
i

4π

(
∂ HQ; fα − ∂ HQ; fα

)
+ dc HQ;hα.

ky



aBM+2 dc HQ;hα = dchα/hα Bb #QmM/2/ �M/ oQH(∂D(ε)) → 0 �b ε→ 0- r2 /2/m+2 i?�i

HBK
ε→0

∫

∂D(ε)

dc HQ;hα ∧ ψ = 0.

JQ`2Qp2`- ∂ HQ; fα = ∂ HQ; fα �M/- bBM+2 ψ Bb `2�H- i?Bb BKTHB2b
∫

∂D(ε)

∂ HQ; fα ∧ ψ =

∫

∂D(ε)

∂ HQ; fα ∧ ψ.

h?mb BM Uα-

−2πi HBK
ε→0

∫

∂D(ε)

dc HQ; |s|2 ∧ ψ = −i HBK
ε→0

AK
(∫

∂D(ε)

∂ HQ; fα ∧ ψ
)
.

LQr BM i?2 M2B;?#Q`?QQ/ Q7 �Mv bKQQi? TQBMi z0 ∈ V ∩Uα- r2 +�M }M/ � ?QHQKQ`T?B+
+QQ`/BM�i2 bvbi2K w = (w1, . . . , wn) rBi? w1 = fαX q`Bi2 ψ = ψ(w)dw′ ∧ dw′ + ϕ- r?2`2
w′ = (w2, . . . , wn) �M/ �HH i2`Kb Q7 ϕ +QMi�BM 2Bi?2` dw1 Q` dw1c i?2M BM �Mv TQHv/Bb+ ∆

�`QmM/ z0-

HBK
ε→0

∫

∂D(ε)∩∆
∂ HQ; fα ∧ ψ = HBK

ε→0

∫

|w1|=ε

dw1

w1
· ψ(w) dw′ ∧ dw′

= 2πi

∫

w′
ψ(0, w′) dw′ ∧ dw′

= 2πi

∫

V ∩∆
ψ,

�M/ bQ ∫

M

Θ ∧ ψ = −i AK
(
2πi

∫

V

ψ

)
= −2πi

∫

V

ψ. !

1t�KTH2bX

RX G2i M #2 � +QKT�+i +QKTH2t K�MB7QH/- V ⊂ M � bKQQi? �M�HviB+ ?vT2`bm`7�+2X h?2
MQ`K�H #mM/H2 NV QM V Bb i?2 [mQiB2Mi HBM2 #mM/H2

NV =
T ′
M |V
T ′
V

.

q2 /2}M2 i?2 +QMQ`K�H #mM/H2 N∗
V ⊆ T ∗

M
′∣∣
V

iQ #2 i?2 /m�H Q7 NV X

�/DmM+iBQM 6Q`KmH� A
N∗

V = [−V ]|V .

S`QQ7X amTTQb2 V Bb ;Bp2M HQ+�HHv #v 7mM+iBQMb fα ∈ O(Uα)c i?2 HBM2 #mM/H2 [V ] QM M

Bb i?2M ;Bp2M #v i`�MbBiBQM 7mM+iBQMb {gαβ = fα/fβ}X LQr bBM+2 fα = 0 QM V ∩ Uα- i?2

kR



/Bz2`2MiB�H dfα Bb � b2+iBQM Q7 i?2 +QMQ`K�H #mM/H2 N∗
V Q7 V c bBM+2 V Bb bKQQi?- dfα Bb

MQr?2`2 p�MBb?BM; QM V X PM Uα ∩ Uβ ∩ V - KQ`2Qp2`- r2 ?�p2

dfα = d(gαβfβ) = dgαβ · fβ + gαβ · dfβ = gαβ · dfβ,

BX2X- i?2 b2+iBQMb dfα ∈ Γ(Uα,O(N∗
V )) iQ;2i?2` ;Bp2 � MQr?2`2 p�MBb?BM; ;HQ#�H b2+iBQM Q7

N∗
V ⊗ [V ]|V X h?mb N∗

V ⊗ [V ]|V Bb i?2 i`BpB�H HBM2 #mM/H2- �b /2bB`2/X !

PM2 Q7 i?2 KQbi BKTQ`i�Mi HBM2 #mM/H2b 7Q` � ;2M2`�H n@/BK2MbBQM�H +QKTH2t K�MB7QH/
M Bb i?2 +�MQMB+�H #mM/H2

KM =
∧n

T ∗
M

′.

>QHQKQ`T?B+ b2+iBQMb Q7 KM �`2 ?QHQKQ`T?B+ n@7Q`Kb- BX2X O(KM) = Ωn
M X AM ;2M2`�H- r2

+�M +QKTmi2 i?2 +�MQMB+�H #mM/H2 KV Q7 � bKQQi? �M�HviB+ ?vT2`bm`7�+2 V BM � K�MB7QH/
M BM i2`Kb Q7 KM X

�/DmM+iBQM 6Q`KmH� AA
KV = (KM ⊗ [V ])|V .

S`QQ7X q2 ?�p2 �M 2t�+i b2[m2M+2 Q7 p2+iQ` #mM/H2b QM V

0 −→ N∗
V −→ T ∗

M
′∣∣
V
−→ T ∗

V
′ −→ 0.

"v bBKTH2 HBM2�` �H;2#`�-

(
∧n

T ∗
M

′)
∣∣∣
V

∼=
∧n−1

T ∗
V
′ ⊗N∗

V ,

BX2X- KV = KM |V ⊗NV X h?2M i?2 7Q`KmH� 7QHHQrb 7`QK i?2 �/DmM+iBQM 7Q`KmH� A �#Qp2X !

q2 +�M ;Bp2 i?2 +Q``2bTQM/BM; K�T QM b2+iBQMb

Ωn
M(V )

SX_X−−→ Ωn−1
V

�b 7QHHQrb, *QMbB/2`BM; � b2+iBQM ω Q7 Ωn
M(V ) �b � K2`QKQ`T?B+ n@7Q`K rBi? � bBKTH2

TQH2 �HQM; V �M/ ?QHQKQ`T?B+ 2Hb2r?2`2- r2 r`Bi2

ω =
g(z) dz1 ∧ · · · ∧ dzn

f(z)
,

r?2`2 z = (z1, . . . , zn) �`2 HQ+�H +QQ`/BM�i2b QM M �M/ V Bb ;Bp2M HQ+�HHv #v f(z)X lM/2`
i?2 BbQKQ`T?BbK- i?2M- ω +Q``2bTQM/b iQ i?2 7Q`K ω′ bm+? i?�i ω = (df/f)∧ω′X 1tTHB+BiHv-

kk



df =
∑

j

(∂f/∂zj) dzj- �M/ bQ r2 +�M i�F2

ω′ = (−1)j−1 g(z) dz1 ∧ · · · ∧”dzj ∧ · · · ∧ dzn
∂f/∂zj

7Q` �Mv j bm+? i?�i ∂f/∂zj 3= 0X h?2 K�T

g(z) dz1 ∧ · · · ∧ dzn
f(z)

-→ (−1)j−1 g(z) dz1 ∧ · · · ∧”dzj ∧ · · · ∧ dzn
∂f/∂zj

∣∣∣∣∣
f=0

Bb +�HH2/ i?2 SQBM+�`û `2bB/m2 K�T- /2MQi2/ SX_X

LQi2 i?�i i?2 F2`M2H Q7 i?2 SQBM+�`û `2bB/m2 K�T +QMbBbib bBKTHv Q7 i?2 ?QHQKQ`T?B+
n@7Q`Kb QM M X h?2 2t�+i b?2�7 b2[m2M+2

0 −→ Ωn
M −→ Ωn

M(V )
SX_X−→ Ωn−1

V −→ 0

;Bp2b mb i?2 2t�+i b2[m2M+2

H0(M,Ωn
M(V ))

SX_X−→ H0(V,Ωn−1
V )

δ−→ H1(M,Ωn
M),

bQ i?2 SQBM+�`û `2bB/m2 K�T Bb bm`D2+iBp2 QM ;HQ#�H b2+iBQMb B7

H1(M,Ωn
M) = Hn,1(M) = 0.

kX "v i?2 2t�+i +Q?QKQHQ;v b2[m2M+2

0 = H1(Pn,O)
2tT−→ H1(Pn,O∗)

c1−→ H2(Pn,Z) −→ H2(Pn,O) = 0,

r2 b22 i?�i

SB+(Pn) ∼= H2(Pn,Z) ∼= Z.

AM Qi?2` rQ`/b- 2p2`v /BpBbQ` QM Pn Bb HBM2�`Hv 2[mBp�H2Mi iQ � KmHiBTH2 Q7 i?2 ?vT2`TH�M2
/BpBbQ` H = Pn−1 ⊂ PnX h?2 HBM2 #mM/H2 [H] �bbQ+B�i2/ iQ � ?vT2`TH�M2 BM Pn Bb +�HH2/
i?2 ?vT2`TH�M2 #mM/H2X

G2i Pn × Cn+1 #2 i?2 i`BpB�H #mM/H2 Q7 `�MF n + 1 QM Pn- rBi? �HH }#2`b B/2MiB}2/ iQ
Cn+1X q2 /2}M2 i?2 i�miQHQ;B+�H HBM2 #mM/H2 iQ #2 i?2 bm##mM/H2 J Q7 Pn × Cn+1 r?Qb2
}#2` �i 2�+? TQBMi Z ∈ Pn Bb i?2 HBM2 BM Cn+1 `2T`2b2Mi2/ #v Z- BX2X-

JZ = {λ(Z0, . . . , Zn) | λ ∈ C} ⊆ (Pn × Cn+1)Z .

kj



AM 7�+i- J = [−H]X hQ b22 i?Bb- +QMbB/2` i?2 b2+iBQM e0 Q7 J Qp2` U0 = D(Z0) ⊂ Pn

;Bp2M #v
e0(Z) =

(
1,

Z1

Z0
, . . . ,

Zn

Z0

)
.

e0 Bb +H2�`Hv ?QHQKQ`T?B+ �M/ MQMx2`Q BM U0 �M/ 2ti2M/b iQ � ;HQ#�H K2`QKQ`T?B+ b2+iBQM
Q7 J rBi? � TQH2 Q7 Q`/2` 1 �HQM; i?2 ?vT2`TH�M2 V (Z0) ⊂ PnX h?mb J = [(e0)] = [−H]X

A7 M ⊆ Pn Bb � bm#K�MB7QH/ Q7 T`QD2+iBp2 bT�+2- r2 mbm�HHv +�HH i?2 `2bi`B+iBQM [H]|M
bBKTHv i?2 ?vT2`TH�M2 #mM/H2 QM M c #v 7mM+iQ`B�HBiv- Bi Bb i?2 HBM2 #mM/H2 �bbQ+B�i2/ iQ �
;2M2`B+ ?vT2`TH�M2 b2+iBQM Pn−1 ∩M Q7 M X

jX q2 +QKTmi2 i?2 +�MQMB+�H #mM/H2 Q7 Pn, H2i Z0, . . . , Zn #2 ?QKQ;2M2Qmb +QQ`/BM�i2b
QM Pn- wi = Zi/Z0 1m+HB/2�M +QQ`/BM�i2b QM U0 = D(Z0)- �M/ +QMbB/2` i?2 K2`QKQ`T?B+
n@7Q`K

ω =
dw1

w1
∧ dw2

w2
∧ · · · ∧ dwn

wn
.

ω Bb +H2�`Hv MQMx2`Q BM U0 rBi? � bBM;H2 TQH2 �HQM; 2�+? ?vT2`TH�M2 V (Zi)- i = 1, . . . , nX
LQr B7 w′

i = Zi/Zj- i = 0, . . . , ĵ, . . . , n �`2 1m+HB/2�M +QQ`/BM�i2b QM Uj = D(Zj)- i?2M

wi =
w′

i

w′
0

, i 3= j; wj =
1

w′
0

,

r?B+? ;Bp2b
dwi

wi
=

dw′
i

w′
i

− dw′
0

w′
0

, i 3= j;
dwj

wj
= −dw′

0

w′
0

�M/ bQ BM i2`Kb Q7 w′
i-

ω = (−1)j
dw′

0

w′
0

∧ · · · ∧
‘dw′

j

w′
j

∧ · · · ∧ dw′
n

w′
n

.

h?mb r2 b22 i?�i ω ?�b HBF2rBb2 � bBM;H2 TQH2 �HQM; i?2 ?vT2`TH�M2 D(Z0)- �M/ +QMb2@
[m2MiHv

KPn = [(ω)] = [−(n+ 1)H].
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