
S 1 . Elliptic carve owerandthe 'nredadion

Recall general Weiertrassequation
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.
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ie
. op is sep .

( σ p : p - th Frobenius )

司 0 if EIp ] = ie -opsupersingular3 0 } is insep ,

0 " bad if E' is singular ie . plom 'i ( E )
. locally at unique singulor point ,
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Def
.

If E1Q. i ' sellipticcurve ,define tpe ( E ) = pe+ 1 - E ( Fpe )|

Prop . tpe ( E ) = tp ( E ) tpe . ( E ) - I = ( p ) ptper ( E ) θ p θ e = 2
,

where IE ' istiivialchavmod .NE
,



pf . 7( OpiE → E ; E define overkp)

. E is good at p
: Note that ETFpe ) = Kerlope - 1 ) and ope - 1 is separable

( Recall : PEHom ( E . ,

E . ) is insep ,

E) p
*

w

2 =
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. E is bad at
p : Wecdaim that d

split at p

tpeE ) = onspit atp
[ε= ]p add

.

at p

Comsider f ; Ip (Fa ] E ( FE )>

t , t - m . )( ( t - m . )
,

tlt - mi ( t -m )'

⼀是 ( x , y ) # ( 0 ,
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,

Ip ' ( 1F ε ) \
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Prop ,

E/0 god at p ,

then { ordinary
if plap ( E)

supersingular if plap ( E )

pf . )(

supersingular G)Op * w =O )apW = [ ap
]

* w = 0G ) plap

Lemma
, deg ; Hom ( E , E . )→ 2 positive definite quaduofic form .Moreover

,

| deg ( φ+ 4) - deg ( e ) - deg ( 4) |≤ 2 ( dege ) ( deg 4 )
,

; = B [ φ , 4 )

pf . )( We need to prove B ( 4, 4 ) is bilinear form .ecallthat I 3 :RLEnd

B ( e, ψ )[ J = φ+ 40 ( φ+ 4 ) - φ . φ - xo4 = P 04 + 40 p
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e
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Cor
.

(Hasse ) t( E ) ≤pr 2 ph Apply ( φ ,
x ) = ( o "- 1

, 1 ) in above lemma)

Cor
. tp ( E ) = 0 if E is supersingularat p ≥ 5

.
(

lap 1 ≤ 2√p < pand plap )

s Elliptic curve over and the'2-reduction
,

Reductiononcurve”

Let beaelliptic carve , PESpeci , PMR =PI .Wemaydefinereductionatpkvia
出cpcp , ≈ 郎 1

p
,

Lemma
.

VatQX ,
x

or α in 五 ( p )
BVR

pf Let K = Q ( a) and pc = OoM 7 .

Then an a " inOKPIEiu
,

Prop , Every Eahasp . integral W.e ,withgoodormalt .
reduction atp ,

. If pt 2 : Consider legendreform Y ' : XLx - 1 ) ( X - X)EEEx — I
0 }

,

Note that EX & Ex ' define sume elliptic carve
, by lemmnwemayassumeXE ⑦ ( p ) ( { 0 ,

1 }
,

Then L ( Ex ) = 16 λ^ ( 1 - λ ) = & [ 4 = 16 ( 1 - λ [ 1 - λ )
)

CEP Ʃcp ) =⇒ λ ( 1 - λ ) EP 五 cp ) ⇒
C4 Ap Ʃ ( p )

HenceExisgosdormult .
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,
Pk = P ^Oik , Letπ : uniformizerof O 1k ,picandstri1

B =πrat 6 u )ki(
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⼀
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.
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+

π> ry
=
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Def
.

Ap . integral W .e ,withgoodon nult . reductionis called p-minimal ,

Prop .

Ordinary
, supersingalar , nultiplicativedare well - defined on equiv .

dass of
1p
-
minimd

,

If E - E ave p
-
minimal

W

.
e

,withgoodalp.thenE EoverF
,

PA ) .IfE - E 1 ,then io = 0 &
u 4

C 4 =C
4

for some ut E ( may assume in 五
( pi ) ,

If OEPE ( p , thenbothE
,

E
'avemult

.

If OE 五
up ) and i piip ) ,thentpip )

and thus C4 EPi ( p ) →← ,

. Given change of variables betweentusequationofgood reduct' on ,we may assume aip
,

ut



Then a
" O : O '⇒ UE 五 ip )

.

ByEx8 . 4 . 3
,
r

, sitE 五 ( p ) , Hence E = E 'bychange of

variables
U

F
, 5 ,EEFEFp

"

HenceEIP ] IE [ P ] =⇒ sume reduction type .

Prop .

E及. has gosd reductionat P → j (E ) E 五 ( p ) ,

pf. ) (( ⇒ )Take p -minimal W
.

e

, ⇒ OER
(
p

,

C4 E 五 ( p )
⇒ j (E ) E 五

cp/

. (E ) , If p # 2 takep - integral Legendre form
.

If LEPE ( p ) ,

then

; λ( 1 - λ )== ( 1 - x ( 1- x ))
S 3

& pacp>p 五 (p ) →ε,

. " Ifp = 2
,
take Deuringnormalgiven inaboveEx

αε 五
cp )

^ … 上fO ε p 五 ( p ) ,

then α or
α
3 -24 ε pa( p ) ⇒ 3 EPa( p)-←

αε acps) E: Ther…isp - integral with Upn ( o ) = 9 r
,
Upa ( C 4 ) = O ⇒J ( E ) ER (p) →x-

,

Reduction on(2 ) points
Define the reduction mapat p ; 1 p

"

(aI asfollbws'
P

" (F )

For P = [ X0 : Xa ]withXiE O . ThenhasrapresentativewithallX : E a4 p andatleast

K = Q ( x.tyneofthem isequalto 1
byusingthevaluatinuon onefine

p = [ x , ∴ … , π
. } ε 1 P

^

( tp )

representativescaqustientoftwssud smustin tip
,

andthas reduce totp' e

The affine point [ 1 :
X

, i , Xu E Ip'
(

E ) reducetoaffinepiints of IP
'

( 1Fi ) if Xi ε aup)
,

For EE 1 p
'

definedby W

.
e

,ker ( E → E ) = E \
acp

)

,

Prop ,

let E/a good at p ,

then

( ( ) EIN] → EIN ] UPAN

( 2 ) E [ N ] > EIN ] ON

( 3 ) If C is snbgp ,

of E of order 1 p

,thenEc is good at p ,

Moreover
,
E & E/c have same

reduction type ,

PIf ) ( 1 )For pX 6 N

,take a
p - umiaimalWelersfrassequationofthe form y

'

= x
'
+ Axt 13

.

Recall that

( silverman Ex 3
,
7 ) the divisionpolynomial ER [

A
,
B , xJy^" s

,

t
,

[ NJP = OE E> ψ0 (P ) = 0 & h
=

N >xN=+
…

ε
R [ A ,B }

[ x ]≤ Ʃ ( p )[ x],

Since pHr
,

4iYu2 i ' s monic poly .

in & ( p
, [ x ) =⇒ × ( P ) ε R ( p )

UPEE [N ] =⇒ y (P ) ε⑦ ( p ) ,

Heuce EINJ C> E NJForgeneral case, seeSilverman
VIProp, 3

. 1
,

( or 3
.

4 )

( 2 ) For P ,

IEIN ] I = NE :IEINTIIMByca )
, EIN ]

-

EIN] UPH 6 N
,

For general case
,
see Silverman VI Prop ,

3
.
%



( 3 ) In fact
,

If IOEHoMEE . , E.) -lace ofgdeductionthen E .andEshasthesane n

We usingtheThm .willprovetEc
,

: E →with dual isogY 4 :TEE'E

later that IG : E -→E
,
九
:

E , E s . t
,40 P = [ P ] E , E

, 4 = [ P] E. Then

φ
.

于,π= E 。 [ P ) E [
P ] E ^π- → degsep [ P ] E = deysep [P] E ,

s
.

3 Reduction of alg .
curves and maps

Redaction on carve”

Def
.

C ; nonsingularaffinealg .curve 1Q .definedby I I <pi [x ]

≤

Then C has good reduction at p if IESpec Rap ) [ x ] and IESpecIFp [ x ] ,

Rmk
. IESper I ( p ) [ x ) is necessary ,

otherwise I =< p ( px ) ,tyxxpx ))—

Iadefined a line x = p but I define hyperbolia
y

≡ x
,

Notatiom i ; x = ( x ,

…

,
Xm )

,

Xci } = ( x ,
…

, Xa- 1
,

1
,
Xit , … ,

Xu )
,

φ( i )
= xci 3 Uφ EKEx ) , φ

i
3, hom Ek ( x ] s . t .

xi / φ ( i) , hom & Xiei
φ

ci , hom= 4 forsorue e : 0
,

lemma
.

let Ick ( x) be homsgeniratiinof aprime ideal Ico )thatdefinesan
affineadg .

carve
,

Then I is a prime . Foreachi Ici )
Klxi ) Ici ) is apiime ,

Iii ) ihomthatt
_

I
,

and Ici )

defines an affine alg .
curve

,

Def
.

let Chonbe anonsingularprij .carve1 Qdefinedby homogenizafion ICR ( p )
[x) of

In , ε SpecIap ,[
Xco , ] ,ThenCnomhasgodreduetin

at
p
if t 之 either Ci defihedbyIci )

has good reduction at p ,

or empty reduction at p .

The curve tuon defined by

homogen 'irationT 別 hom
' s reduction of Catp ,

Prophomis
definedbyanynnemplyreductin

CIofanatfinepliengodat p

, then

of Cnom
,

p"
, Let J = I . 0 , ho. Then IEJ ⇒ I ( : ) ≤ Jii ) 0 ith J0 ) =

I (
, )

=I
.

Then thon is

defined by any
Jci ) # /F

;
x 1 i[]

. If J ( i ) # Fp
x
[ ],then Jc :s = Icis (sinceboth are prime and define curve )

. If J( : )
= Fp [ X ( : ) ]

,

then Xi
"

tJ for some m : 0
.

Then X:
"

ε J ( 0
) == 0
T
(

⇒XiEIco)
.
Say

xi = f + pg for f ε I ( o ) =⇒ UQ = ( 1 : :a
. an 7 ECo

'

aitpi ( p) Then Q 《 Ci,
,

where Ci
,

1

densted thepiintsof C whose i ' th coordinate can be normalize to 1 and others are

-integral .ThenCiE CCo is finite
. By next theovem

.

Ci 1→ Ci
,

Hence Ci is finite ⇒empty ⇒ I1 : ( x( : ],= 1p



Reductionom( )2 points ( may replace by nuomber field k )

Main theorem i C ; nonsingular alg , proj ,
carve 1 k good at p .

ThenC x,

pt
"Theproblem is local ,wemayassume C is affine .ForQEG

pI < p > [ C ] □ cp ) [ C ] Fp [ [ ]

ap , [ * )
I

"

> Fp []
i → 0

"

( p )→0

”

,

cpEm mQ
(

f ft04
F ' isnonrerodiiisor in R (

p 、 [ckp ) ⇒ p isnonzendivisxof 已 p )
[ C]

< f )
Take minimal prime P over f contaluing m ⇒ PEP

,

. Consider Q
[
C ] = Q
[ x ) Ia
, then PQ [ C ] is nonzersprime ( proper by Pap ),SayQ[C ]

PQ [C ] = ma for some QEC ,Wecan identifyQ
哥 o.byevaluateatQ , which

is a subfield of the GaloisexteasionK 14. gonerated by coordinates of Q
.

Claim .P = MQMICP 3 [ C ] ,

, ( ε ) Clear
.

( 2 ) UhEma
,

In st , pnhEP =⇒ h ε pif h ε Rcp)[C ]bpf

ByClaim .
havene

acp ) [ c )
p
→

Q[ c/ma ≤kai via evaluate at Q
,

Lemma
.

If S is pp - subalg .

of number field
k

,andmaMaxspo

Then IGEMaxOk lyingover st .SEOKin and m ≤ 4 OK , ( 9 )
,

By lemma
,
I 4 EOK lying over p s .

t
,

ea ( a < p )
[ c% ) ε①k , ( a ) and ea

(mayp ) ← qOK , ( 9 )

⇒
cp) [ c )ea ;

mo
s

Ok, 14
' aOkla )

. The reduction
map C → E depends on initial choice of maximal prine of lying overp ,

denote 1 p be the intersection of that prime with ① K
,

Claim . IOEGal(0 . )taces 9 toP ,

subprosf .AssumeAG40 ; 8 εGd (1Ya )
}

,By CRT , IxtOK s

,
t
, α≤ U ( u > dp

)

, α≡ 1 ( m , d
9

^
)

Nx ) = TER ^ P = PRE 4 → at 45
' for some otGal (Ya . )-

→Then

Now o 0 ea ; Iupi [cTImes OK, ppO , is evaluate at
Q

,soalldensted ear =
o 0
eo

)

In particular ,tacesXit R ( p )II=⇒Qohas p - integralcooudinutes ,



. Now

acpi [ C ] 1
ig→ gla0 )OKip ) pOip)

m
⽂。

[[ ) 1 供5→ gla的akerle) :
“

s

Claimi LetV betheaffinevariety Ik . If p
,

p ' belrespiintthe f Voudma= ma ' in KIO ]

Then c ε Aut( k) s ,t
.

P =P

subpf . Say P= ( P , " ,
P

)
E 1 A [,let K = Q( P , …

,
Pa )alg. 1

.

Definerik → kwhichis
P: 1- >Pi

p = ( Pi , … ,PiTEA [

well - defined by mp = mp. Ex etok _→ktend
-

asrequived ,

By Claim ,Q '
= Q8forsome CEAut(I /

F , )

,
whichrestiicttoaut

,

of fmite tield

OK
, ( 0 ) p Okp) ,

Recall that

Dp , DPIn Gal
(O"
Fi )

,

We may 1 ift e t , Dp
,

then Q ' =Q 0
,

Proof of lemma
SmOk is fig .

Sm -msdule ,SmOKt mSmlcbyNakayama .TakeMMaxSincSmOk contains mSuOK
,

It suffices to prove
for ( SmOc

.

M) . BYCRT , E
4 1 yingoverP I π 4 EOKs ,t ,

V
4 ( π 4 ) = )

Vq ' ( π c
) = 0 Uq 't ( 1

,

QForQE{ 9 Espec ①k : 41 p }
,

define R ( ) = { x ε k / va ( x ) ≥ 0 UGE 2 }
.

Then

R [ $ ) = KsmOk 2 R ( { 41 p } )( P )(
"

① K =
T

By naiforminerchooseabivemayassume f btG Upl 9 .Then %

: aN (b) b )
ε RLP

“

① K
,

Claim .If R ( Q ) ESmOK , SESmOK, GE 2 st , vy ( s ) co
.

Then R (21 { 4 } ) ESmOK
,

I 双 E { a 1 p 3 sit ,
SmOK = R2)

subpfBymultiplysuifublenaifo imiserforeachpiime,mayasumevdls ) = -
1
,VGils ot

'
y

t 4

By adding ha ,mayassumeVals ) = - 1
,V 9 ( s ) = 0 UC' F

9

.If t ε R( 2 ) { 93 )SmOK , then
v
4 ( t ) < 0

,
vqi ( t ) : 0 UG

'Ealia3,Then tSVER (2 ) ESmOK=⇒ LEsuSmOK ≤SmOK→← □

Claim
.

Every ideal of Smbisof the form { x : VG ( x ) : GG VGEQ 3 for some G
9 : 0 ,

subpf .ForXEIand YESmOK , ifValy ) : V 9 ( x ) EUE
2

.Then YESmO =⇒ YExSmG G

By Claim ,

I 9 E 2 s
,
t

.
M = SmOKM {var 1 )

.Hence a desivedSpecbcas



Reductionon 2morphism3

hic→ C
'

be morphism lE ,say hi tho : , hr ]
. May assume tR = Rcp ) [ C 0 ] ≤ Q[ C,

]

h :

on affine piece .

Defineop ( h : ) = { e :hitpeR} “
NUE ∞ }andUp

(
h ) =minuplhi ) <∞

by Λ

p " R =3

Rewiite hi = puplh ) h :anddefinerational map h:thihiihi ] :Co IpfFi)

since at least one hit RIpR .
For each ppint in Co has the form p for some PEC0

,

If 5 ( ) t 0, then g ( h ( p ) ) =可(h ( p)) = 0 θ g ε Iii ) =⇒ 5 ( P ) ε Ci
,

⇒ 5 (E) - h ( Pfor F outside a finiteset. Nowh define a rational map between smooth

carve ,
which canextend samophismhisniquelyE

C
,

C ' ,nonsingularproj. adg,carvelQwithgosdreduction at p ,
g ( c )

,

1,Thediagramm
c sch

⼆元,⼀下

Commute for allmorphismhiC c. Moreover
, deyh : degh:

Rmk .Thediagrammaynotcommuteif g (
c

' ) :
0

.Forexample , hilp '→
1 p 'defined by xiy] → [ pxiY]

. The
proofis outofscope in this case

,

which need some knowledgeaboutNeron - model
.

See more in IBLR 90 ] Theoram 9
,

5
. 1

,

Cor , If g ( c" ) , g ( c
"

) , 0
,

then

. hiC C ' ⇒ 5 iCE '( by reduction map is surj )

. If Kic c "
,

thenkoh = koh ( by reduction map is surj .⇒ umiqueness )

. If h is isom
.

then so is 下
,

Thm
,

C
,

C ' ;nonsingular prsj .alg .curve lQ with good reductian at p .

Then

pic( C ) , pic( τ )
,
[ Ʃ np ( P ) ] > [ Ʃ np ( )]

is well - defiued
.

Hence

pico ( c ) ,
h *

pico ( c)

c

(τ ) 品 (τ ) ,h

以

commute forallhicsxmorphism



Thm
,

Let φ : E ,
→ E 2 be an isogeny over I of elliptic 1 a .

Then there is a reduction

σ :E > Es ,t
.

( a ) 4 is an isogeny ,
( b ) If 4 is also an isogeny ,

then F0φ= 40 p

( c ) E× E

装 ,
4
E
⼀

( d ) dege = dege
,


