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• Example of Sheaves on Xéii

LII ConstantSheafiliabeliangroup.Ixixi-lAblgivenbyiU-iowli.lvliwunectedwmponeut.nlEtalesheafdefmedbyaquasi-wh.Ux-shea.fitU.MEQcohl XI.lt YiU-Xdtale.YAMEQcohlUI.Dehn.MXei-kblhyiU-PIU.CM 1 Vxu V_v

InviewofpwpI-Oxisatisfiescn.nl 14
4 V n_n UFor ( 2 ) , wusider V = Spec B-U-Spec.A.TV - U étale 4

⇒A-BetalelandhenuflatlandV-Usurj-A-BfaithfullyilU.AMKM-ilV.YTMKMBAB-nirlvxuv.it iultnllequivto showi MBABBAB
fDescent Lemma ,A-Bfaithfullyflat.MA-mod.o-M-MDAB-MDAB.BAB is

exacrmxob:-)

MBlDb-m@bBlpfiIfzgiB-As.t.gfi
IA.thenMDABDB-MBABMDbsbn-smalb.fglbilThenklmB.la

b-mobDIJ-mslfglbl-biHe.nu ,ifmslxob-msbskojthenklmBIBb-msbDII-MBfgcbi-mabt.co
⇒ m@b-_flglbllmBI.lIfz s.noneedfaithfulflatuessl-iA-Bfaithfullyflati.suffiustopwvetheexauuess.fi

IMBAB )→ (MBAB 1 名 B - IMDABBABIBAB
11 (1 1 1

N NDAB NDABBAB
But B-BDABhasaseuiongivenbyBBAB-Bbl-sb.azbsb

'

isbb
'

⼝

Thus
, īf Oxéi U-PN.tl 。 Descent lemmatpwp I

⇒ Uxéiétalesheaf
Similarly ,

0焱 = Gm.xiU-PIU.6uidef.ws a sheaf on Xét ,
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fi

Descent-IUi-Ulic.Iifamilyoffpqcmorphism.Adesc.eutdatumhrquasi-coh.sheavesw.r.T.SUi-UIwnsisisoflIi.Yijli.joI ,
where

(l) Vi , Ii E Qcol Uil , and
121

lfi.j.Yijipiti-spitjonUixuUjs.T.piti-iz.jpjyx 2 Xigk On Ui ⼈ Ujxu Uk ,

有在
ThenIIEQcolUland4iifiI-Fis.T.Yij-PI4jopi4.tl?mIiTheproofAdesunttheoryissimilartopreviouscase.StepIiReduuiontothe.case { SpecB-specAI.whereB.fr/AStep2iShowthatB-BBAB-BBABBAB-s-..isexaub-lbb-bsslbob.no
lDbD5-b@lBbtbDbbllSimilartoourdescentle.mmaI

Step3-n-iA-BNEB-M.de iN@AB-.BDANasBBAB-mod.si.NDABDAB-2-BDANBB.thenIMEA-mods.in
A

41 3\ 2

.
/ 423 NEIBBAMI aud

Yci BDAMBB -7BDALBBAMIBPI名N b Dm Db
'

1-) bxbb

msn.tw
odescentdataiso.Appli-itilx.Gml-PiclXI.Ic.in
vertiblesheaf.nl/,U-Xe'tale4T:inuerciblesheafonU.Also,defneU-flU1

= Isomulllu , 441
For an étale sheafgonxit.iflfU-X.glUl :PlU.UI-mod.andwmpatiblewi.chrestrntion-Gioya-modgietaleinvertiblesheafiftlui-XIS.i.SI uiEOui.it
Picé 、 ( X ) = Isom.classesofitalelinebundlewlgpstrfwmteusurpwdTheniilX.am1 = H

'

( X , Gml ⼀ Picét ( X 1 . .

I-idef.hesagphom.P.cl/l-PicealX1DesLendtheorytsPiclXlEPicedX1
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Re-istalksiigeom.p.int ofxifspeclkl-Xandx-imlspeckl.kisep.closedalge.geom.ptīf Klkcxiialge ,

Étale nbd of ii ffitalesh7-Xstrictlocalizationioi.x-li-PIU.0ulioveralletalenbd.fi
sh

→ U.xistrilthenselianlocalringandkkl-U.xlmi.xisep.cl
osureofkciiinkfortisheafmxit.dehnestakf-li-IIUI.verallétalenbdUofā

andwehavethfollowingfauif-it.G.tli étale sheaf on Xit TfAf ;

lllo-F-g-H-oisexactmo-FIUI-glul-HIUI-oisexau.lt Utxétale
131 o-Ii-gx-tli-o.fi geom.pt of X ,

Reti Higher Direu

Image.fi/-sYmorphismFisheafonXit.f*IilVeieYl1-sIlXxYV-Xl:a presheaf on Yét
,

However.tw auy étale wvenhg 1 Ui → Ul of Yét
,

9 XXYUi-XXYUlietalewvermginXit.nosheafwnditiononF-sheafwnditiononftli.e.fx-Fishec.fmYé

t.fx.isleftexacn~Rfx-irightder.fuuuoroffx.ms
RTAFisthsheufificationofthepresheaflV-YJ-H9lVXYX.I.lvxyxl
⇒ Forj EYigeom.pt , IRTAF) j = 您 H 9 (

VXYX.Ilvxyxl.wheredireulimitNow.la
6
"

: striuloc.ofYatgeom.pt j ,
Xxy Speclliǜ ) → X.thenlRfflj-Hlxxyspeclllyjl.FIxxysliwhereS-Spe.lujǐl ,
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P-if.X-Yfiriemorphism.thenlfqzl.lt Iiabeliansheufon Xé

t.int-0

shpfiXi = XXYSpeclUY.jl.Smufif.hiee-Xy-Specllijlfn.ie
⇒ Xǐ ⼆ SpecAfnrsomefnnitelij-mod.iofjifiiei.lt⼆ 六 Ai i Aii henselian local ring ,

Also ikllijlisep.closedklU.jlEKCAilifn.ieUian
⇒ KCAilisep.closed ⼀ Aiistnitlyheuselianr

。

and Xǐ ⼆
、

上Spe.cl/til.TheStatementsfollowsfrombelowlemma.ni=l
lemma-e_iRistrictlyhenseliaurmgS-S.peeR.thenrlsilisa-U-blisexau.Inparticular.HIS.FI⼆ 0 Kp 71 , Fisheaf on Séi ,

pfi U = { fiiUi-Slictiitalewvenhg.SESiclosedptofstis.IS
xsUit 4 , Sxs Ui -7 Ui isxsUi-sp.cl KCRIIétalefi1 t.fi i.sxsUi-spe.lt lil

i = .
S = SpeclklRIYS Li ; sep.ext.tk CRI

But Ristriulyhenseliaukklisep.closed-LiEKCRI.fi
Thus , Sxs Ui ⼆ SpecklRN-zsectiongis-sxsUiThenpickaft.runbd Spec A of uiegcsj

R -7 A Agan.KCRlisep.closedl1audkCRICKIUilifmiiesep.klkj-klllil-klRIZklu.li
⇒ AER x A

'

# A - R pwjeūion
→ Spec A -7

Uisedj
Thus.ifo-F-G-H-os.ESinxeiGiveuSEPlsii.HEHIS.ltwvermgUandsitGIUils.i.NUillsilislui

ButS-SpecAliftsslocallytoUi-o-lilsii.II-TISit.gl-51 Sét.tl/T0gluengdone.
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• Kummer SequeuuiIfcharkcxstn.V-nEN.Definenxiof-sojithyinxluliPIU.0oi-sPIU.at
tl-tnnxtn.x-kerlnxl-o-Mn-Gm-Gm-okummerseq.ir
emanstoshowinxissurj.Bycheckugonstalksovergem.pt, 不
→o-tlulAI-AX-AX-o.whe.ve/t=0x-.x:strntlocalrhgButglTn-al=nTn⼀年

oinklAICTI-iAihenseli.T-asplitsinACTJ-n.EC
alelohomolosyforspeclkliletkifieldk-KTiseparableclosure.tk
G = Gallklkl X = Speck AnyY-specA-X-Speckfhiteetale~A.fm

ite étale Kalge ,

⼆) A ⼆TLililkisep.ext.tl
iitalesheafofabeliaugroupsoverXIEKI-ht.tlLlands.nu Llkisep.tkCLCEEIKGaloisexi.KCLCKCLiKJ-Henu.tk

) ; wnti.G-moduleandhe.nuwecandetnethegwupwhomologyHIG.FIll.fa-iletalesheavesoverx-speckl-lwnti.G-modlofcateg.I.intIlkk Ispeccn

forthereversearrowiGivenG-mod.M.li= I Gi
I (A | = I ( TIG ' | = MGitrs.me Gi EG Then

→tilxa.IKHIG.IKIIEx-1.in
Gm , x <-> I withnaturalgwupauiuG.n.tn

(z) µn.xt-MIIlirootsofunitymIHilbevtthwrem_9_0iLlkiGaloisext.GEGall Llkl
,thentilG.li) = 0

( Notei EKYK is Galoisl

Henu.wehaveiHYX.it.Gml-tilG.li/=I.
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Brouer GroupandTsenisthmiReca-kifieldAif.d.associativeunitalalge.lt
icentralsimplealge.lk/CSAlifTfAflaiAhasno2.sidedidealaudCCAKK.lb.IELlkifinite Galoiss.T.AE ADKLEM.CL 1

(C) AEKM.IO)
,
⼼divisionalge.withCCLI-K.fromlci.A-A.whereAEKM.la

,
A
'

= M
、

⼼ )
, íf △ = k <

'
.

Brlklisetofequiv.classes.ofCSAalge.lk withgnupop.DK
IIM.lk

D~BrlkliBrauergroup.f-iB.lk/=H2lG.IYFa-:KifieldE:kSeP'G=Gal( Ilkl If Brlk ' | = o
, fwanyklkifniteext.itheultalG.IM ⼆ 0

.

lcf.serre Galois Cohomology ,
§ 3 Prop 51

lzikifield.kisclifvflxu-n.xnjEKCxi.in , Xu] .

- non-wusi.homogen.poly.cofdegreedanithenfhasanon-trivialzew.lemma-n_ikici.fi
eld

,
then Brlkk 0

,

pfisufficestoshowianydiuisionalge.lt/KwithClLl=K ,

△

EK.ObserveihlBKIEMrlIlnon.cauonicallylupt.AutlMrlKIKGLrlkl-MrlklbywujugationllonsiderdetiM.lk
l-kisimilarmamieshaveihesamedeii.descendc.toNi △- K dimk △ = r

2

,

Pick K-basisofhllei.ee . , er21,7( = [ 7( iei.NL ㄨ | = Nlxi… ,xrzjihmogenpolyofFordth.NLdl.NL dT = I - ⼼⼼ = 0 E △
. desr 2

However.ifrzlandkiCi-fieldiNlxi.e.i.ir 21hasanon-trivialsolhlir3rsll-Henu.ru
and △ = K

、

⼝



8

Th-lTsenlk-iialge.dosedfield.klkaudtr.de

gkk-l.thenkisCI-field.fiC-ik-kcxlie.K-KCIPklfltu.n.tn/=Eai..n.inti....tidi=fijaniG=Gi.. .inEKCXIBycleaningthedenominaor.wemayassumeaIEKCXI.cn
ndr-sydeglGII.Now.replautibyciotl.in Xt … -.- tliNXN.i-l.e.in
let 4 lcijl = f 1点 Cijxi , . … , 能Cnjxil degx 4 = rt Nd

--4 。 (Cijlt X 4,1 Cijlt.t.tiNd4rtNdlcijlfltci.nu
, t.nl ⼆ 0 向 40 ⼆ 0 = ˋ … -4 rtod

So
,therearertNdtl-manyeqnsinnxLNtll-variables.li⽊ = Ii.Thishasnon-triuialsoinlijtkifnlNtllzrtNdtl-inzdi.frN》o.nlNtll 7 rt Ndtl .

N

Hene , ⼆ Cij Ek.nuallzews.T.tilXI-ECijxij-olt.M.n-i.tn
⼼ 1 EKIXTcklxiisanon-triuials.in of

t.C-iIfklkcxlialge.letfltu.n.tn
lihomogen.polyofdegdau.mthwdf.inKReplaukbysubfieldklxladjoingallwelf.tt

,mayassuwklkixlifinite.LetS-lkiklxll.se… … ,esliklxj-basisfk.Intwduuvariahle.Uijbyiti-IUijej.jp
Consider g = Nklkcxilfltln.tn#plugtibyIUijejglti.L..tnJ=oG4lUijl=NklkcxslflIUijej . < … f 1{ Usjej 11
4 1Uijlhasdegreesdinnsvariablesldani.4hasnon.tnvialsolhinklxl-Nklklx.lt/IUijejll=o-fhasanon-wivialsolhti=SU

ijejinknInfau.wepnoveanyfiniteext.ofci-fieldisl.in
case2.cnik-I.klkitranscendeutaldeg.I.ThenHISpeck.Gmkolfqzo.lq.liSatz 90 9⼆2.Tsenthmqzz.facttTse.nl
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˙ Etalecohomologyfrnon-sing.pwjcurve.Xinon-smg.pro
j.mu/k-ET-ikX,i=otilXet.Gmkfpiuxl,io

,
I 2 2 .

let 7igenericpt.ofX.jiye.Speclkcxll-XGm.ru⼆ Gm on 7 ét ⼆ KKXIY For

XEXiclosedpt.i.e.kcx-ki.IR/i=Ixandixix-XBydefh.j*Gm.giU-klU1xandlixlIniU-kcxiie.sk
yscrapershenfinetale.DiixiUI-SDivlUI-VU-X.o-PLU.li/-klUldN_,Divl
UI-oto-Gm-jtGm.y-QKxlx-h-oexuuldiuisorseq.int

X

dosedpt.lemma-r.liRaj * Gmg = o ,VqsopfiI :Speclkl-XX-ilspeckl.letU-siecAiahenbdofxk-fraclAIS.tnSpecl0i.xlXx7-Specl6jx@AK1AiNoeth.loca
lrmg.AhorAShisalsonoeth.to?ixiDVRand0ixBAKilocalizuiionof iti

⇒ oixDAKifracloilandfracloglitransundentaldeg.ICoroftse.usthm ⇒ 比 jx.Gm.gl i = H9 1 SpeclfraclllixH.Gmkcildeg.caseoflerayspectraliRIGm.noV-qso.tl X.jx-Gm.gl ⼆ HG.Gm.gl Vqio ⼼
Tseùs thmagain-Hln.Gm.gl =okqzo.Le-z-itllx.fflixl.Ixl-olfqso.pfixiclosedp.intIxix ↳ Xclosedimmersion-iifiie.Rixx-I-o.Again.HN,

⼼哩 | = Hllsx了 , 正 1

cjxiclosedpt.x-speck-Hfllx3.FIolfhsheafoneitale.kzĪ
⼝
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bivisorseq.I-wlx.Gml-Hlx.jtGm.gl - tilx , 無⼼ * 不 1 -2 Hlx Gwl → 1
11 1 1 11

11

f klxi Dicx 、PiclxlandHalxi Gmlio.twqsl.Thm2-niIfglXI-g.charlkkp , ptn ,

up to

H
'

(Xét , Mnl = | Mn . 9 ⼆ 0 Undr Mu ENnlchoiutn-hw.tofuniiy
如吧 | ⼝ q = |

inkl

1 Zln 五 . 9 = 2 H
'

(Xéi 、 五公 2 | = | Nnz , 9 ⼆ orz

Ì Inzl "
,
9 ⼆ 1

0
, 9>2 , xism.pwj.curve.la 1 0

. 9 7 2 .

H9 ( X . ⼆ ) = I . 正
8
,
I.hr 9⼆ 0 . 1 . 2 .

nx

中ifromkiimmerseq.o-luu-Gm-Gm-o~o-Hlxii.tn
→kx-V-tilxit.junl-PiclXI-Piccxi-HLX.it

,
Mu ) → 0

ik-Iaudgcdcp.ni-li.kn-HBsurj.withkerlm-HCXit.lunl-luuandH9lxit.tl ⼆ 0.tw 972 ,

For o → tilxét.MI-Piclxl-Piccxj-HYXei.MI-oAlso.fromo-Piilxl-P.ccxltts 五 -0
JlxliJuwbianvarietyofX.Thenspeck-JLXI-Piilxlkl-Piilxli.e.PE(X)

ik-railptofJCXI.o-Piilxl-Piclxl-I-ottnlno-Piilxl-P.cl
xl ⼀ ⼆ ⼀ 。

{⼤EPidxlihglll~tilxet.klnl-wkerln-II-IMI.andtilxit.Mnl-pic.nlXl
Nowi Wnsider A 巧比 1 :

abelianvar.ofd.mg/t-Api-snPELaini(Willbeprovednexi
Tuesdayl

Xrrkerlnx ) ⼆ Ilu 五⽉ifptn.Withthis.wegettilxit.nu/=PicnlXlElIluI1 29
⼝


