2023 SPRING - INTRODUCTION TO MODULAR FORMS
MIDTERM EXAM

A COURSE BY CHIN-LUNG WANG AT NTU

1. (a) Show that
T 2Ey(—1/7) = Eo(7) + 12/ (2mi7).
(b) Show that

7(0) = g f[lu )

satisfies
n(=1/1) = V—ity(7)
and conclude that #?* € 815(SLy(Z)).

2. (a) Show that for any congruence subgroup there are only finite many elliptic points.
Also the isotropy groups are finite cyclic. What are they?
(b) Show that there are no elliptic points for I'y(N) for N divisible by any prime
p=—1 (mod 12).

3. (a) LetTI be a congruent subgroup. Derive the genus formula

- d €2 €3 €
sXM) =1+ -7 -3 ~5
where d is the degree of X(I') — X (1), and the dimension formula for Si(T') for

k even. (In terms of g, €, €3 and €x.)
(b) Show that
M(SL2(Z)) = C|E4, Eq]
and S(SLy(Z)) is the ideal (A).

4. Let N,k > 3 with o € (Z/NZ)? be a row vector of order N. Let
E(7) := Y (ct+d)7"
(c,d)=v (N);ged(c,d)=1
(a) Show that
Elvlk=E",  7€SL(2)
Moreover, the set {E} }; with v = (c,d) such that {—d/c}; represents the set of

cusps of I'(N) form a basis of E(T'(N)).
(b) Show that EJ is a linear combination of the unnormalized versions G{’s as

E= Y Okmwer ™
ne(Z/NZ)*
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5. (a) For f =Y _oam(f)g™ € Mi(N, )() C Mk(Fl(N)), show that
Am Tnf |2 X amn/dz(f)'
d|(m.n)

b) For f € My(To(N)), show that T, f = Y. e, f[7]x where

B d-1[n/d j| 1
Mi’l = U0<d|n,(n/d/N):1 U]:O |: 0 d:| .

c) Let f € My(T1(N))™" which is an eigenform for T, and (n) for all n with
(n,N) = 1. Show that the restriction (1, N) = 1 can be removed.

6. Let f € S¢(T'1(N)) with Mellin transform

= [Trned

and A(s) := N¥/2g(s).
(a) Show that
8(s) = (271) T (s)L(s, f)

for Re(s) > & +1.

(b) Let
(WF)(T) := *"N*2T7 f(~1/(N7)).
Show that W is idempotent. Moreover, if Wf = +f then
A(s) = £A(k—s).

* You may replace one problem by presenting an essential topic in Ch.1-Ch.5 which
you have well-prepared but not listed above.

Ut is in fact the coset representatives of

To(N)aTo(N),
deta=n,acM,(Z)

hence leads to an intrinsic definition of T,, using double cosets.



